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PREFACE 


/3* 


Modern aerodynamics is developing in two basic directions, 
one of which is concerned with further development and improve¬ 
ment of methods for determining the forces exerted by a medium 
on a body moving in it, and the other with the investigation and 
calculation of thermal processes on the walls of the vehicle, 
which are accompanied by various physicochemical transformations. 
The second trend has become an independent division of the aero¬ 
dynamic sciences — aerothermodynamics. Aerothermodynamic re¬ 
search is advancing for the most part independently, using data 
from conventional ("force") aerodynamics. In recent years, as 
the mathematical apparatus has been perfected, more and more of 
the aerodynamic problems associated with determination of the 
force effects and heat transfer are being solved jointly. In 
many cases, however, it is practically justifiable to assume 
that the force and thermal processes are independent of one an¬ 
other and to compute them separately. Accordingly, the distribu¬ 
tion of gas variables in flow over a surface (pressure, fric¬ 
tion stress, temperature, etc.) is found without consideration 
of heat transfer at the wall. Heat flows, on the other hand, can 
be calculated separately using these variables. 

The distributions of pressure, temperature, and density (the 
so-called "inviscid" variables) are studied by solving the cor¬ 
responding gasdynamic equations for an inviscid (ideal) gas. The 
resulting "inviscid" variables are used to solve the boundary- 
layer equations and compute the distribution of tangential 
[shearing] stresses over the surface of the vehicle. 

When the vehicles move at very high speeds, the air near the 
surface of the body is heated to very high temperatures, at which 
chemical reactions take place. Consideration of the effect of 
these reactions on the magnitude and distribution of pressure, 
temperature, and other variables is a salient feature of modern 
aerodynamics that has been treated in the present volume. 

The book devotes considerable space to study of nonsteady 
flow past bodies of various shapes, which is currently of major 
importance. 

An examination of the general propositions of aerodynamics 
prefaces our discussion of applied problems in the aerodynamic 
synthesis of various types of wings and fuselages and combina¬ 
tions thereof. The general material forms Part 1, which deals 
with the notions of forces, moments, and aerodynamic coefficients 
(Chapter I), describes the forms of the vehicles and their ele¬ 
ments (Chapter II)^ t he basic relationships of gas-flow th e o r y _ 

^Numbers in the margin indicate pagination in the foreign text. 
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(Chapter III), and general methods of solution of aerodynamic 
problems (Chapter IV). 

In considering the aerodynamic characteristics, it is very 
important from a practical standpoint to decompose the resultant 
values of these characteristics into individual components that 
have the property of additivity. 

The principle of decomposition of the aerodynamic character¬ 
istics into individual components is applied for isolated bodies 
and wings and for bodies and wings in combination. In the latter 
case, the aerodynamic forces and moments are determined in the 
form of sums of the corresponding characteristics (for isolated 
bodies, wings, and fins) and interference corrections. This 
principle also forms the basis for discussion of the problems of 
nonstationary aerodynamics, in which case the aerodynamic char¬ 
acteristics are calculated separately with consideration of ap¬ 
propriate nonstationary secondary flows that are superimposed on 
the stationary flow over the body. 

Modern aerodynamics has accumulated considerable experience 
in the determination of aerodynamic characteristics for isolated 
bodies and wings and for various vehicle configurations. Chapter 
II is devoted to the most commonly encountered shapes of individ¬ 
ual vehicle elements, classifies rockets built for various pur¬ 
poses on the basis of aerodynamic layouts and flight properties, 
analyzes the general aerodynamic properties of present-day ve¬ 
hicles, the various types of steering devices, and their aero¬ 
dynamic characteristics. 

The differential equation system of aerogasdynamics, on 
which solution of the flow problems is based, is examined 
separately for two basic forms of motion: free flow and flows in 
the boundary layer. The free-flow equation system generally per¬ 
mits calculation of strongly disturbed turbulent flow with con¬ 
sideration of the effects of high temperatures, which may cause 
dissociation and ionization. Solution of the equations for the 
boundary layer enables us to find the friction and heat-transfer 
variables in the presence of chemical reactions and diffusion due 
to the presence of molecular, ionic, and electronic components in 
the layer. 

Solution of the supersonic-flow problems involves study of 
flow behind compression shocks. For this purpose, the general 
relationships determining the flow variables behind shocks are 
examined for the most general case, with consideration of the 
chemical processes taking place in the gas behind the shock waves 
at hypersonic speeds. Consideration is given here to the relaxa¬ 
tion effects, since the excitation processes may be characterized 
by substantial lag times. 

The method of finite differences (method of sinks) is 



effectively used to solve aerodynamic problems. Finite differ¬ 
ences are used, for example, in calculations of the method of 
characteristics, whose basic relationships are set forth in the 
book for the general cases of two-dimensional dissociated vortex 
flows (plane and three-dimensional axisymmetric). A group of 
scientific staff members of the Mathematics Institute, Academy 
of Sciences USSR (K.I. Babenko, G.P. Voskresenskiy, and others 
[4]) has made a major contribution to the development of the net- 
point method in application to calculation of three-dimensional 
flow past sharp-nosed bodies in the general case in which chemi¬ 
cal reactions are considered. 

In the discussion of aerodynamic design of isolated wings 
and bodies, much.attention is given to methods of determining the 
variables of flow over thin bodies at moderate supersonic speeds 
(the source and small-disturbance methods). 

Application of the method of characteristics makes it pos¬ 
sible in flow calculations to pass to bodies of arbitrary shape 
and to arbitrary free-stream Mach numbers. 

Methods of calculating force effects and heat transfer at 
hypersonic flow speeds are dwelt upon in some detail in the dis¬ 
cussion of wing and body aerodynamics. 

The aerodynamic characteristics of isolated wings and bodies 
are also examined for subsonic and transonic speeds. 

Together with the aerodynamics of tapered wings and bodies, 
research on flow past blunt surfaces has been developing. The 
results of this research that are considered in the present 
book pertain in particular to determination of shock-wave detach 
ment and shape and to calculation of pressure and velocity on 
the blunt leading edge of the surface and flow over peripheral 
zones of the blunted body. Practical interest attaches to 
solution of problems of flow at large angles of attack (up to 90°) 
past a wing in the form of a flat plate and circular flow over a 
body. 


Study of the disturbed flow that results from bluntness has 
established the existence of an "inviscid," high-entropy, low- 
velocity layer, whose properties have also been determined. 

Proper use of these properties makes it possible to reduce the 
heat flows by choosing optimum shape and dimensions for the blunt 
nose. Thus, blunting must be regarded in a certain sense as a 
means for heat protection of the vehicle. 

This book reflects theoretical and experimental results ob¬ 
tained in investigation of heat transfer on surfaces that have, 
in the general case, an arbitrary leading edge. Calculation 
of heat flows on blunt bodies is examined, with consideration of 
the prior history of the boundary layer and chemical reactions 
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taking place in it. 

With increasing flight speeds, diffusive heat transfer, the 
notion of which is set forth for the cases of finite chemical 
reaction rate and infinitely fast recombination, becomes substan¬ 
tial along with heat transfer by conduction in the boundary layer. 
Ways to control diffusive heat transfer are indicated in the dis¬ 
cussion of these problems; they consist in the use of contacting 
materials with unlike catalytic activities. 

Aerodynamic calculation of isolated wings is of the auxil¬ 
iary nature and forms a component part of the determination 
of the over-all aerodynamic characteristics of the vehicles, 
which represent combinations of a body with various lifting, sta¬ 
bilizing, and control surfaces. Wing aerodynamics will acquire 
independent importance as "flying-wing" vehicles make their ap¬ 
pearance. Aerodynamic study of bodies of arbitrary shape and 
especially solids of revolution may have independent importance, 
since many rocket-type vehicles have solid-of-revolution aerody¬ 
namic layouts or are made in the form of a body whose shape is 
nearly that of a solid of revolution. For this reason, the aero¬ 
dynamics of the body (solid of revolution) is set forth in great¬ 
est detail in the present volume. Along with the problems noted 
above, which are shared by wings and bodies, a number of specific 
questions of body aerodynamics are illuminated. 

In its aerodynamic layout, the modern high-speed aircraft' 
represents a combination of a body (usually a solid of revolu¬ 
tion), wings, fins, and control devices. Owing to aerodynamic 
interference between these elements, the total forces and moments 
for the combination are not equal to the sums of the correspond¬ 
ing characteristics for the body, wings, fins and control sur¬ 
faces taken separately. In calculating the over-all aerodynamic 
characteristics, therefore, the effects of interaction must be 
taken into account. The last part of the book sets forth inter¬ 
ference problems on the basis of aerodynamic slender-body theory 
for both stationary and nonstationary flow over the slender (thin) 
component configurations. The methods of calculating interfer¬ 
ence that are developed in this theory are extended to the case 
of linearized flow in which the effect of Mach number is taken 
into account. High-speed interference of composite bodies of 
arbitrary thickness is the least developed problem of contempo¬ 
rary aerodynamics. It has been established experimentally that 
the interactions become less important with increasing supersonic 
speed. This is explained by narrowing of the reciprocal-effect 
zones. For this reason, the high-speed aerodynamic characteris¬ 
tics of a combination of bodies with lifting, stabilizing, and 
control devices can be determined in approximation by adding the 
corresponding aerodynamic characteristics for the isolated ele¬ 
ments of this combination. 
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Present-day guided vehicles are provided with aerodynamic, 
gasdynamic, or combined controls. Selection of the type of con¬ 
trol device is governed by the design features, purpose, and 
flight conditions of the vehicle. Determination of the control¬ 
ling effort is an important part of the aerodynamic calculation, 
since it determines in many respects the flight properties of the 
vehicle as a whole. For this reason, the book devotes' much at¬ 
tention to calculation of the effectiveness of controls of these 
three types. The force and moment characteristics of aerodynamic 
controls are set forth within the framework of aerodynamic slen- 
der-body theory, using corrections obtained from the linearized 
theory. For other types of controls, the calculation of the effec 
tiveness is set forth on the basis of available experimental data 
with application of the elementary relationships of gasdynamics. 
Aerodynamic problems related to controls have not been developed 
adequately. Further theoretical and experimental study is neces¬ 
sary . 


On the whole, the book will familiarize the reader with the 
basic theoretical premises of modern high-speed aerodynamics, 
methods of calculating force and heat effects of the environment 
on the vehicle and its individual elements, and the most impor¬ 
tant characteristics of gas flows in various gas states. 

To facilitate conversion of the units used for the physical 
quantities to the new ones conforming to the accepted Interna¬ 
tional System (SI), a special conversion table is given at the 
end of the book. Quantities derived using the International Sys¬ 
tem are given for comparison in numerical examples. 

Prof. N.S. Arzhanikov, Honored Worker of Science and Engin¬ 
eering, and Prof. I.P. Ginzburg accomplished a major task in re¬ 
viewing the manuscript and submitted highly valuable.recommenda¬ 
tions and comments, which were taken into consideration in final 
editing of the book. 

The authors acknowledge that their work may not be without 
shortcomings, and will welcome all readers' comments. 
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ROCKET AERODYNAMICS 


N.F. Krasnov (Editor), V.N. Koshevoy, 
A.N. Danilov and V.F. Zakharchenko 


ABSTRACT : The book is designed to familiarize the 

reader with the basics of modern high-speed aero¬ 
dynamic theory, calculation of force and heat ef¬ 
fects of the environment on the vehicle, and the 
most important characteristics of flows for vari¬ 
ous states of the gas. Two trends are discerned: 
study of the forces that the medium exerts on the 
body moving in it and thermal and chemical proces¬ 
ses on the skin of the vehicle. Pending refine¬ 
ment of joint-solution methods, the effects of 
thermochemical reactions on the gasdynamic varia¬ 
bles and their distributions are determined separ¬ 
ately. Much attention is given to nonsteady flows 
past bodies of various shapes. Part One is a gen¬ 
eral discussion of forces, moments, and aerodynam¬ 
ic characteristics, vehicle and vehicle-element 
shapes, gas-flow theory, and the general methods 
of solution of aerodynamic problems (characterist¬ 
ics, sources, slender-body-theory, conformal-map¬ 
ping, reversibility, attached-mass, etc.). Parts 
Two, Three, and Pour, respectively, deal with ap¬ 
plications to lifting, stabilizing, and control 
surfaces; bodies; and combinations of these ele¬ 
ments that constitute vehicles, with consideration 
of interference between the parts and operation of 
aerodynamic and gasdynamic controls. Aspects of 
the treatment include nonsteady flows over bodies 
of various shapes with emphasis on blunt forms, 
additive components of aerodynamic characterist¬ 
ics, consideration of diffusive heat transfer and 
relaxation behind the shock in supersonic problems, 
use of the net-point method as developed at the 
Mathematics Institute, USSR Academy of Sciences(Ba¬ 
benko and Voskresenskiy), shock-wave shape and de¬ 
tachment for blunt bodies with determination of £ 
and V on tapering nose sections, and determination 
of the properties of the "inviscid" high-entropy, 
low-velocity layer on blunt bodies and their use to 
control heat transfer. 





Part One 


GENERAL DEFINITIONS 


OF AERODYNAMICS 



Chapter I 


THE CONCEPTS OF FORCES, MOMENTS, 

AND AERODYNAMIC COEFFICIENTS 

§1-1. COORDINATE SYSTEMS 

Forces exerted by the medium. The action of the medium on 
a body In motion In It reduces to the appearance of continuously 
distributed normal-pressure forces on Its surface, along with 
tangential [shearing] stresses governed by the medium's viscosity. 
All of these forces (Fig._I-l-l) are reduced to a _single principal 
aerodynamic-force vector F and a principal vector M of the moment 
of these forces about some reference point. This may be any point 
of the body, e.g., its center of gravity, the point of its nose, 
etc. In engineering practice, we deal not with the vectors F and 
M, but with their projections onto the axes of some coordinate 
system. Most common among these systems are the wind (drag) and 
body axes. 



Figure 1-1-1. Diagram of Aero¬ 
dynamic Forces and Moments 
Acting on Aircraft in Wind (x, 
y, z) and Body (x x , y lS z x ) 
Coordinate Systems. 


The wind (drag) coordi¬ 
nate system. In this coordi¬ 
nate system (Fig. 1-1-1), the 
longitudinal axis x coincides 
with the direction of flight 
velocity, the y-axis lies in 
the vertical plane of symmetry 
of the body in the flow, and 
the z-axis is perpendicular to 
the x, y-plane and directed in 
such a way that the axes x, y, 
and z form a right-hand coordi¬ 
nate system. 

The wind system is some¬ 
times applied in another form. 
Its longitudinal axis x coin¬ 
cides with the direction of 
flow velocity and its y-axis 
lies in the plane in which the 
velocity vector and the 
body axis x, are located. 


Body axes. In this sys¬ 
tem, which is rigidly bound to 

the vehicle (see Fig. 1-1-1), the x^axis points toward the nose 
parallel to the wing chord, and, for a vehicle with an axisym- 
metric body, coincides with the body's longitudinal axis of sym¬ 
metry. The y x axis of the body system lies in the vertical plane 
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of symmetry and the Zj-axis points along the span of the right 
wing (right-hand coordinate system). 

The body system whose axes are shown in Fig. 1-1-2 is used 
occasionally. The x x axis is directed downstream from the nose 
to the tail of the body. With horizontal and vertical symmetry, 
the Zj- and yj-axes lie respectively in the horizontal and ver¬ 
tical planes of symmetry, forming a right-hand coordinate system. 



Figure 1-1-2, 
z j) and Wind 
dinates. 


Body 
(x, y. 


( x i 

z) 


. yi > 

C oor- 


and moments 


Together with the wind and 
body axes, aerodynamics research 
sometimes makes use of the so- 
called semibound axes. In this 
system, the longitudinal axis x 2 
coincides with the projection of 
the velocity vector V onto the 
vehicle's vertical plane of sym¬ 
metry. The vertical axis y 2 is 
also in this plane, which is 
known as the angle of attack plane . 
The z 2 axis coincides with the 
z 1 of the body system. 

Relative positions of the 
axes of the various systems. At 

a given speed, the magnitude and 
depend on the orientation of the 


direction of forces 
body relative to the velocity vector, or, for the converse motion, 
relative to the direction of the oncoming-flow velocity V^. Con¬ 
sequently, the magnitude and direction of forces and moments de¬ 
pend on the relative positions of the coordinate systems bound to 

the flow and the body. 



Figure 1-1-3. Attack 
and Slip Angles (com¬ 
ponents of velocity 
are given in the 
body system). 


The relative positioning of the 
wind and body systems is determined (see 
Fig. 1-1-1) by the attack angle a, the 
angle between the Ox x -axis and the pro¬ 
jection of vector onto the x 1 0y 1 
plane and by the slip angle g , , the 

S _L 

angle between the vector and the 
XjOyj plane. 

Knowing the angles a and g ,, we 

o -L 

can proceed from given coordinates of a 
point, say in the wind axes, to find its 
coordinates in the body system and vice- 
versa. This is done by the appropriate 
formulas of analytical geometry, which 
give the coordinates to be converted as 
functions of the cosines of the angles 
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practice therefore the visible figure of Venus may be considered to be a globe. 
The altitude of the cloud layer over the surface of the planet, and therefore 
the diameter and shape of the planet itself, are unknown. 

The mass of Venus is 408,500*160 times less than the mass of the sun 

[138], which corresponds to 0.815 of the earth. The density of Venus is 

3 3 

4.86 g/cm . For the earth the corresponding quantity is equal to 5.52 g/cm . 

-2 

Acceleration of gravity on the surface of Venus g ? = 835 cm • sec 

The second cosmic speed near the surface of Venus is equal to 10.2 km/sec. 


3. The Atmosphere and the Cloud Layer 

The atmosphere of Venus was discovered in 1761 by M. V. Lomonosov [66] 
after having observed the passage of the planet across the solar disk. 

However, up to the present time the composition of the atmosphere, temperature 
and the pressure are practically unknown. Such a situation results mainly 
from the fact that due to the nontransparence of the atmosphere of Venus in 
the optical range only the upper layers of the gaseous-aerosol clouds of the 
planet are accessible to our immediate investigation. At the present time 
the lower cloud layers remain the subject of diverse hypotheses. 

An evaluation of the pressure in that part of the atmosphere above the 
clouds of Venus was carried out by Dolfus [27], Moroz [71, 72] and Vaucouler 
and Menzel [323]. Dolfus investigated the difference in polarity in the 
red and green parts of the spectrum. Interpreting this as a result of 
molecular scattering, he determined that the equivalent altitude of the at¬ 
mosphere of Venus at the level of the cloud layer was equal to 800 meters. 
Under a force of gravity somewhat less than that of earth, this corresponds 
to a pressure at the top of the cloud layer of 90 mb*. V. I. Moroz in 
widening the band of absorption CO^ X 1.575 and 1.606 p defined the pressure 

at the level of the cloud layer as equal to 300 mb. 

Vaucouler and Menzel [323] in accordance with observations of the screen¬ 
ing of Regulus by Venus, evaluate^ the pressure at a level of 70 km above the 
cloud layer as equal to 2.6 x 10 mb. In accordance with these observations 
the altitude of the similar atmosphere in the layer above the clouds of 
Venus equals H = 6.8 km according to the calculation of the authors, and 
H = 6 km according to the calculation of Martynov and Pospergelis [67]. 

According to a calculation of Sagan [282] based upon measurements of 
the bands of absorption C0 2 A 0.8 p [302] and 1.6 p [191], and the screening 

of Regulus by Venus [323], the pressure at the level of the cloud layer for 
the illuminated side of Venus was determined to be equal to 600 mb. 


* We are reminded that 1 atm = 1013 mb. 
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An attempt to estimate the pressure in that part of the atmosphere under 
the clouds was undertaken by Spinrad [302]. He processed old spectrograms of 
the spectrum band 7820 A, obtained by Adams and Dunham [102]. They calculated 
the pressure at the level of the reflecting layer from 1.1 to 4.6 atm 
according to the spread of the spectral lines. In connection with the fact 
that high pressures correspond as a rule with high temperatures, they inter¬ 
preted the result as an indication of change in the altitude of the reflecting 
layer. At the lowest measured level the pressure approached 5 atm. 

The chemical composition of the atmosphere of Venus has been the subject 
of numerous spectroscopic investigations. Nevertheless, thus far carbon 
dioxide is the single satisfactorily explained component of the atmosphere of 
the planet. 

Estimates of the content of C0 2 in the atmosphere of Venus have been 

extremely diverse. Until recently the most accepted estimates have been 
those of Adams, Dunham [102] and Kuiper [41]. According to these estimates 
there exists above the cloud layer 10 s atm-centimeters * of C0 2 , which appears 

to be the basic component of the atmosphere of Venus. Completely different 

results were obtained recently by Spinrad [302]. Having processed the old 

spectrograms of Adams and Dunham he determined the CCH content to be equal to 

5 ^ 

2 x 10 atm -centimeters. However, in accordance with measurements of the 

width of the lines of absorption, he came to the conclusion that the indicated 

quantity of C0 2 is maintained above the level at which the pressure comprises 

7 atm. In this case there is above the cloud layer [under a pressure at the /13 
level of this layer of 90 mb) only 4 x 10 3 atm -centimeters of C0 2 , and the 

relative content of carbon dioxide in the atmosphere of Venus consists in all 
of 4% (according to the mass). 

According to an estimate of Kaplan [193] the relative content of CO 2 in 
the atmosphere of Venus comprises 15%. 

Under earth conditions, atmospheric carbon dioxide reacts with silicates, 
which are components of soil. This process,decreasing the content of C0 2 in 

the atmosphere.demands the presence of water in the liquid state as a cat¬ 
alytic agent. The liberation of CO 2 into the atmosphere proceeds simultan¬ 
eously with this. The speed of these processes is determined by the 


* 1 Atm-centimeter is the thickness in cm of the layer of specified gas 

which would be obtained if the gas were isolated and compressed to a 
pressure of 1 atmosphere under the influence of a standard temperature. 
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equilibrium of Urey. The abundance of CCK in the atmosphere of Venus ir 

comparison with that of earth indicates apparently a disturbance in the 
equilibrium of Urey. A possible reason for this may be the lack of water 
on Venus. 

A series of attempts to detect water in the atmoschere of Venus have 
been undertaken. 

In 1921 John and Nicholson [188] investigated at Mt. Wilson the line of 
water vapor near A 5,900 A. This line was not detected. They calculated the 
upper limit of the water vapor content above the reflecting layer of Venus as 
equal to 1 mm of precipitated water, i.e. about 14 9 a of the content of water 
vapor in the atmosphere of the earth over Mt. Wilson in winter. 

Adams and Dunham [102] carried c-ut analogous investigations cf the llr.e 
near 8,200 A and estimated the upper limit of the water vapor content on Venu 
as equal to 5% of the earth's level. 

In 1960,with the aid of an apparatus raised on a stratospheric balloon 
in order to decrease terrestrial lines. Strong and others undertook measure¬ 
ments of the band of absorption of water vapor near \ 1.15 u. It was 
found that the water vapor content above the reflecting clouds in the atmos¬ 
phere of Venus comprises (1.9 ± i.6) • 10 3 cm, i. e. (19 ± 16) u of preci¬ 
pitated water. However, in connection with the fact that the water \ apor con. 
tent measured by Strong and others is commensurate with that found in the 
atmosphere of earth [243], the cited data were subject to doubt. 

In 1962 Spinrad [301] reprocessed some old Mt. Wilson spectrograms near 
A 8,180 A. He detected no line of absorption of water vapor. He calculated 
the upper limit of water vapor content in the atmosphere of Venus as 7 • 10 3 
g • cm 2 (70 u). From a comparison with former work defining the pressure in 
accordance with the spreading of lines of absorption cf CO., [302] he con¬ 
sidered that the experiment referred to the level at which, the pressure con¬ 
sisted of 8 atm and therefore the relative content of water vapor in the at¬ 
mosphere of Venus would be less than 9 • 10 7 (according to the mass). This 
calculation was reduced to <10 5 because of a series of indefinite quantities 

The next attempt to detect water vapor was undertaken by Dollfus [150] 
in 1963 by measurements of the band of H^O near X 1.4 p. In comparing the 

spectrum of Venus and the moon under conditions of equal zenithal distances 
he detected that in all cases the intensity of the band of H.,0 in the spec¬ 
trum of Venus was higher than in the spectrum of the moon. He determined 
that the average water content of the Venus disk was equal to 2.8 • 10 2 
g • cm 2 . These measurements were carried out with a phase angle of 91° 
which corresponds to 4 as the average optical path of the reflected ray. 

From this the water vapor content in a vertical column was calculated as 
equal to 0.7 • 10 2 g • cm 2 , i.e. 70 p. Providing that the calibration of 
the apparatus was carried out under pressure of 1 atm and that the pressure 
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of the layer observed on Venus was significantly lower, the true content of 
H 2 0 must be lower than indicated. 

In 1964 Strong,together with Bottema and Plummer,[116 and 117] repeated 
the stratospheric balloon measurements of water vapor in the atmosphere of 
Venus. Under atmospheric pressure the absorption of water vapor in the line 
of H 2 0 X 1.1 u was detected corresponding to 9.8 • 10 3 g • cm 2 (98 p). The 

interpretation of the data obtained depends upon the pressure at the level of 
the cloud layer and the distribution of water vapor by altitude. For a_ 
gravitational atmosphere the experimental data corresponds to 22.2 * 10 3 
g • cm 2 of water_vapor at a pressure at the level of the cloud layer of 
90 mb and 5.3 • 10 3 g • cm 2 at a pressure of 600 mb. The relative water 
vapor content in the atmosphere of Venus is calculated as equal to 2.5 • 

10 4 and 0.87 • 10 5 respectively. 

Recent measurements of water vapor were carried out by Spinrad [304] at 
the line 8,200 A in July and August of 1964. Water vapor content above the 
cloud layer was estimated by him at less than 20 p [306], 

Prokof'ev and Petrova [76, 77] undertook an extremely successful attempt 
to reveal molecular oxygen in the atmosphere of Venus. In 1961 and 1962 they 
obtained a spectrum in the region of the telluric a band of oxygen displaying 
nonsymmetry of line caused apparently by a weak band of absorption of oxygen 
in the atmosphere of Venus. In 1964 the deduction concerning the possible 
presence of oxygen in the atmosphere of Venus was conclusively confirmed by 
Prokof'ev's [78] new investigations into the region of the B band of telluric 
oxygen. A preliminary evaluation of the oxygen content in the cloud layer 
over Venus made by Prokof'ev revealed 0.1% of the earth's level, i.e. approx¬ 
imately 170 atm-cm. 

Spectroscopic measurements by Spinrad [305] gave a negative result. He /15 
estimates the 0,, content in the layer above the clouds of Venus at less than 
50 atm-cm. 

Concerning other gases which have been examined spectroscopically, Sinton 
[296] points to weak lines of absorption which may be ascribed to CO. These 
lines were also obtained by Moroz [70] who evaluated the CO content as equal 
to 5 atm-cm. However, analogous measurements by Kuiper [210] did not reveal 
the indicated bands of absorption. In agreement with Kuiper's estimate^ the 
content of CO in the atmosphere of Venus is less that 3 atm-cm. 

Table 1.1, which we have borrowed from [70], presents estimates of the 
upper limit of the content of several other gases which have yielded negative 
results to spectroscopic investigations in the atmosphere of Venus. 
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ml = m' z -f 


( 1 - 2 - 6 ) 



c m 


Vi'—Vi 
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where Z is a characteristic length, for example, the length of a 
solid of revolution or the chord b of a wing (Pig. 1-2-2). 


The polar curve. Vehicle lift/drag ratio. The polar curve 
and lift/drag ratio are extremely important aerodynamic character¬ 
istics of a vehicle. The polar establishes the relation between 
lift and frontal drag or between normal and axial forces. The 

c = f,(c ) curve is known as a polar of the first kind, and the 

i y _ * ~ ’ ■ — 

relation c„ = f, (c„ ) [or c„ = f, (c„ T )] as a polar of the second 
x i y i n ini 

kind. 



Figure 1-2-3. Diagram Il¬ 
lustrating Definition of 
Center of Pressure. 


point to the characteristic 


The lift/drag ratio of a ve¬ 
hicle 


K — ~. (1-2-7) 

C X 


Center of pressure and aerody¬ 
namic center. The center of pres¬ 
sure of a vehicle is the point of 
application of the aerodynamic- 
force resultant. The center of 
pressure coefficient (Pig. 1-2-3) 
is a dimensionless quantity and is 
defined as the ratio of the dis¬ 
tance of the center of pressure 
from some fixed characteristic 
length (Z or b): 


/14 


*c.p. 

~T~ 


( 1 - 2 - 8 ) 


The coefficient c can be computed from known values of 

w • P 

the pitching moment and normal force and can be expressed in terms 
of the aerodynamic coefficients: 


c 


c.p. 


M z __ m z 
Nb ~~ c N - 


( 1 - 2 - 8 *) 


For vehicles that do not have horizontal symmetry, flight 
properties are more conveniently evaluated not with respect to 
the center of pressure, but with respect to the center distance. 
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To establish the sense of the "vehicle aerodynamic center" con¬ 
cept, we shall use the familiar relationship for the coefficient 
of moment calculated about an arbitrary point with coordinate x n 

on the chord of the unsymmetrical profile. 


= + + T~ C v> ( 1 - 2 - 9 ) 


where m is the coefficient of the moment about the leading edge 
zo 

at zero lift. 

The second term in the right member determines the moment in¬ 
crement associated with a change in attack angle. The profile 
chord b is taken as the characteristic linear dimension. Here we 
are concerned with small attack angles, for which c^ ~ c^. 

It follows from (1-2-9) that a point x n = x p (an aerodynamic 
center) such that the moment about it does not depend on c can be 

y 

found on the chord. 

The aerodynamic-center coordinate 



- X F _ dm z 
x *— b 


( 1 - 2 - 10 ) 


Obviously, the aerodynamic center is a point about which the 
aerodynamic moment remains constant and independent of attack 
angle, i.e., the point of application of the resultant of all ad¬ 
ditional forces produced by the attack angle. The relation be 
tween the center of pressure and the aerodynamic center is given 
by 


c 


c.p. 



m z0 H* (dm^/dCy) e u 
e v 


" ' ^ c.p.O 


+ X F , 


( 1 - 2 - 11 ) 


where c = m /c , and x„ is the absolute value. 

CpO Zo y* Jr 


For 
quently, 
with the 


bodies with 


c „ are 
c. p. o 

aerodynamic 


symmetrical configuration, m , and, conse- 

Z 0 

zero, and the center of pressure coincides 

center. If c -*■ 0 for a symmetrical body 
«/ 
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then ra 0 also: the center of 
z 

pressure coefficient tends to a 
finite value of 



c w =° 


For an unsymmetrical body, 
e.g., a profile, the moment coef¬ 
ficient tends to a finite value 

m as c ->-0, and hence c _ 00 

z 0 y c.p 


Figure 1-2-4. Hinge Moment Hinge moment. This moment 

of Control Surface. acting on a control surface 


M h — m h qb c S c , 


( 1 - 2 - 12 ) 


where is the hinge moment coefficient, and b c and S c are the 

mean geometric chord and planform of the control device (sur¬ 
face) . 

For given flight conditions (speed, altitude), the moment 
coefficient is a function of the vehicle's attack angle a and 

the control-surface deflection angle 6 c (Fig. 1-2-4). 

§1-3. FRONTAL DRAG 
Winged Vehicles 

The frontal drag coefficient c of a vehicle can be expressed 

A 

as the sum of a coefficient c , that owes its origin to viscosity 

and compressibility and is unrelated to lift, and an additional co¬ 
efficient c . which is governed by lift (induced-drag coeffi- 

X -L 

cient). Accordingly, the over-all drag coefficient 


c x — 


(I-3-D 


The drag coefficient c can be represented as the sum of the 

X 0 

corresponding drag coefficients for the body, wings, fins, con¬ 
trols, and other elements of the vehicle taken separately, plus 
an additional quantity that arises from interference between the 
vehicle's various elements. 


■/ 
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Let us consider, for example, a combination consisting of a 
body, pivoting wings, and fixed tail stabilizers (Fig. 1-3-1). 
The value of c . depends on the lift coefficient of the particu- 

■A -L 

lar combination, which is calculated by (1-4-1'). 

At small body angles of attack a and small'wing incidence 
angles 5 (small deflections of the wing chord from the rocket's 
longitudinal axis), the induced drag coefficient 


Cxi fdv b(wg,tl) + hvtl(b,w(;) ] a + Cy wg( b) (c + 8), 


(1-3-2) 


where e N b(wg> tl) , o N tl(b> and e N wg(b) are the normal- 

force coefficients of, respectively, the body in the presence of 
the wing and tail; the tail in the presence of the body and wing; 
the wing in the presence of the body. 



Here it has been remembered that an additional drag-coeffi¬ 
cient component <5c N appears when the wing is deflected 

through an angle 6 with respect to the axis of the body. Substi¬ 
tuting the aerodynamic coefficients in (1-3-2) in accordance with 
their values from (1-4-3) and dropping the term containing the 
product of small quantities ae (e is the downwash angle, see Fig. 
1-3-1), we obtain 


c xi A"iK* 


A',6 2 -f 7v 3 a8, 


(1-3-3) 


where K , K , K are the corresponding combinations of angle de¬ 
rivatives. 2 3 

We then transform the resulting expression, dividing it by 
e^, where c N is the normal force coefficient of the combination 

and is determined by (1-4-5). As a result. Expression (1-3-3) 
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assumes the form 


= \. Ki (t) + K * + K * fi] ( C -“ 6 + C *) 


(1-3-4) 


Since the attack and incidence angles are small, we can sub¬ 
stitute c for Cjj in (1-3-4). Further denoting the right member 

of (1-3-4) by K, we obtain the drag formula .(1-3-1) in the form 


c x — £jco Kc v . 


(1-3-5) 


The curve defined by this equation is known as the parabolic 
drag polar . 

We see from the equation that for K ~ const, the drag varies 

as a square-law function of lift. Here c , the minimum of c , 

X o x 

is reached at zero lift. 

Research has indicated that a similar parabolic relationship 


c x -c° x = K(c u -ciy- or te x = K(\c„y (1-3-6) 


may also obtain in the more general case of flow in which the 
attack angles do not necessarily remain small. This more gene¬ 
ral case is characterized by minimum drag c° being reached not at 

zero lift, but at a certain finite lift c°. 

y 

The curve representing this relation is shown in Fig. 1-3-2. 
Parameter K characterizes the increase in drag on an increase in 
lift and is constant. The tangent drawn to the parabola from the 
origin determines the maximum lift/drag ratio 


(—) --J-[(^opfn-<$)*]-!, (1-3-7) 

\ c x / max i 


where the optimum lift coefficient 

. (1-3-8) 
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Figure 1-3-2. Drag Polar. 


The coefficient c° is zero for 

y 

a vehicle with horizontal symmetry. 

Aerodynamic properties can be 

analyzed with the aid of the drag 

curve either for combinations of 

bodies with lifting, controlling, 

and stabilizing surfaces or for the 

component parts in isolation. In 

all cases, these properties will be 

defined fully by the appropriate 

values of c°, c°, and K [see 
x y 

(1-3-6)]. 


The generalized polar. In a more general case, the frontal 
drag coefficient c varies in accordance with the law 

X 


c x — Cfco -f- Kc™. 


(1-3-5') 


The curve of this equation is known as the generalized polar. 
The coefficient K and the exponent n are functions of and Re. 

According to (1-3-5'), the maximum lift-drag ratio 



_ i 

K *. 


(1-3-7*) 


The'value of 
ficient 


(c /c ) corresponds 
y x max ^ 


to the 


optimum lift coef- 


c " optm ~ [t’J-i)"]" (1-3-8') 

and to 

K'v ___ 1 

e*o n — 1 ‘ 


For vehicles with thin-profile wings, we may set n ~ 2 for 
subsonic, transonic, and moderate supersonic speeds. At hyper¬ 
sonic speeds, a better approximation for such vehicles is n ~ 3/2. 
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The Body 

There are various approaches to resolution of the resistance 
offered by the air to motion of the body into component parts. 

In the most general case, drag can be resolved into a component 
governed by pressure forces acting normal to the surface and a 
component associated with tangential friction that arises at the 
surface owing to the viscosity of the air. 

The former component of drag is known as pressure drag and 
the latter as friction drag. 

Usually, pressure drag is resolved, in turn, into two compo¬ 
nents, namely the drag due to pressure on the lateral surface 
(nose drag) and the drag due to pressure at the base section 
(wake drag). 

Thus, the total drag 


X 


X + X 


wke 


+ X, 


(1-3-9) 


where the terms on the right represent the nose, wake and fric¬ 
tion drags, respectively. 

Converting to the aerodynamic coefficients, we write an ex¬ 
pression for the total drag coefficient referred to the area S mid 

of the maximum (midships) section of the solid of revolution: 


Cx = 


-V 


gS r 


' — Cxp “f" ^X wke ”f“ 


(1-3-9’) 


where the coefficients of nose, wake and friction drag, respec¬ 
tively, are represented on the right. 

If the distribution of normal pressure over the surface is 
known. 


= S P cos (”• ^°°) dS ,d« 

<S,de> 

c * «*• = ~shr $ p cos <"• dS «*• 

C«wke> 


( 1 - 3 - 10 ) 

(I-3-H) 


where p = (p - p ro )/q is the pressure coefficient, cos (n, V B ) is 
the cosine of the angle between vector and the normal n to the 
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and 


surface of the body at the point under examination, and S ., 

siu 

S wke are side and base a^eas of the body, respectively. 

For a flat base section, where cos (n, V m ) = const, the pres¬ 
sure is usually assumed constant at all points. If we assume that 
the normal n to the plane of the section coincides with the direc¬ 
tion of the longitudinal axis, cos (n, V^) = cos a. Then 


wke wke 


(I-3-H 1 ) 


where S 


wke 


— S , /S . j • 
wke mid 


For small angles of attack 


^X wke Pwke^wke* 


(1-3-11”) 


The friction drag coefficient is determined from the tangen¬ 
tial-stress distribution: 


Cxf 



^ Cfx COS (h V oo) dS 3 det 
(^sde) 


(1-3-12) 


where c f = i/q is the local coefficient of friction and cos(t,V m ) 

is the cosine of the angle between vector and the tangent t to 
the body surface. 

In aerodynamic research, it is more convenient to deal with 
the axial force, which coincides in direction with the body axis. 
The total axial force 


R R p -|- R wke+ Rf, 


(1-3-13) 


i.e., it is equal to the sum of three components, namely the 

axial force R from the pressure on the nose (or simply the axial 
3? 

pressure force), the axial force R wke from the wake pressure (base 
axial force) and the friction axial force R f . Converting to 
force coefficients. 


Cr 


R 


qS x 


Clip i CR wke i ^R/l 


(1-3-13*) 
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where c R is the coefficient of total axial force: c^ . C D , , 

K 5 Rp * R wke J 

an( i are the respective coefficients of the pressure, wake, 

and friction axial forces. 




Figure 1-3-3. Illustrating 
Derivation of Relationships 
Determining Aerodynamic 
Characteristics of Solid of 
Revolution from Known Dis¬ 
tribution of Normal and 
Tangential Stresses. 


The axial-force components 
and their coefficients can be 
determined if we know the dis¬ 
tributions of normal pressure and 
tangential stress over the sur¬ 
face of the body. 

Considering a body in the 
form of a solid of revolution and 
using the diagram in Fig. 1-3-3, 
we can derive the following ex¬ 
pressions for the coefficients of 
the total axial force components: 



CR wke — gS mid ~ Pwk'S wke ; 


(1-3-14) 

(1-3-15) 


C R f = 


Rt 

9^ mid 



i n 



(1-3-16) 


Here r 


= r / r mld is the ratio of 


the body's radius in a certain 
section to the radius of the mid¬ 
ships section, x = x/x, is the 


axial distance to this section 

referred to the length of the body, and X, = x, /2r . , is the fine- 

b b mid 


ness ratio of the solid of revolution. 


Expressions (1-3-14) and (1-3-16) have been written for the 
general case of unsymmetrical flow over a body of revolution when 
the attack angle is not zero. At zero angle of attack (axisym- 
metric flow). 


i 

S — /J r 2 

p—-dxi ( 1 - 3 - 14 *) 

o dx 
1 

= c /;c r Ac. (1-3-16*) 

o 


17 


Wings (Lifting Surface) 

Drag components. The drag of a lifting surface 


X = X p + X f , (1-3-17) 

where X is the pressure drag and X^ is the friction drag. 

P 

We can convert from forces to aerodynamic coefficients: 

~ Cxp 4*c*/* (I—3 — 17 T ) 

where c is the over-all drag coefficient, c is the pressure 

X 

drag coefficient, and c f is the friction drag coefficient. 

The drag coefficients are usually referred to the wing plan 

area S . If the pressure distribution over the wing surface is 
wg 

known. 




9^ 


iS 1 Wg 

(S 


^ p cos («, Foo) dS^ 
) 


(1-3-18) 


The friction drag coefficient is calculated from the tangen¬ 
tial-stress distribution: 


Xf 

X ' qS wg 



c fx cos (t, F„o) dS ws . 


(1-3-19) 


Formula (1-3-18) applies for wings of any shape and, in par¬ 
ticular, for wings with sharp or blunt trailing edges. For a 
wing with a blunted trailing edge, pressure drag also includes 
drag from the vacuum formed behind the edge. This component, 
which is analogous to the wake drag of a solid of revolution, is 
known as trailing-edge drag. 

The trailing-edge drag coefficient can be found from a known 
distribution of the pressure p b on the blunt wing surface S b . e : 


Cx 



§ pb.e.cos (ra, F») <2S b .e.» 
(Sue.) 


(1-3-19') 
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where g is the coefficient of pressure on the trailing edge at 

the point under consideration and cos(n, V ) is the cosine of the 
angle between vector V ro and the normal n to the blunt surface of 
the wing at the same point. 


Retaining the symbol c for the coefficient of pressure 

xp 

drag of the nose of the wing, we write the expression for the 
total drag coefficient 


C X — Cxp C x b.e. ~f" C x f. 


(1-3-17") 


The profile. Let us now apply our relationships to calcula¬ 
tion of the aerodynamic characteristics of a wing profile, assum¬ 
ing that the distribution of pressure and frictional stress over 
the profile is known. 

The drag coefficient from the normal pressure, referred to 
chord b_ of the profile (Fig. 1-3-4), is 


c 


*P 


= y p cos ( n , Foo) 3s, 


( 1 - 3 - 20 ) 


where | is the line integral over the profile contour, and ds is 
an arc element of the contour. 

The friction drag coefficient can also be found by evaluat¬ 
ing the line integral 


Cxf —' C/x COS (/) V oo) (is, 


( 1 - 3 - 21 ) 


The total profile drag coefficient will be equal to the sum 

of the coefficients c and c „. Here the total coefficient, 

xp xi J 

like its components, is calculated from the area of a wing of 

unit width b * 1. 

Let us consider how the corresponding aerodynamic coeffi¬ 
cients are computed in the body coordinate system whose horizont¬ 
al Xj-axis coincides with the chord (Fig. 1-3-4). 

The coefficient of the axial pressure force 

= y §P COS (n, x t ) ds, (1-3-22) 
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and the coefficient of the axial friction force 


c Rf ,— £ § C f x 


cos (t, x t ) ds, 


(1-3-23) 


where cos (n,Xj) and cos(t, x 1 ) are the respective cosines of the 
angles between the outer normal n and the tangent t to the con¬ 
tour at the particular point and the x x - axis. 

If cos(t, xj = cos g, then cos(n, x 1 ) = sin g. For ds, we 
have the relation ds = dXj/cosg. On converting from line to or¬ 
dinary integrals, therefore, we obtain the following expressions 
for the aerodynamic-coefficient components: 



(1-3-24) 


(1-3-25) 


where x x = Xj/b; dy^dXj is the derivative of the function y 1 = 

= f(x r ), and is defined by the contour equation. 

The subscripts "1" and "u" in¬ 
dicate that the respective param¬ 
eters are taken on the lower and 
upper segments of the profile con¬ 
tour. 

The total axial force coeffi¬ 
cient 


Cr = Crp + CRf. (1 — 3 — 26 ) 


The value of c„ may also in- 
Rp 

elude the drag of a blunt trailing edge if there is one. However, 
it is more convenient to separate this drag component and, assum¬ 
ing that the edge lies along the normal to the Xj-axis, to repre¬ 
sent it as follows: 



Figure 1-3-4. Forces Acting 
on Wing. 


b. e. P b.e^b.e t 


(1-3-27) 
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where c, = c, /b is the dimensionless height of the trailing 
edge. D ' e D ' e 

Accordingly, the axial-force coefficient 


CR = CRp + CRb.e. +Ch/- ( 1 - 3 - 26 ') 


For a rectangular wing of infinite span, the drag coefficient 

is equal to the value found for the profile. On a section of such 

a wing with area S , the drag force X = c qS 

wg* x^ wg 

To determine the drag coefficient of an arbitrary planform 
wing of finite span and area S , it is necessary to know the 

wg ° 

values of the coefficients c for a series of sections (profiles) 

taken along the span £ (Fig. 1-3-5). The corresponding wing drag 
coefficient is determined by integration over the span: 


c,. «- * « \c x b{z)dz. (1-3-28) 

* wg °wg t) 



Figure 1-3-5- Illustrating Deter¬ 
mination of Wing Aerodynamic 
Characteristics. 


and induced drag, respectively, the 
coefficient is represented as the s 


Other forms of drag re¬ 
presentation. In resolving 
wing drag into components, 
it is possible to isolate 
the component associated 
with lift. This component 
X i is known as the induced 

drag . When it is added to 
that part of drag that is not 
associated with formation of 
lift and is known as the wing 
profile drag X , the result 

is the total drag X = X + 

+ X.. pr 

i 

If c and c . are 

x pr xi 

the coefficients of profile 
expression for the total drag 


C X — C x pr ■}• 


(1-3-29) 
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1 


Profile drag consists of the pressure and friction drags and 
determines the total drag when c . is zero. 

X1 

The profile drag coefficient can be written by analogy with 
(1-3-6) in the form (see Pig. 1-3-2): 


c x = c xpr +Kc u (c u —2cl). (1-3-30) 

The component c , which does not depend on attack angle, 
x p I* 

and the component c . , which is governed by lift, have been sep- 

X JL 

arated in this formula. The former component 

+ (c°)*; (1-3-31) 

and the latter 

c x i = Kc v (c u —2cl). (1-3-32) 


For horizontal symmetry, c° = 0 and c = c°, while c . = 

= Kc 2 j J 5 y x pr x 5 xi 

y' 

Properties of wing drag peculiar to supersonic speeds. In 

calculating the drag of wings moving at supersonic speeds, cer¬ 
tain peculiarities of the flow over them must be taken into con¬ 
sideration. These pertain to wings with subsonic leading edges. 
Subsonic and supersonic wing edges will be discussed in greater 
detail on page 67- A wing leading edge will be subsonic if the 
velocity component V noo of the free stream perpendicular to it is 

smaller than the speed of sound a^. The wing profile is then in 
subsonic flow (see Fig. 1-3-5). At the critical point O' (point 
of total stagnation), which is situated not far from the leading 
edge on the bottom side of the wing at an angle of 
attack, the flow branches, and part of it moves forward, flowing 
over the leading edge. If the flow does not separate, a vacuum 
zone forms at the leading edge, creating a suction force that 
lowers drag. Research has shown that this force is proportional 
to a coefficient equal in magnitude to ac . If the proportional- 

y 

ity coefficient is denoted by y, the suction force will be yac . 

y 

Let us further denote by c^ the coefficient of the axial 

Kp 

pressure force, which does not depend on suction force, for a 
wing with a symmetrical profile. Then the over-all axial-force 
coefficient at a certain angle of attack will be 


Cr = c Rp + yCCCy + Cr/. 
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Assuming that the attack angles are small, 
we obtain according to (1-2-3) 

C* = — ctCy (1 - n) -r Crp -r c B f. 

For a = 0 


Cx = c x0 = ( c Rp)o + ( c R/)o‘ 


so that c, T ~ c , 

N y ’ 

(1-3-33) 


(1-3-33') 


The wing's 
the coefficient 


aerodynamic properties can be characterized by 
of drag increase 


K = 


Ac* 

1 

Cy 



(1 —H) , c Rp — (CRp)o , C PJ — ( c Rf)o 


cl 


1 

Cy 


(1-3-34) 


CX 

where c = 9c /9a = c /a. 

y y y 

Research has shown that the principal term determining K is 
the first, -(1 - y)/c^, which is basically determined by the pres¬ 
sure drag, whose distribution is governed by wave phenomena and 
interaction between the external flow and the vortex trail behind 
the wing. The coefficient y is nonzero for subsonic leading 
edges and zero for supersonic leading edges. 

The second term in Formula (I-3'-34) is governed by the dif¬ 
ference between the axial forces, which depend on pressure, for 
a / 0 and a = 0. Study has shown that this difference is propor¬ 
tional to the product of the profile thickness ratio A/b by the 
attack angle. The quantity c^ - ( c p p )o ma y increase as a result 

of boundary-layer separation. 

Finally, the third term is associated with the variation of 
friction as a function of attack angle. This variation is so 
slight that it may be disregarded in practice. 

§1-4. LIFT 

W inge d Vehicle 

Let us examine the general expression for the lift of the 
vehicle formed by combining a body, wing, and tail, for which we 
derived the drag relationship above. The lift 


Y 


Y b(wg,tl) i 9 wg(b) “b Ftl(b,wg) I 


(1-4-1) 
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where ( W g t ^) the bod y' s lift in the presence of the wing 

and tail; Y wg ( b ) is the wing lift in the presence of the body; 

Y. , \ is the tail lift in the presence of the body and wing. 

tl(b,wg) 

The corresponding lift coefficient 

Cy =- Cy b(wg,tl) -f Cj/ wg(b)4~ ('ll tl (b,wg) • (1 — 4 — 1*) 


These expressions take account of the effect of interference 
between the individual elements of the vehicle on total lift. If 
we succeed in separating the individual interference-dependent 
components from the total lift, the lift coefficient 


c,, = c, 


V b ■ 


u y wg 


C V tl 4~ ~^C:j b(wg,tl) 4“ ACywg(b)-J~ kCy tl(b,wg) 


where the first three components pertain to the body, wings, and 
tail in isolation, and the others determine the secondary, inter¬ 
ference components of lift. 

Instead of lift and its components, we might consider the 
normal force and its corresponding components, which character¬ 
ize the lifting capability of the vehicle. 

The total coefficient of normal force 


Cy — Cy b(wg f tl) 4” Cy w g(b)4“ Cy tl(b t wg) • 


(1-4-2) 


Prom the normal-force coefficient we can find the lift coef¬ 
ficient by using the formula for conversion from body to wind 
axes. Let us assume that together with small attack angles a, we 
also have small wing setting angles 6 relative to the body axis. 
Then the normal-force components 


Cy b(wg,tl) = Cy b(wg,tl) a > 

Cy wg(b) = C .Ywg(b)& 4" 

C.\ tl(b,wg) = Cy tl(b,wg) (® s), 

where the superscripts "a" and "6" are the partial derivatives of 
the normal-force coefficient with respect to a and 6, respec- • 
tively; e is the angle of downwash behind the wing. 




(1-4-3) 
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Thus, the total coefficient of normal force 


— cfi ti(b,wg) ®> (1-4-4) 

where 

jot a . a , « 6! d 

C N — C N w*(b)"r C N b(wg,tl) “T Cn tl(b,wg) » Ctf Cjy w *(b)» 


The last term in the right member of (1-4-4) characterizes 
the effect of interference of the wing with the tail on the nor¬ 
mal force. This effect is small if we remember that the tail 
area is relatively small. However, the effect of interference 
on moment may be substantial in view of the long arm at which the 
tail acts. 

Disregarding the interference term on the right side of 
(1-4-4), we find the relation 


C N __ a <x , « 

T ~ Cn IT + c n, 


(1-4-5) 


which characterizes the sensitivity of the vehicle to controlling 
efforts set up by the wing. The controllability parameter c N /6 de 

pends only on the ratio a/6 for a given vehicle design and a given 
flight speed. 

Body 


The lift Y of the body can be represented as the sum of two 
components and Y^, the first of which depends on the normal- 

pressure distribution, while the second is a function of tangen¬ 
tial-stress distribution. The total lift coefficient 


Cy Cyp Cyj , 


(1-4-6) 


where c is the lift coefficient due to normal pressure and c „ 

yp y f 

is the lift coefficient due to friction. 

The components of the lift coefficient can be computed if we 
know the distribution of pressure and tangential stress over the 
body: 
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(1-4-7) 


c yp 

Cyj = 


■shr l ? £in{n ' dS > 

(S) 

^ c /x sin (t, Voo) dS. 

^ mid V 

(S) 


(1-4-8) 


Here S is the total area of the body, including its sides and the 
base-section area. Usually, the effect of the lift component due 
to friction behind the base is not taken into account because of 
its smallness; hence we set S = in (1-4-8). 

Although it remains small, the lift component that arises 
from the wake pressure may still influence body lift more 
strongly than the frictional component. The coefficient of the 
lift component due to wake pressure 


Cy wke — £ ” ^ P'wke Sin (/Z, V oo) dS w y e . (1 — 4 — 9) 

<*w 


If Cy wke is computed separately, S = S gld should be used in 

(1-4-7), thus determining the lift component that depends on the 
distribution of normal pressure over the lateral surface. 

If the base section is flat, sin(n, V^) = sin a. Assuming 

further that p , = const behind the base, we find 

'wke 


Cu wke — p wke Sill GliS'wke. 


(1-4-9' ) 


For small a, the coefficient c y wke = P wke «S wke> 
The normal-force coefficient 


Ay — Avp + Avy, 


(1-4-10) 


where c^^ is the component governed by the normal pressure on the 
lateral surface and c^ is the component generated by friction. 

For a solid-of-revolution body (see Fig. 1-3-3 )» the compo¬ 
nent c„ of the normal-force coefficient can be found from the 
Np 

known pressure distribution by the formula 


N P 


4X k 

71 


^ rdx ^ pcosydy. 


(1-4-11) 
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The second component c^ is 
gential-stress distribution: 


calculated from the known tan- 


r 

Kf ~qS mid 



1 n 

^ r tg p dx ^ Cj X cosy ^Y» 
o o 


(1-4-12) 


where tan 0 = dr/dx. 
Wings (Lifting Surface) 


The lift of a wing or of lifting surfaces in general can be 
expressed, like the body lift, as the sum of two components, one 
of which is governed by the action of normal pressure forces and 
the other by friction. Accordingly, the total lift coefficient 
is expressed by Formula (1-4-6). 

The components are calculated by the formulas 

c yp = -^~ § psin(n, V^) dS„ s , (1-4-13) 

wg (Sw g ) 

C ui=-J— l c /x sin(t, V^)dS wg . (I_4_l4) 

" 8 < S wg> 


If the wing has a blunt trailing edge, it is advisable to 
separate the part of the lift that originates from suction at the 
trailing edge from the component c . The coefficient of this 

lifting force is 



§ p sin (re, F«,) dS b _ e 

< S b.e.) 


(1-4-15) 


The frictional lift coefficient is usually calculated with¬ 
out consideration of the influence of friction at the trailing 
edge. 


Formulas (1-4-13) and (1-4-14) are used to determine profile 
lift components. Setting the profile chord equal to b and refer¬ 
ring the aerodynamic coefficients to the area b*l, we write 


c 


UP 


= ^ p sin (re, Foo) ds; 


(1-4-16) 
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c uf~T < § Cjx sin ds - 


(1-4-17) 


Here, instead of integrating over the area S , a line integral 

wg 

over an arc of the profile contour s_ is evaluated. 

Let us examine general expressions for the profile's normal- 

force coefficient and its components. For the over-all normal- 

force coefficient, we have Formula (1-4-10), in which c XT is the 

5 Np 

wing normal force coefficient, computed from the normal pressure 
distribution and c^ is the normal force coefficient computed 

from the tangential stress distribution. The working formulas 
for these coefficients are: 


c lWp =y^/>sin (n, x t ) ds; (1-4-18) 

Cx/ = -^-$C/ x sin (t, x t ) ds. (1-4-19) 


We can convert from line to ordinary integrals: 


* U 

c «p ~ ^ Pudxt -J- ^ /), dx t ; 

o 1 

Cxi = S (c,x ' )n (~St)u dXi + 1 i ($ 7 ) , dx i- 


(1-4-20) 

(1-4-21) 


Knowing the coefficient of normal force and its components, 
and using the appropriate formulas for conversion from body to 
wind axes, we can determine the profile's lift coefficient. 

The lift Y = c,aS „ is computed from the coefficient c = 

y wg y 

= + a ^ for a section of an infinite-span rectangular wing 

with area S 

wg 

For a wing of finite span and arbitrary planform, the total 
lift coefficient is found by integrating the elementary lift 
values over the span: 


11 2 


gS* 




§ c y b (z) dz, 


(1-4-22) 
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where c is the profile lift coefficient. 

y 

§1-5. MOMENT 


Winged Vehicle 

An aerodynamic moment acting on a vehicle of arbitrary shape 
can be computed with respect to any point. In aerodynamic re¬ 
search, it is more convenient to choose a fixed point as this 
point of reduction, one that is bound to the body and does not 
change position during flight. We shall henceforth refer this 
calculation to the body nose of the vehicle or its center of 
gravity, regarding the position of the latter as fixed. 

In general form, for a vehicle consisting of individual ele¬ 
ments (body, wing, tail, etc.), moment is determined as the sum 
of body, wing, tail, and other components with consideration of 
interference effects. 


Let us consider the general expression for pitching moment. 
The coefficients of the rolling and yawing moments can be pre¬ 
sented similarly. For a body-pivoting wing-stabilizer combina¬ 
tion, we have 


m 2 — m z b(wg,ti) + m z W g(t>)+ wizti(b,w K ). 


(I-5-D 


Here the subscripts have the same significance as above. 


In turn, each moment-coefficient component can be determined 
if we know the normal and axial force components and the corre¬ 
sponding arms, i.e., the distances along the x- and y-axes to the 
center of pressure. 


For the body, for example, the component m^ b ( W g 

= (c M x„ _ + c^y ), / , n v , where x = x /x, and y 

N c.p Fic.p b(wg,tl)’ c.p c.p b ‘’c.p 


) = 


= y /x, (x and y are the coordinates of the center of 

C.p D C.p C.p 

pressure and x^ is a characteristic linear dimension). For the 
vehicle as a whole, the moment coefficient 


m, 



(bi\-x c .p. -j- c R y c .p.)j» 


( 1 - 5 - 2 ) 


where the summation is extended over all elements (body, wing, 
tail). 
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I 

■!_ 

I 

In calculating the moment, the positive direction corresponds 4? 

to rotation along the shortest arc from the x-sixis to the y_-axis. r 

For a body-pivoting wing-stabilizer combination, the moment 

coefficient at a given speed can be represented as a function 

m = f(a,6). For small angles a and 6, the moment is a linear 
z 

function of attack angle and wing deflection, /28 


m. — mfa -(- m®6 -f- r>t za , 


(1-5-3) 


where m is the moment coefficient for a = 6 = 0. For a design 
z o 

with horizontal symmetry, m =0. 

Z o 

Body 


Like a force, an aerodynamic moment acting on the body can 
be represented as a sum of two components — moments of pressure 
and friction forces. Accordingly, the total coefficient of pitch¬ 
ing moment 


m 2 = m zp + m t j. 


(1-5-4) 


where m 
and m zf 


is the moment coefficient of the normal pressure forces 
zp 

is the friction moment coefficient. 


The two components can be determined by integrating element¬ 
ary moments created by normal-pressure and tangential-stress 
forces, respectively, over the area of the body. The component 


or 


m 


zp 


-iso 

(S) 


dc 


: Np 


dS 


dCRl 

~dS~ 


)dS, 


(1-5-5) 


m 


zp ■ 


mid * b 


^ p [x sin (n, x t ) — y cos (n, x t )] dS. 
IS) 


(1-5-6) 


Figure 1-3-3 can be used to determine the signs of the com¬ 
ponents. The surface element dS is so selected that dr/dx > 0 
for it and, consequently, the moments from the elementary normal 
and axial forces will be negative. Since, according to Fig. 
1-3-3, dc N is negative, the plus sign is taken before the first 


terms in the expressions for m 


zp 
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The frictional component of the moment coefficient 


or 



- (S) 


(1-5-7) 


m zf = 


1 

^ mid. 5 ' b 


^ c jx [x sin (t, Xi) — y cos (t , ij)] dS. 
(S) 


(1-5-7') 


In investigating the moment characteristics of the body, the 
influence of the base section can be excluded, since it is very 
small in practice. Then integration will be performed over the 
side surface in all of the formulas given above. 

Let us consider the moment characteristics for a solid-of- 
revolution body (see Fig. 1-3-3) for the condition that the mo¬ 
ment and its components are calculated with respect to the nose. 
The moment coefficient of the normal-pressure forces 


i r * d * i p co *v d v- 

o o 

1 X 

— — ^ r 2 t.g p dx ^ pcosydy. 

0 0 


( 1 - 5 - 8 ) 


If the body is slender, the second term in this formula will 
be small. 

The frictional component of the moment Is also found by sur¬ 
face integration: 


11111 = dx l Cjx cos V dy ■ 


i a 

^ r 2 dx ^ c jx cos y dy. 


(1-5-9) 


The moment component, like the friction-dependent aerody¬ 
namic-force components, is not always the same in order of magni¬ 
tude as the normal-pressure components. Studies have shown that 
friction has a stronger influence for long slender bodies in flow 
at large angles of attack. 
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Wing and Profile 


The moment and the corresponding coefficient for a wing are 
usually computed with respect to a z-axis passing through the 
wing apex (see Fig. 1-3-5). The total moment coefficient is de¬ 
composed into a component m that depends on the normal pressure 

zp 

distribution and a component m ^ that depends on tangential- 
stress distribution. 

By analogy with the corresponding expressions for the body 


m *P = S Iuac S [XP Sln ~ VP C0S ("* dS ™e' 

(S wg ) 

m zf ™ c c ^ [xcy s sin (^, — yCj X cos (t, x^)] dSwg, 

“wg^MAC *» , 

(S W g> 


( 1 - 5 - 10 ) 

(1-5-11) 


It follows from the formulas that the moment coefficients 
are referred to the wing plan area S wg and the mean aerodynamic 

chord b MAC . 

The corresponding working relationships for the profile have 
the form of line integrals: 

m 2P = §P lx sin (n, xj — yco s(n, (1-5-12) 

m tf=-W§ c /x [zsin(/, zj — ycosft, (1-5-13) 


which are evaluated over an arc of contour s_. 

Determining the moment, which is calculated in this case 
about the leading edge, as the sum of the moments for the upper 
and lower parts of the contour, we obtain 


>>h P -l[^Pu~y 1 u(^-) B P,]dz l +l[z l p l ~y n [^) H p l ]dz l] (I 5 “ l4) 

o i 

-l 

^ (Cfx) U | j u — V1 U (<-/*)uj dx l -f- 

0 

+ $ pi(c/A-)i -Pm(<?/*) d-5-15) 
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where x x = x x /b; y x = y x /b. 


The profile moment coefficient is equal to the sum of the 


+ m 


zf • 


If the spanwise distribution 


components, i.e., m = m 

* z zp 

of the m is known for a wing of given planform (see Pig. 1-3-5), 
z 

the total coefficient of the wing moment about the z x -axis can be 
found: 


in.. 


M- 

-7'W’ 


wg 


wg" MAC 


1/2 1/2 
[ § Xi{z)b (z) c.v dz + ^ b- (z) m i dz J , 


( 1 - 5 - 16 ) 


where x, is the distance from the z 1 ~axis to the wing leading 
edge. 

If the wing has a dihedral, the moment coefficient 


m 


j^MAC 


1/2 1/2 1/2 
c ^ (=) c -v dz + § b 2 (z) m z dz=f^ c R b (z) y dz J .(1-5-16' ) 


For a positive dihedral (vee wings), the minus sign should 
appear in front of the third term in the right member; the plus 
sign appears for negative dihedral (drooped wings). 

§1-6. APPLICATION OP AERODYNAMIC CHARACTERISTICS IN STUDY OF 
FLIGHT STABILITY OF BODIES 

Static Stability 

Longitudinal and lateral stability. Random disturbances 
(the initial jolt on leaving the launcher, wing gusts, deviations 
from nominal engine output, etc.) may result in changes of the 
attack and slip angles of a body in motion. The moment that 
appears as a result causes a further change in these angles after 
the disturbance has ceased to act. 

If the angles a and 3 a1 tend to return to their original 

values, flight is said to be statically stable . If the deviation 
continues to increase, we have stat i c instability . 

Static stability is resolved into longitudinal static sta¬ 
bility, directional static or weathercock stability, and lateral 
static stability. 
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In the presence of longitudinal static stability, the pitch¬ 
ing moment that arises will be stabilizing, i.e., it will tend 
to restore the original attack angle. In this case, the direction 
of change of the moment M (and, accordingly, of the coefficient 

m ) will be opposed to the direction in which the angle a has 
z 

changed. Consequently, the longitudinal static stability condi¬ 
tion can be expressed by the inequalities 3M /3a < 0 or 3m /3a = 

= m« < 0. Z Z 

z 

In the case of longitudinal static instability, a destabi¬ 
lizing tumbling moment appears and tends to change the attack 
angle even more. Consequently, the condition for longitudinal 
static instability will be the inequality dmjda = m? >0. 


Obviously, directional static stability is characterized by 
the inequality 3M /3B, < 0 or 3in /3B n * mg < 0; directional 

y S -L j o -L y 

static stability will be characterized by 3M /3B_ n > 0 or /31 

o y si 

3m /3B * m > 0. The directions of the changes in yawing mo- 

y s X y 

ment and slip angle are different in the former case and the same 
in the latter. Accordingly, the moments will be stabilizing and 
destabilizing directional moments. 

The derivative 3M /3B or 3m /3B a1 * nr is a measure of 

lateral static stability (or static stability in roll). If the 
derivative m& < 0, the vehicle has lateral static stability. If 
R ^ 

nr > 0, we have lateral static instability. 


A vehicle is neutral as regards longitudinal static sta¬ 
bility, weathercock stability, or lateral static stability if 

m a * 0 , m^ = 0 , m^ = 0 . 
z ’ y x 

Center of pressure coefficient. Aerodynamic center. The 

center of pressure coefficient is one of the parameters of static 

stability. For example, the center of pressure coefficient is 

a parameter of_longitudinal static stability and is defined from 

the condition x * x /% * m /c. T , where x is the distance 
c.p c.p zN* c.p 

from the center of pressure to the point about which the longi¬ 
tudinal moment is determined. 


Suppose that this point is the nose of the body, 
can take the distance between the center of gravity x 


Then we 
and the 


c.g 


center of pressure x as a characteristic (criterion) of static 

c.p _ _ _ 

stability. If the difference x. _ - x is positive (x = 

C.p c.g c.g 

* x /l ), i.e., the center of pressure lies aft of the center of 
c.g 

gravity, flight will be statically stable. If the center of 
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pressure is forward (the difference x - x is negative), 

c. p c . g 

we have static instability. 

The criterion x - x is sometimes known as the static 
c . p c . g 

stability margin. It may be positive (static stability), nega¬ 
tive (static instability), or zero (neutral longitudinal sta¬ 
bility). 


If the pitching moment is determined 
gravity, the parameter x itself can be 

G • p 

criterion. In the linear range of attack 

presented in the form x = 3m /3c... If 

c.p z N 

will be statically stable; when 3m z /3c^ > 

parameter x" = 3m /3c.. is known as the 
c.p z N 

coefficient. 


about the center of 
treated as a stability 

angles, x can be 
c.p 

3m z /3c^ < 0, flight 
0, it is unstable. The 
longitudinal stability 


For unsymmetrical designs or symmetrical ones with deflected 
controls, it is more convenient to use the dimensionless center 
distance instead of the center of pressure coefficient as a 
static criterion. Applying (1-2-9) we write the equality 

m zi — (‘-c.p. Cn = m z "F “T~ ^ Z -f- XbJ Cx, (I — 6 — 1) 

which determines the coefficient in of the moment about a lateral 

z i _ 

axis passing through a certain point with coordinate x^ in terms 

of the coefficient m of the moment about the nose of the vehicle 

z 

and the normal lift coefficient c^. The signs in (1-6-1) have 

been so selected that the moment is positive when it acts to in¬ 
crease attack angle and negative when it acts in the opposite 
direction. 

The point with the coordinate x^ = Xp, at which 3m z /3c^ + 

+ Xp = 0, is the aerodynamic center. The dimensionless center 
coordinate Xp is determined by the formula 


x,=* 


<3m. 


( 1 - 6 - 2 ) 


Thus , 
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m zl --- vi z0 — (,r 2 , — .r b ) c v . 


(1-6-3) 


where x^ may be the dimensionless coordinate of the center of 

gravity. Then it follows from (1-6-3) that flight will be static¬ 
ally stable if the aerodynamic center is aft of the center of 
gravity and unstable if it is forward of it, i.e., the vehicle’s 
degree of static stability depends on the relative positions of 
its aerodynamic and gravity centers. 

The trim condition. This condition, which is necessary for 

statically stable straight-line flight in the longitudinal plane, 

takes the form m =0. This condition is satisfied by deflecting 

z 

the elevator through the appropriate angle. Setting m = 0 in 
(1-5-3), we obtain the equation of trimmed flight: 


//i z a -T 77i z S -f — 0 . 


(1-6-4) 


The trim characteristic, the ratio of attack angle to control 
deflection angle, is found from this equation. For a given de¬ 
sign and speed, this characteristic is a function of the angle 6. 
For a symmetrical design, the trim ratio a/6 is independent of 
control-surface deflection and given by the formula 


6 



(1-6-5) 


Dynamic Stability 

The concept of dynamic stability. Analysis of the deriva¬ 
tives of the aerodynamic moments with respect to a or $ , makes 

is possible to establish whether the body has one or another form 
of static stability. However, this analysis is not sufficient to 
evaluate the flight properties of the body in motion, since it 
does not answer the question as to the nature of the body’s mo¬ 
tion after cessation of a disturbance, or of the magnitude of the 
parameters determining this motion. Indeed, if we know, for ex¬ 
ample, that the derivative 8m /3a is negative and that, conse- 

quently, the pressure center is aft of the center of gravity, we 
may infer only longitudinal static stability. But we cannot tell, 
for example, the amplitude of the attack-angle fluctuations at a 
given value of the initial disturbance parameter or how it varies 
in time. Dynamic stability theory gives the answers to all of 
these and other questions. 
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Dynamic stability theory is based on aerodynamic research 
results obtained under conditions of nonstationary flow. Thus, 
in contrast to static conditions, a body whose orientation varies 
with time will be acted upon by additional aerodynamic loads 
whose influence depends on time. 

Damping moment. One of these loads is the damping moment 
that arises when the body performs rotational motion about its 
center of mass on its flight trajectory. This moment is restor¬ 
ing in nature and hence directed opposite to the rotation. 


Let us examine the expression for the damping moment set up 
by the tail in the particular case when the vehicle is moving 
without slip at constant speed and simultaneously rotating at a 

certain angular velocity ft (t) about a z_-axis passing through its 

z * 

center of mass (Pig. 1-6-1). As a result of this motion, the 

tail gives rise to an aerodynamic pitching moment M that depends 

z 

on the components V and V of the translational velocity and on 

x y 

the angular velocity ft , i.e., M = f(V ,V ,ft ). 

z z x y z 

Introducing the no- 
menclature V^/V^ = a; 

^z L h.t /V oo = Aa h.t J 



Figure 1-6-1. Diagram Illustrating 
Origin of Tail Damping Moment. 


where 

t is the distance from 

the vehicle’s center of 
mass to the tail aerody¬ 
namic center and Aa^ ^ is 

the tail attack angle in¬ 
crement due to the rota¬ 
tion, and setting Y^/Y^ ~ 

~ 1, we can write an ex¬ 
pression for the moment coefficient in the form m = M /qSA = 

z z 

= cj)(a,Aa^ £) . Here I is a function of attack angle and the incre¬ 
ment Aa^^. Assuming a and Aa^ ^ to be small, we can represent 
the function $ for symmetrical designs in the form of a sum <j>= 

= <j> a a + <f> a5l *^Aa, . , where the derivatives 4> a and (j> Aa h.t are con¬ 
stant. n * L 


If cj>“ = /rc* and (p A0Eh t - = m^ (a>*= Aa h . t . = -^ii) f 


M, = mfqSla -j- m™ z qSla> z . 


( 1 - 6 - 6 ) 


The second moment component, which depends on angular velo¬ 
city, is known as the damping moment and denoted by M zd = m^qSla z 
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or 


M zd = 


(1-6-7) 


which defines the damping moment as a function of the damping 
moment coefficient m zd and the angular velocity of the rotation. 

Studies have shown that (1-6-7) can be applied to the ve¬ 
hicle as a whole. The damping coefficient will depend in its 
linear range of angular-velocity variation only on the design 
features of the vehicle. 


Dynamic stability criteria. As for static stability, there 
are criteria of dynamic.stability. To consider these criteria, 
we shall use the equation of oscillatory rotary motion of a body 
about its center of gravity: 


A 


dAa 
dt * 


= M, 


( 1 - 6 - 8 ) 


where A is the equatorial moment of inertia and M is the pitch- 

z 

ing moment about the center of gravity, as defined by (1-6-6). 


We shall consider a motion in which the trajectory inclina- 

m 

tion varies insignificantly. The derivative m z can be repre- 

z 

sented in the form m“ z since Q x =-.,«r dadt. Consequently, 
(1-6-8) reduces to the form 


a •- n,a ]- <i z a — 0, 


(1-6-9) 


where 


— mjqSlA a 2 — — infqSlA" 1 . 


Let us assume for further analysis that velocity does not 
vary along the trajectory and, consequently, that the aerodynamic 
coefficients remain constant. If we also assume that A = const, 
the coefficients a L , a 2 in (1-6-9) will be constant. The general 
solution of such an equation is as follows: 


a — C t e k i‘ 4-C 2 e ft * r , (1-6-10) 
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where k x , k 2 are the roots of the characteristic equation 
k 2 + a x k + a 2 = 0, and are given by the expression 


4 -“« • 


The constants Cj and C 2 are found from the initial condi¬ 
tions. Research has shown that flight stability is most strongly 
influenced by an initial 1olt # characterized at time t = 0 by the 
initial angular velocity a = a Q and by the angle a = 0. For 
these conditions, the constants 



and the solution (1-6-10) becomes 

o = {a 0 !rV l i'(e w -f«), (1-6-10’ ) 

where 

b — — a 2 , = a t /2. 


Let us examine the case of static stability, in which the 

derivative m“ < 0 and, consequently, a 2 > 0. If we remember that 

the damping moment is substantially smaller than the stabilizing 
moment under' real conditions and that, as a result, |a | > A 2 , we 
can derive for a 


a = a 0 b sin (bt). 


( 1 - 6 - 10 ") 


in which b = V |a 2 | —XJi 

It is evident from (1-6-10") that the variation of attack 
angle takes the form of periodic oscillations. Since A x is al¬ 
ways positive, these oscillations will damp and, consequently, 
the moving body will have longitudinal oscillatory stability. 

Analyzing (1-6-10") for the attack angle, we can establish 
certain criteria of oscillatory stability (for dynamic stability). 
These include the period of the oscillations 
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(I-6-ll) 


_ i 

T 2.-1 (j m * I qSlA-i - AJ) 2 


and their frequency 


o> 


■jr—(l >n? I (/St A’ 1 — 



( 1 - 6 - 12 ) 


An important oscillatory-stability criterion is the loga- /S5 

rithmic damping decrement, which is equal to the natural loga¬ 
rithm of the ratio of the amplitudes at the respective times t 2 
and tj + T, i.e., 




(1-6-13) 


The value of this criterion depends on the period of the os¬ 
cillations and on the parameter 



mf 1 qSlA-K 


(1-6-14) 


The larger the aerodynamic damping coefficient |m^| , the 

Z 

larger will be the logarithmic decrement and the more rapidly 
will the oscillations damp out. 

Together with the logarithmic decrement, the time for the 
amplitude to diminish by half is another dynamic stability cri 
terion: 


i 2 = ^I 1 ln2. 


(1-6-15) 


The parameter A , which determines both of the above cri¬ 
teria, is also regarded as an independent dynamic stability char¬ 
acteristic and is known as the damping factor . 

Finally, we present yet another criterion of stability - the 
wavelength of the oscillations as determined from the expression 




2nV ac 


(1-6-16) 
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In practice, it is advisable to endow the moving body with 
aerodynamic properties such that the damping coefficient is 
sufficiently large, since the time t 2 will then be small, al¬ 
though at the expense of some increase in the wavelength, which 
is undesirable. Usually, an effort is made to reduce wavelength. 
For this purpose, it is necessary to increase the stabilizing 
moment, which, in turn, has the desirable effect of lowering the 
oscillation amplitudes. 

Above, we examined the case in which the body has static 
stability, which also endows it with longitudinal oscillatory 
stability. A similar analysis might be carried out for a body 
that does not have static stability, i.e., for which the deriva¬ 
tive m a > 0. 
x 

Solving (1-6-9), we obtain a relation for a that indicates 
nondamping aperiodic motion, which will now no longer be oscilla¬ 
tory. With time, the attack angle will increase without limit. 

In this case, the body has longitudinal dynamic instability. 

Generalized method for stability analysis of vehicle motion. 

An expression more general than (1-6-10) for the attack angle of 
a ballistic missile is cited in [55] and takes the form 


a--=^~ P " KVo(v)+aVo(v)l, 


(1-6-17) 


where J Q (v) and Y Q (v) are zero-order Bessel functions of the 
first and second kinds, respectively, of the argument 


v - VU e 


( 1 - 6 - 18 ) 


The parameter Z 1 is the "dynamic stability" factor: 


M'k- ' »'?> ( 7 W’]. (1-6-19) 


while the parameter Z z is the "static stability" factor: 


1. 


_ . ..-(VVnld_ ( r b\ 

b sin- o 0 z U r J 




( 1 - 6 - 20 ) 


In these relationships, G is the weight of the vehicle, 0 O is the 
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initial inclination of the trajectory to the horizon, x b is the 

length of the vehicle, R is its radius of inertia, and c“ and 
° ro y 

m z are the derivatives with respect to a: c^ = 3c^/3a, m z = 

= 3m /3a. 
z 

The other two derivatives of the moment coefficient are 
given by the expressions 


with 


m 



z 


dm z 
<f(O z ’ 


m. 



( 1 - 6 - 21 ) 


co. = 


-- Tb . ^ 


a — - 


( a= ir) • 


( 1 - 6 - 22 ) 


Solution (1-6-17) was derived for nonuniform flight condi¬ 
tions of the ballistic missile in the atmosphere, in which the 
density variation is defined by an exponential law: 


P = Pge~ Pw , 


where p is the density at sea level, 3 is the altitude gradient 
§ 

of density, which is assumed constant, and y_ is the altitude above 
sea level. 


The constants of integration C x and C 2 in (1-6-17) are deter¬ 
mined by the initial conditions at entry into the dense atmospheric 
layers. If the initial angular velocity of rotation ft =0, and 

Z o 

the attack angle a = a 0 / 0, the constant C 2 =0, and the solution 
assumes the form 


a = a 0 e~hc B V 0 (v). (.l-b-2j; 

In the most common cases, the static stability factor Z 2 is 
of the order of ^10 5 . 

The dynamic stability factor £ x may differ markedly from the 
value indicated. For example, when damping has a strong effect on 
oscillatory motion, £ x may become negative (e.g., £ x = -10). As 
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altitude decreases in this case, the attack angle will oscillate 
around zero with sharply reduced, near-zero amplitude. If the 
dynamic stability factor SL 1 = 0, the oscillations will damp more 
slowly and the amplitude may be nonzero at the ground. 

For l 1 > 0 (e.g., I x ~ 10), we have a case of practically 
undamped motion in which damping ceases at a certain altitude and 
a marked amplitude increase is observed with the approach to 
the ground. 

The effect of vehicle oscillations can be taken into account 
in computing heat transfer, the rate of which varies somewhat 
from the rate in the absence of oscillations. This change in 
heat transfer can, of course, be taken into consideration by the 
design of an appropriate cooling system. 

§1-7. AERODYNAMIC CHARACTERISTICS OF VEHICLES IN NONSTEADY MOTION 

General relation for force or moment. Above, we examined re¬ 
lationships determining forces, moments, and their coefficients. 

These relationships answered 
only the question as to how an 
aerodynamic characteristic can 
be found if the distributions 
of normal pressure and tangen¬ 
tial stress are known, and did 
not tell us the conditions 
under which these distribu¬ 
tions originated. At the same 
time, importance attaches to 
the prior history of the mo¬ 
tion, i.e., the manner in 
which the body arrived at a 
particular position on its 
trajectory as given by attack 
and slip angle values, for in¬ 
vestigation of the real ve¬ 
hicle's aerodynamic characteristics and, in particular, for in¬ 
vestigation of the pressure and tangential stress distribution. 

For example, was the attitude arrived at under conditions under 
which there was no rotation and the body moved progressively with 
its center of mass at constant speed on its trajectory, or was it 
reached under conditions in which the body's motion was character¬ 
ized not only by the velocity of its center of mass, but also by 
an angular velocity of rotation of the body about its center of 
mass. 



Figure 1-7-1. Diagram Showing 
Action of Rotational Moments. 


Strictly speaking, the former case is not realized in flight, 
but it can be reproduced in aerodynamic test installations and 
obviously corresponds to steady-state flow at fixed attack and 
slip angles. The aerodynamic coefficients obtained as a result 
of the experiment are known as the static coef ficients . 
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Nonsteady flow corresponds to the second case of motion 
of the body, that characterized by rotation. Plow of this type 
causes a change in the distribution of local forces from the 
steady-state distribution. Additional dynamic components of the 
aerodynamic forces and moments appear as a result. One such com¬ 
ponent is the damping moment, an expression for which was de¬ 
rived for the particular case of plane (zero-slip) motion char- 
acterized_by constant translational velocity -V^ and angular 
velocity . 

In the most general case, nonsteady motion of a vehicle will 
be determined by the three components F A1 (/), V yi (t), F zl (/) of the velo¬ 
city -V^Ct) of the center of gravity in the body system (Pig. 
1-7-1) “and by the components Q xl (t), V (0 of the angular 

velocity fi(t) in the same system, with all of these components 
dependent on time. 

Any force or moment can be represented in the form of a func¬ 
tional relationship 


F = f(V xl , V yi , V zl , Q xl , Q yl , Q zl , V xl , TV V :t , 


n*,. 


Q :t ), (l-7-l) 


which indicates that the nonsteady aerodynamic characteristics 
are determined not only by the instantaneous dynamic state of the 
body, i.e., the parameters I'm, IV I'.-i. V. T-V at the particular 

time on the trajectory, but also by the first time derivatives of 
these parameters p. vt , TVF.,, o v]i o. ;! , ij ;|i 

In the particular case with smooth variation of the param¬ 
eters, we can limit ourselves to the functional relation 

*’-■/(»V V- o A .„ o yI1 o.,). d-7-2) 


In practice, nonsteady-flow problems are associated with changes 
in the geometric shapes of vehicles in flight due, in particular, 
to elastic strains. The influence of this shape change on the 
aerodynamic characteristics can be taken into account by intro¬ 
ducing a parameter 6(x ls y 13 z 1 , t) equal in magnitude to the in¬ 
crement in local attack angle and the time derivative d5/dt of 
this parameter. 

Dimensionless kinematic parameters. In investigation of the 
aerodynamic force and moment coefficients, these coefficients are 
regarded as functions of dimensionless kinematic parameters in 
the form 
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dt 2 Vi. 


; a = 


' yi — da i 


; a = 


di 2V„ > 
d9. xi i 2 


psl ~ l’oo : ^ sI - “df- lh ’ “* " Q - vl 2it : “* = dt 2Vi 
«v-=—*' Z2 




■}I /2 » ®* "21 •)!/ 1 ® 


l * dQ , J2 
2Voo ’ z— dt 2 Vi, ’ 


8 = 


d8 l 


dt 2 Vo, 


(1-7-3) 


Here a, and 3 g -^ are the attack and slip angles, respectively, and 
i is the characteristic length. 

For example, we have for the coefficient of normal force and 
pitching moment 


c '.v = /i(«» u, Ct, a, Psi, 

P sl > ©.Vi 

• • ■ Z 

i Wyj ©£/» ©//» ©zi ©z. ^)» 

(1-7-4) 

>n t — f 2 (u, u, a, a , (hi, 

Psl f ©.Vi 

• • • JL 

i ©.vi ©j/t ©i/» ©z? ©z, S). 

(1-7-5) 


Stability derivatives. Let us assume that the functional 
relationships (1-7-4) and (1-7-5) can be expanded in Taylor ser¬ 
ies with respect to a point defined by certain initial-velocity 
values V^g, v Xiq 3 V y 10 5 v Zl0 and zero angular velocity = 0. 

A linear law of variation of the aerodynamic coefficients 
with kinematic parameters is i valid at small nonsteady disturb¬ 
ances. Then, excluding the parameters 8 and 8 from consideration, 
i.e., disregarding the effect of strains, we obtain the following 
expressions for the aerodynamic coefficients: 


c.v r - c.vo c'yU -j- c'^u (1-7-6 ) 

• • t • • E S 

m z — m za l - m'‘u J- m’‘ u-\- rn'*a - 1- a -}- m' ,>T co x m'" r o) x -j-.... (1-7-7) 


• * 

The derivatives c’*. - = dc s !du, c*--dc.\'du , etc, are known as the sta ¬ 
bility derivatives . 

Let us examine the accepted stability-derivative classifica¬ 
tion. Stability derivatives of the form c’{, <•'<, d>. , etc., which 

are determined by differentiation of the coefficients with re¬ 
spect to u, a, and $ gl , respectively, are known as static 
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stability derivatives and are assigned to the first group of 
derivatives. 


The partial derivatives of the coefficients with respect to 

one of the variables to , co , w , etc., form the second group 

x y z 

and are known' as rotary derivatives (<$=, cp, c'*- etc . ) . 

The third group of stability derivatives is made up of the 
acceleration derivatives , which are defined as the partial de¬ 
rivatives of the coefficients with respect to one of the deriva- 

• • * 

tives u, o) y , aor to . 

z 

Remembering that the derivatives c£, cP , etc., are computed 
by differentiating the aerodynamic coefficients also with respect 
to derivatives (in this case with respect to a, p sl , etc.), we 

shall arbitrarily classify these stability derivatives among the 

acceleration derivatives. Thus, this group includes the deriva- 

• • • • 

tives c“, c“*, cp, c* , etc. 


Since the number of aerodynamic force and moment coefficients 
is six, the first group embraces 18 static stability derivatives 
and the second 18 rotary derivatives. The third group will 
number 36 acceleration derivatives. 

If the nonstationary disturbances cease to be small, the non¬ 
linearity of the relationships characterizing flow over the body 
becomes an essential feature. In this case, it is necessary to 
leave terms of order higher than the first in the expansions 
( 1 - 7 - 6 ) and (1-7-7). For example, on retaining quadratic terms, 
we obtain second-order derivatives such as m r ^° x = d->n y !dadio x and 
others. 


Studies have shown that only some of the first-order deriva¬ 
tives and a few of the second-order derivatives are of practical 
importance. These derivatives are listed in Table 1-7-1* 

Some of the stability derivatives given in Table 1-7-1 are 
of special interest for investigation of vehicle dynamic proper¬ 
ties and have specific names. Among these derivatives, we might 
mention the static stability derivatives previously dealt with, 

; nf, mf jt m%, which characterize important properties like the "stiff¬ 
nesses” of the vehicle's longitudinal, lateral, and transverse 
oscillatory motions, respectively, and determine the frequencies 
of these oscillations. 


The 

stability 


derivative m“ is 

derivative , m3 
*/ 


often called the static longi tu dinal 
the static directional stability 
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derivative or the weather cock stabi lity coefficient , and the 
st atic transverse stability derivative . 

TABLE 1-7-1. STATIC DERIVATIVES 


Static derivatives 


r u 

c n 

C< R 

I 

4 

ti 1 

m x 

m x 

c s 

4 

4 

m u 

< 

< 

1 

1 

3 * 

4 

4 


m< 2 

-5 


Rotary derivatives 


4 R 

c R y 

C R 

“x 

m x 

Cu 

m x V 

m x 2 

C iV 

Ci) 

c a z 

C N 

m u 

rn°V 

’ y 

m y 

W X 
c z X 

(0 

<■>. 

c z 

m z x 

m z U 

m z Z 


Acceleration derivatives 








4 

,e 

C R 

“x 

C R 

-i 


“x 

m x 

• 

• 

• 

• 

s 

# 

c iV 

C N 

"* 

C N 


"S 

“x 
m * 

• 

• 

• 

• 

• 

• 

cf 

cf 

C, x 


m? 

CD 

m_ * 








Second acceleration derivatives 


aco_ 

* 

Pu 

* 




The rotary derivatives and acceleration derivatives act 
on the motion as damping parameters. Accordingly, the deriva¬ 
tives m™-, m r '- are known as the longitudinal damping coefficients 

m u !l ’ m f as the yaw damping coefficients , and m 1 ** is called the 
roll damping coefficient . 

The Magnus effect is important for the rotational motion. 

It consists in the appearance of a force and moment proportional 
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to the product aft or 3 ,ft on a body in longitudinal rotation 

X S _L X 

at angular velocity ft and in the presence of an attack or slip 

angle, with these forces directed perpendicular to the planes in 
which the angles a and P , lie. The aerodynamic coefficients /40 

of these forces (moments) are proportional to aw x and $ s1 u x j re ~ 
spectively. Hence the derivatives of the coefficients with re¬ 
spect to ato x and 3 sl w x , e.g., c““*, c£ CK “*, m““* f are known as the 

Magnus stability derivatives . 


The forces and moments of the other group are associated with 
simultaneous rotation of the vehicle about two axes and are there¬ 
fore gyroscopic in nature. The gyroscopic forces and moments are 
proportional to the product of the two angular velocities. For 
example, in simultaneous rotation about the x-- and y-axes, these 
additional forces and moments are proportional to the product 

ft ft and the corresponding aerodynamic coefficients to the pro- 
x y 

duct w a) . Hence the derivatives of the coefficients with re- 
x y 

spect to ( 1 )^, (cV», , etc.) are known as the gyroscopic sta¬ 

bility derivatives. 


Particular cases of motion. To simplify investigation of /4l 
the stability characteristics, we can use a method in which the 
composite motion of the vehicle is broken down into its indi¬ 
vidual components. In each such particular case of motion, sta¬ 
bility is studied independently of other forms of motion. This 
method presupposes isolation of individual characteristic motion 
forms or combinations thereof that are determining as regards 
stability evaluation of the vehicle as a whole. 


TABLE 1-7-2. VARIOUS FORMS OF MOTION AND VELOCITIES 
CORRESPONDING TO THEM 



Note. The " + " denotes a nonzero velocity component and 
the a zero velocity component. 
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Table 1-7-2 presents certain characteristic motion forms 
whose Investigation Is of practical Importance. 

Investigation of a particular motion form can be simpli¬ 
fied by excluding the effect of accelerations. This is justi¬ 
fied in practice when the vehicle's motion develops slowly enough. 
If it is necessary to consider acceleration, a correction can be 
applied to the aerodynamic coefficient in the form of a term 
equal to the product of the first stability derivative with re¬ 
spect to the acceleration and the corresponding dimensionless ac¬ 
celeration parameter. 

Thus, for example, we might study the stability of pitching 
motion, which is sometimes known as the principal motion form . 
Pitching-motion stability (or longitudinal stability”) is deter- 
mined by longitudinal damping, which, in turn, depends on the 

derivatives m% and . 

Sometimes, the derivatives mf and are confused, on the 

assumption that there is no difference between them. This dif¬ 
ference can be established if we examine two motion forms, one 
of which is characterized by the condition a = 0, &z¥=0, and the 
other by the condition a^O, Q z = 0. 

The first motion form (Fig. 1-7-2) is characterized by the 
fact that the attack angle, which is equal to the angle between 
the instantaneous vector and a body axis, does not change, so 
that the derivative a = 0. In this motion, however, a variable 
angle forms between a certain fixed direction and the body 
axis. Hence i’i I = dd.'dt^0. 

In the particular case when = const, the trajectory in 

Fig. I-7-2a characterizes the motion of a vehicle executing a 
loop. 


Figure I-7-2b shows.the second motion form, which corre¬ 
sponds to the condition a / 0, n =0. This motion may arise 

z 

in free fall with constant acceleration. During fall, the angle 
& between the fixed direction and the body axis remains constant, 
while the angle a between the instantaneous velocity vector and 
the body axis varies. 

Thus, the derivative f)Q. . = 0, and the time derivative of 
attack angle a=£-0. In this case, this derivative a = const. 

Neither of these motion forms is often encountered in iso¬ 
lation. Longitudinal oscillations that represent combinations of 
these two motions usually occur. These oscillations are nicely 
described by sinusoidal relationships for the derivatives & or 
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Figure 1-7-2. Forms of Nonsteady Motion. 

a ) a = 0, d = £2; = const; fc> ) a = const, $ = S2: = 0; cco + Aa = ao + 

+f'/T 0o ; « = gA-'oo;l) body axis; 2) fixed direction; 
3 ) instantaneous direction of flight. 




Figure 1-7-3* Forms of Nonsteady Motion, 
a) a — 0, 0 = ni = /islnqrf; b) ce = ytslnw/, 0 = a z = 0; c) a = 0 = y< slnio/ 


a —ylsinmh ij — Q z -- B sin tp/, (1-7 8) 

where A and B are the amplitudes of the oscillations and u> and 
4 > are their frequencies. 


/■42 


50 



Equations (1-7-8) define the harmonic law of variation of 

the derivatives a, b. We can consider three motion forms each of 
which is described by such a law. The first motion form (Fig. 

I-7-3a) corresponds to the condition a = 0, d = = Z? sin <ph In this 

motion form, the body axis coinciding with the direction of flight 
(a = 0) performs oscillations along the trajectory in accordance 

with the harmonic law d = Ssincph 

The second motion form (Fig. I-7-3b) is characterized by 

absence of change in the. orientation of the body axis along the 
trajectory, so that Q 2 = flr=o. Here, owing to the presence of a 

vertical velocity, the attack angle varies in accordance with 
the harmonic law for the derivative a. 

Finally, the third motion form, that shown in Fig. I-7-3c, 
arises in the case of a rectilinear trajectory of the body's 
center of mass when the inclination of the body axis to the 
direction of flight varies harmonically. In this case, the 

angles a and # coincide, so that a — xi, and the total longitudinal 
damping derivative is + 

If the pitching motion is accompanied by a motion in roll, 

the effect of the roll-damping derivative + must be taken 
into consideration in investigating rolling stability. 

The corresponding damping-coefficient values are found in 

the form of the derivatives (mf + »i“ ; ) a and (to“- f/n“ ; ) a, where the 

derivative a is determined from the harmonic law (1-7-8). Intro¬ 
ducing the nomenclature a Q = A/ft , Sh = ft 5,/V^, we obtain 


~ a o Sh 


a = 


sin (at. 


(1-7-9) 


The dimensionless parameter Sh = ft Jl/V^ is known as the 

Str ou hal number and is an important similarity criterion for non¬ 
steady flow. 

Conversion of stability derivatives with a chanae in reduc¬ 
tion point position. In determining over-all nonsteady character¬ 
istics from known values of these characteristics for individual 
elements of a vehicle, it is necessary to reduce each of these 
values to a single reduction point selected for the vehicle as a 
whole. Thus, a stability derivative must be converted from one 
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reduction point to another. 

Let us assume that the aerodynamic characterisiics and sta¬ 
bility derivatives, calculated for a certain reduction point 0 
(see Fig. 1-2-2), are known for a certain lifting surface. It is 
required to find the corresponding characteristics with respect 
to another point 0 X at a distance x = x[ from point 0. 

To simplify the problem, let us assume that c^ = m = 0 

and that the aerodynamic-coefficient components governed by the 
variation of the translational velocity are also zero, i.e., 

c"u---c\7i — nfiu----- 0. With these assumptions. 


c, y ■-= c®.a -J- c*a -|- c"-co. -j- c“ r co z ; 
in, — m*a -|- © z , 


(1-7-10) 

(l-7-ll) 


where the derivatives are known for reference point 0. 

The corresponding coefficients are found for the new reduc¬ 
tion point 0 X in the form 


1 1 • • 

Ca-i = ejftai + ejftai -f c“-;’co ;1 -f c“=i(0 zl ; 

Li . . 

"Li = m^ai + in“}at -f m“/ico zl -f © zl . 

As we see from Fig. 1-2-2, 

o x ’ _ 

aj = a + Aa = a — 1 = a— 2to z x, 

f oo 

where co z = Q z &/2Fcc, x = x’Jb, and then 

• *_ • __ • • . 

oq = a — 2© z x; w z1 = <b z ; (o zl = (o z . (1-7-12) 

Let us now apply the identities c„ = c. T and m = m — c. T x. 

^ ° Ni N zi z N 

Introducing Expressions (1-7-12) into the left members of the iden- 

• 

titles and equating the corresponding coefficients of oc, a, co z , o z , 
we obtain the following relationships for the stability derivatives 


(1-7-10*) 
(1-7-11*) 
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(1-7-13) 


c %\ = c n’ c %\= c %-> c %? =#+ 

4v=4 i +<fe 


• • 

m zl = m z — e % x '> m z} = —cjj*; 

/n“ z i = m“ z + (m“ — c“ 2 ) -r — c“ i 2 ; 

• • i . _ *_ 

m“‘i = m“ z + (m“ — c“-) x— c“x*. 
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Chapter II 
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SHAPES OF THE VEHICLES AND THEIR ELEMENTS 


The basic elements composing the modern flight vehicle are 
the frame, powerplant, equipment, and payload. 

The frame Is the basic object of aerodynamic research lead¬ 
ing to determination of the forces exerted by the atmospheric 
medium. The frame of a vehicle (or simply the vehicle) incorpo¬ 
rates its body, wings, tailplanes, controls, and certain other 
devices known collectively as superstructural elements. 

Since the aerodynamic characteristics of a vehicle are de¬ 
termined to a major degree by the aerodynamic characteristics of 
its isolated parts — body, wings, etc. — interest attaches to con¬ 
sideration of the shape and certain of the most general aerody¬ 
namic properties of these parts. 

§11-1. SHAPES OP VEHICLE BODIES 

In most cases, the body of a vehicle is a solid of revolu¬ 
tion and consists of three elements: nose-, mid-, and rear (or 
tail) sections, the latter sometimes known as the stern. 

Nose section. Figure II-l-l shows possible nose-section 
designs representing tapered solids of revolution, solid or with 
a flow passage. Nose-section shapes of this type reduce the aero¬ 
dynamic drag of the body, but also reduce its useful volume. Nose 
sections are usually conical, ogival, or parabolic in shape, and 
sometimes represent combinations of these forms. 

The generatrix of the ogival nose takes the form of an arc 
of a circle with a certain radius (Fig. II-1-2). The nose may 
meet the cylindrical section either tangentially or at a certain 
angle 3^0. The ogival curve is said to be tangent in the for¬ 
mer case and secant in the latter. The equation of the ogival 
curve in dimensionless form is 


where R = R/(2r mld ), * mld - ’Vic/^micl Is the fineness ratio of 
the nose section (x mid is its absolute length), x = x / x mid > 

F = r/r mld- 
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h 


a) 





Figure II-l-l. Shapes of 
Tapered Nose Sections (solid 
and with flow passage), a) 
cone; b) ogival (parabolic) 
tangent nose section; c) ogi¬ 
val (parabolic) secant nose 
section; d) composite nose 
section (cone with ogive). 



Figure II-1-2. Shape 
and Geometric Param¬ 
eters of Ogival Nose 
Section of Solid of 
Revolution. 1) tan¬ 
gent ogival curve ($ 
= 0 at point A); 2) 
secant ogival curve 
(M 0 at point A) . 


less radius R of the ogival 
Fig. II-1-2: 


The relation between the 

fineness X . . and the dimension- 
mid 

generatrix can be found directly from 


X 


mid 


]//? — 0 . 25 . 


(H-l-2) 


In investigating flow over ogival surfaces, it is necessary 
to know how the slope of the tangent varies along the generatrix. 
To find the law of this variation, we differentiate (II-l-l): 


dr 


. o ur 


dr 


dx 21 


mid dx 


- ')[* -*jr <*—*)’] 


1/2 


(H-l-3) 


This expression can be used to find, among other things, the 
slope of the tangent at the point of the body: 


/ dr ' 

\ __ Xmid (i 

^ mid ^ 

l ~dx , 

) x=0 H l 1 

R 2 ) 


- 1/2 


(H-l-3 r ) 
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Let us examine a parabolic nose section whose characteris¬ 
tic geometric parameters are the same as in Pig. II-1-2. In the 
general case, the coordinates of points on a parabolic curve 
satisfy the equation 


r = x{a-^-bx + cx 2 (II-1-4) 


In the class of parabolic generatrices, we shall consider 
the particular form obtained from Eq. (II-l-l), in which the 
dimensionless radius R is assumed quite large. In this case, 
the 0.25 in (II-1-2) can be disregarded. If, for example, the 
permissible error does not exceed 3%, this can__be done for R >_ 4. 
As a result, we find the approximate relation R = Sub¬ 

stituting it in (II-l-l) and simplifying, we obtain the equation 
of a parabolic generatrix, which, in dimensionless form, takes 
the form 


r—x( 2— x). 


(II-1-5) 


Differentiating with respect to x, we find 
the angle between the body axis and the tangent 


the tangent of 
to the generatrix: 



i 

X mid 


(!-*)• 


(II-1-6) 


We then have for the inclination of the tangent at the point 
tan g Q = (dr/dx) x=0 = 1/X With this expression in mind, we 

transform Eq. (II-1-6) to 


— =•- tgPod-*). 


(II-1-6») 


Like the ogival curve, the parabolic generatrix may be tan¬ 
gent or secant. Bodies with parabolic generatrices have an impor¬ 
tant property that proceeds from (II-1-5) and consists in the fact 
that the entire infinite variety of these bodies is characterized 
by the same dependence of the thickness ratio r/r ^ on the di¬ 
mensionless coordinate x/x .... 

mid 

This population may include geometrically similar bodies 
whose linear dimensions differ by the same factor. Obviously, 
such bodies have the same fineness ratio and can be placed in 
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congruence with one another by uniform deformation, i.e., defor¬ 
mation that is the same for all directions. 



Figure II-1-3. Shapes 
of Blunt Nose Sec¬ 
tions. a) truncated 
cone; b) stepped trun¬ 
cated cone; c) cone 
with tangent spheri¬ 
cal nose; d) cylinder 
with tangent spheri¬ 
cal nose; e) cone 
with secant spherical 
nose; f) cylinder 
with secant spherical 
nose; g) truncated 
ogival (parabolic) 
nose section; h) com¬ 
posite nose section 
(cone with ogive), 
truncated; i) ogival 
(parabolid) nose sec¬ 
tion with tangent 
spherical nose; k) 
ogival (parabolic) 
nose section with 
secant spherical 
nose. 


However, the population of para¬ 
bolic bodies also includes forms that 
can be brought into coincidence only 
by nonuniform deformation. Take, for 
example, bodies with different fineness 
ratios. Introducing a new scale for 
the radial coordinate, we can deform a 
body in the vertical direction, but 
this will not produce perfect congru¬ 
ence, which requires another scale for 
the axial coordinate. Such a transfor¬ 
mation of one body Into another is 
called affine . Accordingly, bodies 
with parabolic generatrices are said to 
be affine-transformed or affine-similar. 
Obviously, conical solids whose genera¬ 
trices are given by_ the dimensionless- 
form equation r = x are characterized 
by the same thickness-ratio distribu¬ 
tion and, consequently, will be affine- 
similar . 

Unlike parabolic and conical bodies, 
ogival nose sections have thickness 
ratios whose lengthwise distribution 
changes with a change in fineness ratio, 
as proceeds directly from (II-l-l). As 
a result, one ogival nose cannot be 
affinely transformed into another. Thus, 
bodies of ogival form are not affine- 
similar, except for those cases in 
which the nose sections have the same 
fineness ratio, i.e., are geometrically 
similar. However, in cases in which 
the fineness ratios are large > 

> 2), the ogival shape differs insig¬ 
nificantly from the parabolic, as we 
have noted. Hence the change in thick¬ 
ness-ratio distribution over their 
length can be disregarded on conversion 
from one solid to another, and the ogi¬ 
val nose sections may be regarded as 
affine-similar. 


Many vehicle designs may have 

blunted noses. They are used primarily at very high speeds, when 
the basic requirement made of the nose section is ability to with¬ 
stand very high temperatures. However, vehicles capable of 
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moderate speeds very often have bluff shapes, perhaps because of 
design features, the application of the equipment, etc. 

In practice. It Is always necessary to deal with a bluff 
body, since it is impossible for technological reasons to pro¬ 
duce an absolutely sharp nose. 

Figure II-1-3 shows various shapes of blunt tips on conical 
nose sections and some nose sections with curvilinear form. The 
blunt nose tip may be made as a power-law nose section whose 


(II-1-7) 


The spherical 
body, whose generatrix 
equation derives from 
(II-1-7) with the con¬ 
dition that n = 0, is 
a variety of the power- 
law nose. 


Vehicles made in 
the form of a sphere or 
having a spherical nose 
cap are very commonly 
encountered. Here the 
generatrix of the main 
section behind the 
spherical nose may be 
either curvilinear or 
straight (Fig. II-1-4). 
Bodies with rectilinear generatrices in the form of a cone are 
most common. The equation of this generatrix 


r — r b = tg P c (x —;r T ), (II-1-8) 

where r b = cos 3 C , x fe = cot 3 q cos 3 c ; R^ and 3 C are, 

respectively, the radius of the sphere and the inclination angle 
of the cone generatrix. If a cylindrical section follows a spheri¬ 
cal nose (Fig. II-1-5), then 3 C = 0 and r = r^ = , i.e., the 

surface of the spherical nose is tangent to the cylinder. 


generatrix is given by the equation 

/ X \n 

7 • l mid I ] t 

V r mid ' 

where the exponent 0 < n < 1. 



Figure II-1-4. Nose Sections with 
Spherical Tips. 1) Curvilinear gene¬ 
ratrix; 2) spherical nose; 3) tangent 
rectilinear generatrix; 4) secant rec¬ 
tilinear generatrix. 
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Figure II-1-5- Cylin¬ 
drical Body with Spheri¬ 
cal Nose. 1) tangent 
generatrix; 2) secant 
generatric. 


The nose of a cone or cylinder 
may also be figured in such a way 
that their surfaces are not tangent 
to the sphere. In this case, the 
spherical nose is secant (Fig. 
II-1-5)• 


Investigation of flow over 
spherical nose tips makes use of the 
generatrix equation of the spherical 
nose, which can be derived from the 
ogive equation (II-l-l) by setting 


' mid 


= x 


mid 


= R = R 


b * 


Then 


r 2 = 1 — (z — 1)*, (II-1-9 ) 


where r = r/R^ > x = x/R^ • 

The slope of the tangent to a given point of the generatrix, 
referred to the axis, is 


tgp = 


dr 

dx 


1 —x 
r 


(II-1-10) 


The spherical blunting form incorporates two families of 
tips made in the form of secant and tangent spheres. A tangent 
spherical nose is characterized by the sphere radius . If it 

is zero, the bluntness wi 11 be "zero" and, consequently, the nose 
will be sharp (Fig. II-1-6). The dimensions of the nose tip in¬ 
crease with increasing radius. Here the maximum value of this 

radius for given r . , and 3 is R, = r .,/cos 3 . 

a mid c b mid c 



Figure II-1-6. Cone with Var¬ 
ious Degrees of Spherical 
Bluntness . 


If we consider a flat face 
on a cone or cylinder, a blunted 
nose constructed on this flat 
face with radius R^ has, in the 

general case, the shape of a se¬ 
cant sphere with various radii 
(Fig. II-1-7). Its smallest 

size is R, = r,/cos 3 or R, = 
b b c b 

= r, , with the former value cor- 
b 5 

responding to a spherical nose 
tangent to the surface of a cone 
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b) 



Figure II-1-7. Cone (a) and 
Cylinder (b) with Spherical and 
F'lat Bluntness. 1) secant spheri¬ 
cal nose; 2) tangent spherical 
nose; 3) flat face. 

aries of the range containing the 


and the latter to a 
spherical nose tangent 
to a cylindrical surface. 


If the blunt sur¬ 
face is flat, i.e., made 
in the form of a flat 
face (Fig. II-1-7), it can 
be regarded as a sphere 
of infinite radius. 


The tangent spherical 
nose and the flat face are 
two characteristic blunt 
shapes that can be 
represented as the bound- 
other possible shapes. 


These two characteristic forms are also of interest in in¬ 
vestigation of the aerodynamics of blunt bodies with intermediate 
nose shapes, since they enable us to evaluate the extreme values 
of the various aerodynamic parameters that they possess. 


The spherical nose and the flat face may be regarded as par¬ 
ticular cases of the elliptical surface. Figure II-1-8 repre¬ 
sents a cone and a cylinder with this type of bluntness. The geo¬ 
metrical characteristics of the elliptical nose are its major and 
minor axes, which may be differently oriented. Figure II-1-8 
shows the particular case in which the major axis is perpendicu¬ 
lar to the axis of the body. If the two axes are equal, the 
elliptical bluntness becomes spherical. When the minor axis is 
zero, the elliptical surface degenerates into a plane. 

Like a spherical bluntness, the elliptical nose may be either 
secant or tangent. In the latter case, the radius of the 

smaller base of the cone is not, generally speaking, equal to the 
semiaxis applying to it. This equality is observed strictly when 
the nose is faired into the cylinder. It can also be used in ap¬ 
proximation for a cone with a small angle 3 c - 

Yet another surface form, that shown in Fig. II-1-9, may be 
cited along with the bluntness forms indicated above. The blunt¬ 
ness shown here takes the form of a flat face with a circular bevel 
of radius r. When r = r^, the bluntness becomes spherical; when 

r = 0) the surface becomes a flat face. 


For a given nose type, the aerodynamic characteristics of a 
blunt body depend strongly on the bluntness ratio, a term that we 
shall henceforth apply to the ratio of the nose base radius r^ to 

the radius r ., of the body's largest cross section. Also 
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Figure II-1-8. Cone (a) and 
Cylinder (b) with Ellipti¬ 
cal Bluntness. 



Figure II-1-9. Cone (a) and 
Cylinder (b) with Bluntness 
in the Form of a Flat Face 
with a Circular Bevel. 


important is the geometrical 
parameter of the bluntness itself. 
For a spherical nose, this param¬ 
eter is the ratio (B^^an , 

where (R, ), is the radius of 
b tan 

the tangent spherical nose. This 
parameter varies from 1 to 0. For 
an elliptical nose, this param¬ 
eter might be the semiaxis ratio 
b = b/a, which varies for a cylin¬ 
drical body in the range 0 £ b 1 
and for a conical body in the 
range 0 < b < 1. 

For small angles 3 q of coni¬ 
cal bodies, it is convenient to 
take the nose height A (see Fig. 
II-1-7) as one of its characteris¬ 
tic dimensions and the radius r^ 

as the other. Then the bluntness 
parameter can be defined as the 
ratio A = A/r , which can vary in 

the range 0 <_ A <_ 1. 


_ We see from Fig. II-1-9 

that the quantity r = r/r^, which will vary in the range 1 <_ r <_ 

< 0 for cylindrical bodies and conical bodies with small 3 , can 

be taken as the parameter for bluntness in the form of a flat face 



Figure II-1-10. Forms of Vehicle Bodies 
with Air Intakes, a) circular; b) semi¬ 
circular; c) annular. 


with a circular bevel. 

Center section. The center section of the body is usually 
made in the form of a cylinder. At the same time, it may be made 
in some cases in the form of a truncated cone with a small 
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generatrix inclination. On vehicles with jet engines (JE), the 
body center section may have either an annular shoulder or one 
or more sector shoulders to provide for accomodation of air in¬ 
takes (Fig. II-1-10). 



Figure II-l-ll. Oval Figure II-1-12. Shapes Figure II-1-13. 
Body Form with Two of Tapering Tail Sec- Shape of Expand- 

A.ir Intakes. tion. a) cone; b) tan- ing Tail Section. 

gent ogival (parabolic) a) conical; b) 
tail section; c) se- ogival, 

cant ogival (parabolic) 
tail section; d) combi¬ 
nation of ogive and cone. 


The body center section need not be symmetrical. For ex¬ 
ample, a body of oval rather than circular cross section (Fig. 
II-l-ll) is used to accomodate JE air intakes 1. 

Tail section (stern). 

This section stands 
out from the body as 
the element of the body 
whose diameter progres¬ 
sively decreases (or in¬ 
creases) toward the base 
section. 


The main function of 
the tapering tail section 
is to reduce total drag. 
Tapering tail shapes are 
Figure 11-1-14. Base-Section Shapes shown in Fig. II-1-12. 

for Solid Bodies and Bodies with 

Flow Passage, a) cylindrical sec- In some cases, the 

tion; b) tapering conical section. shape of the tail section 

is arrived at from design 
considerations. It may 

even expand. In the latter case (Fig. II-1-13), the tail section 
helps improve the stability of the vehicle, although it increases 
drag. 
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The base section bounds the body or its tail section. It 
may be either a closed face surface or a flat ring (Fig. II-1-14). 
Sometimes the body is physically so designed that there is no 
distinct base section. In this case, the base component may pre¬ 
sent a surface of arbitrary shape. For example, the powerplant 
nozzle unit influences the shape of the base section. Figure 
II-1-15 presents certain possible forms of body base sections with 
nozzles. 



The forms of blunted and 
sharp nose sections and, in gene¬ 
ral, the body shapes that we have 
examined do not, of course, ex¬ 
haust the entire variety. We have 
presented here only the simplest 
shapes, which do, to a certain de¬ 
gree, reflect this variety and are 
typical of it. 


§11-2. SHAPES OF LIFTING, CONTROL¬ 
LING, STABILIZING, AND 
AUXILIARY SURFACES 

Profile. To a considerable 
degree, the aerodynamic properties 
of a wing are determined by its profile — the contour of the wing 
in a section passed perpendicular to its plane. The orientation 
of the cutting plane is to a certain degree arbitrary: it may be 
perpendicular to the leading edge, coincide in direction with the 


Figure II-1-15. Shapes of 
Body Tail Sections with 
Nozzles, a) single-nozzle 
unit; b) four-nozzle unit 



Figure II-2-1. Arbitrary Wing Profile in Uniform 
Undisturbed Flow at Angle of Attack a. 


root chord, etc. 

In general, a profile may have a curvilinear shape and no 
symmetry (Fig. II-2-1). The shape of a profile is given by the 
equations y = f (x ) and y = f, (x ) of the upper and lower 

1 U UZ 1-L 1 1 

parts, respectively, of its contour. 
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The principal geometric parameters of the profile are indi¬ 
cated in Fig. II-2-1. We usually de_al with dimensionless param¬ 
eters: the maximum thickness ratio A = A/b; the dimensionless dis¬ 
tance to the point of maximum thickness x q = x/b; the camber 

A = A /b and the dimensionless distance to it x = x /b. 


a) 


b) 


c) 



Figure II-2-2. Profiles of Supersonic Lifting 
and Stabilizing Surfaces, a) rhomboid; b) modi¬ 
fied rhomboid; c) lenticular. 

With horizontal symmetry, the 
equations of the upper and lower 
contours take the form (yi ) = 

= ±f(xj), where the plus sign ap¬ 
plies to the upper contour and the 
minus sign to the lower. The cen¬ 
terline coincides with the chord 
and the camber is zero. 

In modern high-speed vehicle 
designs, the lifting and stabiliz¬ 
ing surfaces may have one of the 
following profiles: rhomboid, modi¬ 
fied rhomboid, or lenticular (Fig. 
II-2-2) [23J. 

The first two profiles are dis¬ 
tinguished by simplicity of manu¬ 
facture. The rhomboid shape has an 
advantage in that it makes the wing more rigid than the modified 
shape. From the aerodynamic standpoint, the modified profile has 
some advantages, since it offers less drag and a higher lift/drag 
ratio at the same width as the rhomboid profile. 

The lenticular profile offers even less drag than the modi¬ 
fied rhomboid (at a given thickness ratio). The wing can be made 
quite rigid by adjusting the leading- and trailing-edge taper 
angles. 

When the leading-edge taper angles are increased, the possi¬ 
bility of increased wave drag must be considered, as well as in¬ 
creased sensitivity of the flow to attack-angle variation. Thus, 
increasing the taper angles reduces the attack angles at which 
camber appears, at which point drag increases sharply, flow tends 
to separate, and flight stability deteriorates. 



Figure II-2-3. Main Geo¬ 
metric Parameters of Gene¬ 
ralized Wing Planform. 
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The basic difference between supersonic and subsonic pro¬ 
files is that the former are symmetrical with respect to the 
chord while the leading edge is sharp. The nature of the flow and 
the pressure distribution at supersonic speeds is such that cam¬ 
bering of the profile centerline, which is advantageous at sub¬ 
sonic speeds, has no particular merit. 

Planform. Modern aircraft have wings with a wide variety 
of planforms. Selection of this form depends on the purpose of 
the vehicle and its speed range. In specifying a wing planform, 
not only its contour, but also all geometrical parameters, both 
dimensional and dimensionless, are defined. A notion of the 
principal geometrical parameters can be obtained from Pig. II-2-3, 
which shows a diagram of the wing of a modern airplane. 

The aerodynamic coefficients of a wing of specified planform 
and at a given flight speed depend on the sweep angles and 

of the leading and trailing edges, respectively; the wing aspect 
ratio A = £/b mn or A = & 2 /S wg (S wg = ^ b mn ls the wing planform); 

the root and tip chord ratios (respectively b^ = b^/b^, ^tp = 

= b, /b ). 
tp mn 

A most important geometrical characteristic widely used in 
aerodynamic research is the mean aerodynamic chord (MAC). The 
MAC is the chord of an equivalent wing of rectangular planform 
that has aerodynamic characteristics identical to those of the 
given wing when its planform is the same. 

The moment coefficient of the equivalent wing 


III-, 


C.x 




m z — c R 


Va 

&MAC* 


where and y^ are the coordinates of the equivalent-wing leading 

edge as reckoned from a z_-axis that passes across the leading edge 
of the given wing (Fig. II-2-3). 

Equating m® wg to m z wg (1-5-16'), we obtain 

1/2 

fc MA c = 2 (w z 5 wg )- 1 § (z) dz; 

o 

1/2 

x A = 2 (c.vSwJ- 1 ^ c N b (z)x i dz; 
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1/2 

Va = 2 {c R S wg ) _1 ^ c R b ( 2 ) y , dz. 
0 


Thus, the MAC and the coordinates x A and y A will, strictly- 

speaking, depend as integral quantities on the distribution of 
local aerodynamic parameters over the wingspan. In practice, it 
is assumed that the MAC and the coordinates x^ and y A depend only 

on the geometrical characteristics of the wing. Accordingly, the 
mean aerodynamic chord 


^MAC 



and the coordinates 




1 /2 1/2 

-j—\b{z)x x c!z', b(z)y l dz. 

Wg V ‘ ) WP U 


For a swept wing with tip edges parallel to the root chord. 


6MAC _ _2 r)g+r)q-l 
b rt 3 n (1 + 11) ’ 


where q = b ./b, 
rt tp 

The relative 


is the reciprocal taper of the wing, 
coordinate 


(t)-f 2) (T)-f 1) , 
^mac 8 (r] 2 -fr) f- 1) ‘ 


IgX 1. 


where X is the wing aspect ratio. 

The leading-edge sweep angle x^_ is related as follows to the 
sweep angle x n on an nth-of-chord line (see Fig. II-2-3): 
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The center of pressure or the wing aerodynamic center is 
reckoned in practice from the origin of a mean aerodynamic chord 
running along the wing's root chord (see Pig. II-2-3). 



Figure II-2-4. Typical Wing Planforms of 
Modern High-Speed Aircraft. 


Use of the mean aerodynamic chord as a characteristic geo¬ 
metrical parameter is convenient in that the length of this chord 
and the position of the aerodynamic (pressure) center with re¬ 
spect to its leading edge remain almost unchanged with changes in 
wing planform if wing area is preserved. 

Typical wing planforms of modern high-speed aircraft appear 
in Pig. II-2-4. A characteristic feature of all wings is the pre¬ 
sence of leading-edge sweep, whose principal purpose is to lower 
drag by lowering the normal velocity component of the undisturbed 
oncoming flow (V = cos x)* 

For vehicles designed for subsonic flight, a general decrease 
in drag shifts shock stall (the "sound barrier") to higher speeds. 

For supersonic aircraft with strongly swept wings, the pass¬ 
age through the sound barrier is smoother, without any substantial 
increase in drag; this is particularly important to preserve 
flight stability. 

At supersonic speeds, wing aerodynamic characteristics depend 
strongly on whether the leading edge is subsonic or supersonic. 

A leading edge is called subsonic is it lies inside a Mach 

cone with its apex at the forward point of the wing (Fig. II-2-5), 

since the oncoming-flow velocity component normal to the edge will 

then be smaller than the speed of sound (V < a , M < 1). 

n°° n°° ’ n°° 

Thus, the wing is in subsonic-flow conditions, in which a 
sharp leading edge is not advantageous. Flow conditions can be 
improved and better aerodynamic characteristics, e.g., a larger 
lift/drag ratio, can be obtained by rounding the leading edge 
slightly. 
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Aerodynamic characteristics will improve owing to the for- 756 
mation of a vacuum in the vicinity of the leading edge, leading 
to the formation of a suction force and, consequently, reduced 
drag. 



Figure II-2-5. Nature of Wing 
Edges in Supersonic Flight, 
a) leading, trailing, and 
lateral edges subsonic; b) 
same edges supersonic. 


able that the leading edge be 


It should be remembered 
that drag can be lowered only 
if the radius of curvature, 
which depends on attack angle, 
has been properly selected. On 
deviation from certain optimum 
values of these parameters, no 
reduction of drag is obtained. 
This is because, for example, at 
reduced radii of curvature and 
larger attack angles, flow 
separates and drag rises. 

A wing leading edge is 
called supersonic if it lies 
outside the Mach cone (see Fig. 
II-2-5b), since the Mach number 
of the flow will then be greater 
than unity in the direction of 
the normal to the edge. In 
view of the peculiarities of 
supersonic flow, it is desir- 


Like the leading edge, the trailing and lateral edges may 
also be subsonic or supersonic, with strong effects on flow over 
the wing. 


A subsonic trailing edge forms an angle smaller than the 
Mach angle (see Fig. II-2-5a) with the wing's horizontal axis of 
symmetry. The distribution of velocity and pressure on the wing 
inside the Mach angle depends on the tip losses associated with 
flow of air across the side edge when it is subsonic (see Fig. 
II-2-5a, lateral subsonic edge inside Mach cone). This overflow 
effect reduces lift in this part of the wing. 


To eliminate the unfavorable effect of the lateral edge,.it 
is made supersonic, i.e., placed outside the Mach cone (see Fig. 
II-2-5b). 

Another effect associated with the presence of a subsonic 
edge consists in its having an influence, in many cases unfavor¬ 
able, over the entire section of the wing inside the Mach angle. 
To eliminate this effect, the trailing edge is made supersonic by 
giving it an inclination angle larger than the Mach angle (see 
Fig. II-2-5b). 
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We may conclude from the above that with an appropriately 
selected wing planform, the necessary aerodynamic characteristics 
can be secured. As we see from Pig. II-2-4, various wing forms 
with straight leading edges can be obtained by appropriate trans¬ 
formation of the delta wing (see Pig. II-2-4a). The delta wing 
has all of the desirable properties of wings with swept leading 
edges and, in addition, a number of advantages that become impor¬ 
tant under certain conditions of flight. 

Thus, it has been established that the shift of the wing 
pressure center is very small in the transonic range, so that 
the vehicle is easier to stabilize and control. The lift/drag 
ratio of the delta wing at supersonic speeds is higher than those 
of certain other wings, and in particular that of the ordinary 
swept wing (Pig. II-2-4e), since there is no detrimental tip ef¬ 
fect. Finally, the delta wing has certain design advantages that 
make is possible to obtain a stronger and more rigid wing and 
utilize the rather large internal space to accomodate equipment 
and fuel. Since the controls are placed along the trailing edge, 
which is perpendicular to the axis of the vehicle, they are more 
effective. 

All of the above advantages of the delta wing and certain 
others naturally make their appearance under certain flight con¬ 
ditions . Delta wings are usually used for high-speed supersonic 
aircraft. With a change in flight conditions or in mission of the 
vehicle, delta wings may be found ineffective and other wings may 
be called for. 

Figure II-2-4 shows possible wing designs other than the 
delta wing. Each of these may be regarded as an improved version 
of the delta. 

Figures II-2-4, b_ and c_, show tetragonal wings. The pressure 
center has been shifted forward in the first wing and aft in the 
second. The first wing has the smaller lift, and the second a 
somewhat larger lift. 

The pentagonal wing shown in Pig. II-2-4d has properties 
quite similar to those of the delta if the tip rake is small. Al¬ 
though it does reduce the lifting-surface area slightly, this 
rake eliminates the sharp tip, which is not only structurally 
weak but is strongly affected by heating. 

Two other modifications (see Pigs. 11-2-4, e and f) are 
classed as hexagonal wings, which have characteristics similar to 
those of the tetragon if the tip rake is small. 

An important property of pentagonal and hexagonal wings with 
adequately developed tip chords consists in the fact that the 
flow over areas of the wing near the trailing edges will depend 
to a major degree on the flow over the lateral edges; this must 


/57 


69 



be taken into account in designing these wings. 

Figure II-2-4g shows a diagram of an octagonal wing with a 

broken-line leading edge. This wing may be regarded as a combi¬ 

nation of swept and delta wings. It has the property that the 
position of the center of pressure undergoes practically no 
change in transonic flight, in contrast to the case of the ordi¬ 
nary swept wing, in which the center of pressure shifts toward 
the leading edge with increasing speed. 

Rectangular wings with the usual aspect ratios are not widely 
used. The basic reasons for this are their substantial drag, 
which rises sharply with the approach of the sound barrier, which 

is observed at comparatively low M ffi < 1, plus the substantial 

shift of the center of pressure in the transonic speed range. 

Rectangular wings of small aspect ratio have recently come 
into use as lifting and controlling elements in designs for high¬ 
speed aircraft. Owing to the favorable interference with the 
body, such wings have quite good aerodynamic characteristics. 

Selection of the wing planform is one of the most critical 
points in elaboration of a vehicle design; it must be based on 
thorough theoretical and experimental studies that take account 
of the vehicle’s mission and its specific flight conditions. 

The annular wing . Annular wings are used as tail and lift¬ 
ing surfaces ("Fig. II-2-6). Such a wing is characterized by the 
profile setting angle a g with respect to the longitudinal axis of 
symmetry, by the radius r 0 of the circle passing across the trail¬ 
ing edges of the sections (the "base" radius), and by the aspect 
ratio 2r 0 /b (b_ is the profile chord). The vehicle can be made 
smaller transversely at a given lift by using the annular wing. 

The rigidity of the wing practically eliminates flutter. 

The longitudinal 
symmetry of the wing 
makes it easy to create 
controlling forces in any 
direction with no roll, 
so that maneuverability 
Is high. The large crit¬ 
ical attack angles allow 
reliable performance over 
a broad range of attack 
angles. The plate (py¬ 
lon) wing mounts tend to 
Increase the lift of the 
annular wing. The pylons 
also act as stabilizers for weathercock and longitudinal static 
stability. 



Figure II-4-6. Annular Wing. 
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The advantages of the annular wing become particularly sen¬ 
sible when it is mounted on a jet-engined vehicle; it is then 
used simultaneously as a device to take in atmospheric air. It 
is also helpful for vehicles that take off vertically or from 
small areas. 

The disadvantages of the annular wing include the weaker (by 
comparison with the flat wing) dependence of lift on attack angle 
and the drag increase from the pylons. The annular wing does not 
ensure transverse stability of the vehicle. Its lift is lowered 
owing to unfavorable interference with the body. This adverse 
effect becomes more pronounced the closer the wing to the body. 

Wing twist. The aerodynamic characteristics of a wing may 
be improved with the aid of twist, which takes two forms — aero¬ 
dynamic and geometric. 

The aerodynamic-twist method consists in shifting the point 
of greatest profile thickness along the span of the wing (with 
respect to the leading edge), i.e., in varying the distance ratio 
x c = x c /b (see Pig. II-2-1). The wing remains flat. 

In geometric twist, the relative dimensions of the profile 
remain constant, but the angle formed by the profile chord with 
the direction of the root chord is varied along the span. Thus, 
the wing is "twisted," acquiring the shape of a curved surface. 

The basic purpose of the twist is to create better flow con¬ 
ditions over the tip areas of the wing, conditions that provide 
a more favorable pressure distribution and, as a consequence, a 
larger lift/drag ratio of the wing and improved stability char¬ 
acteristics. The same purpose is served by certain auxiliary 
surfaces mounted on the wing, such as the boundary-layer fence 
and the leading-edge dogleg. 



Figure II-2-7. Half-Wing 
(1) with Boundary-Layer 
Pences (2). 


Figure II-2-8. Shape of 
Wing with Dogleg. 1) dog 
leg; 2) "bead." 
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Boundary-1ayer fences are small projections on the top of the 
wing, running parallel to the vehicle longitudinal axis (Fig. 

II-2-7). Each half of the wing carries 2-3 such fences. Their 
purpose is to prevent the boundary layer from overflowing span- 
wise and to reduce tip separation. 

The boundary-layer fences may be replaced by another device, 
a "dogleg" on the front of the wing (Fig. 11-2-8) that also pre¬ 
vents crossflow of the boundary layer. The front of the outboard 
part of the dogleg is lipped ("beaded") to provide smoother flow 
without boundary-layer separation at large angles of attack. 

Auxiliary surfaces and aerodynamic and geometric twist may 
be used either independently or in combination with one another. 

For example, the twist may be combined — aerodynamic and geometric 
simultaneously. These ways to improve wing efficiency are used 
basically for subsonic vehicles and are not effective enough at 
supersonic speeds. 

Supersonic wings are usually flat and may, in some cases, 
have a slight aerodynamic twist. 

Placement of wings and tailplanes on body. On vehicles that 
are not designed for extensive midcourse maneuvering and have the 
conventional so-called airplane layout, the rule is to use the 
monoplane arrangement of the wings on the body (Fig. II-2-9c). 

The wings may be pivoted or fitted with ailerons to create con¬ 
trolling forces for directional maneuvering with a simultaneous 
rolling motion. 

Of the four forms of the monoplane configuration — low-wing, 
mid-wind, high-wing and parasol (see Fig. II-2-9, b^_ c_, d, e_)_ — ,/ /60 

the mid-wing configuration is most often encountered in high¬ 
speed designs. It provides better flow conditions where the wing 
meets the body, with less tendency to boundary-layer separation. 

The monoplane configuration can be improved by introducing 
dihedral — positive or negative (see Fig. II-2-9, f and_g_). A 
positive dihedral aids in improving static transverse stability, 
while negative dihedral tends to reduce it. Negative dihedral is 
used for swept wings in order to bring down the high degree of 
transverse stability created by the wing and thus make control 
easier. 

To permit broad maneuvering in space, vehicles are fitted 
with wings in the so-called normal or cross (+) and X configura¬ 
tions (see Fig. II-2-9, h and i). These wings act simultaneously 
as controls or are used to mount control surfaces. In the normal 
and X configurations, directional maneuvers can be executed with¬ 
out preliminary rolling. 
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Figure II-2-9. Variants of Wing Positioning on 
Vehicle Body, a) biplane; b) low-wing monoplane; 
c) mid-wing monoplane; d) high-wing monoplane; 
e) parasol monoplane; f) positive dihedral; g) 
negative dihedral; h) X; i) cross; (k) tandem. 


It must be remembered that neither scheme gives a lift ad¬ 
vantage. However, the X-wings have certain advantages as controls 
In practical cases, the configuration selected is often largely 
determined by structural considerations. 

Usually, the wings are mounted symmetrically in these con¬ 
figurations and have short spans and small areas. Their small 
area predetermines the use of such wings for high-speed vehicles 
with which considerable lifting and controlling forces are gene¬ 
rated. 

When it is necessary to increase lift at a given wing area 
and span, the tandem arrangement of the surfaces is used (see Fig. 
II-2-9k). Here the rear wings may simultaneously perform the 
functions of tail surfaces. 

The schemes of attachment o,f the tailplanes to the body are 
more varied than those for the wings. This is because of the 
special function of the tailplanes as stabilizing and controlling 
elements whose shape and positioning may change substantially on 
even slight changes in the layout of the body, wings, engines, 
and other elements of the vehicle. 

Of this wide variety, we might single out the two basic lay¬ 
outs — the normal (+) and X configurations, which are used inde¬ 
pendently and, in addition, serve as a kind of base for the con¬ 
struction of other schemes (Fig. II-2-10, a and i). Naturally, 
the general aerodynamic properties of the isolated tailplane are 
identical to those of wings. However, in combination with the 
other elements on the body, these properties of the tailplane may 
change substantially, and this influences selection of the specif¬ 
ic configuration by calling for departures from the ordinary 
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h) 



m) ^K 


Figure II-2-10. Diagrams of Var¬ 
ious Attachments of Tailplane to 
Vehicle Body. 



Figure II-2-11. Rela¬ 
tive Positions of Wings 
(1) and tailplanes (2) 
on vehicle body. 


normal or X configurations. 


Figure II-2-10, b-h shows variations from the normal scheme 
that reflect the tendency to move the horizontal or vertical tail- 
planes upward or to the side in order to reduce the adverse effect 
of the disturbed flow from the wings or jet-engine exhaust. The 
X-configuration and its modifications (see Fig. II-2-10, i-m) may 
also be used for this purpose. 


In many cases, a tail with vertical symmetry may not have 
horizontal symmetry, as we see from Fig. II-2-10, b-g. Certain 
inadequately effective elements of the normal or X-configuration 
are eliminated in the horizontally unsymmetrical tail. For ex¬ 
ample, the ventral fin is absent in diagrams d-g of Fig. II-2-10; 
in k, one fin is lacking and the remaining fin is oriented ver¬ 
tically downward; the two ventral fins are missing in diagram 1_. 

Proper orientation of the tail with respect to the wings, as 
well as to the body and engine, is of great importance in secur¬ 
ing the desired vehicle aerodynamic characteristics. 

In placing the tail and its individual elements on the body, 
it must be made certain that the detrimental influence of the 
body itself, as well as that of the wings and engine, is minimal. 
For example, the X-configuration tail may be selected in order to 
reduce interference from a normal wing (Fig. II-2-11). 

§11-3. CONTROLS 


Basic types of controls. The trajectory of an unguided ve¬ 
hicle acted upon only by drag and gravity is usually said to be 
natural or ballistic . The absence of any artificially created 
controlling aerodynamic or other force normal to the trajectory 
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is characteristic for such a trajectory. The trajectory that a 
guided vehicle must follow to execute a given maneuver will dif¬ 
fer from the natural trajectory owing to an additional controlling 
effort that coincides with the normal to the flight-speed vector. 
Devices that develop the required controlling forces are known as 
controls . The controls are part of the system guiding the motion 
of the vehicle, which is understood to include the aggregate of 
apparatus and devices that provide for measurement of the devia¬ 
tions of the vehicle's actual motion from nominal, shape an appro¬ 
priate signal, and generate the controlling force. 

Depending on the physical nature of the controlling force, 
controls may be classified into three basic types: aerodynamic, 
gasdynamic, and combined. 

Aerodynamic controls create the controlling force by chang¬ 
ing the external-flow conditions and, consequently, producing a 
controlling force of aerodynamic origin. The control is a device 
that changes the magnitude and direction of the aerodynamic-force 
vector. 

The action of gasdynamic controls is based on utilization 
of the effect produced by a change in the direction of the gas 
j.et issuing from the nozzle of a reaction engine. The controlling 
force arises as a result of deflection of the thrust vector from 
the direction of the tangent to the trajectory. 

Special thruster jet engines are used in some gasdynamic 
control designs. 

Combined controls use the effects of aerodynamic and gas¬ 
dynamic controls simultaneously in developing the controlling 
force. 

Aerodynamic controls. Controls of this type are used for 
vehicles moving in rather dense layers of the atmosphere. They 
can be classified into the following groups: control surfaces, 
rollerons, spoilers, pivoting wings, and wing flaps. 

Control surfaces , mounted at various locations on the ve¬ 
hicle, may be classified as follows (Pig. II-3-1): a) all-moving- 
tail controls; b) tip controls; c) controls placed along the 
trailing edge of a lifting surface. 

In turn, tip controls can be subdivided into ordinary tip 
controls and compensating controls (Fig. II-3-2). 

Controls situated along the trailing edge may be inboard or 
outboard and take up part of the edge or the entire span (Pig. 

II-3-3)• 
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Vehicle control surfaces serve as rudders, elevators, aile¬ 
rons and elevons. 


In neutral, rudders lie along the longitudinal axes of the 
vehicles. Deflections from neutral cause the vehicle to turn 
to the right or left. 



Figure II-3-1. Basic Types 
of Control Surfaces, a) all- 
moving; b) tip; c) trailing- 
edge. 



Figure II-3-2. Types 
of Tip Controls, a) or¬ 
dinary tip controls; b) 
with compensation. 



Figure II-3-3* Types of 
Trailing-Edge Control Sur¬ 
faces. a) constant-chord; 
b) with inverse taper. 1) 
inboard control surface; 

2) outboard; 3) full-span. 


Elevators are perpendicular 
to rudders. They are deflected 
to change the direction of flight 
in the vertical plane and, conse¬ 
quently, altitude. The rudder- 
and-elevator combination makes it 
possible to control the vehicle 
simultaneously in two mutually 
perpendicular planes, i.e., to 
execute practically any maneuver 
in space. 


There is another scheme for 
controlling the vehicle In space 
— that in which elevators and 
ailerons (rolling surfaces) are 
used. The ailerons are a pair 
of control surfaces that are 
situated on the trailing edges 

of the wing halves and can be deflected in either direction, thus 
rolling the vehicle. On simultaneous rotation of the elevator, 
a horizontal controlling-force component appears and turns the 
vehicle in the desired direction. 


Unlike ailerons, elevons can be deflected in either direc¬ 
tion Independently of one another, and are therefore used simul¬ 
taneously as roll controls and elevators. 
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Rollerons . The control device known as the rolleron Is a 
variation of the aileron. Unlike the conventional aileron, the 
rolleron has a controlling plane that Is rotated owing to the 
gyroscopic effect that arises when a disk located inside the 
surface rotates (Pig. 11-3-4). The disk rotation axis y : is per¬ 
pendicular to the plane of the rolleron, which turns freely about 
a Zj-axis rigidly bound to the wing or tail. Before flight, the 
disk is spun up to the required angular velocity, and this velo¬ 
city is held constant during flight by the action of the slip¬ 
stream on the teeth of the disk, which extend outside of the aile¬ 
ron. On rotation of the rolleron together with the wing about the 
vehicle longitudinal axis x x (under the action of a disturbing 
rolling moment), a gyroscopic torque M arises (Pig. 11-3-4) and 

tends to turn the rolleron through a certain angle <5^ about the 

z 1 -axis. Deflection of the rolleron plane out of the wing plane 
sets up a moment that will counter the rolling-moment disturbance. 
Thus, rollerons may also be used as roll stabilizers for the ve¬ 
hicle [8l] . 


x, 





Figure 11-3-4. Diagram 
Showing Function of Roll¬ 
eron. 1) body; 2) wing; 

3) rolleron; 4) disk; 5) 


rolleron 
axis. 


axis; 6) disk 



of flow over the opposite side 
slight decrease in pressure, s 
is increased. The controlling 
some degree by the lower press 
turbulization of the boundary 
and, consequently, separation. 


Figure II-3-5. Diagram 
Illustrating Function 
of Spoiler Control. 1) 
spoiler; 2) center of 
oscillation of spoiler; 
3) wing. 


An spoiler is a thin plate 
mounted in the wing and capable 
of projecting up above its sur¬ 
face (Fig. II-3-5). The con¬ 
trolling effect is due to flow 
stagnation when the spoiler is 
deployed [ 23 ], 

At stagnation, the pressure 
on the part of the wing in front 
of the spoiler rises; the spoiler 
also tends to Increase the speed 
of the wing, with a consequent 
o that the resultant control effort 
effect of the spoiler is reduced to 
ure behind it that results from 
layer, an increase in its thickness, 
the zone of which extends to the 
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trailing edge when the spoiler is extended far enough. This un¬ 
desirable effect is not serious when the area behind the spoiler 
is comparatively small. 

At supersonic speeds, the pattern of flow over the deployed 
spoiler changes (Fig. II-3-6a) ([76], 1962, No. 4-5). Flow 
separates before and after the spoiler and stagnation zones form. 
The external flow moves around these zones like flow around im¬ 
permeable wedges, forming a system of shock and expansion waves. 
The pressure-distribution diagram in Fig. II-3-6b indicates that, 
despite the vacuum behind the spoiler, a downward-directed con¬ 
trolling effort does appear. 

To improve control effectiveness, spoilers are set in oscilla 
tory motion whose amplitude and frequency is not usually regulated 
The controlling force is adjusted by shifting the center of oscil¬ 
lation. The closer the center is to the wing surface, the longer 
is the time during which the spoiler will be "out," and, conse¬ 
quently, the greater will the controlling force be. 

Spoilers have an advantage over control surfaces in their 
lower weight (including the drive mechanism). For this reason, 
spoilers are usually used on light aircraft. 

A deficiency of spoiler control is that it does not give the 
aircraft a sharp maneuvering capability and increases frontal 
drag. 


The pivoting wing is an ordinary wing that can be rotated 
relative to the body about the vehicle’s transverse axis. Such 
a control has an advantage in that it delivers a large controlling 
effort at small deflection angles. 

The pivoting-wing vehicle has the ability to maneuver quickly 
on trajectory, with the maneuver starting immediately on deflec¬ 
tion of the wings, since it is unnecessary to turn the body with 
its large moment of inertia. 

The pivoting wing may combine the control functions for 
pitch and roll of the vehicle. 

The shortcomings of the pivoting wing include the large hinge 
moments necessary to drive it, although the drive power is not 
very large since the pivoting angles and speeds are small. An¬ 
other shortcoming is a certain increase in the vehicle's frontal 
drag owing to the gaps between the pivoting wings and the body. 

Wing load increases substantially on pivoting through large 
angles for sharp maneuvers, and this gives rise to a large bend¬ 
ing moment applied to the body. Consequently, a pivoting-wing 
aircraft’must have higher than normal strength. 
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Figure II. 3 . 6 . Pattern 
of Supersonic Flow over 
Spoiler. a) pattern of 
flow over deployed 
spoiler (flow-separa¬ 
tion zones 1 and 2, com¬ 
pression-shock system, 
3 ,^,5, and expansion 
shock 6); b) distribu¬ 
tion of excess pressure 
over wing surface around 
spoiler. 



Figure II-3-7. Systems that 
Improve Wing Aerodynamic Char¬ 
acteristics. a) slat; b) 
plain flap; c) split flap; 
d) leading-edge flap. 


Flaps . Various types of 
flaps occupy a special position 
among the aerodynamic controls, 
in that they make it possible 
to vary the aerodynamic char¬ 
acteristics of the vehicle [23]. 

Flaps are mounted at var¬ 
ious points on the structure 
and usually serve to control 
a certain aerodynamic char¬ 
acteristic. Let us consider 
the group of wing flaps whose 
function it is to control lift. 
They include slats, plain flaps, 
split flaps, and other devices. 
The general effect of using 
these devices consists in the 
fact that they increase lift at 


large attack angles with a comparatively small increase in frontal 


drag. 


Slats (Fig. II-3-7a) are small areas of the wing in the 
leading edge of the main lifting surface that can be shifted for¬ 
ward at large angles of attack. A stream of air tends to flow into /66 
the resulting slot from bottom to top, thus ensuring smoother 
flow over the top side of the profile, since the kinetic energy 
of the air in the boundary layer is increased and separation is 
inhibited. Thus, flow separation is moved to attack angles larger 
than those at which it appears without the slats. Slats are some¬ 
times made not over the entire length of the wing half, but only 
in front of the deflecting control surfaces in order to prevent 
detachment of flow from these surfaces and make them work more 
effectively at large deflection angles. 
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a) 




c) 



Figure 11-3-8. Wing 
Boundary Layer Con¬ 
trol. a) suction; b) 
blowing; c) increase 
in lift coefficient 
c and critical at- 

a 

tack angle a with 
cr 

increasing boundary 
layer suction [1) 
without suction; 

2) weak suction; 

3) strong suction]. 


Plain flaps (Fig. II-3-7b) are, 
like slats, small areas of the wing, 
but unlike the la ter they are situ¬ 
ated at the trailing edge of the main 
lifting surface, as a kind of extension 
of it. The flaps are deflected down¬ 
ward, creating an additional head under 
the wing and thereby increasing its 
lift. A slot may be provided between 
the plain flap and the wing, making it 
possible to improve flow over the top 
of the wing and secure an additional 
lift increment. 

Split flaps (Fig. II-3-7c) are sec¬ 
tions of the bottom of the wing that can 
be deflected downward. The deflected 
flap creates a head under the wing and 
increases lift. A stagnant zone of 
vorticity with some underpressure forms 
between the deflected split flap and the 
wing. The result is boundary layer suc¬ 
tion, which prevents separation of the 
layer and improves the characteristics 
of the wing at large angles of attack. 

Unlike split flaps, leading-edge 
flaps (Fig. II-3-7d) are placed on the 
wing leading edges. In subsonic flight, 
deflection of the leading-edge flaps at 
large attack angles makes it possible to 
prevent flow separation from the sharp 
wing leading edges used on supersonic 
vehicles. 


Boundary-layer suct ion and blowing . 

Boundary-layer suction and blowing de¬ 
vices that prevent boundary-layer separation, ensure smoother 
flow over the surface and, as a consequence, increase wing lift 
may be included among the high-lift devices. 


Suction is secured using vacuum pumps working through a 
slot or system of holes (Fig. II-3-8a) located near the point at 
which boundary-layer separation would be expected. 

Boundary layers are blown (Fig. II-3-8b) with discharge 
pumps, also working through slots and holes. The latter are 
placed somewhat upstream of the expected point of boundary-layer 
separation. The slot and hole axes should form an acute angle 
with the tangent to the profile contour. 
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The physical effect is the same for suction and blowing, and • 
consists of an increase in kinetic energy of the air particles in 
the boundary layer, so that they are stagnated to a lesser degree. 
In the former case, this effect is achieved basically by increas¬ 
ing their velocity, and in the latter also by an increase in the 
mass of air flowing through the boundary layer. 

The effectiveness of boundary- 
layer suction or blowing is evident 
from Fig. II-3-8c. 

Variable-sweep (swing) wing . 

One way to vary the lift of an air¬ 
craft is to use a device that 
changes the sweep of the wing or 
tail in flight (Fig. II-3-9). Such 
a device may be useful for winged 
vehicles with a broad range of 
speeds (from subsonic to high super¬ 
sonic), since it provides optimum 
conditions for motion. For example, 
to break through the sound barrier 
with minimum drag and to prevent 
flutter, the wings are swept back 
to the maximum angle. In the ranges 
of high subsonic and supersonic 
speeds, the wings are extended to a 
position corresponding to a smaller 
sweep angle. At low speeds, as dur¬ 
ing takeoff, the vehicle is flown with the wings straight. Chang¬ 
ing the sweep increases lift and improves the effectiveness of the 
aerodynamic controls. Control is made more effective owing to a 
certain forward shift of the center of pressure. 



Figure II-3-9 . Aircraft 
with Variable Geometry 
Wing. 



Figure II-3-10. Braking Devices, a) speed 
brakes on wing trailing edge; b) speed 
brakes on body tail section; c) strings of 
metal disks. 


Braking flaps . Special drag-increasing devices known as 
braking, speed, or drag flaps are used to reduce speed. They may 
be mounted on the trailing edge of the aircraft's wing (Fig. 
II-3-10a) or at the tail of the body (Fig. II-3-10b). The large 
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slowing drag arises when these flaps are deflected through large 
angles, around 90°. 

Metal disks joined by a cable (Pig. II-3-10e) and drag para¬ 
chutes are also to be cited among aerodynamic braking devices. 

Usually, the parachute is deployed in the final stage of the 
slowing process, after braking with the flaps or disks (or with 
flaps and disks simultaneously). 

Gasdynamic controls are used under conditions in which aero¬ 
dynamic controls are ineffective, as in thin layers of the at¬ 
mosphere or at low speeds of the vehicle (e.g., at launch). 

Figure II-3-11 shows 
devices that set up a 
controlling effort by 
pivoting the entire en¬ 
gine (Pig. II-3-Ha) and 
by pivoting only the 
nozzle (Fig. II-3-lld). 

Pivoting the main 
engine even through small 
angles sets up large con¬ 
trolling forces. How¬ 
ever, considerable ef¬ 
fort must be expended to 
turn the engine. 

Use of a pivoting 
nozzle makes it possible 
to reduce the effort 
necessary for rotation, 
but this gives rise to a 
number of difficulties 
associated, in particular 
with fouling and scorch¬ 
ing of the movable joint 
between the nozzle and 
the. engine chamber, with 
the result that the en¬ 
tire control is unreli¬ 
able . 

Simpler designs are 
the controls that use 
rotary attachments and 
the so-called deflectors 
(Fig. II-3-11, e and g). 
The rotary hood circles the jet of the main engine and is thus at 
all times being acted upon by combustion products. Such hoods 



2 


Figure II-3-11. Diagrams of Gasdy¬ 
namic Controls, a) swiveled sustainer 
engine; b) pivoted vernier engine; 
c) operation of fixed thrusters; d) 
vectored nozzle; e) vectored hood; 
f) jet vanes; g) deflectors; h) in¬ 
jection of fluid into supersonic 
nozzle section; i) redistribution 
of thrust by nozzle closing in clus¬ 
ter (nozzle 1 open, nozzles 2 
closed). 
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perform quite effectively, but they require frequent replacement 
owing to fouling and scorching. Deflectors are introduced into 
the gas jet only when it is necessary to develop the controlling 
force. Hence they are more reliable and last longer. 

Jet vanes placed at the end of the sustainer nozzle (Pig. 
II-3-llf) can be used as controls. Deflection of the gas jet 
by these vanes produces rather large controlling forces. Al¬ 
though gas vanes are an effective control facility, they have 
substantial shortcomings. Since they offer substantial resist¬ 
ance to the stream of gases, they lower the effective thrust. 
They also burn out quickly under exposure to the high tempera¬ 
tures and velocities of the gas. 



Figure II-3-12. Dia¬ 
gram of Combination 
Control, a) slotted 
nozzle; b) jet; P) 
jet reaction; P ) 

vertical component 
of jet reaction; 

AY) additional lift 
of wing owing to re¬ 
distribution of 
pressure over wing 
contour; ) hori- 


One of the modern gasdynamic-con- 
trol designs is based on the principle 
of changing the direction of the sus- 
tainer-engine thrust vector by inject¬ 
ing a liquid or gas into the nozzle 
(Fig. II-3-llh). 

The mechanism by which the control¬ 
ling effort arises is as follows. The 
stream of liquid or gas injected into 
the supersonic section of the nozzle 
through hole 1 interacts with the super¬ 
sonic flow of gaseous combustion pro¬ 
ducts and is deflected from its original 
direction to flow in region 2. 

As the main flow moves over this 
zone, a compression shock 3 forms, the 
flow is rotated behind it, and, as a 
consequence, the pressure is raised. 

The result is the lateral control force 


zon componen o The ma g n j_tude 0 f the control force 

je reac ion. can re g U q a ted by varying the flow of 

injected liquid. Its direction can be 
changed by injecting the liquid through 
different holes placed around the circumference of the nozzle 
cross section. 


It is characteristic of this control that the controlling 
force is generated with practically no loss of main-engine thrust. 
This is because the thrust loss that results from loss of mechani¬ 
cal energy by the gas flow as it passes through the compression 
shock is compensated by an increase in thrust due to the increased 
mass of outflowing gases. In addition, thrust may be increased 
slightly if the injected fluid is an oxidizer that reacts chemi¬ 
cally with the unburned fuel to improve combustion efficiency. 
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Vehicles can be controlled by redistributing thrust by clos¬ 
ing one or more of a circular cluster of sustainer-engine nozzles 
(Fig. II-3-lli). The result is eccentricity of the reaction force 
and a controlling moment. 

The above gasdynamic controls can all be classed as controls 
based on use of the sustainer engine. A second class is that of 
controls that take the form of special control engines. One such 
device (Fig. II-3-Hb) is the side-nozzle rotary ("vernier") jet 
engine. 

A controlling force can also be created by special fixed en¬ 
gines with nozzles perpendicular to the vehicle axis (Fig. 
II-3-Hc). 

Combined controls. A diagram of a combined control appears 
in Fig. II-3-12. The basic element in the control is a rotary 
nozzle mounted on the trailing edge of the wing or tail and made 
in the form of a narrow slot of a certain length. The controlling 
force arises as a result of outflow of air from the nozzle, 
which is inclined at a certain angle to the wing chord. This 
force has two components. One of them is equal to the normal 
component P v of the thrust created by the rotary slot. The other 

is equal to the normal aerodynamic-force component AY that arises 
from redistribution of the pressure on the lifting surface by the 
interaction of the oncoming flow and the air jet issuing through 
the slot [80]. 

The so-called jet spoiler operates basically on this prin¬ 
ciple. Its gas jet is directed upward or downward through a slot 
in the wing. Lift is affected both by the reaction force of the 
spoiler and by pressure redistribution. 

A shortcoming of the combined controls is inadequate effec¬ 
tiveness in the upper atmosphere and at low speeds. In spite of 
their apparent simplicity, they are actually quite complicated as 
regards design and are complicated to use owing to the need for a 
compressed-gas or liquid source. 

§11-4. AERODYNAMIC CONFIGURATIONS OF AIRCRAFT 

To obtain the required range, stability, and controllability 
and to satisfy a number of other tactical-technical requirements, 
an appropriate aerodynamic configuration of the aircraft must be 
arrived at. 

By aerodynamic configuration or layout, we mean rational 
selection of the dimensions, external shapes, and relative posi¬ 
tions of the vehicle's body, wings, tail, controls, and other ele¬ 
ments . 
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In final elaboration of the design, these problems must be 
solved together in order to match dimensions, shapes, and rela¬ 
tive positions. At the initial stage of a design, however, the 
layout can be selected and the calculations performed separately. 
Moreover, the fundamental aerodynamic layout may be outlined on 
the basis of tactical and technical requirements, without specif¬ 
ic forms for the individual elements. 

The proper aerodynamic layout for a vehicle can be selected 
with consideration of practical experience accumulated in aero¬ 
nautical and rocket engineering and use of available theoretical 
and experimental data. 

Vehicle aerodynamic configurations are divided into two 
classes. 

Class One includes the aerodynamic configurations of tail¬ 
less vehicles. The bodies of such vehicles have no conspicuous 
projecting surfaces. The aerodynamic layouts of tailless vehicles 
are classified on the basis of whether the vehicle is guided or 
unguided . 

A long-range missile with a separating nose cone is a tail¬ 
less vehicle (Fig. II-4-la). The missile is stabilized on the 
powered part of its trajectory by the use of gasdynamic controls 
(for example, pivoting nozzles 1). 

Unguided tailless vehicles include the so-called turbojet 
missiles (Fig. II-4-lb), which are spin-stabilized. 

Class Two includes tailed vehicles , whose bodies may carry 
lifting and stabilizing surfaces. 

The aerodynamic layouts of tailed vehicles can be classified 
as wingless and winged or as combined wing-and-tail layouts. 

Wingless tailed vehicle layouts include those of unguided 
and guided vehicles. 

Figure II-4-lc shows a rocket with the configuration of an 
unguided wingless tailed vehicle. The tail on the body is fixed 
and acts as a stabilizer. The guided vehicle (Fig. II-4-ld) may 
be fitted with pivoting fins (1) or use gasdynamic controls. 

Vehicles with the wing-and-tail configuration (Fig. II-4-lf) 
and with the combined wing and tail 1 (Fig. II-4-lg) are guided 
and can be classed in the same group: wijiged guided vehicles. 

Guided winged vehicle configurations can be classified as 
normal, canard, and tailless, depending on the method used for 
guidance. 
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Figure II-4-1. Vehicle Aerodynamic Configurations, 
a) tailless guided missile; b) turbojet missile; 
c) wingless unguided vehicle; d) wingless guided 
vehicle; e) "canard" configuration; f) "normal" 
configuration; g) "tailless" configuration; h) 
"tailless" configuration with destabilizer; i) 
"tailless" configuration with stabilizer; k) "fly¬ 
ing wing" configuration. 



Figure II-4-2. Normal-Configura¬ 
tion Control of Vehicle, a) atti¬ 
tude prior to rotation; b) atti¬ 
tude after rotation of vehicle. 


In the normal configura¬ 
tion (Fig. II-4-lf), the 
steering tailplanes 1 are 
placed behind the wing 2 on 
the vehicle's tail section, 
which endows it with a num¬ 
ber of aerodynamic and struc¬ 
tural advantages [80]. 

When the control sur¬ 
faces are so positioned, the 
disturbances that they gene¬ 
rate do not affect 
and, consequently, 
tions of flow over 
more advantageous, 
controls can be used 
sharp maneuvering of 


the wing 
the condi- 
it are 
These 
for 

the ve¬ 


hicle with retention of 
smooth flow over them. This is done by rotating the control 
surface through a rather large initial attack angle 6 (Fig. 
II_4_2), which is then reduced in flight by the vehicle's attack 
angle a wg to aid in preventing 


in flight by the 
flow separation. 


Tail-section control surfaces can be so designed as to pro¬ 
vide for differential deflection of the horizontal fins as neces¬ 
sary to roll the vehicle. 
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We might consider a layout in which the rear surfaces work 
in pairs, like elevators and rudders, thereby providing pitch and 
yaw control, while a pair of surfaces on the wings acts as aile¬ 
rons. A layout with fixed rear surfaces, in which pitch, yaw, 
and roll control is obtained by appropriate deflections of the 
wings, is also used. Sufficiently reliable roll stabilization 
is obtained in this configuration by deflecting a pair of forward 
control surfaces in opposite directions. 

These configurations make CG trim less critical and allow 
much freedom in locating the aerodynamic surfaces and specifying 
their relative dimensions, as well as providing a wider range of 
guidance-system options. With the surfaces aft, a certain 
strength advantage is obtained, since the bending moments applied 
to the body are comparatively small. 

The disadvantages of the normal configuration must also 
be considered. 

1. The empennage, which is situated in a disturbed-flow zone 
behind the wing, is subject to the action of adverse forces, 
usually in the form of periodic shocks. As a result, the empen¬ 
nage shakes severely, in the phenomenon known as buffeting. With 
a view to preventing buffeting, there is a tendency to shift the 
empennage upward from the plane of the wing to get it outside of 
the disturbed-flow zone, even though this results in a loss of 
rigidity that may cause flutter of the tailplanes. 

2. Since the wing and control-surface attack angles are of 
opposite signs, and, consequently, the lifting forces that they 
develop are oppositely directed, the over-all lift of the vehicle 
is somewhat lower. 

3. For this reason, a destabilizing effect appears on deflec¬ 
tion of the controls, with the result that the distance between 
the vehicle's centers of gravity and pressure is made shorter. 

This is somewhat detrimental to static stability. Further, if the 
control surfaces are situated at a short distance from the center 
of gravity, this may lower the tail damping moment and, conse¬ 
quently, impair dynamic stability; the periodic oscillations that 
arise on the trajectory will damp more slowly. 

In the " canard" configuration (see Fig. II-4-le), the steer¬ 
ing tail 1 is forward of the wing 2 on the nose section of the 
vehicle and ahead of the center of gravity. The advantages of 
this layout are manifested in the fact that the controls are not 
disturbed by the wings and are therefore more effective. Because 
the signs of the control-surface and wing attack angles are the 
same and their lifts are in the same direction, the over-all ve¬ 
hicle lift increases [ 80 ]. 






Since the destabilizing moment is reduced when the control 
surface is deflected, static stability is somewhat improved over 
the normal configuration. Damping characteristics are also im¬ 
proved owing to the fact that the control device is usually far 
from the center of gravity. 

Certain design advantages of the canard are associated with 
the fact that the control surfaces are comparatively small and 
therefore have small hinge moments. In addition, with the con¬ 
trol surfaces and associated equipment forward, it is easier to 
accomodate fuel tanks and engines in the center and tail sections. 

The deficiencies that 
limit practical application 
of this configuration are as 
follows. 

1. The wing comes into 
downwash from the control 
surfaces, so that the true 
angle of attack is smaller and 
lift is reduced. This ef¬ 
fect becomes stronger for 
small wing aspect ratios, 
when almost the entire wing 
surface is in downwash. 

2. It is not convenient 
to use the control surfaces 
as ailerons for roll control, 
since the downwash behind 
them causes the wings to set 
up an opposed rolling moment 

and the ailerons are rendered practically ineffective. Moreover, 
because of the short arm, the aileron moment may even be smaller 
than the rolling moment that arises as a result of downwash. This 
deficiency can be corrected by providing the fixed wings with 
ailerons that are controlled independently of the forward sur¬ 
faces, although this results in design difficulties and a weight 
penalty. 

3. Flow conditions over the controls are unfavorable be¬ 
cause of the large attack angles, which are equal to the sums of 
the wing attack angle a wg and the control-surface deflection 6 

(Fig. 11-4-3). 

Flow separates from the surfaces at large angles of attack, 
and observations have shown that it is accompanied by pitching 
oscillations of the vehicle. 


a) 



Figure II-4-3. Control of Canard- 
Configuration Vehicle, a) atti¬ 
tude prior to rotation ; b) atti¬ 
tude after rotation of vehicle. 
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4. Placing the control surfaces forward of the center of 
gravity gives rise to a certain destabilizing effect. Here the 
position of the center of pressure varies as a function of sur¬ 
face deflection, and this makes it difficult to preserve a given 
range of variation of CP coordinates. 

5. The loads on the controls and the bending moments applied 
to the body are larger than in the normal configuration, since 
the control surfaces have large attack angles. 

6. It is difficult to provide directional stability in the 
canard configuration, which presupposes use of a long body nose 
section to carry the control surfaces. This difficulty arises 
from the large destabilizing moments of the nose and the need to 
have an expanded vertical tailplane with a long arm to the center 
of gravity. 

In the tailless configuration , there is no sepearate con¬ 
trolling tail, and the controls 1 are placed on the trailing 
edge of lifting surface 2, which functions as a combined wing 
and stabilizing tailplane (see Pig. II-4-lh), whose functions 
may also be performed by a wing (see Fig. II-4-li). It is also 
possible to use gasdynamic controls at the stern of a tailless 
configuration. This increases the vehicle's maneuverability, 
since the forces applied to the control element act at the end 
of a long arm. 

If the aerodynamic surfaces have a large area, the missile 
is said to be winged ; if they are small, they act as stabilizers, 
and the vehicle becomes the ordinary ballistic missile. In the 
diagram of Fig. II-4-lg, the vehicle may have a fixed horizontal 
delta or trapazoidal wing and directional control may be obtained 
by deflecting the vertical surfaces. Pitch and roll control is 
provided by surfaces on the wing trailing edge that can be de¬ 
flected in opposite directions. 

Freedom from downwash, which lowers control-surface and 
wing effectiveness, is an advantage of this aerodynamic layout. 

Use of control surfaces on the horizontal wings makes roll con¬ 
trol more dependable, since the possibility of a negative roll 
effect is eliminated. Static stability Is quite independent of 
motion in pitch, yaw, and roll. 

Vehicles with the tailless configuration may have a fixed 
fin either forward or aft of the center of mass. 

Such fins are necessary to improve stability and damping 
characteristics. The vehicle shown in Fig. II-4-lh has fixed 
surfaces at its nose that act as destabilizers (3) and reduce the 
excessive static stability conferred by the strong expansion of 
the lifting surface toward the tail. The destabilizer acts simul¬ 
taneously as a damper. 
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In Pig. II-4-li, we see that the fixed fin 1 may be placed 
aft of a pivoting wing 2. It provides static stability and im¬ 
proves the damping properties of the vehicle. 

The "flying wing" (see Pig. II-4-lk) is a variety of the 
tailless configuration in which the body of the vehicle is al¬ 
most completely inscribed into the wing outline. 

The "tailless" vehicle configuration compares favorably from 
the design standpoint in its compactness and the comparative sim¬ 
plicity of its external form. The absence of a separate control¬ 
ling tail lowers frontal drag and reduces design weight. For this 
reason, the wing is not adversely affected by downwash. 

The tailless configuration has a number of inherent disad¬ 
vantages . 

1. A vehicle with this configuration is not capable of sharp 
maneuvering, since the control surfaces are usually close to the 
center of gravity and cannot develop large controlling moments. 

A large controlling moment can be set up by increasing the con¬ 
trol lift, which can be done by increasing the area of the sur¬ 
face or their deflections. However, this increases the power re¬ 
quired to turn the controls and hence the weight of the vehicle. 

2. Since the center of gravity of wing area and the design 
center of gravity are close together, the damping moment is small 
and the vehicle does not have good damping characteristics. 

3. Stability and controllability deteriorate because of the 
strong velocity dependence of the center-of-pressure coordinate. 
For example, for one of the tailless designs, the stability mar¬ 
gin at = 1.5 is 2.5-3 times greater than at subsonic speed, 
with the result that controllability deteriorates sharply, while 
this increase is only 1.3-1.5 for canard vehicles. 

Configurations of multistage vehicles. These configurations 
are no different in principle from those that we have already de¬ 
scribed. Before staging, the configuration of a multistage ve¬ 
hicle may be regarded as guided-unfinned (see Fig. II-4-la) or 
guided finned (Fig. II-4-4). The latter configuration may be 
used in the various modifications discussed above. The same 
classification can be extended to the parts of the vehicle that 
remain after separation. 

However, certain aerodynamic-layout peculiarities are char¬ 
acteristic of multistaged vehicles; they arise from the tactical 
and technical requirements made of the vehicle as a whole (be¬ 
fore separation) and of its individual stages. 
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Figure II-4-5* Scheme 
of Multistage Rocket. 
1,2,3) first, second, 
and third stages, re¬ 
spectively . 


The vehicle as a whole 
must be stable and controll¬ 
able. Gasdynamic controls are provided in the configuration of 
the guided unfinned vehicle (Fig. 11-4-5) for this purpose. The 
finless body need not possess static stability in the aerodynamic 
sense. Figure II-4-4 shows a configuration with fins that serve 
to provide stability and controllability. Some designs have 
supplementary gasdynamic controls that function during the powered 
part of the flight. 


Figure II-4-4. Aerodynamic 
Layouts of Multistage Ve¬ 
hicles. a) second stage 
without fins; b) second 
stage with fins; c) second 
stage winged; 1) first 
stage; 2) second stage. 


The aerodynamic configuration of the vehicle that remains 
after separation of a stage may be the same, as shown in Fig. 
II-4-4, or different, depending on the purpose of the s.tage and 
the conditions of its flight. Figure II-4-4 shows how the part 
that remains after separation of the first stage may have unfinned 
(Fig. II-4-4a), finned wingless (Fig. II-4-4b), and winged (Fig. 
II-4-4c) configurations. 


In the first case, the remaining stage may be the last stage 
and perform the functions of a separating nose cone. In the 
second case, the remainder may perform similar functions (the 
only difference being that the nose section is finned) or act as 
a second stage for an unfinned separating nose section. Finally, 
the remaining stage in the third case is the last stage and func¬ 
tions as an independent vehicle (antiaircraft rocket, lifting 
body) . 
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An unfinned separating nose section (last stage) may be a 
guided or unguided vehicle and may be equipped with stabilizing 
devices or left statically unstable in its motion in the denser 
atmospheric layers. 

Degree of symmetry of the vehicle about its longitudinal 
axis. The over-all aerodynamic layout of a vehicle is char¬ 
acterized by the degree of its symmetry about its longitudinal 
axis, i.e., the angle through which it must be turned for self¬ 
coincidence of its outlines. 

Aircraft or rockets with the so-called airplane configura¬ 
tion have outlines that return to coincidence only on a 360 ° rota¬ 
tion. This shape corresponds to the extreme case of no symmetry 
about the longitudinal axis. There are vehicles for which shape 
coincidence occurs on rotation through 180° (configurations with 
180° symmetry about the longitudinal axis). 

Rocket aerodynamic layouts are characterized by higher de¬ 
grees of symmetry. These vehicles have symmetry at less than 
180°. Those with configurations having 120 or 90° symmetry about 
the longitudinal axis are typical. The configuration with 90° 
symmetry is particularly common (the so-called cross or X con¬ 
figuration) . They have an aerodynamic advantage over the air¬ 
plane configuration in that large lateral controlling forces can 
be obtained without first rolling the vehicle. This makes pos¬ 
sible high maneuvering speeds in any plane, although it does in¬ 
crease the drag and weight of the structure. By virtue of sym¬ 
metry, the resultant aerodynamic force on the vehicle when it is 
inclined to its velocity vector always lies in the plane of the 
longitudinal axis and the velocity vector, so that the correspond¬ 
ing longitudinal and lateral stability derivatives are equal. 

One of the essential features of rocket layouts consists in 
the use of configurations with small-aspect-ratio aerodynamic 
surfaces. This causes nonlinearity of the aerodynamic character¬ 
istics, which is aggravated by interference between various ele¬ 
ments of the vehicle (between the wing and tail, wing and body, 
etc.) and by the presence of large angular velocities. 

§11-5. INFLUENCE OF MISSION AND TACTICAL-TECHNICAL REQUIREMENTS 
ON SELECTION OF VEHICLE AERODYNAMIC LAYOUTS 

The selection of one or another aerodynamic layout is closely 
tied in with the mission of the vehicle and its tactical and tech¬ 
nical specifications, in accordance with which the relative posi¬ 
tions of the launch and target points, the shape of the trajectory, 
the type of powerplant and control system, and characteristic de¬ 
sign features are established. Thus, a specific aerodynamic lay¬ 
out that meets tactical and technical specifications corresponds 
to a given vehicle. 
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Vehicle Type and Aerodynamic Layout Features 


Let us examine various modern vehicle types and the corre¬ 
sponding aerodynamic layouts. We shall take the relative posi¬ 
tions of the launch and tar¬ 
get points as the factor de¬ 
termining vehicle type. Here, 
we shall use the accepted no¬ 
menclature for vehicle types, 
such as "space-to-space" 
(launch and target points in 
space), "space-to-ground" 
(launch point in space, target 
on ground), etc. 

"Space-to-space." Since 
the motion takes place in air¬ 
less space, the shape of the 
vehicle has practically no in¬ 
fluence on its aerodynamic characteristics nor, consequently, on 
the parameters of the trajectory. In this case, therefore, selec 
tion of the optimum aerodynamic layout in the ordinary sense, as 
it applies for conditions of flight in the dense atmosphere, is 
meaningless. The shape of the vehicle is determined by design 
considerations. It may be guided or unguided. Gasdynamic con¬ 
trols are used to provide orientation in space and trajectory cor 
rections. 

"Space-to-ground ." The distinctive property of these ve¬ 
hicles consists in the fact that they enter the atmosphere at 
very high speed and are therefore subject to severe aerodynamic 
heating. The basic requirement consists in reducing this heating 
and protecting the vehicle from destruction. For this purpose, 
the aerodynamic layout makes use of heat shields on the nose sec¬ 
tions and wing edges and employs retrorockets to lower speed and, 
with it, heat transfer. Certain areas on the vehicle's surface 
are protected from overheating by providing conditions that re¬ 
sult in premature boundary-layer separation from these areas. 

The "space-to-ground" vehicle may be a guided or unguided 
finless (Fig. II-5-la) or winged (Fig. II-5-lb) vehicle. 

The unguided vehicles are stabilized by stabilizing skirts 
in the form of hollow tail sections. Gasdynamic and aerodynamic 
controls are used. 

"Air-to-ground" and "air-to-air." The aerodynamic layouts 
of vehicles of these types must satisfy conditions for motion in 
the dense layers of the atmosphere at speeds at which all aero¬ 
dynamic effects are quite strongly in evidence, except for aero¬ 
dynamic heating, which is not essential in this case. Most com¬ 
monly used are the single-stage finned wingless and winged guided 


b) 


Figure II-5-1. Forms of Space- 
to-Ground Vehicles. a) fin¬ 
less; b) winged vehicle. 
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and unguided aerodynamic configurations. 
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The controls are usually of 
the combined or aerodynamic type. 
Guided missiles are sometimes 
subject to more rigid maneuver¬ 
ability requirements. The aero¬ 
dynamic configurations therefore 
provide strong control elements. 

In arriving at an aerodynam¬ 
ic layout, consideration must be 
given to the conditions of 
launching from the carrier ve¬ 
hicle, which is flying at a cer¬ 
tain speed. If the missile is 
launched in the direction in 
which the carrier is traveling, 
it is necessary to provide mea¬ 
sures to prevent the missile 
from turning back on the carrier. 

When the missile is launched at an angle to the direction of 
carrier flight, a crossflow effect arises from the vehicle’s extra 
velocity component, possibly to the detriment of stability and 
targeting. Hence the stabilizing and control elements must be 
capable of eliminating the adverse consequences of this crossflow. 

One of the aerodynamic-layout features may be an umbrella- 
type empennage used as a tail stabilizer because of the limited 
space available for the launcher. 

"Ground-to-ground." Because of the great variety of aero¬ 
dynamic layouts used in "ground-to-ground" vehicles, it will be 
advisable to consider these layouts after classifying them on 
the basis of range and trajectory type. 

Intercontinental ranges . Ballistic trajectories (Fig. 

11-5-27 trajectory 1). As a rule, vehicles with such trajec¬ 
tories are multistage and finless, with a separating nose sec¬ 
tion. Control and stabilization are provided on the powered part 
of the trajectory by gasdynamic controls, and on the unpowered 
part by rocket thrusters that give the last stage (separating 
nose section) the necessary stability and permit correcting the 
trajectory.([ 69 ] 1968, No. 1) [80], 

The nose-section aerodynamic layouts of these vehicles must 
meet the same requirements as "space-to-ground" vehicles. To re¬ 
duce the drag of the blunt nose section during ascent through the 
dense layers of the atmosphere, these configurations may be sup¬ 
plemented by a sharp ballistic cap, which is jettisoned at high 
altitude. 


12 3 4 



Figure II-5-2. Shapes of 
Intercontinental Trajec¬ 
tories. 1) ballistic; 2) 
soaring; 3) skipping; 4) 
grazing. 
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When a "ground-to-ground" vehicle is made single-stage, with¬ 
out a separating nose section, fins are provided to give reliable 
stabilization on the coasting part of the trajectory. Stability 
and control can be provided by gasdynamic devices on the powered 
segment. 

In some cases, the aerodynamic layout of a guided ballistic 
missile with a separating nose section may also be finned. Pins 
are provided when stabilization of a statically unstable missile 
on its trajectory would require gasdynamic controls so large as 
to be impractical. The missile's tail fins make it possible to 
move the center of pressure closer to the center of gravity and 
reduce the missile's static instability. This makes it possible 
to design gasdynamic controls of acceptable size and weight. 



Figure II-5-3. Aero¬ 
dynamic Drag of Bal¬ 
listic Missile and 
its Nose Section. 



Figure 11-5-4. Polar 
Curve of Winged Ve¬ 
hicle . 


A ballistic missile is subject to severe aerodynamic heating. 
The convective heat flow to the vehicle is very large, and only a 
comparatively small part of it can be dissipated into the atmos¬ 
phere as radiant energy. To preserve the vehicle, it is neces¬ 
sary that the smallest possible amount of kinetic energy be trans¬ 
ferred to it as heat. For this purpose, the nose sections are 
made in the form of poorly streamlined (blunt) bodies with high 
pressure drag and low total friction drag, which reduces convec¬ 
tive heat transfer. 


Figure II-5-3 shows Mach-number curves of the frontal-drag 
coefficient of a typical ballistic missile (lower curve) and a 
nose section that can be used for steered decelerated reentry 
[78]. 


Soaring trajectories (Fig. II-5-2, trajectory 2). 
with this trajectory move without use of thrust in the 
layers of the atmosphere. The speed of the vehicle at 
shutdown must be sufficient to produce a lift equal to 


Vehicles 

dense 

engine 

the 
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difference between weight and centrifugal force. The aerody¬ 
namic layout must provide wings tha,t produce the necessary lift 
and a maximum lift/drag ratio in order to obtain maximum range. 


The vehicles are multistage or single-stage with control and 
stabilization elements. In the multistage layout, the wings are 
attached to the last stage, which executes soaring flight on the 
descending branch of the trajectory. 

Since soaring flight in the dense layers of the atmosphere 
takes place at high speed, the vehicle is subject to large heat 
flows for considerable lengths of time. This imposes additional 
requirements on the aerodynamic layout in connection with reduced 
heat transfer and surface heating. 

However, withdrawal of heat is a less complex problem for 
soaring rockets, since kinetic energy is converted into heat 
gradually during the glide and, in contrast to the ballistic 
missile, the rate of convective heat transfer is low. Conse¬ 
quently, a considerable part of the heat may be radiated into the 
environment at wall temperatures that are acceptable from the 
standpoint of material strength. 

Skipping trajectories (see Fig. II-5-2, trajectory 3)- Ve¬ 
hicles with these trajectories are intermediate between the two 
types discussed above. The nose section takes the form of a 
guided winged vehicle, so that it can skip on the unpowered part 
of the trajectory, alternating between dense and rarefied layers 
of the atmosphere. This makes it possible to obtain rather long 
ranges. 

To obtain maximum range, it is necessary that the lift coef¬ 
ficient conform to the optimum c /c during the times in which 

y X 

the skipping missile is in the dense atmospheric layers. 

During the motion in the thinner layers, heat transfer to 
the surface is reduced. The rate of heat inflow rises sharply 
during a skip, since the time spent in the dense layer is short. 
Here the heat-transfer conditions are practically the same as 
for a ballistic missile. To lower the maximum rate of heat trans¬ 
fer and the total amount of heat transmitted during entry into 
the dense atmospheric layers, the leading edges of the wing and 
body must be blunted. To avoid increasing drag, the leading 
edges must be sharply raked. It is therefore advisable to use 
the delta wing for skipping and soaring hypersonic vehicles. 

Figure 11-5-4 [78] shows a typical polar curve for a wing of this 
type. For small attack angles and very large Mach numbers, the 

induced-drag coefficient c . = Kc n tends toward its limit c . = 

& xi y xi 
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Grazing trajectories (see Pig. II-5-2, trajectory 4). Con¬ 
ventional aircraft and winged missiles whose speeds may be either 
subsonic or supersonic are among the vehicles using this trajec¬ 
tory. Their aerodynamic layouts include a wing as a necessary 
element for compensation of gravity. Since they fly in dense 
layers of the atmosphere, combined or aerodynamic controls are 
used. 


The aerodynamic layout must provide devices for stabiliza¬ 
tion and control when the missile is launched with rocket 
boosters. The stability necessary for in-flight refueling must 
be provided. 

Intermediate ranges . Intermediate-range flights are made 
either on a ballistic trajectory (ballistic missiles) or a graz¬ 
ing trajectory (airplanes and winged missiles). The layout may 
be multistage, and in its most general form is that of the guided 
finned winged aerodynamic configuration. Occasional designs may 
be made with wide departures from this layout, e.g., the ballis¬ 
tic missile, which uses the simpler layouts described above. 

Intermediate ranges mean additional simplification because 
of the lower speeds on the descending branch of the trajectory 
and the consequent smaller heat flows. As a result, protection 
from aerodynamic heating is easier and the sharp nose section can 
be retained. 

This nose-section shape means lower drag and, consequently, 
higher speed and a shorter time in flight. The shorter time on 
trajectory increases aiming accuracy, since the time for which 
the vehicle is subject to the adverse effects of wind and air 
temperature and density variation is shorter and, consequently, 
the deviation from the nominal trajectory is smaller. 

Short ranges . Ballistic trajectories. Vehicles describing 
these trajectories are unguided finned wingless or unfinned types. 
The aerodynamic layout must provide for means to improve aiming 
accuracy. These devices include pitched tail fins by means of 
which rotation of the finned vehicle about its longitudinal axis 
is set up during flight and the target pattern is improved. The 
same effect can be produced with tangential jet-engine nozzles. 

The aerodynamic forces and moments of a vehicle with this 
layout must be determined with consideration of spin and the de¬ 
sign features associated with the oblique positions of the fins 
and the presence of tangential nozzles, and with consideration of 
the effect of the jet on external flow. 

Grazing trajectories. Antitank rockets and artillery mis¬ 
siles intended for use on stationary and moving ground targets 
use these trajectories. 
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Antitank rockets use the 
winged guided aerodynamic lay¬ 
out, and artillery missiles the 
unguided finned and finless con¬ 
figurations . 


Unguided finned missiles 
(shells) may have variations de¬ 
fined by the span of the fins as 
compared to the transverse dimen¬ 
sion of the body. If the fin span 
is equal to or smaller than the 
diameter of the largest body cross 
section, the configuration is said 
to be subcaliber (low-velocity 
shells, Fig. II-5-5a); if larger, 
the configuration is supercaliber (Fig. II-5-5b) ([69], I960, No. 
2 ). 

"Ground-to-air" and "ground-to-space ." Vehicles of these 
types are used for antiaircraft and antimissile defense, as well 
as for atmospheric and space research. 

If they are to fly at high altitudes, they are made multi¬ 
stage. For flight over modest ranges, a single-stage version 
with dual-thrust engine operation is possible; here the thrust 
is high at the time of launch and is reduced sharply when a cer¬ 
tain altitude (or speed) has been reached. 

Space vehicles are usually of the guided finless type. 

The aerodynamic layout of a "ground-to-air" missile must pro¬ 
vide for high maneuverability. It Is therefore provided with 
wings, fins, and powerful controls, which may be applied in the 
normal, canard, or tailless configuration. Pivoting wings are 
often used in the latter configuration. 

Special research rockets (weather, geophysical, medicobio- 
logical) are used for atmospheric and space research. 

Such rockets may have a wide variety of layouts depending on 
the specific mission for which they are designed. Figure 11-5-6 
shows single- and two-stage vehicles. 

For single-stage rockets, a three-fin stabilizer 1 may be 
adequate (Fig. II-5-6a). For a two-stage rocket, the launch- 
engine stabilizer 1 may consist of three fins and that of the 
main stage 2 of four (Fig. II-5-6b). 

Research rockets may be guided or unguided. Control can be 
obtained with jet vanes or by swivelling the combustion chamber. 
Special jet nozzles are used for angular orientation of the 



Figure II-5-5. Finned 
Missiles, a) mortar round; 
b) subcaliber missile 
(S is a split shackle). 
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missile about its longi¬ 
tudinal axis. 


The rockets may have 
specific features asso¬ 
ciated with the presence 
of a system for recover¬ 
ing the nose with its 
package of measuring in¬ 
struments. A separating 
nose section is therefore 
included in the aerody¬ 
namic configuration (see 
Fig. II-3-10b). It is 
decelerated on reentry by 
special drag devices, 
flaps that are deployed 


11 Underwater-to-underwater ." Vehicles of this type are de¬ 
signed to move in water. However, they have the guided finned 
wingless aerodynamic layout. Control is aerodynamic (or, more 
precisely, hydrodynamic), perhaps with the controls coupled to 
an automatic homing system. 

The layout must take account of how the aerodynamic (hydro- 
dynamic) characteristics of the vehicle are affected by the water 
intakes used when water is one of the propellants. 

"Air (ground)-to-underwater ." Vehicles of this type must 
enter the water at comparatively low speed. Otherwise, the large 
g-forces encountered on impact would require strengthening the 
body and other parts of the vehicle, with the attendant weight 
penalty. 

Drag-increasing measures are taken to reduce speed. For 
this purpose, the warhead is blunted and the vehicle is equipped 
with drag parachutes and flaps that open during the approach to 
the water. 

The basic layout of vehicles of this type is the same as 
that of vehicles of the "underwater-to-underwater" type. 

Powerpl ant Type and Aerodynamic-Layout Features 

The rocket powerplant. Since the rocket engine does not use 
atmospheric oxygen, it does not have air intakes among the ele¬ 
ments of its aerodynamic layout. 

The engine installation is most often placed in the stern of 
the vehicle, a feature that influences the CG position of the 
vehicle, the relative positions of the gravity and pressure 
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Figure 11-5-6. Aerodynamic Layouts 
of Weather Rockets, a) single- 
stage; b) two-stage. 


such as string of braking disks, speed 
after separation, and parachutes. 
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centers, and., consequently, stability and controllability. In 
addition, the distribution of nozzles influences the shape of 
the tail section and the conditions of flow over it. 



Figure II-5-7. Engine 
Placement on Vehicles, a) 
"cluster" of rocket 
gines around vehicle body 
b) jet engines with air 
intakes placed in pods on 
pylons. 



Figure 11-5-8. Diagram 
Showing Placement of Air 
Intakes at Root of Wing. 


Significant aerodynamic- 
layout peculiarities are asso¬ 
ciated with the use of several 
engines "clustered" around the 
body of the vehicle (Fig. 
II-5-7) and with the use of 
rockets as launch boosters. 
These engine arrangements re¬ 
quire additional stabilization 
measures. 


In both cases, the en¬ 
gines are jettisoned after 

burn. The aerodynamic layout must therefore provide the neces¬ 
sary stability and controllability at the time of separation. 
The frontal drag of the engine installation must be adequate to 
separate it quickly from the body. 


Jet powerplant. Engines of this type (ramjet, turbojet) use 
oxygen from the air, which enters through air intakes mounted on 
the vehicle. 


The dimensions of the air intakes, their number, their man¬ 
ner of placement, and their operating mode have substantial in¬ 
fluence on the flow conditions and aerodynamic properties of the 
vehicle, and this, in turn, influences the thrust and economy 
characteristics of the engines. 

To minimize total-pressure loses and thereby create better 
operating conditions for the engines, the air intakes should be 
mounted on the vehicle in such a way that they do not blanket the 
wings, fins, or other projecting parts, i.e., in such a way that 
the flow will experience as little disturbance as possible where 
it enters the intake. 
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For this purpose, it is not desirable 
to place the air intake near the sur¬ 
face of the body and far from the nose 
if the intake passage is found to be in¬ 
side a thick boundary layer and the in¬ 
coming air would lose a great deal of 
total pressure. 

The aerodynamic-layout form of a /84 
jet-engined vehicle depends on air-in- 
take placement. Figure II-1-10, a and 
b_, shows configurations with lateral air 
intakes, and Fig. II-l-10c an annular- 
intake configuration; Figs. 11-5-8 and 
II-l-ll show layouts with air intakes 1 
placed at the wing root and in a body of 
noncircular cross section, respectively. 


Figure II-5-9, a and b_, shows the 
positioning of air intakes lengthwise 
along the vehicle. If the intake is 
far from the nose, boundary-layer-suc¬ 
tion devices must be provided in front 
of it. It is possible to extend the 
entry section of the air intake outside 
the boundary layer (Fig. II-5-9b). All 
of these measures prevent airflow sep¬ 
aration and improve the working char¬ 
acteristics of the intakes. 

Figure II-5-9. Pos¬ 
sible Arrangements To l° wer the pressure losses of the 

of Air Intakes Along air entering the engine and improve en- 

Length of Vehicle. gine efficiency, the air intakes, to- 

a) annular air in- gether with the engines, may be placed 

take l- b) four in P°ds on the wings or on special py- 

semicircular lateral lons < see Pi g- II "5"7). In this layout, 

air intakes 2 with tail fins are provided to improve sta- 

entry cross sections bility and controllability, 

moved outside of 

boundary layer. A layout feature of supersonic ram¬ 

jet (RJ) vehicles stems from the pre¬ 
sence of the special booster engines 
used for acceleration to the speed at which the ramjet can begin 
to function stably. This makes the design tailheavy and requires 
installation of stabilizers for the necessary stability. 
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FUNDAMENTAL RELATIONSHIPS IN THE THEORY 
OF GAS FLOWS 


§III_I. PECULIARITIES OP GAS FLOW AT VERY HIGH SPEEDS 

Change In Physicochemical Properties and Thermodynamic Ch aracter¬ 
istics of Air with Temperature 

Specific heats. Substantial increases in the speeds of air¬ 
craft have made it necessary for aerodynamic research to take ac¬ 
count of the specific peculiarities of gas flows that result from 
changes in the physicochemical properties of air. While the com¬ 
pressibility property was considered in "conventional" supersonic 
aerodynamics as the most important manifestation of the peculiari¬ 
ties of high-speed flows, and the influence of temperature on the 
thermodynamic variables, especially the specific heats, was dis¬ 
regarded, peculiarities associated with high temperature behind 
shockwaves and in the boundary layer come into the foreground at 
hypersonic speeds. This effect increases the heat capacities of 
the gas as a result of excitation of vibrational internal-energy 
levels. 


Research on shockwaves and the boundary layer has shown that 
all of the relationships of conventional aerodynamics are quite 
reliable as long as the flow conditions of the gas do not differ 
substantially from those for which the assumption of constant 
heat capacities is valid and it is possible to use the ideal-gas 
equation of state p = RpT, where R is the absolute gas constant 
and p and T are the gas density and temperature, respectively. 

It becomes necessary to consider the temperature variation of 
heat capacity before it is necessary to use an equation of state 
different from that for the ideal gas. For example, research 
has shown that it becomes advantageous to consider the tempera¬ 
ture variation of specific heats on passage across a normal shock 
beginning at free-stream Mach numbers of the order of 3 - ^- 
The ideal-gas equation of state can be retained up to = 6-7, 
along with the equation for the speed of sound a 2 = kRT (k = 

= c /c is the adiabatic exponent, which is equal to the ratio of 
p v 

the specific heat at constant pressure c p to the specific heat at 
constant volume c ). 


Thermodynamic tables or interpolation formulas can be used 
to calculate true specific heats as functions of temperature. 
These formulas, derived for thermodynamic equilibrium conditions 
on the assumption that the specific heats are linear functions 
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of temperature, take the form 


c p = 0.2317 + 0.00022ir; c D = 0.1647 + 0.0002217’, (III-l-l) 


where c and c are in kcal/kg*deg. 

V 

According to an approximate estimate of the temperature ef¬ 
fect on specific heat at p = const. 


C P 


Cp oo 



(III-1-2) 


where <p depends on temperature (Pig. III-l-l), and the subscript 
"oo" corresponds to the free-stream variables or any other initial 
conditions. 



Figure III-l-l. Varia¬ 
tion of Exponents cj>, 
n, and k in Formulas 
for Determination of 
Heat Capacity, Vis¬ 
cosity, and Thermal 
Conductivity. 


the power-law relation 


For T > 1000°K, we may take cp = 

= 0.1. For = 288°K, the heat capa¬ 
city c = 0.24 kcal/kg*deg (10 3 J/kg x 

r*' 

x deg). Formula (III-1-2) is used up 
to T = 2000-2500°K, at which the vibra¬ 
tional degrees of freedom are found to 
be fully excited. 

Kinetic coefficients. Friction 
and heat transfer in the boundary 
layer depend on such kinetic coeffi¬ 
cients of the gas as its coefficients 
of dynamic viscosity y and thermal con¬ 
ductivity X. It has been established 
that in the absence of dissociation, 
the viscosity of air depends only on 
temperature and is practically inde¬ 
pendent of pressure. There are 
several relationships linking vis¬ 
cosity and temperature. For example. 


— =( 
Hoc, V 


£)’ 


(III-1-3) 


In turn, the exponent n depends on temperature (Fig.III-l-l). 
For comparatively low temperature, we may take n = O .76 (or 3/4). 
According to the diagram in Fig. III-l-l, n ~ 0.7 on the average 
over a rather broad temperature range. Here the actual value of 
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y may be put equal to y^ = 1.82•10~ 6 kg-s/m 2 (1.79*10 -5 N*s/m 2 ), 
which corresponds to T^ = 288°K. 

In approximate calculations. Formula (III-1-3) can be ap¬ 
plied at temperatures up to the order of 2000-2300°K, i.e., until 
dissociation intervenes. At temperatures below 1500°K, the 
Sutherland formula 


i 

)x (JL\ 2 i±Jl±lL? 

Hoe V/W 1 + 11 l/T 


(III-1-4) 


gives somewhat better results. 

Like viscosity, thermal conductivity is practically inde¬ 
pendent of pressure below 2000°K and can be determined as a func¬ 
tion of viscosity and specific heat: 


l ji c p —0.0374 

(ixi-i-5) 

^OO 


where c and c have the dimensions kcal/kg*deg and y and X have 

P P rxt n 

the respective dimensions kg*s/m 2 and kcal/m*deg*s (or Ns/m 2 and 
W/in*deg). 

The power-law formula 


X 


>. 


oo 


(£)■• 


(III-1-6) 


is simpler; the exponent k depends in turn (Fig. II-l-l) on tem¬ 
perature. For approximate calculations, we may set < = 0.85 and 
X = 5.53*10 3 kcal/m*s*deg (23.2 W/m*deg) for T = 26l°K. 

oo oo 

Dissociation and Ionization 

Thermodynamic functions of air at high temperatures. With 
increasing flight speed, the air behind the shock wave or in the 
boundary layer is heated to an extent such that the vibrational 
degrees of freedom are fully excited. With a further temperature 
increase, the atoms overcome their intramolecular forces, with 
the result that a diatomic molecule dissociates into two separ¬ 
ate monatomic molecules. This dissociation process is character¬ 
ized by the fraction by weight of the monatomic gas, a = G 1 /G (G x 
is the weight of that part of the gas that is in the atomic state 
and G is the total weight of gas). The parameter a is known as 
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the degree of dissociation . 


At a still higher 
air temperature, ioniza¬ 
tion of the air takes 
place in addition to dis¬ 
sociation, which is com¬ 
plete at a temperature 
around 6000°K. The basic 
cause of ionization is 
collision between mole¬ 
cules in the course of 
their thermal motion. 

This process is there¬ 
fore known as thermal 
ionization. Its rate is 
characterized by the de¬ 
gree of ionization, which 
is equal to the ratio of 
the number of ionized 
atoms to the total number. 

Research has shown 
that hydrogen and nitro¬ 
gen, for example, are 
fully thermally ionized 
(degree of ionization 
equal to unity) at temperatures of 10,000 and 17,000°, respec¬ 
tively, and a pressure of 1 atmosphere. 

On dissociation and ionization, air departs markedly from 
the ideal-gas equation of state. The hypothesis of constant stag¬ 
nation temperature, which is the basis, for example, for the ordi¬ 
nary equations of the shock wave, ceases to apply. These equa¬ 
tions must therefore be obtained with consideration of the physi¬ 
cochemical transformations of air at high temperatures. 

An important element in calculation of these flows is deter¬ 
mination of the thermodynamic parameters and kinetic coefficients 
of dissociated and ionized air and its composition. We now have 
quite detailed data on these parameters and coefficients and on 
the composition of air at thermodynamic equilibrium at tempera¬ 
tures from 1000 to 20,000°K and pressures from 0.001 to 1000 atm, 
thanks to computer work done by a group of Soviet scientists 
headed by Corresponding Member of the USSR Academy of Sciences 
Prof. A.S. Predvoditelev [28]. The calculations have been car- /89 
ried out for temperatures from 1000 to 6000°K without considera¬ 
tion of ionization, since its influence is negligible in this 
temperature range. In the range from 6000 to 20,000°K, the in¬ 
fluence of ionization was taken into account. The calculations 
were simplified by use of the hypothetical "single-ionization” 



Figure III-1-2. Molar and Atomic 
Concentrations of Components of Air 
(Oxygen and Nitrogen) as Functions 
of Temperature and Pressure (the 
Pressure in Atmospheres is Indi¬ 
cated in the Parentheses). 


* 
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kg-deg 


Figure III-1-3. Enthalpy-Entropy Diagram 


scheme, in which ionization is assumed to be complete at T = 
= 12,000°K and p = 0.001 atm. 



Figure III-1-4. Parameters of Air at 
High Temperatures Under Thermodynamic- 
Equilibrium Conditions. X = 1.293 
kg/m 3 ; T ot = 273.2°K; R = 29.27 kg x 
x m/kg*deg; RT^ = 8*10 3 kg*m/kg. 


gree of dissociation: 


The results ob¬ 
tained were used to 
construct curves of 
the atomic and mole¬ 
cular concentrations 
(Fig. III-1-2) and the 
i-S diagram (enthalpy- 
entropy diagram) shown 
in Fig. III-1-3, which 
also gives the p = const 
and T = const curves 
[ 28 ]. 

In Fig. II-1-4, 
these curves have been 
replotted to show den¬ 
sity instead of pres¬ 
sure and the dimension¬ 
less enthalpy i/RT^ and 
entropy S/R instead of 
the absolute values. 

Diagrams (Fig. /9 3 

III-1-5) that enable us 
to determine the mole¬ 
cular weight u of 
av 

dissociated and ionized 
air as a function of 
temperature and pres¬ 
sure are important for 
practical calculations. 

As we see from the dia¬ 
grams , average molecular 
weight decreases with 
temperature. 

Examining a model 
of air in the form of a 
homogeneous diatomic gas, 
we can apply the Dalton 
formula to determine de- 


^ av 0 ^ av 



(III-1-7) 


where k av>o and y av are, respectively, the average molecular 
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Figure III-1-7. Coefficient of Thermal Conductivity of Air at High 
Temperatures. 


/92 



weights of nondissociated air (the diatomic gas) and the disso¬ 
ciated medium. The value of u r ■ 29, and u is determined 

as a function of jo and T from the diagrams in Fig. III-1-5. 

The speed of sound can be found as a function of T and £ by 
use of another family of curves, that shown in Fig. III-1-6. 

Kinetic coefficients. An approximate analysis has shown 
that at high temperatures, the viscosity of air at equilibrium 
can be determined accurate to 10$ up to 9000°K by use of the 
Sutherland formula (III-1-4). However, more exact investigations 
indicate that for dissociated air, g depends not only on tempera^- 
ture, but also on pressure. This is taken into' consideration by 
the improved Sutherland formula 


i 

H ( T A 21 -j-11 1/7*00 / 1 ■ 1-42 \ 

>co“V7’«J 1 + Iil/r V1 + 0 . 89 CA/CM +1 + 1.26CM/CA/ ’ 


(III-1-8) 


where c M and c A are the molecule and atom concentrations, respec¬ 
tively, with C M + c A = 1 for the binary mixture. 

The degree of dissociation a can be substituted for the con¬ 
centrations, namely, c A = a and c^ = 1 - a. In the absence of 

dissociation (a = 0), the relation (III-1-8) becomes the ordinary 
Sutherland formula. At complete dissociation (a = 1), the term in 
parentheses in (III-1-8) is equal .to 1.42, so that the viscosity 
increase over the nondissociated medium is 42$. 

Like the coefficient g, the thermal conductivity coefficient 
depends on temperature and pressure at high temperatures. Figure 
III-1-7 shows the results of a theoretical investigation of the 
thermal conductivity coefficient on the assumption that air is a 
regular binary mixture of gases. The data given in [13] on the 
kinetic coefficients and variables of state of air may be found 
highly useful in study of high-velocity flows. 

Basic Relatio nshi ps for a Diatomic D issociating Gas 

Degree of dissociation. To simplify study of dissociation, 
air may be treated as a conventional diatomic gas consisting of 
symmetrical molecules of one type that dissociate into two atoms 
as a result of binary collisions. In turn, the atoms may recom¬ 
bine into molecules by ternary collisions. This scheme enables 
us to study the dissociation mechanism of a pure dissociating 
diatomic gas [73, 1957, No. 1]. 
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Equilibrium dissociation is assumed. This means that in the 
chemical reaction defined, for example, by the elementary equa¬ 
tion of the binary process 

r a 

A z ^lA + A, (III-1-9) 

r R 


the rates of the reactions from left to right r D and from right 
to left r R (the dissociation and recombination rates, respec¬ 
tively) are the same. 

Study of dissociating-medium flows involves determination 
of the equilibrium degree of dissociation a. To simplify the 
calculation, the air can be regarded as a mechanical mixture con¬ 
sisting of the pure dissociating components, namely nitrogen N 2 
and oxygen 0 2 . 

The equilibrium degree of dissociation a is determined in 
chemical thermodynamics by the relationship 


where 



(III-1-10) 


a= 


n A 


”A+2n Al 


(III-l-ll) 


Here n^ 

is 

the 

number 

and n. 

A 0 

is 

the 

number 


2 


of atoms of element 
of molecules of gas 


A in a certain volume 
A 2 in the same volume. 


TABLE III-l-l. CHARACTERISTIC PARAMETERS OF DISSOCIATION 


Element 

hr 

atm 

u d’ 

kcal/kg 

v d' 

m 2/ S 2 

V 

m/ s | 

Pd* g/cm 3 

1000<T<5000“ K 

1 

5000<T<7000® K 

Oxygen 

2.3-10' 

3.7-103 1 

1 

1.5-10' 

3.9-103 

150 

130 

Nitrogen 

4.1-10 7 

8.0-103 

3.4-10’ 

5.8-103 

130 

125 

Air 

3.7-10' 

7.1-103 

3.0-10’ 

5.4-103 

135 

126 
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The quantities and T^, which represent the characteristic 

density and temperature, respectively, appear in (III-1-10). 
Calculations indicate that the characteristic dissociation tem¬ 
perature = 59,000°K for oxygen and T^ = 113,000°K for nitro¬ 
gen. The characteristic density varies somewhat as a function of 
temperature (Table III-l-l). Since this variation is small, we 
may use average in approximate calculations: 150 g/cm 3 for 

oxygen and 130 g/cm 3 for nitrogen. 

The enthalpy i [see (III-1-14') and (III-1-16’)] can be used 
in (III-1-10) instead of temperature. Then the degree of disso¬ 
ciation will be determined as a function of i and p. Figure 
III-1-8 shows the corresponding relation for a vs. the dimension¬ 
less variables p/p. and i/u.. The variable u. is known as the 

ci a a 

characteristic dissociation energy and is equal to the specific 
heat of dissociation per gram of A 2 molecules: 


Uj — 


D 

2 


(III-1-12) 


where m^ is the mass of the atom and D is the dissociation energy 
of the A 2 molecule. 

Using Dalton’s formula (III-1-7)* we can determine the aver¬ 
age molecular weight u of the mixture from the degree of disso¬ 
ciation a. 

Together with the above variables p^ and u^. Table III-l-l /95 
also lists the characteristic pressure p^ and velocity V^, con¬ 
cepts that will be explained below. 

Equation of state. Let us examine the equation of state of 
a gaseous mixture formed as a result of dissociation of diatomic 
molecules. This equation can be obtained using the relationships 
for determination of the pressure of the mixture and the par¬ 
tial pressures p i of the components: 




(III-1-13) 


where k is the gas constant referred to a single molecule (Boltz¬ 
mann's constant) and the subscript "i” denotes the particular 
gaseous component. 

Below, we shall identify the atomic component (i * 1) by the 
subscript "A" and the molecular component (i = 2) by subscript "M”. 
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Figure III-1-8. Diagram for Determination 
of Degree of Dissociation of a Diatomic Gas 
as a Function of the Ratio i/u^ and the 

Parameter log (p^/p). 


Since the component concentration c^ = p^/p, i.e., c x = c A = 

= a = P A /P } and c 2 = c^ = 1 - a = p^/p for the atomic and mole¬ 
cular components, respectivelywe find the equation of state from 
(III-1-13) for the condition that m^ = 2m^: 


P 


k 

2 m A 


pT{ l + a). 


(III-1-14) 


where k/(2m A ) is the gas constant for 1 gram of component A 2 in 
the mixture. 

Applying (III-1-14) to the state defined by the characteris¬ 
tic parameters, we obtain the relation for the characteristic 
pressure p^ = 0.5kp^T^/m A . Since the dissociation energy of the 

A 2 molecule is D = kT^, it is obvious that p^ = 0.5Dp d /m A . 

The characteristic velocity that we mentioned above is deter¬ 
mined by the formula = u^ 2 . The corresponding values of p^ 

and for oxygen and nitrogen are given in Table III-l-l. 

The equations of thermodynamics. Interest attaches to cer¬ 
tain thermodynamic equations of the diatomic dissociating gas. In 
particular, the equation for the internal energy of a unit mass 
of the gas takes the form 
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3 kT D a 

2 "A + 2 m A ‘ 


(III-1-15) 


We can change this equation to dimensionless form by divid¬ 
ing u and T by the corresponding characteristic parameters u, and 

V 


u*=3T + a, 


(111-1-15’) 


where u = u/u^, T = T/T^. 

Along with (II-1-15 1 ), we can write the enthalpy equation, 
again in dimensionless form: 


— — p 

P 


(III-1-16) 


where i = i/u d , p = p/p d , P = p/P d - 

Applying the characteristic-parameter concept, we can also 
reduce the equation of state (III-1-14) to dimensionless form: 


J«pF(l + a), (III-l-lV) 

Introducing Expression (III-1-15’) for u into (III-1-16) and 
applying (III-1-14'), we obtain for the enthalpy 


i — a 


4 + a p 

1 + « p 


(III-1-16’) 


Mixture of diatomic gases. Since hydrogen and oxygen have 
similar molecular weights, the model of air as an additive mix¬ 
ture of diatomic gases may be regarded as justified to a degree. 
Here the difference between the characteristic temperatures of 
nitrogen and oxygen can be taken into consideration. 

Oxygen begins to dissociate at much lower temperatures than 
nitrogen, and its dissociation is complete when nitrogen is enter¬ 
ing the stage in which dissociation develops. 

If we take 3500°K as the initial temperature of N 2 dissocia¬ 
tion, the degree of dissociation of the diatomic air model will 
be determined at this temperature by the relative mass of oxygen 
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in the mixture, i.e., 0.235. 


For T > 3500°K, the degree of dissociation of the air model 


a == 0.235ao,i 


(III-1-17) 


where a„ is the degree of dissociation of pure oxygen. 

O2 

On completion of the dissociation of 0 2 at temperatures 
T > 3500°K, a = 1 and the degree of dissociation of the air 

o 


a = 0.235 -f- 0.765a Nl , (III-1-18) 


where a M is the degree of dissociation of pure nitrogen and O .765 
is the fraction by volume of N 2 in air. 

For fully dissociated air, a n = a„ =1 and, consequently, 

o-l. 2 2 

Thus, a simplified mass composition of undissociated air, 
76 . 5 % N 2 and 23 . 5 % 0 2 , is used in approximate calculation of the 
degree of dissociation and other variables (the 1% of inert gases 
are included arbitrarily in the atmospheric nitrogen). 

Along with Formulas (III-1-17) and (III-1-18), we can make 
use of an approximate method based on determination of effective 
values of the characteristic dissociation parameters of air in 
accordance with the mass fractions of nitrogen and oxygen. For 
example, the effective characteristic dissociation pressure 


Pa — 0.765 p d N2 + 0.235 p d 0l , 


(III-1-19) 


where p. . T * p. ^ are the characteristic dissociation pressures 
N 2 j ^d 0 2 • - 

of nitrogen and oxygen, respectively. 

Effective values of other characteristic parameters can be 
calculated in a similar manner. 

Effective values of p., u., and V, calculated for air in 

d d d 

this way are listed in Table III-l-l. 

Enthalpy of equilibrium dissociation. If air is regarded as 
a mixture of nitrogen and oxygen, the enthalpy of the mixture 
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(III-1-20 ) 


■ 


2 


Ip ~ C& 


ft—N, O 


2 ^ 

ft=N, O 


(hiC)o 2 + (*« c )n 2 


where the dissociation enthalpy of the k-th component is equal, 
according to (III-1-12), to i Rk = D k /(2m k T = u^ k • 

Values of i^ are given in Table III-l-l, and the concentra¬ 
tions on the diagram of Fig. III-1-2. For a diatomic model of 
the gas 


in = a u d = ai R , 


where a is the degree of dissociation of the gas model and u^ = 

= i^ is the characteristic dissociation energy of 1 gram-molecule 

of air. If we assume that all of the oxygen has dissociated be¬ 
fore the nitrogen begins to dissociate, the atomic concentration 
is governed only by decomposition of oxygen and, consequently, 
c = a = 0.235• 

Accordingly, 


in — 0.235 (ijs)o,* 


If conditions are such that the oxygen does not dissociate 
completely, then i^ < 0.235(1^)q and the concentration (mixture 

degree of dissociation) c = a < 0 . 235 * 

At high temperatures and low pressures, dissociation of 
nitrogen follows immediately upon that of the oxygen. The mix¬ 
ture dissociation enthalpy 


i R c = i R a — i D = 0.235 (i R ) 0i + (c — 0.235) (i R ) Nl . 


(III-1-21) 


For a rough estimate of i^, we can refer to tables or curves 

of the thermodynamic functions. In this case, the enthalpy i a 

is found from the temperature T and pressure jd with consideration 
of dissociation and i^ is determined as the difference 

Ip ~la ' ia=0» 
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where i is the enthalpy at the same temperature but without 
ex— o 

considering dissociation. 

For approximate calculations of the enthalpy, we can use the 
formula 


ia=o = c pa (f)V, 


in which the exponent cf> = 0.1 for T > 1000°K and the specific heat 

c is taken as 0.24 kcal/kg*deg for T = 273°K. 

P o 0 

Determination of the characteristic parameters of air as a 
model of a diatomic pure dissociating gas composing a mixture of 
N 2 and 0 2 gives rise to the peculiarity that the gaseous medium 
under consideration is, as it were, preheated in its initial 
(undissociated) state. A specific heats ratio k = 1.33 corre¬ 
sponds to this state with the vibrational energy levels excited. 

Strictly speaking, this medium is not real for ordinary 
flight conditions. Nevertheless, the relationships given above 
have practical uses. This is because passage through the shock 
wave that forms ahead of the body is a nonequilibrium process. 

In practice, it may be assumed that even at very high 
velocities and, consequently, high temperatures behind the shock, 
the dissociation immediately behind the wave is zero, although 
the vibrational levels are excited. Thus, the properties of the 
real and hypothetical gases agree behind the shock wave. 

Here the accuracy of calculations increases with increasing 
flight speed as the gas behind the shock is heated to very high 
temperatures. 

Relaxation Effects 


Nonequilibrium flows. The above methods for computing 
thermodynamic variables with consideration of physicochemical 
transformations reflect the assumed equilibrium nature of the 
processes. This hypothesis consists in conformity of the inter- 
nal-degree-of-freedom levels to the parameters characterizing the 
state of the gas. At comparatively low temperatures (low speeds), 
for example, equilibrium is established between temperature and 
the vibrational degree of freedom, and this corresponds to equi¬ 
librium between temperature and specific heat. At high tempera¬ 
tures (high speeds), when the gas dissociates, the equilibrium 
process is characterized by agreement between the degree of dis¬ 
sociation on the one hand, and temperature and pressure on the 
other. 
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Finally, at even higher temperatures (very high speeds), we 
may speak of equilibrium electron-level excitation and ionization 
processes. 

The corresponding internal degrees of freedom are also estab¬ 
lished instantaneously on a sudden change in temperature in equi¬ 
librium flow, in which case we can regard dissociation and ioniza¬ 
tion as manifestations of new degrees of freedom. Thus, there is 
no lag in establishment of the degrees of freedom in these cases, 
i.e., the time to arrive at equilibrium is zero. 

Practically equilibrium flow is observed in supersonic flow 
over bodies at > 4-5 under conditions corresponding to alti¬ 
tudes of 10-15 km or less. The explanation for this is that at 
the maximum temperatures that arise under these conditions — of 
the order of 1000-1500°K — most of the internal energy goes into 
translational and rotational degrees of freedom, which are estab¬ 
lished practically instantaneously on sudden temperature changes, 
since only a few molecular collisions are enough to establish 
equilibrium. For this reason, the translational and rotational 
degrees of freedom are usually known as " active ." 

With increasing speed and, consequently, increasing tempera¬ 
ture, much of the internal energy goes into vibrations, and then 
into dissociation, excitation of electronic levels, and ionization. 
The processes that actually unfold are such that these energy 
levels are established more slowly than the translational and 
rotational ones, since a substantially larger number of colli¬ 
sions is required. Hence the vibrational and dissociation degrees 
are sometimes known as " inert ." Thus, a lag in arrival at equilib¬ 
rium, known as relaxation , is inherent to the inert degrees. The 
time during which equilibrium is established, i.e., conformity is 
arrived at between temperature and energy level, is known as the 
relaxation time. 


Relaxation processes are determined by the degree of freedom 
excited. If vibrations arise on a sudden temperature change, the 
corresponding nonequilibrium process is called vibrati onal relaxa - /99 
tion . It is characterized by the lag of heat capacity on a tem¬ 
perature change. If the temperature rises, heat capacity in¬ 
creases as a result of the change In the molecular motion from 
translation and rotation to translation, rotation, and vibration. 

The time during which the vibrational motion comes to equilibrium 
is known as the vibr ational rel axation time .■ In a nonequilibrium 
dissociating gas, the change in degree of dissociation lags be¬ 
hind a sudden change in temperature. This is explained, in par¬ 
ticular, by the fact that the rate of formation of atoms exceeds 
the rate of their disappearance on a rapid temperature increase, 
i.e., the dissociation rate is higher than the recombination rate. 

From the energy standpoint, a relatively small number of colli¬ 
sions is required to cause dissociation. And the comparatively 
rare three-particle collisions are required to effect recombination. 
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With time, the rates of the forward and reverse reactions 
equalize. The time required to arrive at the equilibrium con¬ 
centration (or degree of dissociation) is known as the dissocla- 
tion relaxation time. 


At temperatures up to approximately 10,000°K, the vibra¬ 
tional and dissociation relaxation processes are basic. Relaxa¬ 
tion phenomena associated with excitation of molecular and atomic 
electron levels and with ionization can be disregarded, since a 
small fraction of the internal energy falls to these degrees at 
these temperatures. 

Nonequilibration has a substantial effect on various pro¬ 
cesses that accompany very-high-speed gas flows. For example, 
vibrational and dissociation relaxation changes the parameters 
of the gas on passage through shock waves and in flow over bodies, 
and this, in turn, influences processes of friction, heat trans¬ 
fer, and the pressure redistribution. 

Chemical reaction rate equation. Study of nonequilibrium 
flows consists in simultaneous investigation of the motion of 
the medium and the chemical processes, which take place at finite 
rates. Formally, this has its expression in addition of an equa¬ 
tion for the chemical-reaction rate to the usual system of gas- 
dynamic equations. 

To simplify, we can use the equation pertaining to a simple 
binary reaction of dissociation and recombination of a pure 
dissociating diatomic gas (III-1-9), in which the dissociation 
and recombination rates are unequal, so that there is a certain 
net rate of the chemical reaction. Equilibrium prevails when the 
rate of formation of new molecules as a result of recombination 
of atoms is equal to the rate of disappearance of molecules that 
dissociate into atoms. Thus, the true rate of the dissociation 
reaction 


da 

IT 


to — Tr, 


(III-1-22) 


where a is the present value of the degree of dissociation. 

To obtain general expressions for the dissociation and re¬ 
combination rates, it is necessary to apply relationships from 
chemical kinetics. 

Recombination of two atoms of A into an A 2 molecule on col¬ 
lision with a third particle B is expressed by the formula 
\ j-A + B—A, + B, where B is the particle carrying the recombina- 

tion energy and k^ is the recombination rate constant. This 
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constant is determined from the recombination-rate equation 




(III-1-23) 


The square brackets indicate concentration in mole/cm 3 units, /100 

and k D has the dimensions cm 6 /mole 2 *s. 
ri 


K* cm^/mol 



Figure III-1-9- Tem¬ 
perature Curve of Coef¬ 
ficient of Recombina¬ 
tion Rate in Air. 



Figure III-1-10. Curves 
of Relaxation Time at 
Atmospheric Pressure. 
1 ,2) experimental times 
of vibrational relaxa¬ 
tion of 0 2 and N 2 , re¬ 
spectively; 3-4) calcu¬ 
lated relaxation times 
for dissociation of 0 2 
and N 2 , respectively. 


For a binary mixture of atoms and molecules, the sum of the 
concentrations c jvj + g a * so 


[A] 


—A ; [A-.] ~ —- 

m \ 11 tn$i 


. (> (t 

2m a ’ 


IB) =-* IA) 


[Ai _p1 1 +Ta) (III-1-24) 

1 21 2m A 


where c A = a, c M = 1 - a. Introducing (III-1-24) into (III-1-23), 
we obtain a relation for the recombination rate: 


r R 


K - (l^r) 2 «)• 


(III-1-25) 


Let us consider a 
A 2 + B —> A 4- A + B, which 


simple scheme of the dissociation reaction, 
reflects the process of molecule decay 
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resulting from pairwise collisions. Here, k^ is the dissociation 

rate constant and B is the second particle participating in the 
pairwise collision with the molecule and transmitting the disso¬ 
ciation energy to it. 

In accordance with our scheme, the dissociation rate 


rD= (^)r = T^(l£:) 2 - (1_a2) - (III-1-26) 


Substituting (III-1-25) and (III-1-26) into (III-1-22), we 

get 

-^r = y (-“) 2 C 1 + «) [K P (i - a) - 2a 2 ], (III-1-22*) 


where K = k^/k,,. 

p D R 

For equilibrium processes, this quantity is defined as the 
thermodynamic equilibrium constant. With certain reservations, 
the constant also applies for nonequilibrium reactions. 

Remembering this and setting da/dt =0 in (111-1-22*), we 
find in the equilibrium case the value K p = 2a*/(l - a g ), where 

a g is the equilibrium degree of dissociation. Applying (III-1-10) 

we obtain 


K P 



tyd p—D/kT _ k D 

P ~ * 


Substituting this expression in (III-1-22*), we find 


where 


-jf = Cp P<i [(1 — a) e-'/r_ pa 2 ] t 


(III-1-27) 


C 



(1 + a) Pd- 


(III-1-28) 


As we see from (III-1-27), it is important to know the re¬ 
combination rate coefficient to investigate nonequilibrium flows. 
This is sufficient for determination of the dissociation rate, 
since the thermodynamic equilibrium constant can be used. 
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Figure III-1-9 shows averaged experimental values of the re¬ 
combination rate coefficient obtained for a pressure of approxi¬ 
mately one atmosphere. It is assumed that these values corre¬ 
spond to the lower-limit recombination rate. 

Relaxation time. Equation (III-1-27) can be modified 
slightly. For this purpose, we shall use the equilibrium-con¬ 
stant notion, which is useful for none_quilibrium and equilibrium 
flow conditions. Then the ratio e -1 /T/p can be replaced by 

a^/(l - a g ) which gives after substitution into (III-1-27) 

~ = a e -a, (III-1-27') 


where 


X 

vt^ ; 




(III-1-29) 


The parameter t^ is the relaxation time. Its determination 

is a major problem In the physics of relaxation processes. Cer¬ 
tain data on the dissociation relaxation time for oxygen and 
nitrogen have been obtained experimentally in shock tubes (Fig. 
III-1-10). 

Analysis shows that the calculated relaxation times for dis¬ 
sociation are approximately an order smaller than those for re¬ 
combination. Hence the recombination time is more reliable for 
use In evaluating relaxation effects, although a rough estimate 
can also be obtained from the time for the forward reaction. 

The same can be said of vibrational relaxation if we remem¬ 
ber that the relaxation time is smaller up to a given temperature 
in real processes than the time for the vibrations to damp in the 
reverse process beginning at the same temperature. 

To estimate relaxation time for recombination of oxygen or 
nitrogen, we may use the approximate expression 


t D = 7.7 • 10~ 7 


a (1 — 0.7a) 


(-?)*(?)*■ 


(III-1-30) 


where the 0 denotes the final values of the variables. 


and 


We see from (III-1-30) that the higher the initial density 
temperature, the faster is the reaction and, consequently, the 
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shorter the relaxation time. The same formula indicates a de¬ 
crease in tp with increasing pressure, which is confirmed by the 

curves of Fig. III-l-ll. We see that a three-order pressure in¬ 
crease causes an approximately tenfold decrease in relaxation 
time (the pressure p is referred on the diagram to the sea-level 
atmospheric pressure p^ ) . Studies have shown that the relaxation 

times for dissociation in air are smaller than those in pure 
nitrogen or oxygen. 

Equilibrium processes. Equilibrium flows have been studied 
more thoroughly than nonequilibrium flows in both their qualita¬ 
tive and quantitative aspects. 

Because of the dissimilar relaxation times for different 
excitation levels, equilibrium may be established in a given 
flow region in some degrees of freedom while relaxation phenomena 
are observed in others. 

As approximate model of the process can be constructed around 
the assumption that equilibrium is reached progressively through 
the degrees of freedom, i.e., if one degree of freedom is estab¬ 
lishing equilibrium, all "lower" degrees of freedom are fully ex¬ 
cited and the "higher" degrees are not excited at all. 

The sequence of equilibrium with rising temperature can be 
represented in the following order of degrees of freedom: trans¬ 
lational, rotational and vibrational degrees, dissociation, elec¬ 
tron-level excitation, and ionization. In examining, for example, 
the range of establishment of vibrational equilibrium, the first 
two degrees of freedom may be considered fully excited and all 
subsequent degrees as not-excited. 

This scheme is not applicable to 
certain gases, e.g., nitrogen at high 
temperatures, since ionization begins 
before dissociation has gone to comple¬ 
tion. This is explained by the fact 
that the dissociation and ionization 
energies of nitrogen differ by a factor 
of only one and a half. 

A similar effect is observed in air 
at comparatively moderate temperatures. 

We see from Fig. III-l-ll that at tem¬ 
peratures above 3200°K, the relaxation 
time for the dissociation of oxygen is 
shorter than that for establishment of 
vibrations in nitrogen. Consequently, 
equilibrium will be reached in dissocia¬ 
tion of oxygen before vibrations are 
set up in nitrogen. 


’ s 



Figure III-l-ll. Re¬ 
laxation Time for 
Dissociation of 
Oxygen. 
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Diffusion Effects in the^ Bou ndary Layer 

Diffusive mass flow and heat transfer. In study of phenomena 
associated with high-speed flow over bodies, it is necessary to 
deal with nonuniform heating, which results in a three-dimensional 
distribution of both gas temperature and gas composition. The 
temperature gradients that appear give rise to a heat flow by 
molecular conduction. And the variable concentration of atoms 
from dissociated molecules results in transfer of energy by dif¬ 
fusion of atoms, which liberate heat on recombining into mole¬ 
cules. The heat flow to the surface is shaped from these basic 
components. 

As they transfer enthalpy, the diffusing components of the 
gas act, in a manner of speaking, as sources of an energy flow 
that may even exceed the conduction flow under certain condi¬ 
tions . 

The heat flow that arises on recombination of diffusing atoms 
of some component of the air 


q d = Qi R , (III-1-31) 

where Q is the diffusive mass flow and i R is the heat of recombi¬ 
nation of the atoms into molecules, which is obviously equal to 
the heat of dissociation of the air-component molecules. 

Below we shall consider a simple binary mixture of atoms and 
molecules characterized by a binary diffusion coefficient D [m 2 /s]. 

Assuming that c_ [kg/kg] signifies the mass concentration of 
the atomic component, we can determine its diffusive flow across 
the boundary layer 


Q 



(III-1-32) 


Influence of reaction rate in gaseous medium. Diffusive heat 
transfer depends on the rate of the boundary-layer reactions. In 
the general case, which is characterized by finite rate values, 
recombination takes place in part in the gaseous medium itself, 
while the remaining atoms diffuse toward the wall. Thus, heat is 
liberated not only in the interior of the boundary layer, but also 
at the surface of the body. 

Investigation of two extreme cases is important for analysis /103 
of this process. The first is characterized by an infinite 
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recombination rate, so that thermodynamic equilibrium is estab¬ 
lished at each point in the flow and there is no diffusion of 
mass toward the wall. The chemical reaction and, consequently, 
the evolution of heat take place in the boundary layer itself. 
Here the diffusive heat transfer is governed by the equilibrium- 
concentration profile. 

In practical cases, flow conditions similar to this hypo¬ 
thetical "equilibrium ,, boundary layer will occur when the diffu¬ 
sion rate is negligibly small by comparison with the dissociation 
and recombination rates (and, in the case of ionization, also by 
comparison with the rate of the electronic reactions). 

In the second extreme case, recombination takes place in¬ 
finitely slowly, i.e., chemical reactions do not occur. Conse¬ 
quently, despite the fact that the atoms do diffuse, there is 
no recombination and no energy is released in the boundary layer. 
In practice, this may occur in a flow if the chemical reaction 
time is great by comparison with the characteristic time of par¬ 
ticle motion. Such flows are said to be " frozen ." 

In a frozen flow, the atoms formed on dissociation diffuse 
toward the cold wall, where they subsequently recombine. The 
energy liberated here depends on the catalytic properties of the 
wall, which manifest in various catalytic-recombination rates. 

Recombination at the wall. In the general case, the cata¬ 
lytic effect of the wall is characterized by a finite.catalytic 
recombination reaction rate. The properties of the wall as a 
catalyst are manifested most strongly In the extreme theoretical 
case of Infinitely rapid recombination. In the other extreme case, 
in which the rate is vanishingly small, the wall is noncatalytic. 
In the general case of a finite rate, the heat liberated at the 
wall is determined by the steady-state mass flow 


Q. 


wl 


k wl^ c wl p wl) 


m 


(III-1-33) 


where k wl is the rate constant of the catalytic reaction at the 

wall and m is an exponent that takes account of the nature of the 
catalytic reaction (1 <_ m £ 2). In the particular and simplest 
case of a first-order reaction, we may set m = 1. 

According to the law of conservation of mass (disregarding 
thermal diffusion) 


Q. 


wl 


p wi D w i ( 3 o/:) y ) wi' 


(III-1-33') 
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It follows from (111-1-33) that In the extreme case of dif¬ 
fusion corresponding to an infinite recombination rate (k ^ ^ °°), 

atoms reach the wall even when the concentration at the wall is 
zero (c ^ =0). In the case of a noncatalytic wall (k wl = 0), 

atom flow is zero, since concentration is always finite. Conse¬ 
quently, the heat flow due to diffusion is zero. In the first ex¬ 
treme case, catalysis takes place at infinitely high speed, while 
in the second, it is infinitesimally slow. 

Existence conditions for equilibrium and "frozen" flow. 

These conditions are determined, on the one hand, by the average 
time t difl for diffusion of atoms to the wall and, on the other, 

by the mean lifetime t , of these atoms. If t..„ is substan- 

chm dif 

tially larger than t ^ , the chemical reaction will take place 

before the atom reaches the wall, and local thermodynamic equili¬ 
brium will appear in the boundary_layer. Thus, the existence 
condition of equilibrium will be t dif - >:> The 

relative time t dlf is known as the recomb ination rate parameter . 

For small diffusion times (t^^ << 1), the reaction takes 

place so slowly that for all practical purposes recombination be¬ 
gins only at the wall and, consequently, the gas flow is frozen. 

The diffusion time t,.„ can be calculated as the time for 

dif 

motion of particles through the boundary layer to the wall. As 
for the lifetime of the atom, difficulties arise in its evalua¬ 
tion owing to our inadequate knowledge of the chemical recombina¬ 
tion processes. In approximation, t c ^ m can be determined by For¬ 
mula (III-1-30), in which the variables T 0 and p 0 are determined 
for the undissociated medium and T and p for the gas dissociating 
in equilibrium at the outer limit of the boundary layer. At the 
same time, the following expression can be used to calculate the 
relative diffusion time: 


'dif 


= Mp:> : 


(t;)' 


5 r; 2 x~ i , 


(111-1-34) 


where R 0 is the universal gas constant, pj and TJ are the vari¬ 
ables of the gas at the point of total stagnation of the body, 

X is the velocity gradient at this point (it will be defined be¬ 
low), and kj is the recombination rate constant. 

Very few data are available on the recombination rate con¬ 
stant . 
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It is known, for example, that the product k : T 1,5 = 5*10 4 
cm 6 /mole 2 *s for the recombination of oxygen at T = 300°K. 

The dimensionless variable is a similarity criterion 

for processes that are characterized by recombination rate and 
by the time for an atom to diffuse through the boundary layer. 

Formula (111-1-34) indicates that frozen flows exist at high 
altitudes and low speeds. Here, it appears that freezing may be 
delayed by the increase in recombination rates that accompanies 
the climb. 

Up to this point, we have been considering cases in which 
the gas is in thermodynamic equilibrium at the outer limit of 
the boundary layer. In a rarefied atmosphere, however, the long 
dissociation-relaxation times may make it impossible for a par¬ 
ticle to reach equilibrium in its approach to the layer boundary. 
This complicates the analysis. The investigation can be simpli¬ 
fied by assuming that dissociation will be inhibited at low den¬ 
sity and moderate speeds and, consequently, the conditions of 
"frozen" flow will appear. 

In this case, we can delay the increase in heat flow by us¬ 
ing a wall made from noncatalytic materials. A certain rise in 
heat flow will occur owing to transfer of energy by molecules 
that have not managed to dissociate. 

Criterion of the catalytic process. For this criterion, we 
use the so-called recombination (or catalytic) capacity y = N^/N, 

where N is the total number of atoms striking a unit area per 
unit time and is the fraction of recombining atoms. 

According to (III-1-33), the number of atoms = Q wl / m A = 

= k c p -,/m„ at m = 1. The total number of atoms N = 
wl wl H wl A_ , 

= P A (2™ A kT Ki r' /2 . Since p A = n A kT wl and c w1 p w1 - n A m A , the re- 
combination capacity 


V- 


A> 

A' 




(III-1-35) 


Figure III-1-12 presents experimental values of the cata¬ 
lytic capacities of a number of materials. Lines of constant k wl 

are plotted on the same diagram. Study of oxygen recombination 
has shown that the catalytic capacities of the materials studied 
are so low that they can be used as coatings to reduce heat 
transfer. Here, glass is highly effective, while the chlorides 
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are less so owing to the stronger temperature dependence of their 
catalytic capacities. 

Recombination of atomic 
nitrogen has been studied at 
various metallic and non- 
metallic surfaces. It has 
been found that most metals 
have a strong catalytic ac¬ 
tion on atomic nitrogen. Non- 
metallic materials have the 
opposite effect, and nitrogen 
shows little capacity to re¬ 
combine. For example, meas¬ 
ured at a nitrogen partial 
pressure of 10 * atm on glass, 
y = 3*10 5 . 

Studies of the recombina¬ 
tion of pure nitrogen and oxy¬ 
gen are of great practical im¬ 
portance, since they enable us 
to estimate expected catalytic effects in study of heat transfer 
in air. It may be assumed here that recombination of the air mix¬ 
ture is accelerated by intermediate reactions between oxygen and 
nitrogen, so that the total catalytic capacity and, consequently, 
heat transfer are increased. 

§111-2. THE SYSTEM OF FUNDAMENTAL EQUATIONS 

The problem of flow past a body contains a number of unknowns. 
If we take the four unknowns velocity, pressure, density, and 
temperature as basic, it is necessary to have a system of four 
independent equations (one vector and three scalar) to find them. 

Here it is often found helpful to go from this number of 
unknowns to a larger number, with the attendant increase in the 
number of system equations. Thus, for example, instead of total 
velocity, its components in the coordinate system most convenient 
for solution of the particular problem are usually found. In the 
general case, there will be three such components and, conse¬ 
quently, the number of equations in the system will increase to 
six. The number of equations is increased by writing three equa¬ 
tions in the projections onto the corresponding axes instead of 
the single equation of motion in vector form. 

Along with the basic unknowns, other parameters usually ap¬ 
pear in the equations — such as frictional stress, enthalpy, en¬ 
tropy, specific heat, the speed of sound, heat flow, and others. 
Then the equation system is complemented by appropriate equations 
linking these new unknowns with one another. 


T„1.’K 



Figure III-1-12. Catalytic 
Capacities of Certain Mate¬ 
rials . 


129 


III 111 I I 


The resulting equation system reflects the most important 
laws of gas flows in their most general form. Their derivation 
is based on a set of premises that define the physical scheme 
of the particular flow. 

Schematization of the flow and the processes taking place 
in it is the basis for any aerodynamic problem, since it enables 
us to obtain maximum simplicity in the equations and use a more 
or less complex scheme in accordance with the nature of the' flow 
itself. 

One of these physical schemes is based on the Prandtl theory, 
in which the flow past a body is regarded as inviscid (free 
stream) outside a thin boundary layer and viscid inside it. This 
scheme makes it possible to simplify the equations used to study 
the phenomena in both parts of the flow. 

Thus, in examining particular cases of motion, we can sim¬ 
plify the equations describing these flows. 

Below we shall consider the system of equations in its most 
general form and cite particular cases corresponding to free flow 
and flow in a boundary layer. Equations reflecting various 
specific peculiarities (physical schemes) of real flows will be 
given in each of the particular cases. 

Equation of Motion 

General form of the equation of motion. Let us examine the 
first equation of the system, namely the equation of motion of a 



Figure III-2-1. Illustrating Derivation of Equation of 
Motion of a Gas. t is the volume of the gas and S is 
its surface area. The mass of gas in volume t is 

<T> 
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liquid particle. It is derived from the d'Alembert principle. 
Applying this principle to a liquid particle in the form of an 
elementary parallelepiped (Pig. III-2-1) and leaving mass forces 
out of account, we can obtain the equation of motion in vector 
form [14]: 


dV 

-_L| 

( dp x 

dp u 

dt 

P 1 

l Ox 

r *V 


(III-2-1) 


the 


The surface-force 
form 


vectors p , p . 

i'yJ 


P z can be represented in 


Ph 1=1 PkxU + Phyiz + Pkzht 


(III-2-2) 


where P kx , P k y, P kz are the projections of these vectors onto the 

x-, , and z-axes, with k taking the successive values x, y_, z_ 

and ij, i 2 , i 3 are the unit vectors on the corresponding axes. 

The velocity vector 


^ Vxii + Vuh J r Vih, 


where V , V , V are the projections of this vector onto the coor- 

a y ^ 

dinate axes. 

Prom (III-2-1) in vector form, we can convert to the Navier- 
Stokes equations: 


~7^ + T^( divF ) + vAK !/’ ' 

dt -+ ( divF ) !- vAK ~ 


dt 

dV v 

dt 

dV, 


(III-2-1' ) 


where 


dVx 

dt 


dV x 


dt 


div V 

_ dV x 

dV„ 

, 0V Z 

dx 

1 dy 

^ dz ’ 

AV X = 

d*V x 

. , 

, d*V x 

X 

dx 2 

^ dy* 

^ dz * ’ 

. 4- V ■ 

1 <i> 

V dV x 

, v dV, 

T r x' 

dx 1 

Vv dy 

+ V *-dI 


etc 
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These equations for Prandtl’s physical scheme of the bound¬ 
ary layer transform to the so-called Prandtl equations for the 
boundary layer and, outside it, to the Euler equations for an 
inviscid (ideal) gas. 

Equations of motion of an ideal medium. A broad class of 
problems involves calculation of the flow-variable distribution 
around various bodies in flows of inviscid (ideal) gases. The 
equation of motion of the ideal gas can be obtained from 
(III-2-1*) by dropping the terms on the right that take account 
of viscosity. As a result, we find 


^-=-lgradp, (III-2-3) 


where the pressure gradient 


gradp = ^-i 1 + -g-F 2 + -g-i3- (III-2-4) 


This is the Euler equation . Applying (111-2-4) for the pres¬ 
sure gradient in Cartesian coordinates, the Euler equation can be 
written in expanded form: 


dV x 

dt 

\-V*^t+ v v 

dVx 

dy 

11 

N 

4- 

1 

p 

a P . 
dx ’ 

dV y 

, v dVy ' V 

av y 

, F 

1 

dp . 

dt 


dy 

r v * dz ~ 

p 

dy ’ 

dV z 

1 y dV * | v 

dV z 

i_ v dVz — 

1 

dp 

dt 

f V * dx ^ Vy 

dy 

r V1 dz 

p 

dz 


(III-2-5) 


These equations are used to study spatial (three-dimensional) 
nonsteady flows over bodies. Solving them, we obtain the distri¬ 
bution of the so-called inviscid gasdynamic variables. 

In study of two-dimensional nonsteady flow (for example, in 
flow past profiles), two equations of System (III-2-5) must be 
used. If the motion is steady, the partial derivatives with re¬ 
spect to time are zero. 

In investigation of flow over solids of revolution, it is 
convenient to use the Euler equation in cylindrical and spherical 
coordinates. 

If x, r, and y are the cylindrical coordinates (Fig. 

III-2-2), then the pressure gradient 
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jrad p ■ 


°P 7 4 - °P 7 _u 1 d P 7 


Then, denoting the velocity components in cylindrical coor¬ 
dinates by V , V , V , we obtain the equation of motion (III-2-3) 
x r y 

in projections onto the coordinate axes in the form 



dV x 


ov x 

4- V 

dV x 

+ Il 

dV x 

i 

d P . 


dt 

“T v x 

dx 

V ' T 

dr 

+ r 

dy 

p 

dx ’ 

dV T 

4- V 

»r . 

„ v . 

dV T 

Xl 

av r 

1 

1 ^ 

:i 

i 

d P . 

dt 

^ v X 

dx 

y r 

dr • 

r 

dy 

r 

p 

dr ’ 


dVy , T7 dVy t T/ dVy , Vy dV y , _1 dp 

~dt *” * dx 1 r dr *" r dy ' r pr dy 


(III-2-6) 



Figure III-2-2. Components of 
Local Flow Velocity in Cylin¬ 
drical Coordinates. 




Figure III-2-3. Illustrating 
Derivation of Equations of Mo¬ 
tion and Continuity for Gas 
Flows Behind a Cylindrical 
Shock Wave. 


These equations are used 
to investigate nonsteady flow 
past solids of revolution of 
arbitrary shape under an angle 
of attack (unsymmetrical flow). 

The system will be simpli¬ 
fied for axisymmetric flow, 
when the angle of attack is zero 
(spatial two-dimensional flow), 
since the derivatives with re¬ 
spect to y and the component 
V will drop out. 

A particular form of the 
equation of motion correspond¬ 
ing to purely radial flow fol¬ 
lows from (III-2-6): 


av r 

dt 



-g- , (III-2-7) 


and is used to investigate non¬ 
steady motion of a gas behind a 
cylindrical shock wave 1. This 
wave forms on expansion of pis¬ 
ton 2, which may be regarded as 
a kind of impermeable moving 
surface (Fig. III-2-3). It 
will be shown below that an 
analogy exists between high- 
velocity flow past a solid of 
revolution and the flow of a 
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gas when it is displaced by the piston; it is used in solving 
problems in supersonic aerodynamics. 


Let us now consider the equation of motion in the spherical 
coordinates r, 0, ip (Fig. III-2-4), as it is used, for example, 
to investigate supersonic flow past cones. To obtain this equa¬ 
tion, we write an expression for the pressure gradient in spheri¬ 
cal coordinates: 


grad p = 


Up r . 1 dp - . _1 dp r 

Or lt ‘ r 00 rsinW dip l3 ' 


Denoting further by , V Q , the velocity components on the 

respective axes of our coordinate system, we obtain (III-2-3) in 
expanded form: 
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(III-2-8) 



In symmetrical flow, the 
flow parameters are independent 
of the variable 'P; hence the ^ 
derivatives and the component V 

drop out of (III-2-8). 




Together with the systems 
considered above, the normal (or 
natural) coordinate system (Fig. 
III-2-5) is commonly encountered. 
In the case of plane flow or 
with axial symmetry of the flow, 
one of the axes of this system 
coincides with the tangent to 
the streamline arc s_, and the 

other along the normal n to the streamline at the particular 
point. The equations of motion in the axes of the normal system 
can be obtained by applying (III-2-3) and replacing the pressure 
gradient by 


Figure 111-2-4. Local Flow 
Velocity Components in 
Spherical Coordinates. 
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gradp=jg-r i + -|£- | 2l 


and the total-acceleration vector by 


where the tangential component of acceleration VL = V (dV /ds) In 

S SS 

steady-state motion and the normal component W = V*(d3/ds), where 

n s 

3 Is the Inclination angle of the streamline. Consequently, the 
equations of motion will take the form 

v dV, _ 1 dp . 1 

’ 1 (III-2-9) 

_ 1 OP | 

^*~5T- ~p dn ' > 


A curvilinear coordinate system is usually employed in bound¬ 
ary-layer theory. It has also been found convenient to use the 
same system to study flow in a thin layer of inviscid gas between 
a shock wave and a curved surface at very high flight speeds. 

The position of an arbitrary point M in this system (Fig. III-2-6) 
is determined by the distances along the normal to the surface 
and x along the generatrix. 



Figure III-2-5. Nor¬ 
mal (Natural) Coordi¬ 
nate System. 1) 
streamline. 



Figure III-2-6. Curvi¬ 
linear Coordinate 
System. 
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Figure III-2-7. Illustrating Derivation of 
Equation of Motion of Gas in Boundary Layer. 


In steady flow past a flat contour or symmetrical flow past 
a solid of revolution, the equations of motion are 


v x dV x v dV x 
14- ylR dx y dy 


Vx dV « , T 7 

1 -,-ylR dx ' v dy 


V x V v 

R-\-y 

n 

R + y * 


1 1 dp . 

i-\-y/R p dx ’ 

1 dp 
~p~dy ' 


(III-2-10) 


where R is the radius of curvature of the contour. 

Equation of motion in the boundary layer. Figure III-2-6 
shows a diagram illustrating derivation of the generalized equa¬ 
tion of motion for the two-dimensional spatial axisymmetric and 
plane boundary layers. An important condition on which the 
derivation rests consists in a small thickness 5 of the boundary 
layer by comparison with the linear dimensions of the body (if 
the characteristic linear dimension is L, the small-5 condition 
will be 6/L << 1). Here 9p/3y = 0, i.e., pressure does not 
change inside the boundary layer at various points along the nor¬ 
mal to the contour of the body and is equal to the pressure at 
the boundary of the layer. Owing to the small thickness, of the 
boundary layer, we can also disregard the Coriolis acceleration. 
Then the equation of motion in the layer will be 


v dV± , v 0 V X _^ t dp _L d(r'T) 

V x dx 1 v dy p dx ^ r e p dy ’ 


(III-2-11) 


where e = 0 if the boundary layer is plane and. e = 1 if it is axi¬ 
symmetric . 
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This equation is suitable for investigation of both laminar 
and turbulent boundary layers in which the parameters characteriz¬ 
ing flow in the layer are assumed to be averaged and pulsation 
values of the parameters are excluded. Accordingly, V x , , p, 

and in (III-2-11) must be taken averaged and the frictional 
stress must be determined from the expression t = (y + u^)(9V x /8y). 

In this expression, y^ is the coefficient of turbulent viscosity 

(in distinction from y, the coefficient of ordinary molecular 
viscosity in a laminar boundary layer). 

In the laminary boundary layer, y^_ = 0, the frictional stress 
t = y x (9V /3y), and the equation of motion is rewritten 




p dx r r e p dy dy ) 


(III-2-12) 


For the general case, when the gas undergoes physicochemical 
transformations, the coefficient y varies across the boundary 
layer. When there are no such transformations or they are negli¬ 
gible, we can assume y = const. Equations (III-2-11) and 
(III-2-12), from which the radius r must be excluded, are used 
to study the boundary layer about a plane contour. 


Continuity Equation 

Forms of the continuity equation. This equation is one of 
the fundamental equations of aerodynamics and Is used together 
with the equation of motion to investigate flow past bodies. 


In mathematical form, it reflects the condition that if a 
gas passes through a certain fixed volume x without forming 


vacuums or discontinuities, the total mass of gas 


§ p (Vn) dS. pass¬ 


es) 

ing per unit time across the surface S.that bounds this volume 
is equal to the change In per-second mass in this volume — 

^dp'dfcfr- (n is the outer normal to the surface). Accordingly, we 

(t) 

obtain the equation 


-J-- f -div(pF)=0. 


(III-2-13) 


which is known as the continuity equation . A full derivation 
will be found in [2]. Factoring out the expression in (III-2-13) 


137 



for div (pV) = 3(pV )/3x + 3(pV )/3y + 3(pV )/3z, we obtain: 

x y z 


a U>r*) , 0 W , <?{p>L) _ 0 

fit ' c • dy dz 


(111-2-14) 


or, remembering that dp/dt = 3p/3t + V x (3p/3x) + V (3p/3y) + 
+ V (3p/3z), we have 

Z 


~ -j-pdiv F —0. 


To obtain the continuity equation in cylindrical coordi¬ 
nates, we use the expression 


«liv V ~ 


Ox 


Wr , 1 dV V , V r 
Or 1 r Of r • 


Then the continuity equation 


0£_ , i> ( prV x ) 3 (ph' r ) 0 (pr\\) _ 
ot ' Ox ' dr ‘ r dy 


(III-2-15) 


From it follows the particular form 


fp_ , d (P^r) _ A 

Ot ' Or 


(III-2-16) 


This equation is used to investigate nonsteady flow of a gas 
behind a cylindrical wave (see Fig. III-2-3). 

Let us present the continuity equation in spherical coordi¬ 
nates. For this purpose, we use the expression for the divergence 

j• , t7 __1_ d (r 2 V r ) , 1 d (sin 6F e ) 1 

r 2 dr ^ rsin© 50 T" r sin 0 5i}5 * 


After substituting this expression in (III-2-13), we obtain 


r j5p , ± d(pr*V r ) 1 d (pF e sin 0) i 0 (pV^) 
Ot r dr ' sin 0 50 ^ sin 0 5iJ> 


(III-2-17) 
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The equations of continuity for plane and axisymmetric flows 
are obtained from (111-2-14) and (III-2-15), respectively: 


3p , d(py*V x ) 
y — Tx — 


d (p y*Vy) 

dy 


= 0 , 


(III-2-18) 


where e = 0 for plane flow and e = 1 for spatial two-dimensional 
flow (y = r, V y = V r ). 

The continuity equation of a spatial two-dimensional flow 
in spherical coordinates is obtained from (III-2-17) by dropping 
the fourth term in the left member. 

The continuity equation for steady flow in the normal coor¬ 
dinate system (see Fig. III-2-5) is obtained as the condition for 
conservation of flow rate in flow of a gas between two closely 
spaced stream surfaces (spatial two-dimensional flow) or stream¬ 
lines (plane two-dimensional flow). 

The continuity equation 


dp , dlnp , d\nV, , sinfl _ n 
dn ' ds ' dt + v ® — u 


(III-2-19) 


where e = 0 for the plane flow and e = 1 for the spatial flow. 

If we consider the curvilinear coordinate system (see Fig. 
III-2-6), 


a(pr e r«) , 0\pr z V u (U-ylR)) 
dx ' dy 


(III-2-20 ) 


In boundary-layer investigations, this equation can be sim¬ 
plified if we remember that the layer is thin. Dropping y/R as 
small compared to unity, we find 


d(pr e V x ) a(pr%) 
dx ‘ dy 


(III-2-21) 


Transformation of the continuity equation. In practice, 
frequent use is made of an equation derived from the continuity 
equation by eliminating density from it with the aid of the equa¬ 
tion of motion. Any coordinate system may be used here. 
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If we examine potential nonsteady flow in Cartesian coordi¬ 
nates, the transformed continuity equation will be an equation in 
Cartesian coordinates for the velocity potential <j> [14]: 




a 2 


Vxrf'x'h 

2 2 2 
w < Pi/2 c f y*!2 ~ -^2 'iy^yt ~—2 Cf*fp xt — 

2 1 ft 

a 2 fl 2 <Ptt—0, 


(III-2-22) 


where the derivatives <p* = dyldx, tp** = d 2 (p/dx*, qp xt = d 2 q/dxdt, y tt — d^/di* etc. 

The analogous equation for the potential cj> in cylindrical 
coordinates takes the form 
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0. (III-2-23) 


An equation used to investigate two-dimensional nonsteady 
potential flow (plane or spatial) derives from (III-2-22): 
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(III-2-24) 


-0. 


All terms containing partial time derivatives are excluded 
from the equations in investigation of steady flow. 

Steady spatial potential flow can be studied with an equa¬ 
tion for the velocity potential in spherical coordinates: 


(i-g.) T „ + ( i _jg r )s f+ ( 1 __ 5 _a_ r ) 
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(III-2-25) 


For spatial two-dimensional flow (III-2-25) is simplified in 
virtue of the fact that the \p derivatives are zero. 
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The equations given for the velocity potential are funda¬ 
mental in the aerodynamics of isentropic (irrotational) flows, a 
distinctive property of which is constancy of entropy over the 
entire region of the flow. 

If we disregard the influence of viscosity, disturbed sub¬ 
sonic flow past a body has this property. Supersonic disturbed 
flow will also be isentropic if it occurs behind a normal com¬ 
pression shock, since the entropy behind it is everywhere the 
same. 


In the case of smaller M^, the flow behind a curvilinear 
shock actually differs little from isentropic; we may therefore 
use the velocity-potential equation to study it. Solution of 
this equation gives better results as the body in the flow be¬ 
comes more slender. 

At large M^, supersonic flow depends substantially on the 
vortical nature of gas motion behind a curvilinear compression 
shock; in investigating it, therefore, we should proceed from a 
continuity equation transformed with the aid of the general-form 
equation of motion. 

We indicate the form of this equation for the various coor¬ 
dinate systems, with a view to the case of steady two-dimensional 
flow. 


Cartesian and cylindrical coordinates: 


(‘- 3 ) {£+??)+(* 


»v x 


v x v, 


dV x U <>V 


V* \ 

J) 


ov„ 


dy 


+ 8-^ = 0. 
y 


(III-2-26) 


Spherical coordinates: 
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Normal (natural) coordinates: 


dn 




(III-2-2 8) 


Linearization of the equations. The differential equations 
given above are nonlinear and pertain to the general case of dis¬ 
turbed gas flow, whose parameters may differ substantially from 
the corresponding parameters of the undisturbed flow. In problems 
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of flow past bodies, these equations are used to study disturbed 
flow when the shapes of the bodies are arbitrary and flow takes 
place at an arbitrary angle of attack. 

In many cases that are of practical interest, the bodies are 
slender and the attack angles small; hence the disturbed flow 
past such bodies differs little from the undisturbed flow. The 
differential equations can be linearized for weakly disturbed 
flow. 


In accordance with the definition of the weakly disturbed or 
linearized flow, its parameters can be expressed in the form 

i 

V = V„ + V', a = a x + a'; p = Poo + p'-, p = p 30 -fp'; S = S m + S\ (III-2-29) 


where the subscript 00 identifies undisturbed-flow parameters and 
the prime small increment parameters that appear as a result of 
the disturbance. 

It follows from the expression S = + S' that the linear¬ 

ized flow is characterized by a new entropy. However, research 
has shown that the increment S' is so small that it may be dis¬ 
regarded, so that the linearized flow can be regarded as isen- 
tropic. This implies that the curvilinear compression shock de¬ 
generates into a disturbance wave of infinitesimal intensity in 
front of a slender tapered body. 

The linearized flow may be characterized by the potential 
function <p-<p»-j-(|)', which is composed of the potential (p^ of the 
undisturbed flow and an additional potential $' of the disturbed 
flow (disturbance potential), which is a small quantity. 

The linearized equations obtained by transforming (III-2-22) 
and (III-2-23) with application of (III-2-29) and the expression 
for <P ~ -!- <p' have the form [ 51 ]: 


(1 


(1 —Ml)<f 

- M L>) *fxx ~r t r 


xx 1 yy "1 f fzz 
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, . <P tt n . 

•9xi— 


2Mo 


ft, n 


(III-2-30) 

(III-2-31) 


As a result of simplifying (111-2-24) with exclusion of the 
time derivatives, we obtain a linearized equation for steady two- 
dimensional (plane or spatial) flow: 

( 1 _ ML,) 0. (III-2-32 ) 
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Equation for the stream function. It is more convenient to 
use equations transformed to the variable ip , which is known as 
the stream function , instead of ( 111 - 2 - 26 ) or (III-2-27) to in¬ 
vestigate nonisentropic flows. 

To transform (III-2-26), we use the relations 


dtp 

dx 


zy p. JL; 

y J Po »!/ Po 


and for (III-2-27) 


dtp 

dQ 


— rW r sin 0 — ; 

Po 


-g- = r 2 F 0 sin 0 


P 

Po ’ 


(III-2-33) 


(111-2-34) 


where p 0 is the density at full isentropic stagnation. 


Below, we shall use (III-2-26), transformed to the stream 
function \p, to investigate bodies in supersonic flow. The form 
of this equation is [58] 


(l—3-) »«+ (i—£) ’t„-£r x r,'p„-r x (i-v’) 

h-i 

=y 2£ (l-%)p-v*) h+l fWU 


v*. 


i 

ft-1 


e = 

(HI-2-35) 


where the derivatives ip xx = d-tp,’dx 2 , \p xy = d-\p 'dx dy, t$ vy = d 2 tp/dy 2 , F=F/F„, ai 

(V is the maximum velocity): the function 
max J ’ 


/(*) = 


1 dpp __1_ ( dV ’J 

po ^ y e \ dx 


^)(1-F 2 ) ft ->. 


( 111 - 2 - 36 ) 


Here p 0 is the pressure at full isentropic stagnation. 

If the stagnation'pressure does not vary along the shock, 
then dp 0 /dif) = 0 and, consequently, /(^) = 0. In this case (III-2-35) 
defines the stream function for potential (isentropic) flow. 

In the region behind a curvilinear compression shock, the 
stagnation pressure changes when we pass from one streamline to 
another, and, understandably, /(rlOv^O. Consequently, (III-2-35) 
describes nonisentropic (vortical) flow. 
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Since the variation of stagnation pressure across stream¬ 
lines is governed by the variation of the entropy S, (III-2-35) 
can be brought to a form that contains the entropy by use of the 
equation 


1 dpo _ k dS 

PO cty ~ (A-— 1) Cp d\p ‘ 


(III-2-37) 


The Diffusion Equation 

Diffusion processes taking place in the boundary layer depend 
on the concentration distribution of the mixture components. One 
of the relationships that determines this distribution is the dif¬ 
fusion equation. 

Like the continuity equation, it is also a mass-conservation 
equation, this time embodying the condition of conservation of 
the diffusing mixture component. 

Let us assume that no chemical reactions take place and, 
consequently, that the rate of formation of atoms or mole¬ 
cules by dissociation or recombination is zero. Then, disre¬ 
garding the diffusive flow in the direction of the x-axis and 
thermal diffusion, we can derive the continuity equation for the 
i-th mixture component (the diffusion equation) from Eq. (III-2-21) 

by replacing pr e V by pr e V c., and pr £ V by pr e V c. — Q., where 

x xi y y i i 

is the diffusion flow across the boundary layer. If, on the 

other hand, chemical reactions do take place in the gas and are 
accompanied by the formation of new particles or the disappear¬ 
ance of old ones, a term r e W^ appears in the right member of the 

resulting equation to take account of the additional flow of the 
component. Thus, the i-th_ component diffusion equation will be 


d (p'-hVi) 
dx 


d (pr*K,,c ; ) 

~ dy 



(111-2-38) 


where the diffusion coefficient D is assumed to be the same for 
each pair of diffusing components of the binary mixture. 

Equation (111-2-38) is simplified if the composition of the 
gas is "frozen" and, consequently, no chemical reactions take 
place in it. In this case, we must assume VL = 0. 

We can convert from concentration to the degree of dissocia¬ 
tion a of the binary mixture in the diffusion equation. For this 
purpose, we use the relationships c^ = a, c M = 1 — a. For example. 
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the continuity equation for an atomic component is 


0X 


d (pr e V v a) 
dy 


d 


dy 



da \ _i 

dy ) ' 


r*W A . 


( 111 - 2 - 38 *) 


The above equations may refer to either laminar or turbu¬ 
lent boundary layers._ In_the former case, D is the coefficient 
of laminar diffusion D = and is defined as the molecular trans¬ 
fer parameter. In the latter case, the diffusion coefficient is 

composed of the coefficients of laminar D and turbulent D, dif- 
_ -L _ _ "C 

fusion, i.e., D in the equation is replaced by + D^_. The other 

gasdynamic parameters and concentration should be regarded as aver' 
aged quantities. 

Equation of Momentum 

General form of the equation. It is sometimes convenient in 
investigating gas flows to use a different form of the equation of 
motion that can be derived by considering the flow of a gas 
through some surface or section. 

If we take the parallelepiped surface shown in Fig. III-2-1 
as this surface and apply the momentum theorem, according to 
which the change in momentum is equal to the external-force im¬ 
pulse, we obtain the equation of momentum (equation of impulses): 


9p x , d£y , Vpz _ d (pV) a ([>V X V) , 0 (pF„V) d (pV z V) 

Ox ' dy 1 dz at ' dx ' dy ' dz 


(III-2-39) 


Steady-state motion of an ideal gas. Since the partial time 
derivative is zero in this case, and.there are no viscosity-de¬ 
pendent forces, (III-2-39) becomes 


— grad p = 


0 (j.VyV) d T r !,0 d( nV z \) 
Ox ' dy 1 dz 


(111-2-40) 


Practical interest attaches to the momentum equation of a gas 
in a constant-section channel, i.e., for the one-dimensional case. 
It follows from (III-2-40) that dp/dx = — d(pV 2 )/dx in these 

cases. Integrating over x between two arbitrary sections "1" and 
"2", we obtain 


P 2 VI — Pi^i ~ Pi P2‘ 


(III-2-41) 
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This law, together with the other two laws of conservation 
of mass and energy, forms the basis of gas-flow theory. 

Equation of momentum for the boundary layer. Let us examine 
steady motion in a two-dimensional boundary layer in which the 
condition of small layer thickness is satisfied. 

As a result of joint transformation of the equations of mo¬ 
tion (III-2-11) and continuity (III-2-21), in which the radius r 
assumes, for a given section of the layer, a constant value equal 
to its value r at the wall, we obtain the following equation 
[57]: 


d 

dx 




dy ] : 


= *0.(111-2-42) 


where x Q is the frictional stress at the wall and and are 
the velocity and density at the layer boundary. 

Physically, the left side determines the change in momentum 
of a certain mass of gas passing through a section of the bound¬ 
ary layer. Equation (III-2-42) is therefore known as the momen¬ 
tum equation for the boundary layer . This equation is also known 
as the Karman integral relationship . 

The integrals in the left side of (III-2-42) are very impor¬ 
tant characteristics of the boundary layer: 


an-2-43) 


The parameters 6* and 6** are known, respectively, as the 
displacement thickness a nd the momentum thickness . The former 
characterizes the decrease in per-second flowrate and the latter 
the decrease in momentum (impulse) on passage of the gas through 
the boundary-layer section as a result of flow stagnation. 

The Energy Equation 

General form of the energy equation. The energy equation is 
one of the basic equations of aerodynamics. In mathematical form, 
it reflects the law of conservation of energy, according to which 
the change in the kinetic and internal energy of a moving parti¬ 
cle is equal to the work done by the external forces plus the 
energy influx by transfer of heat from the outside. 
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We shall assume that the work Is done by surface forces that 
originate from normal pressure and tangential stress. As for 
heat transfer, it occurs, if we disregard diffusive heat conduc¬ 
tion, by molecular heat conduction, radiation, and diffusion of 
gases. 


Accordingly, the energy equation for the mass of gas en¬ 
closed in an arbitrary volume t (see Pig. III-2-1) will take the 
form 


If S f (V : ") dl 7 l P» V(}S l -5 edr-\- jj q d dS, (111-2-44) 

<T> (S) (S) (T) (S) 

where q c and q^ are the respective heat flows by conduction and 

diffusion per unit time and through a unit surface; e is the flow 
due to radiation from a unit mass per unit time; u is the inter¬ 
nal energy of the unit mass of gas; p is the surface-force vec¬ 
tor. n 


Energy equation for the boundary layer. Let us first ex¬ 
amine the energy equation for a laminar boundary layer in which 
chemical reactions and diffusion take place. For this purpose, we 
shall use the general equation (111-2-44). The molecular heat- 
conduction flow that appears in it is determined from the formula 
q c = - A(3T/3n). 

The amount of heat transferred by the diffusing gases is 


= --2 P 5 


with the enthalpy of the i-th component 


T 

~ ^ C l’'‘ d ^ ~f (* chm)i = l’f + (ichm)ii 
0 

T 

where c pi is the specific heat of the component, 7, = ^ c pi di is its 

o 

enthalpy as an ideal gas, and ( i chm ) 1 is the chemical energy of 

formation of the component; it may be assumed equal to zero for 
molecules. 
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For atoms, this quantity must be regarded as negative and 
equal to = — i R , where i R is the dissociation energy 

per unit mass of the atomic components. Obviously, the enthalpy 

of the gas mixture i — ^CiU. 

i 

If we relate (III-2-44) to the flow conditions in a two-di¬ 
mensional boundary layer and use curvilinear coordinates, the 
energy equation is 


pr f 


d 

dt 


0+t)- 


d(xV x r e ) 


dy 


dy 




d(r e Qi) 

dy 


(III-2-45) 


where for a binary mixture of atoms and molecules 


di — (Cp)av dT -}- 2 ij dc t , 

i 


where the average heat capacity of the mixture is 

( C p)av — 2 ( C p)i c i — ( < 'p)iM c M 4" ( c p)a c A- 

i 


The first term on the right is the molecular component of 
average heat capacity, and the second is the atomic component. 

Equation (III-2-45) can be transformed using the expression 
i 0 = i + V 2 /2 for the stagnation enthalpy. We obtain as a result 


P r*^-=V x{ >r* 


dig 

OX 


v i,(>r e 


dig d(rV x r e ) 


dy 


d 

dy 




(111-2-46) 


We transform (III-2-46) as it applies to a binary mixture of /119 
two components for which the concentration sum C M + c A = 1 and, 

consequently, 3c^/Sy = -3c A /3y. Remembering that since the 

enthalpy of the mixture i — 2 hci and its average heat capacity 

(c/,)av~ 2 c i (c p )i, we put for the binary composition 

di - (c p ) av df -f (i A — hi) dc A . 
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The partial derivative 9T/9y can be found from the above. 
Substituting it in (111-2-46) and applying the continuity equa¬ 
tion (III-2-21) to transform the right member. 


d (pr e F a i n ) , d (pr £ vy 0 ) 


dx 


dy 


d 

dy 


V Pr 


dip \ 
dy I 


(III-2-47) 


d 

dy 




where Pr = y(c ) /A is the Prandtl number and Sc = u/(pD) is the 
Schmidt number? av 

The ratio of these numbers, Pr/Sc = Le, is known as the 
Lewis-Semenov number . 

These parameters are energy-transfer criteria. Pr determines 
the part of the kinetic energy that is converted into heat and, 
consequently, for gases Pr < 1. The physical significance of the 
Schmidt number is that it characterizes the relation between the 
kinetic energy of the particles and the energy transferred by 
diffusion. Like the Prandtl number, the parameter Sc < 1, with 
Sc < Pr. 

The Lewis-Semenov number is the ratio of the heat transfer 
rates by mass transfer as a result of diffusion and heat trans¬ 
fer by conduction. In the general case, Le > 1. 

It may be assumed that the Prandtl and Schmidt numbers are 
equal. Then the parameter Le = 1 and the two processes have 
identical rates. Formally, the last term in the right member 
of (111-2-47) is dropped in this case. This indicates that dif¬ 
fusion has no influence in the boundary layer. Since heat con¬ 
duction and diffusion processes take place at the same intensity, 
the excess chemical energy at the boundary of the layer is con¬ 
verted completely into heat at the wall. 

The most general case is characterized by Pr > Sc in the 
boundary layer and, consequently, Le > 1. This indicates that 
the chemical energy is converted incompletely into heat. 

Along with the case Le = 1, we might examine the theoretical 
case in which Pr = 1. Equation (III-2-47) is then simplified 
even further, since the middle term on the right drops out. It 
follows from physical consideration that all of the external-flow 
kinetic energy is converted into heat at the wall in this case. 

Investigation of the numerical values of the above param¬ 
eters is of great practical importance. It has been established 
theoretically that the Schmidt number changes very little over a 
broad temperature range for a two-component atomic-molecular 
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mixture. For example, while Sc = 0.495 at T = 252°K, Sc = 0.482 
at T = 3360°K. The same may also be said of the manner in which 
the Prandtl number varies: it remains at about 0.71. If we as¬ 
sume that the Schmidt number is equal to its average value Sc = 

= 0.49, then the Lewis number 

Pr pD _ p Dc p 0,71 _ . 

St—riT- k ~0,49 _ 


According to available data, this parameter depends weakly 
on temperature all the way up to T - 9000°K. 

In analyzing (111-2-47), the particular form corresponding 
to no diffusion must be kept in mind. In this case, the equation 
will not have the third term on the right, and it may be regarded 
as the energy equation for "frozen" flow. Here, the stagnation 
enthalpy i 0 that appears in it does not take account of chemical 
energy liberated on recombination of atoms. 

We can convert from the enthalpy i 0 to the stagnation tem¬ 
perature, assuming that the enthalpy i 0 = c T„. Without con- 

sideration of diffusion, therefore, the energy equation of a dis¬ 
sociated gas will differ from that of the ideal gas only in that 
the total enthalpy will figure in it instead of the stagnation 
temperature. 

We may examine the case of low velocities, which is char¬ 
acterized by an insignificant compressibility effect and a negli¬ 
gibly small amount of heat liberated by friction and conversion 
of kinetic energy. Then the energy equation becomes 


r*V x 


dT 

dx 


+ r*V y 


dT 

dy 


k a 

pc p dy 



(111-2-48) 


The energy equation for a turbulent boundary layer can be 
obtained by applying certain formal transformations in (III-2-47) 
and introducing parameters characterizing transfer processes in 
the turbulent boundary layer. The result is 


P rt iir = if [ r * (■ tf+ wr) If ] + if {' r ‘ [»* ( 1 ~ it) + 

-f pt + ^7 { r * ~ x 

x [-fr(Le-l) + K7(Le‘-i)]}. 


(III-2-49) 
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where Pr, = u,(c ) /X, and Le, = pD(c ) /A, are the turbulent 

U L/J) cLV u u p 3.V Xf 

Prandtl and Lewis-Semenov numbers, respectively, and X^_ is the 
coefficient of turbulent thermal conductivity. 

All gasdynamic and thermodynamic parameters in (III-2-49) 
should be regarded as averages. 

Consideration of the diffusion effect necessitates solving 
(III-2-49). Here it is important to determine the turbulent 
Lewis-Semenov number. Certain studies have suggested that Le^ 

is approximately the same as for laminar flow, i.e., only 
slightly smaller. 

T he E quation of_State 

The fundamental equations of aerodynamics include the equa¬ 
tion of state, which can be written as follows for a real medium: 


(p» T )i 


(III-2-50) 


where R is the absolute gas constant of the ideal gas and cj> is a 
function that determines the deviation of the properties of the 
real from the ideal gas. 

If there is no such deviation and <j> « 1, 


P - RpT. 

The inequality $ / 1 results from the change 
chemical properties of air at very high pressures 
stantial rise in temperature. In the former case, 
forces are an important factor and are taken into 
familiar van der Waals equation. 

Processes in which dissociation and ionization occur as a 
result of a substantial temperature rise are also characteristic 
in aerodynamics. In this case, the function (f> determines the gas 
constant R n = <pR of the nonideal gas. Writing R^ as the ratio of 

the universal gas constant R q to molecular weight, we find the ex¬ 
pression <f>(p,T) = (u ) n /u , where the molecular weight in the 

numerator is that of the undissociated air and that in the denomi¬ 
nator pertains to dissociated air. The function <j> > 1, since the 
molecular weight of air decreases on dissociation. 


(III-2-51) 


in the physico- /121 
or on a sub- 
intermolecular 
account by the 
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Remembering that 
the equation of state 


the absolute gas constant R = R 0 /(u av ) 0 , 
of a dissociating gas can be written 


p = <r RpT = ^2 RpT = -^2- pT . 

]i av P-av 


(III-2-52) 


In the particular case of a dissociating diatomic gas, the 
function 4> can be expressed in terms of the concentration of the 
atomic component or, which is the same thing, in terms of the 
degree of dissociation a. Let the mass concentration of an arbi¬ 
trary component be c^ and let its molecular weight be y^. Then, 

obviously, the average molecular weight y of the mixture will 

dV 

be found from the relation y 2 (Cf/|»f) = lr in which the summation 

av i 

sign determines the number of moles of the mixture. For a dia¬ 
tomic dissociating gas S c i = c i + c 2 — Obviously, c = c. = a, c = 

i l z 

= c M = 1 - a, 2y A = y M = (u av ) 0 . Consequently, <f> = (u av ) o /u av = 

= 1 + a. 

On substitution of <J) into (III-2-50), the equation of state 
assumes the form 


p=(l-f a) RpT, 


(III-2-53) 


where, in accordance with (III-1-14), the gas constant R = k/(2m„). 

in. 

Condition of Entropy Conservation 

In study of isentropic flows, we start from the condition 
according to which entropy remains constant along a streamline. 

This condition equates to zero the scalar product of two vectors: 


V grad£ = 0, 


(111-2-54) 


where the entropy gradient (the vector grad S) is normal to the 
tangent to the streamline at the particular point. Condition 
(111-2-54) can be expanded by using a specific coordinate system. 
Thus, for example, in the Cartesian system 

F.-g-+K,^-+V,-g-=0. (III-2-55) 
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If other systems are used, the vectors V and grad S are re¬ 
presented in appropriate form and then the scalar products are- 
determined . 

Initial and Boundary Conditions 


The solution of the differential equations describing- flows 
over bodies must satisfy certain initial and boundary conditions 
of this flow. The initial conditions are determined by the var¬ 
iables at time zero of the motion and obviously apply for non¬ 
steady flow. 

The boundary conditions are superimposed on the solution of 
any problem of gas motion and must be satisfied at any time dur¬ 
ing this motion; they may, moveover, take a wide variety of fo%*ms. 
The pressure boundary condition, for example, determines a known 
pressure value at some boundary surface. This may be the bound¬ 
ary between the disturbed and undisturbed flows, on which the 
free-stream pressure is known. Another boundary is the surface 
of the compression shock, behind which the pressure is also known. 
In the region between the shock and the body in the flow, this 
pressure determines the boundary condition in exactly the same 
way as the pressure boundary condition in the shock problem is 
determined by the free-stream pressure. 

Solutions of the supersonic-flow equation must satisfy gas- 
flow conditions at the body surface and conditions in the free 
stream in front of the compression shock (or the conditions im¬ 
mediately behind the compression shock). 

Let us examine boundary conditions used in solving flow 
problems. If nonseparation of the flow is a condition, the 
velocity vector V will be directed tangent to a surface with the 
equation F(x,y,z) = 0 at any of its_ points and, consequently, 
the scalar product of the vectors V and grad F will be zero, i.e.. 


V grad F = 0. 


( 111 - 2 - 56 ) 


Resolving the vectors V and grad F, we obtain the boundary 
condition corresponding to nonseparating flow In Cartesian coor¬ 
dinates : 




dF 

Ox 


OF 

dy 


■V, 


dF 

dz 


= 0 . 


(III-2-57) 


Analogous expressions can be obtained in other coordinate 
For two-dimensional flow. Condition (III-2-57) becomes 


systems. 
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*'y dF/dx V y dy 

l x ~ dF/dy V x dx ' 


( 111 - 2 - 58 ) 


In nonseparating potential flow, the boundary condition im¬ 
posed on the potential <j> in accordance with Equality (III-2-57) 
assumes the form 


<F* 


dF 

dx 


dF 


dF 


Vi ur 

Vy-af+Vt-sr = ° 


dz 


(III-2-57’) 


In the case of two-dimensional flow 


_ dy 
<Vx ~ dx ’ 


( 111 - 2 - 58 1 ) 


Switching symbols, we obtain the condition for nonseparating 
flow past a solid of revolution: 


V T dr 
V x ~ dx » 


(III-2-59) 


or, for potential flow. 


5^41 (III-2-59 ’) 

<f x dx - 


These boundary conditions pertain to the case of ideal flow 
over the bodies. 

In boundary-layer research, the solutions of the various 
equations must satisfy conditions at the wall and at the outer 
limit of the layer. The condition^ at the wall consist in zero 
flow velocity, i.e., the velocity V = 0_at y = 0. At the outer 
boundary, i.e., at y = 6, the velocity V Is equal to its free- 
stream value and t = 0. 

In study of thermal processes, conditions are assigned at 
the wall and the boundary of the layer for the variables that de¬ 
termine heat transfer. The condition for temperature, for ex¬ 
ample, is that it be equal to the wall temperature at the bound¬ 
ary of the body and equal to the inviscid-flow temperature at 
the boundary of the layer. The heat-flow distribution over the 
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thickness of the layer must be such that it is zero at the layer 
boundary. 

Boundary conditions are imposed on the concentration c^ in 

study of diffusion phenomena. It is usually required that concen¬ 
tration assume assigned values at the layer and body boundaries. 

§111-3- ISENTROPIC PLOW 

The case of constant heat capacities. Let us consider 
steady flow of a compressible medium. For this case, the dif¬ 
ferential equations (III-2-5), in which the partial time deriva¬ 
tives must be set equal to zero, can be integrated. This inte¬ 
gral, which was first derived by D. Bernoulli, takes the form [2] 



(III-3-1) 


where £ has a constant value along a streamline. 

The integral of (III-3-1) pertains to the general case of 
nonpotential flow. It Is simplified In the case of isentropic 
flow, which admits of application of the adiabatic equation dp * 

= (kp/p)dp, transformed with consideration of the enthalpy expres¬ 
sion i ■ TCp = CpP/(pR) to the form dp = pdi. After substitution 

in (III-3-1), integration, and determination of the constant from 
the total-stagnation condition, for which this constant is equal 
to the stagnation enthalpy i , we obtain the Bernoulli equation 
in the form 



(III-3-2) 


Relating this equation to the oncoming flow conditions, we 
obtain 




(III-3-2') 


Thus, the stagnation enthalpy i is determined by the en¬ 
thalpy and velocity of the oncoming flow. Substituting i * 

= c p/(pR), we obtain the Bernoulli equation in the form 
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(III-3-3) 


The stagnation enthalpies correspond to definite values of 
the other stagnation parameters, namely the pressure p 0 , density 
p 0 , and temperature T 0 . 

The present value of one or another parameter is proportional 
to its value under total-stagnation conditions and depends on 
local velocity. 

The respective formulas for calculation of pressure, density, 
and temperature are as follows: 

A P~(vA T-TV4, (III-3-4) 


where A is determined from the expression A = 1 — V 2 . In this 
expression, we can pass from the dimensionless velocity V = V/V 

IiidX 

to the local Mach number M = V/a or the velocity ratio X = V/a*, 
where a* is the critical velocity and - a* y . In the for¬ 
mer case, , and in the latter .1 - (1 — a 2 ) . We see 

from comparison of these values that X and M are linked as fol¬ 
lows : 

~ -4- M 2 ( l -~ l - M-) _I . (III - 3-5) 


The critical velocity can be determined from X as a* = V/X. 

By comparing the^other pair of expressions for A, we can find 
the relation between V and M, namely 

h- |/l-(III-3-6) 


Approximate relationships for hypersonic velocities (M >>1) 
can be derived from the formulas given above: 
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(III-3-7) 


2ft 

ft-1 




where B = M /M. 

oo 

As for Formula (111-3-6), It is also somewhat simplified: 


X=-X- = 1+ W-i_L) 

Voo Vco X ^k-l\W co 


(111-3-8) 


where V = V /V 


00 max 


The Lagrangian integral. For potential nonsteady motion of 
a compressible gas, the Euler differential equations can be trans¬ 
formed to an expression known as the Lagrangian integral [51]: 


* p 
k —1 p 



<P* = 


k Poo 
k 1 poo 



(III-3-9) 


Making the substitution p = (pp^/p°°) 1 ^, we find a formula 
for the pressure 


ft 



(III-3-10) 


Let us consider the case in which the flow disturbances are 
such that the second term in the square brackets is small by com¬ 
parison with unity. Expanding by the binomial theorem and retain¬ 
ing only the first two terms, we obtain 


_P_ 4 _ &M ~ ( V 2 , 2tp t 

Poo 2 U'L + VI 



(III-3-11) 


Let us present V 2 in this formula in the form V 2 = + 

+ 2v V + v 2 + v 2 , where v , v , v are the disturbance velocity 
x °° y z x y*z 

components, and substitute tf-)- = <!>.[.• Converting to the pressure 
coefficient, we get 
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p = 




v\+v\ 

2 



( III-3-11' ) 


For steady flow, <p£ = 0. 

The pressure coefficient can be expressed in terms of the 
velocity components v x1 j v , in body coordinates; this makes 

it possible to evaluate the influence of the attack and slip 
angles [51]. We use the following relationships for this purpose: 


v x — v xl -}- i^jOtbCos <p — v n a . b sin tp; 
v v = — v xi a b -f- v vi cos <p — Vn&b sin q>; 
Vz ~ v vl sin <p + v zl cos 9, 


Introducing these relationships into (111-3-11’) and retain¬ 
ing only the quadratic terms v 2 and v 2 , we obtain 

y 1 z i 

P= ~~ 2 ( v ^i + l ’i/i ce b COS( p — ^zi^ b sinq) — (vl l -j-v* 1 ) — 2(pt. (III-3-12) 

Here the constants V and are included, respectively, in the 
values of the velocity components and the derivative . Intro¬ 
ducing the attack and slip angles a and 3 , we find 

S _L 


p=—2(v xi -\-v !Jl $, 1 —v zl a) — {v\ l + v\ 1 ) — 2<p' t . (III-3-12’ ) 


We may assume for flow over thin wings that 


p=-2v xl -2<p' t . (III-3-13) 

For steady flow, = 0 and 

p=-2v xl . (III-3-13’) 

In Investigating flow past slender solids of revolution, it 

is helpful to convert to cylindrical coordinates, setting V 2 = 

= V 2 + 2V v + v 2 + v 2 in (III-3-10). 

00 °° x r y 

Accordingly, 
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P — — 2y x — (y? -f- Vy) — 2<ft. 


(111-3-14) 


Isentropic flow of a dissociating and ionizing gas. In 

studying flows of a dissociating and ionizing gas, it is neces¬ 
sary to take account of both the temperature and pressure depen¬ 
dences of the thermodynamic variables. Tables and diagrams of 
the thermodynamic functions of air for high temperatures are used 
here. Most important among them is the diagram two variations of 
which appear in Pigs. III-1-3 and III-1-4. Equation (III-3-2), 
which enables us to determine the local isentropic flow velocity 
from a known enthalpy or, conversely, to calculate the enthalpy 
from the velocity, is a supplement to the tables or diagrams. In 
the particular case of flow of a nondissociating gas with vari¬ 
able heat capacities, the thermodynamic parameters depend only 
on local temperature. 

§111-4. FUNDAMENTAL RELATIONSHIPS FOR DETERMINATION OF PARAMETERS 
BEHIND COMPRESSION SHOCK 

Equations of the Oblique Compression Shock 

Let us examine the fundamental relationships that enable us 
to calculate the equilibrium parameters of a dissociating and 
ionizing gas behind a curvilinear shock wave. The parameters 
subject to determination will be the pressure p 2 , density p 2 , 
temperature T 2 , velocity V 2 , enthalpy i 2 , entropy S 2 , the speed 
of sound a 2 , the average molecular weights (y ay ) 2 a an d the shock 

inclination angle 0 (or the stream deflection angle 3 ). In ac- 

s s 

cordance with the number of unknown variables, it is necessary to 

write a system of nine equations. The parameters ahead of the 

shock will be the knowns in these equations. 

Let us consider in Fig. III-4-1 the scheme of a curvilinear 
shock wave, which may be regarded as an infinite sequence of 
oblique shocks. For one of these shocks, whose surface coin¬ 
cides with the tangent to the surface of the curvilinear wave, 
we have constructed the velocity triangles in front of the shock 
(parameters with subscript 1) and behind it (parameters with sub¬ 
script 2). From these triangles, we can easily determine auxili¬ 
ary relationships for calculation of the normal (subscript n) and 
tangential (subscript t) velocity components: 


J'ti ; - Vi cos G s ; V ni - V i sin G s ; 

T't 2 r " T Vn cos (0. — ps); v„ 2 — V 2 sill (Q s — p s ). 


(III-4-1) 


When the angle w, which is equal to the inclination of the 

shock radius of curvature R to the oncoming-flow velocity (Fig. 

s 
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III-4-1), is used to analyze a 
curvilinear shock wave, the sub¬ 
stitution 0 = ir/2 — co must be 

s 

made in (III-4-1). The relation 


v nt 


tgO, 


Vnz tg(0, —P.) 


(111-4-2) 


Figure III-4-1. Diagram of can be derived from these rela- 

Curvilinear Shock Wave. tionships; it is based on the 

fact that the tangential velocity 
components before and after the 
shock are equal, i.e., = V T . This relation - the first 

^ ’ T 1 T 2 


equation of the system - enables us to find the shock inclination 
angle. Three other system equations are conservation equations: 


for mass (flow) 
for impulse 
and for energy 


Pi^nl — P2^n2t 


Pl + Pi^»l =P2 + P2Vn 2 ; 


h 



(III-4-3) 

(m-4-4) 


(111-4-5) 


Four more equations, which enable us to determine enthalpy, 
entropy, average molecular weight, and the speed of sound in the 
dissociating gas, will be presented in.the form of general rela¬ 
tionships for these variables as functions of pressure and tem¬ 
perature : 


h — /i (P2» T 2 ); 
Sz — fziPz i ^2)1 

(Pav)2 = / 3 (P2. T 2 y, 

a 2 — U (P2> T 2 ). 


(III-4-6) 
(111-4-7) 
(III-4-8) 
(111-4-9) 


These parameters are found from tables or diagrams of the 
thermodynamic functions for air for known pressure and tempera¬ 
ture . 

The ninth equation is obtained from the equations of state 
related to the conditions before and after the shock: 
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I 


(III-4-10) 


Pz — Pi 


n f Pz^Z Pi^l ~] 

° L (Mav)2 (j»av)lJ ' 


Let us present the basic parameters behind the shock wave in 
terms of the relative change in the normal velocity components, 
i.e., in terms of 


AV n AV n jV ni - (F nl - V ll2 )IV nl . 


We find 
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Pl = 

P2 




(III-4-11) 


(111-4-12 ) 

Pi ‘ Pi AYn ' 


where p.V 2 /p = k M 2 for a nondissociating oncoming flow. 

1 ni^i ini a 


The temperature and enthalpy ratios are 


h 

T i 


(i -f- ijM 2 !AF n ) (i — AF„) 


(P.y)z 



v li AVn 

2 ii 


(2-AV n ). 


(III-4-13) 

(111-4-14*) 


The other parameters can also be expressed in terms of AV 

and the known variables of the oncoming flow. Since, according 
to (III-4-11), this quantity is determined by the density ratio 
p,/pi, the other unknown parameter ratios, namely p 2 /Pi in 
(III-4-12), T /Tj in (III-4-13), l 2 /l l in (III-4-14), etc., can 
be represented as functions of p 2 /p a . Moreover, the values V n = 

= V sine and M = M, sine can be introduced into the formulas 
is nx i s 

instead of V and M n , respectively. Thus, solution of the 

oblique-shock problem for a known inclination angle reduces to 
finding the density ratio p 2 /pj or, which is the same thing, to 
determination of AV with Eqs. (III-4-13) and (III-4-14): 


AV n = A + VA*~B; 


AV n 



2 (h— »i) 

Ki 


(III-4-13 T ) 
(III-4-14 1 ) 
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where 


A 




__J_ Til iHavh 

L r i (l*av)* 



( 111 - 4 - 15 ) 


Equations (III-4-13') and (III-4-14 1 ) are solved by succes¬ 
sive approximations. 

Calculation of Oblique Compress ion Shock w ith Tables or Curves of 
the Thermodynamic Functions for Ai r at Very Hi gh T emperatures 

In solving the problem of a shock wave in a dissociated and 
ionized gas, the parameters of air at some altitude H (pressure 
p x , temperature T 1} density p l3 etc.) and the normal velocity 
component V are taken as the initial data. 

ni 

Assigning in first approximation the value AV n = 1, which 
corresponds to the assumption of full flow stagnation behind the 
shock (V = 0), we find the pressure p, from (III-4-12) and, 

from (III-4-14), the enthalpy i 2 , which is obviously equal to the 
stagnation enthalpy i 0 . We then use the i-S diagram to determine 
the temperature T 2 and Pig. III-1-5 to find the average molecular 
weight (y ) 2 . Here, instead of the diagrams and curves, we qan 

use the corresponding tables of the thermodynamic functions of 
air, which will improve the accuracy of the calculations. 



Figure 111-4-2. Air Temperature Ratios After 
and Before Shock with Consideration of Dis¬ 
sociation and Ionization. Unbroken line: T x = 

= 220°K; dashed line: T x = 350°K. 

From the values found for p,, T 2 , (y ),, we can determine the 
density p 2 with the equation of state and use (III-4-11) to improve 
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\ 


the value of AV . We then use this new value in the second ap- 

proxlmation with (111-4-12) and (III-4-14) to find the pressure 
and enthalpy, respectively, and improve the temperature and aver¬ 
age molecular weight with them, using the tables or diagrams. 
Having refined values of p,, T , (p ) , we can find the density 

from the equation of state in the second approximation. The ap¬ 
proximations are broken off when satisfactory accuracy is ob¬ 
tained . 


Oblique-shock calculations can also be made when the oncom¬ 
ing-flow variables (including M ) and the angle 3 are assigned. 

1 s 

As the first approximation, the shock'angle 0 is determined 

s 

for a nondissociating gas (see below); then (III-4-11), (III-4-12) 
(III-4-14) are used to find the corresponding values of AV n , p 2 , 

and p 2 . Using these values, the temperature T 2 and the average 
molecular weight (u av ) 2 are calculated from tables [ 29 ] or a dia¬ 
gram [13]. 


Then AV^ is improved with (111-4-13') and (III-4-15), and 

tan0 and the angle 0 with (III-4-2). The remaining parameters 

s 

are refined with the above formulas. 


With dissociation and ionization, the relative values of the 
gas parameters behind the shock depend not only on temperature, 
as was characteristic for the case of variable heat capacities, 
but also on pressure. 


Figures III-4-2 through III-4-4 represent the gas parameters 

behind the shock as functions of M . Calculations of the tem- 

n i 

perature and density ratios were performed for averaged tempera¬ 
ture values of T x = 220 and 350°K, which are the probable minimum 
and maximum selected in accordance with the altitude variation of 
air temperature for subnormal and above-normal yearly-average 
values. 


The data obtained indicate that dissociation and ionization 
cause a substantial change in the equilibrium temperature and 
density as compared with the case of constant heat capacities 
(k = 1.4 = const). 

As for pressure, it depends much less strongly on the physi¬ 
cochemical transformations of the air. The ratio p 2 /pj differs 
little from the maximum p 2 /Pi = 1 + k M 2 , which is determined 

only by the oncoming-flow conditions and not by changes in the 
structure and physicochemical properties of the air behind the 
shock. 
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Figure III-4-3. Ratio 
of Densities After and 
Before Shock as Func¬ 
tion of M , with Con- 
m s 



Figure III-4-4. Ratio of 
Pressures After and Before 
Shock as Function of M 

ni 

with Consideration of Dis¬ 
sociation and Ionization. 

T = 220°K. 

1 


p s = 
and M 


sideration of Dissocia¬ 
tion and Ionization. 
Unbroken line: 

= 220°K; dashed 
350°K. 


T, = 

line 


Ti = 


This method of calculation 
is equally applicable to oblique 
and normal compression shocks. 

It is simpler as applied to the 
since it is known- 


normal shock, 
at the .outset 


0, 


n i 


Consequently, the velocity V must be 
= M . Thus, we formally dispose of the 


that 0 = tt/2 and 

s 

set equal to V 1 , 
n subscripts in 


the relationships given above when we go to the normal shock. 


Calculations of the gas parameters behind the oblique shock 

must be supplemented by calculation of the angle 3 (or 0 ) and 

s s 

the Mach number M : (or velocity Vi). For this purpose, it is 
necessary to use the relationships 


&V n — 1 


tg (Os— Ps) 


tgO s 




M, 




sinG s 


Ynt . 
sin 0 s ’ 


(III-4-16) 


The first ratio enables us to determine the angle 6 (or 0 ) 

_ S S 

from the value found for AV^ provided that one of the angles is 

given. The velocity V 1 or M 1 is computed from the other two for¬ 
mulas . 

For convenience in the calculations, we can calculate the 

angles 6 in advance for assigned 0 and prepare the appropriate 
s s 

table or curve. These can then be used to find either of the 
angles 0 or 3 if the other is known for any value of AV to 
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which the precalculated values of the ratios p 2 /p lS P 2 /Pi j etc., 
correspond. 

Calculations indicate that the flow deflection is larger in 
a real gas than in an ideal gas with k = 1.4. This has as a con¬ 
sequence that the detached shock forms later in a heated gas than 
in a cold gas. Behind most of the oblique shock, M is larger 
than in the case of constant heat capacities, but with the ap¬ 
proach to the normal segment, a certain decrease in this number 
is observed. 

Calculation of flow variables at point of total stagnation. 

An important practical application of normal-shock theory is cal¬ 
culation of the variables at the total-stagnation point of a 
bluff body. This calculation is carried out as follows. The 
entropy S 2 is determined from the values found for i 2 and p 2 with 
consideration of dissociation and ionization from the i-S dia¬ 
gram or the table of thermodynamic functions for air. Taking the 
zero streamline and assuming that the flow along it is isentropic, 
an entropy SJ equal to the value S 2 behind the shock is taken on 
this basis for the total-stagnation point. In addition, the en¬ 
thalpy ij - ij + 0.5Vi can be found at this point. Now, knowing 
SJ and ij, we can use the same i-S diagram or the thermodynamic 
tables to find the remaining parameters, namely pj, TJ, pj, etc. 
The results of the calculation will correspond to the assigned 
flight altitude. 


H.krt 


kg/cm 2 



p^WO kg/cm 2 

' 0 


2003 WOO 6000 V,m/s 


Figure III-4-5- Pres¬ 
sure and Temperature 
at Stagnation Point 
of Blunt Nose. 


Flow conditions and, consequently, 
the parameters at the total-stagnation 
point, will change with altitude. This 
relation is represented graphically in 
Fig. 111-4-5. The curves can be used 
to determine the temperature TJ and 
pressure pj as functions of velocity V x 
and altitude H. 

Example. Calculate the parameters 
of the air behind an oblique compres¬ 
sion shock for the following conditions: 
M t = 11, angle B s = 45°, altitude H = 

= 5 km. We find from the standard- 
atmosphere table (Appendix No. 2) for 
the 5-km altitude 


) p g = 5,334-10-i-1,033 ^0,551 kg/c m 2 : 

' Pg • 

Pl = (-Pk') Pg= , 6,012.10-1-0,1249= 0,0751 k g - s 2/ m 4 ; 

V. Pg / 
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Tj - 255.6°K, a x = 320.5 m/s; y aVi = 28.97. 

Flight speed is determined: Vj = M.aj = 11*320.5 ■ 3526 m/s. 
From [29], we find k x ■ 1.405, c = 1002 m 2 /s 2 *deg and calculate 

the enthalpy i. = c T = 1002 • 255*6 = 0.2562*10 6 m 2 /s 2 (61.19 
1 Pi i 

kcal/kg). The angle 6 = 60° is found from the diagram of Fig. 

s 

37 in [17] in the,absence of dissociation. Remembering that the 
shock angle will be smaller in the presence of dissociation, we 
assign in first approximation 0 = 55°, for which we calculate 

S 


A?„ = 1-tg (0,-p.l/tg 0,= 1 -tg (55°—45°)/tg 55* =*0.877; 
PifPi = 1 + *iM}AT a sin* 0, - 1 +1.405-11*-0.877 sin* 55*= 110; 
Pz — (pzlpt) pi = 110-0.551 = 55.65 kg/cm 2 ; 
i 2 = i, + 0.5FJ sin* 0, AF„ (2 - AK„) = 0.2562• 10« + 

+ 0.5-3520* sin* 55°-0.S77 (2—0.877) =4.36-10* m 2 /. 2 (1042 kci/kg). 


From the tables [29] or diagram [13], knowing i 2 and p 2 , we find 
the values T, = 3357°K and y^„ = 28.7; we then determine 

*■ O.V 2 


A 


&iMj sin* 0 s — 1 _ 1.405-11*-sin* 55° — 1 
2ljM|sI5* 0, 2-1.405-11* sin* 55 


(h 

F.v, 

A - 1 

/ 3357 

.28.97 A 

Ui 

F*v2 

) 1.405-1 l*-sin* 55° 

[ 255.6 

28.7 J 


0.1074. 


The second-approximation calculations are made with these 

data: 


AF„ = .4 + Va* —B- 0.495 + 1/0.495* — 0.1074 = 0.8659; 

_ AV n — "V (AF n )* —4(1— SV n )' 0.8659-I/O.8659*-4 (1-0.8659) , r „„ 

g 2 (1-AV„) 2(1-0.8659) -1-506. 


In the second approximation for 6 = 56°25’ 

s 


PzIPi = 1 + 1 -405• 11*-0.8G59 -sin* 5G 0 25' = 103.2; 

P2 - -= 0-551 • 103.2 —- 50.74 k^/cm^; 

= 0.2302-10® + — 3526*-sin* 5G°23'*0.8C59 (2—0.8G59) =. 4.49-10° mV.* (1072 kcai/kg}. 


We determine T, = 3424°K and y =28.64 from the improved 

2 cLV 2 

i 2 and p 2 , using the tables [29] or diagram [13]. 
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In the third approximation, the calculations give 0 = 56°. 

s 

The new value found for the angle is quite close to that 
found in the preceding approximation; further improvement may 
therefore be dispensed with. 

Thus, we take 6 = 56°; p = 56.7 kg/cm 2 ; 

S 2 

ij —4.49-10* m 2/ s 2; T 2 ~ 3424°K; |i av2 = 28.64. 

We find from the tables [29] or the diagram [13] 

iS *2 =^2.18 kcal/kg-deg (9.15 # 10 3 m2/s2-deg); 

■$1 = 1.77 kcal/kg-deg (7.4*10 3 m2/s2-deg); ~ 1094 m/ 3 . 

We then calculate 


V 2 n-=V 1 (1 —AV„) sin G s =3526 (1 — 0.8659) sin 56° = 383 m/ 
Pz «Pi/(1 - Ak„) = 0.0751/(1 -0.8659) = 0.575 k g -sec2/ m 4 
k 2 = I r 2n /sin (0 S —fl s ) = 383/sin (56—45) -2007 m/s-. 

M 2 = V 2 /a z = 2007/1094 = 1.835. 


The air parameters at the total stagnation point behind the 
oblique compression shock are 

5 2 = 9.15-10 3 m 2 /s 2 -deg; 

to = to = <1 + V\!2 = 0.2562-10« + 3526 2 /2 = 6.47-10* m2/ s 2. 


We find from the i-S diagram [13] 


Po = 330 kg/cm2; 7; = 4490° K; p'; = 2.4 kg- s 2/m4. 


Shock wave in a pure dissociating diatomic gas. Applying 
the equation system (III-4-2)-(III-4-10) and the relationships 
for determination of the thermodynamic functions and degree of 
dissociation of a pure dissociating diatomic gas, we can calcu¬ 
late the variables behind the shock wave with comparative ease. 

Combining the impulse equations (III-4-4) and the energy 
equations, 
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(111-4-17) 


i+?i Pi 
i+«i p t 



«2 


4 + « 2 p 2 
l+«2 p 2 



J 


;?s 


in which the pressure and density relate respectively to the char¬ 
acteristic parameters p^ and and the velocity to the character¬ 
istic V^, we obtain 

Ar -Tfe( 1 + l/i+^). (III-4-18) 

where 

0 = |(7 + « 2 ) (1+02)02- (111-4-19) 


Expression (III-4-18) was derived for the following condi¬ 
tions: gas not dissociated in front of the shock (a x = 0), velo¬ 
cities V very large, negligible undisturbed-flow enthalpy i 13 

and the admissibility of dropping certain quantities of higher 
negative order. 

Equation (III-4-18) is solved, simultaneously with (III-1-10), 
(III-1-14'), (III-1-16'), and the enthalpy equation 


h ='^| L AF„(2-AF n ). 


(III-4-20) 


The calculations are performed by successive approximation. 
Assuming the velocity V to be known, we assign a density ratio 

p 2 /p x (or AV n ) in first approximation. The enthalpy i 2 is deter¬ 
mined from Expression (III-4-20) for AV n , which, when P 2 /p x is 

assigned, is found from (III-4-11). Then the degree of dissocia¬ 
tion is determined in first approximation from the diagrams of /132 
Fig. III-1-8 for this value and the density ratio p 2 /p^. Then 

another calculation is performed to improve AV n and the other 

parameters with the aid of (III-4-18) and (III-4-19). 

_ The above method may be used for approximate estimation of 
AV (a 2 ) and the other parameters of the air behind the shock, 

even though it was developed for purely dissociating diatomic 
gases. Here the characteristic dissociation parameters must be 
foiind for the air as for a gas model consisting of a mixture of 
nitrogen and oxygen in accordance with their mass composition. 
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The calculations show that the parameters for real air differ 

somewhat from those obtained by the above method for a diatomic 

air model. Thus, for a velocity V = 1.5V. = 8.1 km/s, the den- 

n i d 

sity of real air behind the shock is p 2 = l4.7p x , or approximately 
5 % higher than for the diatomic air model. 

Compression Sho c k in Ga s Flow with Constant Heat Capacities 


Equation system. In the case of a compression shock in a 
gas flow with constant heat capacities, the system becomes simpler, 
since the average molecular weight of the air does not change and, 
moreover, the specific heats remain constant. Such parameters as 
the speed of sound and enthalpy depend only on temperature. En¬ 
tropy is determined from the thermodynamics of the ideal gas. On 
the above basis, Eqs. (III-4-6)-(III-4-9) are written thus: 


*2— CpTiS 2 — Coln-^r-J 

p 1 

(Pav)2 = (Hav)i = Fav = const; a\ = kRT 2 . 


} 


(III-4-21) 


Equation (III-4-10) is also simplified: 


P2-Pi = R(p 2 T 2 -p l T i ). 


(111-4-22) 


Equations (III-4-2)-(III-4-5) are retained. 

Formulas for calculation of the parameters. Solving the 
simplified equations (111-4-13’) and (111-4-14*), we obtain an 
expression for the relative change in the normal velocity com¬ 
ponent : 


AF B = (l-6)[l-(M 1 sin0 i n f (III-4-23) 


where 6 = (k - l)/(k + 1). 

.Substituting (III-4-23) into (111-4-11) and (III-4-12), we 
obtain the following working relationships: 

P2 __ sip 2 ( 111 - 4 - 24 ) 

Pi (1 — 0) + 6Mism*8 s * 

= (1 + 6) sin* G s — 6, (III-4-25) 
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which can be used to find formulas for calculating the other 
parameters. In particular, the temperature-ratio formula is ob¬ 
tained with the equation of state 


T z _ Pt Pi 
Ti Pi Pz 


(III-4-26) 


The enthalpy ratio and the ratio of the squared speeds of 
sound after and before the shock are equal to this temperature 
ratio. 

The parameters behind the normal shock are computed with 

the relationships given above, putting 0 = tt/2. 

s 

Inclination angles of shock and flow velocity vector. It 

follows from (11-4-24) and (III-4-25) that the parameters behind 
the compression shock are determined not only by M x , but also by 
the shock inclination angle 0 g . 

The working relation for this angle is obtained from For¬ 
mulas (III-4-2) and (III-4-23), and takes the form 

tg 0 .--£ictgp,[i.(l--g-)±j/(111-4-27) 


The velocity vector inclination angle g can be determined by 
the formula s 


tgP 9 = ctg sin 2 0 S — 1) [l + — sin 2 0 S ) (111-4-28) 


The manner in which 8 varies along the wave depends on 

whether the wave is detached or attached. In the former case, 
the variation of g^ begins at g = 0 for the "normal" segment; 

it then reaches a maximum (critical) value corresponding to a cer¬ 
tain 0 , after which it diminishes, reaching zero at infinity, 

where the shock degenerates into a disturbance wave. In the lat¬ 
ter case, that of the attached wave, g decreases in the range 

from g = g to g_ = 0, where the initial value g_ is determined 

o bp o Sp 

by the condition of flow past the nose of the body. 


Mach number and velocity behind shock wave. 

from the expression 


M 2 is determined 
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,« 1-6 + Mfa (1—6)MJcos*0 S | 

(l + 6)Misin*0 sr -a + l-fi+6M*sm*e s : 


(111-4-29) 


The formula 


-Jr = cos* 9.,+ (-g-)*sin 2 0 S> . 


(III-4-30) 


In which the density ratio can be substituted as per (111-4-24), 
Is used to determine the velocity behind the shock. 

Entropy and stagnation pressure. An Important practical 
corollary of shock theory Is calculation of entropy and stagna¬ 
tion pressure, which depends on entropy. 

The nonisentropic nature of passage through the shock is 
manifested In an Increase in entropy, which is determined from 
the expression 


S2 ~• St — -c 0 




(111-4-31) 


A unique relation exists between the change in entropy and 
the decrease in stagnation pressure behind the shock: 



Sj—Si "I 

(*-« c.J ' 


(111-4-32) 


Substituting the entropy difference according to (111-4-31), 


Pi 

PO 


*[ a 11 — 6 ).] 


1+4 

~w- 


1+0 

(M t sin 6 .) _ a 


1-6 


(~PMJ sin* 0,r—l) 28 (H-i±3MJsin*6.) 


1 +6 
26 


.(111-4-33) 


Analysis of these relationships indicates that the pressure 
ratio pj/p 0 behind a compression shock is always smaller than one. 
Here, the larger the angle 0 at a given M , i.e., the stronger 

the shock, the greater will be the loss of stagnation pressure 
and, consequently, the smaller the ratio pJ/p Q . 
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Velocity hodograph. A solution to the problem of the flow 
variables behind an oblique compression shock can be obtained 
from the equation of the velocity hodograph, which is the geo¬ 
metric locus of the tips of the velocity vectors behind the com¬ 
pression shock. The hodograph equation derives from the general 
relationships for the oblique shock and has the form 


?.?r _ — l 

dCl->X'w> 2 " (t-6) XJ + i-XyX, * 


(111-4-34) 


where K iV = lV z /a*, — U z !a*, A, = Fj/a* 4 and W 2 and U 2 denote the vertical 
and horizontal velocity components, respectively. 

Equation (111-4-34) enables us to determine all parameters of 
the shock wave for a given set of free-stream conditions and 
given values of the flow deflection angle 0 g . Since A^ = 

= Ay tan 0 , we can solve it simultaneously with (111-4-34) to 

find the velocity components X TT and \ TT directly behind the shock 

w u 

and, consequently, the total velocity A = + Ay. It follows from 

(111-4-34) that one solution gives a larger velocity and the 
other a smaller one. It is then possible to state the maximum 
critical value of the angle g g = B cr » to which a unique solution 

for the velocity corresponds. 

The higher velocity is the case in an attached shock that 
forms ahead of a sharp body; this velocity is reached before the 
turn angle at any point of the wave has passed its critical value, 
i.e., 3 s < $ cr , so that subcritical flow is preserved. 

The same velocity occurs behind that part of a detached 
wave on which the turn angle is less than critical. The lower 
velocity occurs only behind a detached shock, on the branch ad¬ 
jacent to the "straight" part , where there is supercritical flow. 

The velocity hodograph can be used to determine the shock 

inclination angle by using the formula tan 0 = (A! — A )/A u . A 

s u w 

wave of infinitesimal intensity (a Mach wave) corresponds to the 
angle value 0 = arc sin (1/Mj), and a normal shock to 0 = tt/2. 

As we see from (III-4-27), there are two different solutions 

for the angle 0 . The first (plus sign before the radical) cor- 
s 

responds to a shock wave similar in shape to the normal shock. 

The second solution (minus sign in front of the radical) defines 
the inclination of a shock wave of the same intensity and a 
smaller angle. The larger angle 0 g is realized for a detached 

compression shock and the smaller for an attached shock. 
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The compression shock at very high velocities (constant heat 

capacity). At very high velocities, the parameter M sin 0 may 

1 s 

be substantially greater than unity, and this enables us to sim¬ 
plify the relationships for calculation of flow behind compres¬ 
sion shocks. 

Formula (111-4-24) will become 


P2 * + i 1 
Pl 


(III-4-24*) 


Expression (111-4-25) is simplified: 


P2 

Pl 


= (1 + 6) K*. 


(111-4-25*) 


where K 


= M, 0 
i s 


The 

(III-4-25 


= M sin 

pressure 


' ) : 


0 or, for small shock inclination angles, K 


coefficient behind the shock is found from 
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Pz ~ 


2 { Pz — Pl) 
teilpt 


= 2(i - 6 >T3f 


After simplification of (III-4-23), 

AV n = 1 — 6. 


(111-4-25”) 


(III-4-23 1 ) 


Approximate formulas for the other parameters can be obtained 
in a similar fashion. 

The relationships obtained in this manner correspond to the 
case in which K is very large. It is interesting to examine the 

working relationships for the real cases in which influences 
the flow parameters. Let us assume that the shocks that have 
formed are inclined at small angles; we may then simplify calcula¬ 
tion of the angles 0 . For this purpose, applying (III-4-2), 

s 

(111-4-3), and (III-4-24), we find after transformation with con¬ 
sideration of the fact that 0 and 8 are small, 

ci <3 9 
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(111-4-35) 


0 S 

Ps 


^ = 2 -(I i ^[l+Kl + 4(l~6) 2 K-*J. 


For K = M 3 -*■ 00 the ratio 6 /B tends to a limit of 
* s s 

e s /e s = i/(i -6). (hi-4-35 1 ) 


Combining (III-4-25) and (111-4-35) with sin 0 assumed ~ .0 

s 

in the former, we can find an approximate formula for the pres¬ 
sure coefficient: 


-fc= 2 !7 = T=fl [1+^1 + 4(1-8)*K-’]. (111-4-36) 


At the limit, as K -*■ °° 


Pz _ 2 

p’s ~ 1-fi ’ 


(111-4-36') 


An expression for AV can be obtained from (111-4-23) in the 
form n 


AF » =fe = 2 (* ~« 8) I 1 + Kl + 4 (1 - 6) 2 K- 2 ] _1 (m-4-37) 


It is evident from this that in the limit, as K + ®, this 
quantity tends to the value of (III-4-23’). 

We can obtain a simplified formula for determining M 
from (III-4-29): 




a u- 1 M 
1 — s / J (i~6) a ’ 


(111-4-38) 


where K g is determined as a function of the parameter K by 
(111-4-35). 

Certain relationships for a curvilinear shock wave. A de¬ 
tached curvilinear wave always has at least one point at which the 
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tangent plane is perpendicular to the oncoming-flow velocity. 

This point is on the "straight" part of the wave. 

The streamline passing through this point is known as the 
zero streamline. Along it, flow takes place without a change in 
direction and, consequently, the inclination angle of the radius 
of curvature of a shock-wave element on this line is zero. 

With movement along the wave, this angle increases and, in 
addition, the rotation of the flow becomes more substantial. 

The manner of variation of the flow rotation angle along a 
curvilinear shock wave is determined by the derivative 

_ (1-6 )- M jcos* <o—-(l — 6)_M{ cos a <a -j-2 (1 — 6 ) 2 M? cos 2 to - (1 - 6) M»— (!-&)* , ^ . 

4g> (1—6 + 6MJcos 2 <o) 9 -(-(MJcos (Bsino») a * 


which is found by differentiating (III-4-28). 

Relationships that can be used to find the variations of the 
other parameters can be arrived at similarly. For example, the 
derivatives 


d In p _ 2Mfcos<asin<a(l +6) # 

d(0 ~ (1 + 6) Rif cos 2 to—6 ’ 

rflnp __1 (1—6) tga> 

rfco 2 t — 6 + 6Mfcos*<o 


(III-4-40) 

(III-4-41) 


serve for calculation of the pressure and density variations. 

They indicate that with the approach to the zero streamline, the 
pressure and density increase monotonically, reaching their maxi¬ 
ma at the apex of the wave, where w = 0. 

Study of the geometric properties of a curvilinear shock 
wave is a component part of aerodynamic research, and one that 
is related, for example, to determination of the radius of curva¬ 
ture R g of the surface and the nature of its variation along the 

wave. 


If the equation y = f(x) represents the equation of the wave 
generatrix in general form in a certain plane xoy, the radius of 
curvature of the generatrix at a given point is 


R* 


dl 

d(o 


8 

-d + y'V(yr\ 


(III-4-42) 
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where dl is an elementary arc of the generatrix; y’ = dyldx, y” = d 2 yjdx 2 , 
with y" < 0. The variation of the radius of curvature along the 
wave is 


- s £- = R*{y"r 2 [(i + y' i )y~-Zy'{y”)\\ (III--4—43) 

Let us assume that the wave generatrix is parabolic, x = ay 2 . 
Then 

fls= (2a)- 1 (4a V + 1) 3/2 . (III-4-44) 

Here, R = R = l/(2a) at the point y = 0, through which 

S So 

the zero streamline passes. 

For the parabolic wave. Expression (III-4-43) will be 

(III-H-iO') 

where R is determined with (III-4-44). 
s 

Experimental data indicate that the generatrix of a detached 
curvilinear wave can also be approximated by a hyperbola near the 
zero streamline: 


a* b * ~ 1 


where a and b are the semiaxes. Then 




(111-4-45) 


where R = b 2 /a is the radius of curvature at the axis (x = y = 

= 0). So 

In accordance with (III-4-45), the derivative 


d *, 3 


dl a 


(in-n-1.6) 
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Relaxation Effects in Shock Waves 

The physical picture of the nonequilibrium process. As a 

result of passage of gas through a shock wave, some of the kin¬ 
etic energy is converted into energy of active and inert degrees 
of freedom. Since equilibrium is established within a very short 
time, commensurate with the time of passage of the gas through 
the thickness of the shock, for the active degrees — transla¬ 
tional and rotational — we may assume for practical purposes that 
equilibrium is established instantaneously. Thus, the tempera¬ 
ture behind the shock wave will be the same as in a gas with 
constant specific heats. 

In accordance with this scheme, the inert degrees of freedom 
are unexcited immediately behind the shock. Since these degrees 
have finite relaxation times, which are substantially longer than 
the time to pass through the thickness of a real shock, the init¬ 
ial temperature attained will diminish until the inert degrees 
(first vibrational, then dissociation, excitation of electron 
levels, and, finally, ionization) reach equilibrium. This proc¬ 
ess is accompanied by an increase in density and some increase in 
pressure. The degree of dissociation also rises from zero to its 
equilibrium value (as does the degree of ionization at very high 
temperatures). 

Calculation of nonequilibrium flow behind a normal compres¬ 
sion shock. The problem is one of evaluating the extent of the 
nonequilibrium zone or "relaxation length," and determining the 
nonequilibrium parameters behind the shock. For this purpose, it 
is necessary to solve a system consisting of an equation of one¬ 
dimensional steady motion 


y dV 1 dp 

dx p dx ' 


and the equations of energy (111-4-17), state (III-1-14’), and 
chemical-reaction rate (III-1-27). 

With the nomenclature introduced in §111-1, this equation 
system will be written as follows: 


1 dV* i dp 

2 dJ dx ’ 

a + i±?:jL + lL = r 0 . (III-4-47) 

^ 1-f-a p 2 

p-pf.(l+a); 
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(III-4-47) 
(Cont *d.) 


where x = x/L (L is a certain characteristic linear dimension) and 
the parameter 


<P = 


c p?£ . 
P dVt ’ 


(III-4-48) 


At the same time one of the equations of (III-1-27’) can be used 
instead of the last equation of (111-4-47) system. 

The above equation system reflects the case of nonequilibrium 
flow along an arbitrary streamline. If we consider the "zero" 
streamline, which passes through the straight part of the compres¬ 
sion 'shock, the system is simplified to a certain degree. For 
example, we may use instead of the equation of motion the im¬ 
pulse equation for a strong shock wave: 


P+P 


(111-4-49) 


This leaves one differential equation for the chemical reac¬ 
tion rate in System (111-4-47). 

The initial conditions are determined by integrating this 
equation by the variables directly behind the shock wave, which 
are found from the theory of the ordinary shock transition, i.e., 
on the assumption that there is no dissociation and, consequently, 
a = 0 at x = 0. Pressure is assumed constant and independent of 
nonequilibrium along the "zero" streamline. 

Figure III-4-6 shows the results of numerical integration for 
equilibrium of the vibrational degrees of freedom (t = 0 curve). 

Oxygen was chosen as the medium, with the recombination rate coef¬ 
ficient assumed equal to k^ = S^’IO 14 cm 6 /mole 2 *s on the basis 

of experimental data. The curve in Fig. III-4-6 can be used to 
evaluate the relaxation-zone nonequilibrium degree of dissocia¬ 
tion, which rises from zero directly behind the shock to the 
equilibrium value a = a g at the end of the relaxation distance. 

The diagram in Fig. III-4-7 illustrates the variation of 
density in the nonequilibrium zone. In accordance with the type 
of variation of the degree of dissociation, the density rises 
from its value for a nondissociating gas to the density at 
equilibrium dissociation. 
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Figure III-4-6. Varia¬ 
tion of Nonequilibrium 
Degree of Dissociation 
of Oxygen Behind Shock. 

1) t = 20t n ; 2) t = 
v D * v 

4t D ; 3) vibrations at 

equilibrium (t = 0); 

= 13; Pi = 5.65 
mmHg; T x = 295°K; t 

is the vibrational re¬ 
laxation time and t^ 

is the dissociation re¬ 
laxation time. 

equilibrium values (for t = 0). 


Figure III-4-7. Varia¬ 
tion of Ratio of Oxy¬ 
gen Densities After and 
Before Compression Shock 
in Nonequilibrium Flow 
in a Compressed Layer. 
1,2,3) see Fig. III-4-6. 


The same Figs. III-4-6 and 
III-4-7 show curves (t / 0) that 

take account of the vibrational . 
relaxation time t . It may be 

noted that atomic vibrations in¬ 
crease the degree of dissociation 
and the density ratio over their 
This is because the vibrations 


have not reached equilibrium and the unabsorbed part of the energy 
is also expended on dissociation. 


This increase in degree of dissociation and density in the 
relaxation zone occurs not only in a diatomic gas, but also in 
air at 4000°K. This is explained by the fact that practically 
no vibrations may have been excited when this temperature is 
reached in nitrogen behind the shock, and the unabsorbed vibra¬ 
tional energy may contribute to further oxygen dissociation and, 
consequently, to an increase in the density of the air. 


Data on the degree of dissociation enable us to evaluate the 
nonequilibrium temperature, for example, with the approximate for¬ 
mula 


r-a (111-4-50) 

4 -fa * 
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where it is assumed for high velocities that i = 0.5V*. The equa- /139 

tion of stare (III-1-14') can also be used. According to the 
calculated data given in Figs. III-4-6 and 111-4-7, the_tem- 
perature varies from 9700°K directly behind the shock (x = 0) to 
an equilibrium value of 3700°K. 

As we have noted, the re¬ 
sults presented pertain to oxy¬ 
gen, since the recombination- 
rate parameter k_, is known with 

greatest certainty for precisely 
this gas. The same equation 
system can be used for approxi¬ 
mate evaluation of the influence 
of nonequilibration on the flow 
of air, referring it to a dia¬ 
tomic air model consisting of an 
additive oxygen-nitrogen mixture. 

In this case, the coefficient c_ 
in (III-4-48) is determined for 
the oxygen, and all the other 
parameters, such as the degree of 
equilibrium dissociation a g , the 

characteristic density, characteristic pressure, etc., are found 
for the diatomic air model. 

Figure III-4-8 shows the density and temperature distribu¬ 
tions in the oxygen-nitrogen air mixture in the relaxation zone 
behind a shock wave for = 14.2, T : = 300°K, and pj = 1 mmHg. 

The unbroken curves were plotted on the assumption of instan¬ 
taneous vibrational excitation, and the dashed curve without 
consideration of vibrational excitation. These results indicate 
that the vibrations are a substantial factor. When they are not 
taken into account, the temperature behind the shock is 12,000°K, 
but it is 9770°K, i.e., much lower, for the fully excited state. 

It is also evident from Fig. III-4-8 that the nonequilibrium 
zone is relatively small, extending over approximately 8-10 mm, 
with vibrational excitation practically insignificant at the end 
of the zone. In equilibrium-dissociation calculations, therefore, 
we may assume the rates of vibrational excitation to be infinite, 
thus regarding the gas ahead of the onset of dissociation as fully 
excited. 



Figure III-4-8. Influence of 
Nonequilibrium Dissociation 
on Density and Temperature 
Behind Shock. 
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Chapter IV 
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GENERAL METHODS OF SOLUTION OF AERODYNAMIC PROBLEMS 


§IV-1. THE METHOD OP CHARACTERISTICS 
Genera1 Equations for the Characteristics 

The compatibility condition. The method of characteristics, 
which enables us to solve the equations of motion of a gas graphi¬ 
cally or numerically and, in particular, to compute the flow be¬ 
hind a stationary shock wave for the condition that this flow is 
supersonic, occupies an important position among the methods used 
in supersonic aerodynamics. 



0 1 -—- —x 

Figure IV-1-1. Method 
of Characteristics. 
AB) initial curve; 1) 
characteristic of 
first family; 2) 
characteristic of 
second family. 


dent variables. 


We shall examine the method of 
characteristics as it applies to steady 
two-dimensional supersonic rotational 
and irrotational gas flows. Equations 
(III-2-24) for the velocity potential 
<j> and (III-2-35) for the stream func¬ 
tion ip, which can be solved by this 
method, are quasilinear second-order 
hyperbolic partial differential equa¬ 
tions . 

The solutions of these equations, 

<f> = <f>(x, y) and rp = *Kx, y) are repre¬ 
sented geometrically by integral sur¬ 
faces in the space defined by the x, 
y_, <}> or x> ^ coordinate systems. In 
these systems, the x, y-plane is re¬ 
garded as the base plane and called the 
physical plane or the plane of indepen- 


The solutions of (III-2-24) and (111-2-35) will be unique if 
they are subject to certain additional conditions. These addi¬ 
tional conditions are imposed by assigning values of the unknown 
function <j)(x, y) or tp (x, y) and one of its first derivatives <J> (ip ) 

or (p (\p ) on a certain initial curve AB (Pig. IV-1-1). Finding 
«y «y ' 

functions <f> or ip that satisfy the given equation and initial con¬ 
ditions on the basis of these initial data in the neighborhood of 
curve AB is the content of the Cauchy problem. 

From the geometrical viewpoint, solution of the Cauchy prob¬ 
lem consists in finding in the x, y, 4> (or x, y, ip) space an 


l8l 


integral surface that passes through a given space curve 41 = 

= <t>(x AB , y AB ) or ip = ^(x AB , y AB ) and has the given tangent planes at 

points on this curve. The solution of the Cauchy problem as it 
applies to supersonic flows and the associated development of an 
appropriate method of characteristics are due to Prof. F. Frankl*. 

To examine the Cauchy problem, let us represent Eqs. 
(III-2-24) and (111-2-35)* written for steady flow, in the form 


Au. + 2Bs + Ct -J- // = 0, 


(IV-1-1) 


where u-~-=<f xx ( = i| 3 **;), ( = 1 i^). t — <(uui — ^uu) are the second partial 

derivatives; A, B, and C are the coefficients of the correspond¬ 
ing second partial derivatives in Eqs. (III-2-24) and (III-2-35), 
and the term H combines all of the remaining terms of these equa¬ 
tions . 

The solution of (IV-1-1) in the neighborhood of the initial 
curve AB is found as a Taylor series 


«P 


- ¥ (*. !/> + 2 a- [(A*)" fit + i (A*)- A,,+ 


n=l 


(iv-1-2) 


(A.)- (A 9 )* jjfiSLp + ... + <A»)" 0 ] , 


where Ax — x 0 ~ x. Ay — y 0 — y (Fig. IV-1-1); the values of the deriva¬ 
tives are taken at points on curve AB; the stream function ip may 
appear in place of cf >. Obviously, this expansion determines the 
solution that we seek if the values of the function <J> (or ) and 
its derivatives of any order are known on the initial curve. But 
only the unknown function and its first derivatives p — ip x 

? = fa (=4v) are assigned on this curve. It is therefore necessary 

to indicate a method of finding derivatives of order higher than 
the first on curve AB. 

We first find equations with which the second derivatives 
can be determined. Since there are three derivatives (u, s, t), 
it is necessary to write as many independent equations to deter¬ 
mine them. The first of these is (IV-1-1), which we shall examine 
on the initial curve AB. The other two are obtained from the 
following relationships, which are also considered along the 
initial curve: 


dp — dx -j- dy = u dx -}- s dy\ 
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dl 1 = dx +17 dl J = 5 dx + 1 dlJ • 


Thus, the equation system for determination of the second 
derivatives will be 

Au + 2Bs + Ct= —H; 'J 

dxu,-\- dys -J- 0 - i = dp; | (IV—1—3) 

o • u -j- dxs -f- dyt — dq. J 


If we introduce the respective symbols A, A , A. A. for the 

11 S 

principal and partial determinants of the system, the second de¬ 
rivative on the curve will then be determined from the relation¬ 
ships 



(IV-1-4) 


It follows from these equalities that if the principal deter¬ 
minant is nonzero on AB, then the derivatives u, s_, and t_ are 
evaluated uniquely. If, on the other hand, curve AB is such that 
this determinant is zero along it, i.e.. 


A 


A = 


dx 


0 


2 B 
dy 
dx 


C 

0 

dy 


= 0, 


and, consequently. 




. dx ) 


2B^L + C,0, 


(IV-I-5) 


then the second derivatives are either not determined at all in 
terms of 4>, g_, and g[ or are determined nonuniquely. 

It is readily seen that (IV-1-5), which can be rewritten 



l flP—AC), 


(IV-1-5') 
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is the differential equation of two single-parameter families of 
real curves provided that B 2 — AC > 0 (V 2 — a 2 > 0), i.e., if the 
flow is supersonic. Curves at each point of which the partial 
determinant of System (IV-1-3) is zero are called characteristics 
and Eq. (IV-1-5) a characteristic equation . Slopes calculated by 
(IV-1-5') define characteristic directions . 

It is clear from the above that the following condition must 
be satisfied for unique definition of the second derivatives: the 
direction of the initial curve should not at any point coincide with 
a characteristic direction. 

The same condition A 1 0 applies in respect to unique defi¬ 
nition of higher derivatives appearing in the series (IV-1-2). 
Thus, if A / 0 on the initial curve, we may write systems similar 
to (IV-1-3) to determine successively any of the derivatives ap¬ 
pearing in Series (IV-1-2), and thereby find the sought solution 
or ip in the neighborhood of the initial curve. 

The case in which the initial curve AB coincides with one of 
the characteristics and not only the principal determinant of 
System (IV-1-3), but also the partial determinants A u = A g = A fe = 

= 0 on it, has a special place in supersonic-flow theory. It can 
be shown that if, say, the determinants A and A t are zero, the 

other two determinants vanish automatically. In this case. System 
(IV-1-3) has solutions, although they are not unique. 

On expansion, the equations 



.4 

2 B 

— H 


A = U, Aj = 

dx 

dy 

dp 

= 0 


0 

dx 

dq 



have the form 


A(yy-2By’ + C = 0; V±v~±-o, 

A(y'dq — dp) — 2B dq-r-H dx — 0. (IV-1-7) 


This equation system forms the mathematical basis for the 
method of characteristics. Equations (IV-1-6) and (IV-1-7) are 
known as compatibility conditions. The former defines two famil¬ 
ies of curves (characteristics) in the physical plane, and the 
latter two families of curves that are known as characteristics 
in the jd, q- plane . 
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We see from Eqs. (IV-1-6) and (IV-1-7) that a definite point 

on the corresponding characteristic in the q_-plane corresponds 
to each point on the characteristic in the x, y_-plane. It is 
this that permits use of the characteristics to calculate gas 
flows. 

Equation (IV-1-7) is a condition that must be satisfied by 
the first derivatives g_ and of the function ^ or ^ on the 
initial curve AB when this curve is a characteristic for System 
(IV-1-3) to have a solution. Thus, it is a distinctive property 
of characteristics that while the initial conditions can be as¬ 
signed arbitrarily along a curve that is not a characteristic, 
this can no longer be done along a characteristic. 

Characteristics in the physical plane. Two families of 
characteristics in the physical plane are defined by the various 
real roots X. = dy/dx of characteristic equation (IV-1-5), which 

may be regarded as a quadratic equation in dy/dx. After replac¬ 
ing the coefficients A, B, C in these equations by their values 
according to (III-2-24) or (III-2-35), we obtain the differential 
equation for the characteristics: 

dv-i-8) 


where the "1" corresponds to the first family of characteristics 
and the "2" to the second. 

Let us find the angle y between the characteristic direction 

for some point A of the flow and the direction of the velocity 

vector V at the same point. This angle can be found with (IV-1-8) 

if we refer it to the local xi, yj coordinate system with its 

origin at point A and its Xj-axis coinciding in direction with 

the vector V. With this condition, V = V, V = 0 and, conse- 

x y 

quently, on the basis of (IV-1-8), 




From this we see (Fig. IV-1-2), firstly, that the velocity 
vector bisects the angle between characteristics emanating from 
the same point and, secondly, that the angle between this velo¬ 
city vector and the characteristic is the Mach angle. Conse¬ 
quently, the physical significance of the characteristic is that 
it is a line at each point of which the direction of the tangent 
coincides with the direction of one of the disturbance lines 
emanating from the same point. 
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We now note (Fig. IV-1-2) that 
the angle of inclination of the 
characteristics to the horizontal 
axis is 0 ± p. Consequently, Eq. 
(IV-1-8) for the characteristics 
can also be written 

Xf -(ll)i.a “ f s<P =*=!*)• (IV-1-9) 


Figure IV-1-2. Determin¬ 
ing Physical Significance where 0 is the angle between the 

of Characteristics. 1) velocity vector V and the x-axis. 

direction of first-fam¬ 
ily characteristic at It is essential that the 

point A; 2) first-family characteristic equations (IV-1-8) 

characteristic with and, consequently, the form of the 

slope Xjj 3) direction characteristic curves are the same 

of second-family char- for both rotational and potential 

acteristic at point A; two-dimensional flows. 

4) second-family char¬ 
acteristic with slope Characteristics in the plane 

A 2 . of the velocity hodograph. If y' 

in (IV-1-7) is replaced by the first 
root of the characteristic equation, 
y* = A 13 it will represent the first family of characteristics in 
the p, q-plane. A similar substitution of y' by the second root, 
y' = A 2 , gives the equation for the second characteristic family 
in the same plane. The equations thus obtained for the char¬ 
acteristics can be modified somewhat by using the known property 
of the roots of the quadratic equation (IV-1-5) according to 
which 2B = A(A X 2 + A 2 1 ). Introducing this relation into 
(IV-1-7), we obtain it’in the form 


A (dp + A 2> , dq) -f II dx .= 0, (IV-1-7 ' ) 

where the subscript ”2" corresponds to the first family of char¬ 
acteristics and the "1" to the second. 

In contrast to (IV-1-5') for the characteristics in the 
physical plane, the specific form of (IV-1-7') depends on what 
kind of flow is being investigated: plane or spatial, rotational 
or potential. 

Each of these types of flow has its own equation for <j> or ip /144 
and, consequently, its own expression for the coefficient H. 

To obtain the equations for the characteristics in the p_,em¬ 
plane in its most general form, let us examine rotational two- 
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dimensional supersonic flow and (III-2-35) for the stream func¬ 
tion. We introduce the coefficients of (III-2-35) into (IV-1-7'): 


-1 =1 - - g - 

d- 


_ h±j 

H ~ -V x (l-V*) k -' (i-K*)' 4 - 1 /(*) 


Here the function f(i|0 is given by Expression (111-2-36), 

from which we see that it is determined by the vorticity 9V /3x — 

•/ 

— 9V /3y. In turn, gasdynamics has the relation 

X 

dV U <n r x _ gl dS 1 (IV-1-10) 

dx dy V dn kR 


for vorticity, which indicates that it depends on the entropy 
gradient along the normal to the streamline. Consequently, the 
function f(4>) can be represented in the form 




fc-l Vmax(l-V 2 ) dS 

2 kR y*y dn 


(IV-1-11) 


The functions g_ and cl (IV-1-7') are replaced in accordance 
with (III-2-33) by the expressions 


i 

P = V* = -y‘V v ( i-F 2 )*- 1 ; 


1 s 

q = 'p v = y*V x ( 1-F*)*- 1 , 


and the slopes by their values Xj, t = tg (p qp n). 

Then, introducing the polar coordinates 0 and V, which are 
defined by the expressions F x = Fcosp, F„ = Fsinp, we obtain the fol¬ 
lowing equation after a number of manipulations [ 58 ]: 


-y- =F tgfidp —8 


dx sin P sin n , dx sin 3 fi dS 
~y cos (P ± (i) kR cos (P ± n) dn 


(IV-1-12) 


which is the equation for the characteristics in the velocity- 
hodograph plane. The upper sign corresponds to characteristics 
of the first family, and the lower sign to those of the second. 
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The stagnation pressure gradient dpj/dn can be introduced 
instead of the entropy gradient in the equations for the char¬ 
acteristics in the hodograph plane by applying the relation 


dS R dp' B 

dn p‘ 0 dn 


din pg 
dn 


(IV-1-13) 


Characteristics of Plane Potential Plow 

In this case, the equations for the characteristics in the 
physical plane take the form of (IV-1-9). In the hodograph plane, 
the corresponding equations are obtained from (IV-1-12), setting 
e = 0 and dS/dn = 0: 


~y -H tg fl = 0. 


(IV-l-14) 


Integrating from V = a#(A = 1) to some arbitrary velocity 
value, we find the equation for the characteristics: 


P— ± <0+p*, 


(IV-1-15) 


where 3* is the initial deflection angle of the flow; 
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o) = 




(IV-1-16) 


In this expression, dA/A is found with (III-3-5): 


dk _ dM _ 


After substitution, evaluation of the corresponding integral 
in the range from M = 1 to s ome va lue M > 1, and transformation 
to take account of cot y = /M* — 1, we find 


© = V Si arct s Y I+l 1) — arctg ]/ M 2 - 1. (IV- 1 - 17 ) 
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We see from this expression that the angle u is a function 
only of M. If we introduce the velocity ratio X - V/a*, this 
angle can be represented as an w = ui(X) curve. The curve con¬ 
structed from (IV-1-17) is an epicycloid. 

Thus, Eqs. (IV-1-15) for the characteristics of a plane flow 
correspond geometrically to two families of epicycloids in a ring 
whose internal radius is X = 1, while its external radius is X = 

= [(k + l)/(k — l)] 1 / 2 . The plus sign in front of the function 
a) (X) corresponds to an epicycloid (characteristic) of the first 
family, and the minus sign to one of the second. 

The physical significance of the angle to is that it repre¬ 
sents the deflection angle 3 of the flow in isentropic expansion 
from the direction corresponding to M = 1 to a direction char¬ 
acterized by a certain arbitrary M > 1 and equal to the upper 
limit in the integral of (IV-1-16). 

The flow deflection angle at an arbitrary point can be de¬ 
termined as follows. Assume that we know an initial Mach number 
M >1. As a result of flow expansion, M increases, reaching a 
value M 2 > Mj. Deflection angles Uj and co 2 of the flow from the 
direction of flow with M = 1 correspond to these Mach numbers M x 
and M 2 , and they can be determined from the expressions 3 X = m(M 1 ) 
and 3 2 = w(M 2 ). Consequently, the angle of deflection from the 
original direction is A3 = 3 2 — 3j = w(M 2 ) — ooCMj). 

The flow variables can be calculated in a different proce¬ 
dure: the Mj corresponding to the original direction can be de¬ 
termined from a known M 2 and the flow deflection angle A3 from 
that direction. To facilitate such calculations. Table IV-1-1 
gives values of the function w = w(M) calculated by (IV-1-17) 
for various M and k = 1.4. The same table lists inclination 
angles of the disturbance line (Mach angles) calculated by the 
formula p = arc sin (1/M). 

At hypersonic velocities, the equation for the function w 
and consequently, calculations using the method of characteris¬ 
tics are simplified. Actually, for very large M, (IV-1-16) can 
be written 


(0 = 


M 

sM- 


(iM 

M 2 


which gives, after integration. 


(0 = 



(IV-1-18) 
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Equations (IV-1-17) and (IV-1-18) can be used to calculate 
supersonic flow over a convex angle (Fig. IV-1-3, angle ABC > 

> l80°). The disturbed flow past such an angle is known as 
Prandtl-Meyer flow . 


TABLE IV-1-1. DEFLECTION ANGLE co OF PLANE SUPERSONIC 
FLOW AND INCLINATION ANGLE y OF DISTURBANCE LINE AS 
FUNCTIONS OF LOCAL M AT k - 1.4* 


M 

to* 

n* 

M 



M 

to* 


1.00 

0.00 0 

90.000 

4.00 

65.785 

14.478 

7.00 

90.973 

8.213 

1.10 

1.336 

65.380 

4.10 

67.082 

14.117 

7.10 

91.491 

8.097 

1.20 

3 . 55 s 

56.413 

4.20 

68.333 

13.774 

7.20 

91.997 

7.984 

1.30 

6.170 

50.2S5 

4.30 

69.511 

13.44S 

7.30 

92.490 

7.873 

1.40 

8; 987 

45.5S5 

4.40 

70.706 

13.137 

7.40 

92.970 

7.776 

1.50 

11.905 

41.S10 

4,50 

71.832 

12.814 

7.50 

93.440 

7.662 

1.60 

14.861 

38.682 

4.60 

72.919 

12.556 

7.60 

93.898 

7.561 

1.70 

17.S10 

36.032 

4.70' 

73.970 

12.284 

7.70 

94.345 

7.462 

1.80 

20.725 

33.749 

4.80 

74.986 

12.025 

7.80 

94.781 

7.360 

1.90 

23.586 

31.757 

4.90 

75.969 

11.776 

7.90 

95.208 

7.272 

2.00 

26.380 

30.000 

5.00 

76.920 

11.537 

8.00 

95.625 

7.181 

2.10 

29.097 

2S.437 

5.10 

77.841 

11.308 

8.20 

96.430 

7.005 

2.20 

31.732 

27.036 

5.20 

78.732 

1 11.087 

8.40 

97.200 

6.837" 

2.30 

34.283 

25.771 

5.30 

79.596 

10.S76 

8.60 

97.936 

6.677 

2.40 

36.746 

21.624 

5.40 

80.433 

10.672 

8.80 

98.642 

6.52S 

2.50 

39.124 

23.578 

5.50 

81.245 

10.476 

9.00 

99.318 

6.379 

2.60 

41.415 

22.620 

5.60 

82.032 

10.287 

9.20 

99.967 

6.240 

2.70. 

43.621 

21.738 

5.70 

82.796 

10.104 

9.40 

100.589 

1 6.107 

2.SO 

45.746 

20.925 

5.80 

83.537 

9.928 

9.60 

101.188 

5.979 

2.90 

47.790 

20.171 

5.90 

84.256 

9.758 

9.80 

101.763 

5.857 

' 3.00 

49.757 

19.471 

6.00 

84.955 

9.594 

10.00 

.102.316 

5.739 

3.10 

51.650 

18.819 

6.10 

85.635 

9.435 

10.20 

102.849 

5.620 

3.20 

53.470 

18.210 

6.20 

86.296 

9.282 

10.40 

103.362 

5.518 

3.30 

55.222 

17.640 

6.30 

.86.937 

9.133 

10.60 

103.857 

5.418 

3.40 

56.907 

17.105 

6.40 

87.561 

8.989 

10.80 

104.335 

5.313 

3.50 

58.530 

16.602 

6.50 

88.168 

8.850 

11.00 

104.796 

5.216 

3.60 

60.091 

16.128 

6.60 

88-759 

8.715 

11.20 

105.241 

5.123 

3.70 

61.595 

15.680 

6.70 

89.335 

8.584 

11.40 

105.671 

5.032 

3.80 

63.044 

15.258 

6.80 

89.895 

8.457 

11.60 

106.087 

4.945 

3.90 

64.440 

14.857 

6.90 

90.441 

8.333 

11.80 

106.489 

4.861 







12.00 

106.879 

4.780 



Figure IV-1-3. Super¬ 
sonic Flow Past a Con¬ 
vex Angle (Prandtl- 
Meyer Flow). 


In passing over angle B, the flow 
undergoes expansion, which begins along 
the Mach line BE (y^ = arc sin 1/M^) 
and terminates on the Mach line 
BD(y 0 = arc sin 1/M ). These Mach 
lines, like intermediate Mach lines 
such as BF, which are straight lines, 
correspond to characteristics of the 
first family, and velocities do not 
vary along them. Velocity changes 
will occur at transition from one Mach 
line of the first family to another. 
This velocity change can be analyzed 
with the aid of (IV-1-17) or (IV- 1 - 18 ). 
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To find M on an intermediate characteristic BF to which a 
given flow deflection angle 8 corresponds, we first find the total 
angle oo = <jo ot + 8, where is found from (IV-1-17) or (IV-1-18) 
for the given M . Knowing w, we can use the same equations /1^7 

[(IV-1-17) and TlV-l-l8)] to calculate the corresponding local 
M. The local Mach number M 0 on wall BC is determined from the 
angle w 0 = + 8p . The angle e between Mach line BF and the 

vertical is determined from the condition e = tt/2 — (y — 8), 
where y - arc sin 1/M. 

The properties of Prandtl-Meyer flow can be used to solve 
the problem of continuous supersonic flow over a convex curvi¬ 
linear surface (this problem will be examined below). 

Sche me o f Prob lem Solution by the Method of Cha racteristics 

System of equations for characteristics. Using (IV-1-16), 
we can transform Eq. (IV-1-12) for the characteristics in the 
hodograph plane and thus utilize the properties of epicycloids 
for calculation of two-dimensional nonisentropic flows. 

As a result, the system of equations for the characteristics 
will be: 

a) for the first family 

= (IV-1-19) 

d(«-P)-e^Z+^-^ c = 0; (IV-1-20) 

b) for the second family 


<ty = tg(P-n)dx; (IV-1-21) 

+ (IV-l-22) 

where 

. sin P sin fi . sin* P cos p . ( TV— 1 — ? 3 ) 

~~ cos (P + y) ’ C ~ cos(P+fi) ’ 

.... _ r s ' n P s in y . sin*Pcosy ('TV-l-Piii 

cos(P + n) ’ cos (P — y) • 


As we noted, the stagnation pressure gradient dpj/dn can be 
introduced instead of the entropy gradient by using the relation¬ 
ship between them, (IV-1-13). 


i- 

& 

1 
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For two-dimensional isentropic (potential) flow, the equa¬ 
tions for the characteristics become: 

a) for the first family 

<fy = tg(P + n)<*x; (IV-1-25) 

d(a — (3) — e-y- i = 0; (IV-1-26) 


b) for the second family 


dy - tg (P — |x) dx; (IV-1-27) 

rf((o + P) — e-y-m = 0. (IV-1-28) 


We must set e = 0 in the equations for plane flow and e = 1 
for spatial axisymmetric flow. 

Method of numerical calculation. Determination of the dis¬ 
turbed-flow velocity field by the method of characteristics con¬ 
sists for the most part of solving two independent problems. The 
first involves determination of velocity at the intersection point 
of characteristics of different families emanating from two near¬ 
by points at which the velocities are known; the second consists 
in calculating the velocity at the intersection point of the solid 
wall with a characteristic if the latter is drawn from a point 
near the wall and if the velocity is known at this point. These 
problems are purely kinematic, since the method of characteris¬ 
tics makes it possible to find velocity directly. It must be 
remembered that in the general case of nonisentropic flow, velo¬ 
city alone represents insufficient initial data, and other vari¬ 
ables (entropy, stagnation pressure) must be assigned. 

Let us examine the first problem. By its hypothesis, M., 

Mg, and other parameters, including the entropies S A and Sg, are 

known at two neighboring points A and B of the physical plane (Fig. 
IV-l-4a), and it is necessary to find the flow variables at point 
C, at which elements of the first- and second-family characteris¬ 
tics intersect (M c , the velocity vector inclination angle gg, the 

entropy S c , etc.). It is also required to find the coordinates 

x c and y c of point C. 

All numerical calculations are based on use of the equations 
for the characteristics, (IV-1-19)-(IV-1-22), which are written in 
finite differences: 
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a) for the first family 


Ay B — *g (Pb + fie) Ax B ; 


Aco^ — Ap^ — £ 


Ax a 

Vb 


Ib 


Aj b AA 
kR An 


Cg = 0; 


(IV-1-29) 
(IV-1-30) 


b) for the second family 


a = tg (P A — fi A ) Ax a ; 


Aco a + A(5 a . — e —A- m A 

Va 


fAx x 

kR 


AA 


An 


*a = 0 . 


(IV-1-31) 

(IV-l- 32 ) 


where 


Ay B — yc — yBi Ax B = x c — x B ; Aoj b = co c — w b ; Ap B = p c —Pb'» 
Ay a — yc — U.u Ax a = x c — x A \ A© a = co c — co A ; Ap A = pc — Pa! 


Ib - 


in, 


sin Pb “in fi B _ 

“in Pa sin Ha '. 
cos (p A — ji A ) ’ 


C n — 


sin 2 PbCQS fjj . 
cos (Pb + Hb) 


n 


t A - 


sin 2 p A cos 
cos(P A —n A ) 


(IV-1-33) 



Figure IV-1-4. Illustrating Cal¬ 
culation of Supersonic Flow 
Velocity by the Method of Char¬ 
acteristics. 1) element of 
first-family characteristic; 

2) element of second-family 
characteristic; a) first 
problem; b) second problem. 


Thus, Eqs. (IV-1-29)- 
(IV-l-32) are written on the 
assumption that the coeffi¬ 
cients Z, m, c, and t re¬ 
main constant with movement 
along the elements of the 
characteristics and are equal 
to their values at the init¬ 
ial points A and B. 

To determine the coordi¬ 
nates x c , y c , it is necessary 

to solve the system of equa¬ 
tions (IV-1-29) and (IV-1-31) 
for the elements of the conju 
gate characteristics in the 
physical plane: 


yc — VB= (x c — x B ) tg (pB + y B ); 
yc — y A = (x c — X A ) tg (Pa — Ha). 


Calculation of the velocity at point C and the angle 3 C re¬ 
quires solution of equation system (IV-1-30) and (IV-l-32) for 
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the conjugate characteristics in the hodograph plane. Obviously, 
these parameters depend on AS/An, which determines the change in 
entropy on passage along the normals to the streamlines passing 
through points B and A. 



Figure IV-1-5. Illu¬ 
strating Calculation 
of Velocity by Method 
of Characteristics 
with Consideration 
of Rotational Nature 
of Flow. 


We see from Fig. IV-1-5 that 

AS S A —Sjg 

An ~~ AC sin n A -j-/iC sin jig ’ 


where 


AC = 


T C - X A . 

COS(f) A —ft A ) • 


BC = . 


Introducing the notation 


e=(x c — x A ) sin fi A cos (0 B + |i B ); 
f=(x c — x B ) sin u B cos (P. 4 — |j A ), 


we obtain 


AS_ (S A — A~j)cos(P b -P,ii b )cos (ft A — n A ) 
An j -j -1 


(IV-1-34) 


The absolute value of the entropy at point C is determined 
from the relation 


S c = AS* + ^ = ~ BC sin + S B = + S , 


/+ e 


(IV-1-35) 


The stagnation pressure gradient along a streamline normal 
is determined with a formula similar to (IV-1-34): 


A Pa ^ ( P'oa~Pqb> c0s (Pj3 ~ T^b) COS (P A — H A ) 
An / + < 


(IV-1-36) 


where p'. and p' are the stagnation pressures at point A and B, 
oA o Jj 

respectively. 


194 



The sign of the ratio ApJ/An depends on the manner of stag- 
nation-pressure variation with movement along the streamline nor¬ 
mal from point A to point B. In flow over bodies with a curvi¬ 
linear shock, the stagnation pressure diminishes on passage to 
streamlines nearer the body surface. And this is understandable, 
since the wave becomes more intense with this transition and flow 
through it is accompanied by a larger entropy increase. If point 
B is nearer the surface, Ap’/An - (p' — p' )/An is positive, 

0 n 0 JD 

since the stagnation pressure p’g at this point is lower than that 

at point A. The stagnation pressure at point C on the intersec¬ 
tion of characteristics of different families passing through 
points A and B is calculated by analogy with (IV-1-35) from the 
expression 


Poe = p'ob -f 


(Pqa Pqb) f 
f- t-e 


(IV-l-37) 


The unknowns in equation system (IV-1-30) and (IV-1-32) are 
the increments Aujg, Aw^, A3g and A3 A * The number of these un¬ 
knowns can be reduced to two if we remember that 


A«b b — Aw..! -f- to.4 — (o B ; Ap fl = Ap A + p A — p B . 
Accordingly, (IV-1-32) is transformed to 


Aco fl -f- Ap B — (o A -|- (o B — p . v 


Pa —e 


'Aj-a 

Va 


m A 


Ar a SS_ 
kR A n 


t A = 0. 


(IV-1-38) 


Solving this equation simultaneously with (IV-1-30) for the 
variable Agg, we obtain 


NP a 


1 

•>" 



m A 


Aj b 
Mb 



1' ~j7)} (A-c a /a -{- A.r B c B ) — (w B — u> A ) — (P B —Pa) J • 


(IV-1-39) 


From the value determined for Ag_ from (IV-1-30) or (IV-1-38) 

JJ 

we find the second unknown Aujg. We can now calculate the angles 
3 q = 3g + ^^B anc ^ “c = “B + ^ or P°^- n ^ C. Then, using Table 

IV-1-1, we determine and the Mach angle y^ for this point from 
u)g. If necessary, we can find other variables, i.e., pressure. 
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density, temperature, etc. The variables calculated in this way 
represent a first approximation, since the coefficients Z and m 
and the coordinates of the points under consideration were as¬ 
sumed constant along elements of the characteristics and equal 
to their respective values at points A and B. These variables 
can be improved if we substitute values calculated as means be¬ 
tween those assigned at points A and B and those obtained at point 
C in the first approximation for & B , m^, y B , y A in Eqs. (IV-1-30) 

and (IY-1-32). In performing the calculations, it must be remem¬ 
bered that the initial points A and B need not lie on the same 
characteristic. 

Let us examine the second problem formulated above, which 
consists in determination of the velocity at point B at the inter¬ 
section of element DB of the second-family characteristic with 
the contour of the body (see Pig. IV-l-4b). Here the magnitude 
and direction of the velocity at point D and the coordinates of 
the point are known. 

The velocity at point B is determined directly with (IV-1-32), 
relating it to the conditions along element DB of the second- 
family characteristic and writing it in finite differences: 


CIV-l-40) 

In this equation, the increment Ag D = g g — g D is the differ¬ 
ence between the velocity-vector inclination angles at points B 
and D. Here, the angle g g at point B is determined (in accord¬ 
ance with the condition of no flow separation from the surface) 
by the slope of the tangent to it at this point, i.e., tan g n = 

= (dy/dx)g. In turn, tan gg is calculated from the equation of 
the generatrix y = f(x) and the coordinates x_ and y D , which are 

.D D 

found by simultaneous solution of the equations 

yB~yD = {x B —x D )ig(p D ~iL D ) and y B = f(x B ). (IV-1-41) 


Calculating the stagnation-pressure gradient 


&p'o _ (P'oB — Pqd) cos (Pb — Hb) 
Art — { x D —;r B )sin|i B 
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and substituting it in (IV-1-40), we can determine the incre¬ 
ment Aujp, find the angle co^ = Auig + from it, and calculate 

Mg and the corresponding Mach angle yg. 

This numerical calculation method pertains to the general 
case of rotational two-dimensional flow. These calculations are 
simplified for isentropic flow. The corresponding equation sys¬ 
tem for the characteristics, written in finite differences, has 
the form: 

a) for the first family 


= + (IV-1-4 2) 

Ap fl —(IV-1-43) 


b) for the second family 


Ay A ==tg(p A -y A )A:r A ; (iv-1-44) 

Aco a -f Ap B — e -~A. rn A — 0 . (IV-1-4 5) 


We must put e = 0 in (IV-1-43) and (IV-1-45) for plane po¬ 
tential flow and e = 1 for spatial axisymmetric flow. We can also 
examine the case of plane nonisentropic flow. The corresponding 
equations for the characteristics take the form of (IV-1-30) and 
(IV-1-32), in which we set e = 0. 

Characteri stic s in a Dissociating Gas 

The equations for the characteristics in a physical plane 
taken in a flow of a dissociating gas take the form of (IV-1-19) 
and (IV-1-21), with the provision that the local Mach numbers M 
and the corresponding Mach angles y = arc sin (a/V) must be com¬ 
puted with consideration of both the temperature and pressure 
variations of the speed of sound. 

To account for the influence of dissociation in determining 
flow variables, the latter must be considered as functions of the 
local Mach number M or, what is the same thing, of the Mach angle, 
calculated by the method indicated. With this in mind, we can 
use the equations for the characteristics in the hodograph plane, 
(IV-1-12), in the calculations after making certain modifications. 

The latter proceed from the condition that di = — VdV for a 
homogeneous oncoming flow. Moreover, the ratio of specific heats 
k and the gas constant are to be replaced by their values for a 
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nonideal gas, i.e., k = k and R = R , where R = R 0 /y . After 

n n n ctv 

making these transformations and appending (IV-1-19) and (IV-1-21) 
we obtain the following equation system for the characteristics 
of dissociating nonisentropic flow: 

a) for the first family 


~d$—f{\i)d\x — £ 


dy = tg (P + y) dx; 

sin ft sia n dx sin*ncosfi dS „ 
k„R n cos(p + ji) dn “ Ui 


(IV-1-46) 
(IV-1-47) 


b) for the second family 


dy = tg (P — y) dx; 


d$—f{v)dy.—e 


dx sin P sin fi dx sin 8 n cos (i dS 
y cos ({5 — fi) k Ii R n cos (P—jx) ~dn 


(IV-1-48) 

(IV-1-49) 


where 


/(y) 


sin n cos {i di 
a* d fi " 


(IV-l- 50 ) 


In performing numerical calculations, the equations for the 
characteristics are represented in finite-difference form and the 
resulting system is solved by iteration. This system differs 
from the corresponding system for the ideal gas in the function 
f(y) and the product k R . For an ideal gas 


/(y)-/°( V) 


1 -{-cos 
k — cos 2ji 


k n Rn — kR. 


(IV-1-51) 


Here we see that for the real gas, the function f(y) cannot 
be presented in explicit form. In calculating flows of a real 
gas, it is more convenient to use instead of_f(y) the ratio z(y) = 
= f(y)/f°(y), and instead of k n R n the ratio kR = k^R^/kR = 

= k (y ) 0 /ky , which are equal to unity for an ideal gas. 

An essential element in the calculation is determination of 
local values of the function z(y). Knowing the conditions of the 
oncoming flow, we calculate the entropy behind the shock wave and, 
for an assigned series of possible velocity values V 0 , V 1} ..., , 

we find the corresponding series of enthalpies i^ = i Q + 0.5V*— 

— 0.5V|. With the enthropy and enthalpy, we can refer to tables 
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or curves of the thermodynamic functions to determine pressure, 
temperature, and the speed of sound, and then the ]VL and the Mach 

angle jju at this point. With these data, we can plot an i(y) 

curve, find the derivative di/dy = f(y), and calculate the func¬ 
tion z(y). 

The equations for the characteristics, (IV-1-47) and 
(IV-1-49), are simplified in the case of a dissociating rota¬ 
tional flow, since the derivative dS/dn = 0. The equations for 
plane dissociating irrotational flow are even simpler, since the 
third term also drops out of the equations because e = 0. 

§IV-2. CONICAL PLOWS 

Supersonic flows past certain sharp bodies (cone, wing with 
delta planform) have the property that the flow variables remain 
the same along every straight line passing through the apex of 
the body and change at passage from one straight line to another. 
Such a flow is said to be conical . 

The equations of a conical flow can be derived from the gene¬ 
ral equations of gasdynamics. In spherical coordinates with the 
origin at the body apex, the flow-conicity condition is that the 
derivatives of the variables with respect to the coordinate r be 
zero. In particular, the derivatives 0V r ldr, dV 0 ,'dr, dV^'dr, dp/dr are 
zero. Assuming also that a conical flow is steady, we obtain the 
equations of motion and continuity for it in the form 


Vo 

0V, ,, 

V a _L 

0 oO 


'IV o 

OU 


V Wr 
’ 6 oO 
V* 


v* 0V r 
sinijj 


-F|-F1 = 0; 


fV o 


sin \J> 


V T V 0 — V% ctg 0 = 


1 Op . 


p iJU 


ov* 


sin iji Oty 
2pV r sin 


+ Vy t V 0 — V 0 V$ ctg 0 


Op 


0 (pV o sin i|i) 


0 0 


p sin ip <A|j 

!W =0 , 




(IV-2-1) 


(IV-2-2) 


This equation system describes a nonisentropic conical flow. 

If the flow is irrotational (or is assumed to be so with some 
approximation), we can use the equation for the velocity poten¬ 
tial of the conical flow. 

In accordance with the fundamental property of a conical flow, 
the solution for the potential function is sought in the form 

f f (*. !/, z)--~xF -i) . (IV-2-3) 
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Calculating the derivatives, we find the velocity components /153 


T* ' F~r\F n — e/'c! 
'IV k T| i 

<fz ~ ^ e> 


(IV-2-4) 


where we have introduced the nomenclature '0 --ylx, F n - df'!d\], 

I’\ df/de. Determining the second derivatives from 

(IV-2-4) and introducing them into (III-2-30), which describes 
a weakly disturbed flow, we obtain the equation for a linearized 
conical flow: 


where 


(1 -a' s i] a ) I'rm -f (1 —«' 2 e 2 ) F ee - 2 £lr y/V’ Ije 0, 
Fm - d-F!d^- F tt = d 2 F/de 2 ; - W/0 n <?e. 


Let us consider a conical irrotational flow in spherical 
coordinates. The general solution for the potential function 
of such a flow is 


(p = rF (0, \Jj). 


(IV-2-6) 


The velocity components 


V r = (P r 


F; V 0 = ^ = /<V. 


'At 


r sin 6 


sin 0 ‘ 


Hence follows a relationship important to conical-flow 
theory: 


Vo 


OVr 

c/0 ’ 


(IV-2-7) 


one that enables us further to simplify System (IV-2-1) and 
(IV-2-2) for unsymmetrical conical potential flow. The equation 
system will be even simpler for a symmetrical conical flow, be¬ 
cause the velocity component = 0 and all derivatives with 

respect to ip are also equal to zero. Combining the equations of 
motion and continuity obtained as a result of the simplification, 
we arrive at the following equation for a conical symmetrical, 
flow: 
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( 4 —S') ^ + (2-5-) + Vg ctg0 = 0. 


(VI-2-8) 


This equation can be derived from (III-2-27) by setting 
dV r ldr = dVgfdr = 0, dV r /dQ = V 9 . 


§IV-3• THE METHOD OP SOURCES 

The method of sources enables us to obtain the solution to 
(III-2-30) for the velocity potential of a weakly disturbed flow 
in its general form. Physically, this method is based on the 
possibility of substituting the flow from a unit source or from 
a system of sources distributed in accordance with some law for 
the flow represented by (III-2-30). 

The source potential function can be obtained as follows. 

Let Q n be the power of a point source of an incompressible fluid. 

Then the source potential in the coordinate system x , y n , z r 

will be 4> = — Q /4ttR , where R = / x z 4^y 2 + z 2 . 

n n n* n n J n n 

We usually deal with a system of continuously distributed 
sources whose elementary power can be represented in the form 
dQ /f da, where f n is the density or intensity of the distributed 

sources and da = ded£ is an elementary area on the plane y = 0. 

It follows from (III-2-30) for the condition <j> t = 0 that the /15^ 

following affine relation exists between the coordinates x , y , 

z n for incompressible flow and x, y_, z_ for a subsonic flow: x n = 

= x(l — M 2 ) -1 ^ 2 ; y R = y; z = z. Hence the elementary potential 

for the subsonic source is d<j> = — fda/^vR, where ft = Vx 2 (1 — Ai-) (y 2 + z 2 J. 

By direct substitution one can prove that the expression for d<j> 
satisfies (III-2-30) for both subsonic and supersonic steady 
flows. 

For supersonic velocities, the expression for d<f> applies not 
over the entire region of the flow, but only for that part of it 
where x 2 >_ (M 2 — l)(y 2 + z 2 ). Thus, the sources influence the 
flow inside the space bounded by the surface described by the 
equation x 2 = (M 2 — 1)(y 2 + z 2 ). This surface is a Mach cone with 
a generatrix inclination angle y = arc sin (1/M). The region of 
integration in determining the velocity potential at the subject 
point (point A in Pig. IV-3-1) from sources distributed on a cer¬ 
tain plane of the surface is found accordingly. The velocity po¬ 
tential 
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I 


up ( X, y, z) = 


ll 


_ /(£, Q dzdl 

if ( x —®) S — (M 2 —1) [ir* + (z-Q*J * 


(IV-3-1) 


where a is the range of integration and 1/2 tt is a constant coef¬ 
ficient incorporated into the function f(e,£). 

For the two-dimensional case 



m dt 

y (z—8)* — (M*—1) y* ’ 


(IV-3-2) 


where the upper limit corresponds to the limit of influence of a 
supersonic source. 

The expression found for the velocity potential forms the 
basis for the method of sources, according to which the body in 
the flow is replaced by a system of continuously distributed 
sources and sinks. The source-distribution law, i.e., the form 
of the function f(e,£) must be such that the flow boundary con¬ 
ditions will be satisfied as a result of superimposing the un¬ 
disturbed flow on the flow from these sources. 


In flow over surfaces with formation of a lifting force, the 
disturbed flow must be replaced not only by sources and sinks, but 
also by dipoles. This follows from the fact that the differential 
equation of the flow Is satisfied if the potential function is 
composed of sources (sinks) and a certain auxiliary function known 
as a dipole . Physically, aL dipole is a flow formed as a result of 
infinitesimally close approach of a source and sink of identical 
intensity Q with the product Qh, where h is the distance between 
the source and the sink, held constant. This constant is known as 
the intensity or moment of the dipole. 

The dipole potential can be determined from the following 
considerations. Let sources and sinks disposed on both sides of 
the plane y = 0 at the respective distances y = h/2 and y = — h/2 
be brought toward one another, so that h -*■ 0. The resultant po¬ 
tential <f» dl = hO<j> src /3y, i.e.. 


rn = ? f _ hf(e,QdzdC 

P °y y {X- e)* - (M* -i) [y*-f ( 2 —£)*] ’ 


(IV-3-3) 


where hf = m(e,^) is the dipole intensity (moment) distribution 
function. 
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Figure IV-3-1. Region 
of Integration in De¬ 
termining Velocity Po¬ 
tential by Source 
Method. 


§IV-4. THEORY OF SUPERSONIC FLOW PAST 
SLENDER BODIES WITH ARBITRARY 
CROSS SECTION 

Solution of the Potential Equation 

Velocity potential. The linear¬ 
ized potential equation, which has the 
form of (III-2-31) in the cylindrical 
coordinate system x, r, y, forms the 
basis for the theory of steady super¬ 
sonic flow past slender bodies. 

The solution of this equation, in 
which it is assumed that <f>^ = 0, can be 


obtained in general form with the aid 
of the Laplace transformation [51]. 
Accordingly, the potential <j>(x,r,y) is transformed to the form 
$(p,r,y) by means of the operator 


7155 


L [cp ( x, r, yJ = ^ e~ rx (f ( x , r, y) dx, 
o 


(IV-4-1) 


where is the parameter of the transformation. Here L[<)> (x,r,y) ] = 
= *(p»r,y). 

Applying the Laplace transformation to the individual terms 
in (III-2-31), we obtain 


iTrr]—^rr> L [^fr ]—h [<Pyy1— ^VY> L\<f xx ] ~ <Pxxj) 1 . 


(Here it has been taken into account that <j>(0,r,y) = 0, <j> (0,r,y) = 
= 0 . ) x 

As a result, the transform of (III-2-31) will be 


+ -f •^-^vY = a ' 2 P 2 <Pi where a' 2 = M* —1. (IV-4-2) 


The general solution of (IV-4-2) can be obtained by the 
Fourier method as the series 


oo OO 

<p= s (^n sin By+ D n cos ny) /„ (a'pr) + 2 (E„ sinny + F n cos ny) K n («(pr).( IV-4-3 ) 

n=0 n=0 
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In the general case, the coefficients -C , D , E n , and F n de¬ 
pend on and are so selected as to satisfy the boundary condi¬ 
tions . 

The functions I and K are Bessel functions of an imaginary 

argument. Investigation has shown that only the function K n (the 

MacDonald function) has physical significance for supersonic flow 
past sharp bodies. In (IV-4-3), therefore, we must set C n = 0 and 

D =0. Introducing A and <S in place of the functions E and 
n n n n 

F , we obtain the solution for $ in the form: 

oo 

<P = A 0 Kq (a’pr) + S A n K n (a'pr) cos (n\> + 8 n ). (IV-4-4) 

n=i 


The quantity is a certain phase angle. 

When the transverse dimensions of the body are very small, 
(IV-4-4) can be simplified. It is this case that is analyzed in 
the aerodynamic theory of the slender body. For small r, we have 

[51]: 


*«(«»=- (C+In^) U + O(r*)]; 


Ki (a'pr ): 


a pr 


[l + 0(r*lnr)]; 


Kn («» = Y [1 + Om 


where 0 signifies order of magnitude and C is Euler's constant. 
Then (IV-4-4) assumes the form 

oo 


</> --= 


+ In 



iS («-!)! (^) n * 1 '* r os(«y + 6»). (IV-4-5) 
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To convert to the potential <p, we must apply the inverse 
Laplace transformation to the terms on the right side of (IV-4-5). 
We introduce the notation 


(i 0 (z) = L' 1 [ — (p)l; 

b 0 (x) -L-i[-(C + ln-^)M 0 (p)]; (IV-4-6) 
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min ii him i ii i in 


II 111 II ii mi 


lll■ll■ll■■lllllllllllllll 


i n ii iiiiiuiiiiinniiii mi 


r-i p*— 1)1 


a n (. x ) = A n (x) — iB n (x) = Zr 1 ^ 




(IV-4-6) 
(Cont'd.) 


Then 


<P = <7ol n/ " + &0 + 


'2 

n=l 


/l„cos ny-]-B n sin ny 
r* 


(IV-4-7) 


The potential-function component (f)^. governed by the thick¬ 
ness of the body and the component <j> , which characterizes the 

attitude of the body in the flow, can be isolated from this ex¬ 
pression : 


eft — a a In r + b 0 ; (jy_4-8) 

t.- 2 (iv- 4 - 9 ) 

71=1 


Thus, the total potential 


<p = cp ( + ( p 0 . (IV-4-10) 


Velocity potential for unsymmetrical flow past a slender 
solid of revolution. For a slender solid of revolution, the po¬ 
tential function can be obtained in a simpler and more concrete 
form. For this purpose, we start with the equation of motion 
written for the body axes x x , y x , z 1 (Fig. IV-4-1). The equa¬ 
tion will be analogous in cylindrical coordinates (III-2-31) with 
Xj, r, andy substituted for x, r, y, respectively. 

The flow past a slender solid of revolution may be regarded 
as consisting of two superimposed flows (see Fig. IV-4-1): a 
longitudinal (symmetrical) flow with velocity V^ cos and a 

transverse flow with velocity V^ sin a ^ V^a. The longitudinal 
flow governs the potential component that depends on the thick¬ 
ness of the body, and the transverse flow, i.e., the component 
<j> , which is related to angle of attack. 


We may convince ourselves by direct substitution that the ex¬ 
pression 
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(IV-4-11) 


9 = <p t -f rfa ■= 1 f _ 1JlL d l _ + JL * 1 P° " wM(»i-e)Js' 

jj j/(^- 8 )2_ a '2 r 2 x t <?*, A y ( -^-_ E)S _ a >v» 


does indeed satisfy (III-2-31). 

The function f(e) determines the distribution intensity of 
the sources (sinks), and m(e) the dipole distribution intensity. 

Expression (IV-4-11) is the potential function correspond¬ 
ing to the linear theory of flow over solids of revolution. A 
further simplification can be obtained within the framework of 
flow theory for very slender solids in which the radius r 0 is 
small by comparison with the distance x x and (x x — e)/a'r is /157 

large (with the exception of a small neighborhood around the 
nose, but this is not essential). 



Figure IV-4-1. Unsymmetrical Flow Past 
Solid of Revolution, a) body coordinate 
system; b) wind system. 


With this condition, the component 

xi—a'r 

f h = § /(e) arc cosh (IV-4-12) 


For a slender body, the inverse hyperbolic cosine can be re¬ 
presented approximately in the form arc cosh [(^--e)/a'r] ~ In [2 (*, — e)/a'r]. 
As a result, we obtain the equation di Pt !dr= — /(xj — a'r)/r. 
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Since on the surface of the body 


1 d<p t _ Vr _ dr _ S' (x t ) 
Voo dr Fooj 2 'sir ’ 


(IV-4-13) 


where SCXj) is the law of variation of the body's cross-sectional 
area over its length 


f(xi — a'r) 


V«,S’ (x,) 
2.t " * 


(rv-4-i4) 


Consequently, 




In r + 

2a * 2a 



J_£_ 

2a dx l 



(e) In (x t — e) de. 


(IV-4-15) 


In this expressionj the velocity is incorporated into 

To obtain the function cj> a for a slender body, it is necessary 
to pass to the limit as r + 0 in the second term on the right in 
(IV-4-11). As a result, we find <faJ= (cos y/r)m (x,), where the func¬ 
tion m(x x ) is determined from the condition for nonseparation of 
flow: 





cos y- 


cos y 





(IV-4-16) 


But the condition (llV^dyi/dr^drldxi is satisfied in symmetri¬ 
cal flow. Consequent ly , in (x,) = aV^r 2 . Accordingly, 


<Pa 


cos y] 
r 


r*a. 


(IV-4-17) 


where <j> is a function that includes the constant V . 

a oo 

The complex potential. Studies have shown that in flow of 
a compressible fluid over a slender body, density varies ex¬ 
tremely slightly, so that the ratio p/p„, ■ l , O(i-), where t_ is the 
body's thickness ratio. Accurate to 0(t z ), we may assume that 
p/poo — 1, so that 


7158 
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f; 


(IV-4-18) 


1 ififi 
r dy ’ 



or 


__L'^_ __^41 ( TV—iJ —T R * ^ 

dr ~ r dy ' r dy dr * UV H ‘ L0 ' 


a) b ) 

^-plane O’-plane 



Figure IV-4-2. The Physical Plane £ = z + iy 
(a) and the Transformed Plane a = r) + 15 (b). 


In the theory of functions of the complex variable, these 
equations are known, of course, as the Cauchy-Riemann equations; 
they express the condition that the function 


H'Q = <r(r, v) + i*(r, y) (IV-4-19) 

is an analytic function of the complex variable £ = re -1 ^ = z + 

+ iy. The function (IV-4-19) is known as the complex potent ial. 

Thus, the flow of a compressible fluid past a slender body 
can be characterized by the complex potential. The plane In 
which the flow is defined is known as the physical plane of the 
complex variab le £ = z + iy (Fig. IV-4-2a). 

The potential <f> can be regarded as the real part of the 
function W(£). Having (IV-4-7) for <j>, an expression for the 
complex potential W(£) can be obtained as follows. In (IV-4-7), 
we substitute In £ for In r, and a n /£ n for the expression under 

the summation sign, obtaining as a result 


W (£)=a <z 0 ]n£ + 6„ + 2 - jr. • (IV- 4- 2 0 ) 
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In accordance with the formula 4> = <}>,+ <j> , we can write a 

u ct 

similar expression for the complex potential 

W(Q = W t «) + W, «(Q. (IV-4-21) 


The boundary condition. The coefficients that appear in 
(IV-4-20) are determined from a boundary condition according to 
which the direction of the velocity at a certain point on the 
washed surface must coincide with the tangent to the surface at 
the same point. Let the subject point A (see Pig. IV-4-1) be 
situated in the transverse flow plane BC perpendicular to the 
flow axis Xj and let it simultaneously lie in the flow plane (the 
longitudinal plane containing the normal v to the contour of the 
body in the transverse plane at point A and parallel to the flow 
axis x). Curve AD in Pig. IV-4-1, which passes through point A, 
is the intersection of the body’s surface with the flow plane. 

The inclination of this curve to the x-axis at point A is deter¬ 
mined by the derivative 3v/3x. According to the condition of non¬ 
separating flow, the ratio of the velocity components V /V = 

= 3v/3x or (3<|)/3v)/(V oo + 3cf>/3x) = 3v/3x. Since the disturbed 
axial velocity component 3cj>/3x << V^, the boundary condition 


d (p dv 

dV dx ’ 


(IV-4-22) 


in which the velocity has been incorporated into the potential 
function <J>. 

Determination of the coefficients a Q (x) and b Q (x). To deter¬ 
mine a 0 (x), let us examine an arbitrary neighborhood of a certain 
radius r in the transverse flow plane of the body and evaluate 
the integral over this contour: 


2 n 2 ji oo 

-^v=S 


The 

boundary 


integral over the same contour can be evaluated using 
condition (IV-4-22), 


2n 2a 


/159 
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where S(x) is the cross-sectional area of the body. Thus, 


a a (x) 


s'(*) 

2n 


(IV-4-23) 


To determine the coefficient b 0 (x), we use (IV-4-6). Apply¬ 
ing the theorem of convolution of originals [51], we obtain 


b 0 (x) = [5' (x) In l In <*~ e) S" (e) rfe] . (IV-4 - 2 4 ) 

o 


Aerodynamic Forces and Moments 

Lift and lateral force. The lift Y can be determined by 
calculating the change in the momentum of the fluid on passage 
across a reference cylindrical surface S 2 of a certain radius r 
in the direction of the y_-axis and across the base surface S 3 in 
the same direction (Fig. IV-4-3a): 

y=- $ (p>»^-|'+ps os y)^- l + (IV-4-25) 

1 St) * (ft) 


Calculating the change in momentum on passage in‘the direc¬ 
tion of the z_ axis, we find the lateral force 

z “~ l S Pl'l CIV-4-26) 

<S,) <S 3 ) 


The flow of fluid through surface Sj does not yield lift 
and lateral-force components, since this surface is in an un¬ 
disturbed region where 3<f>/3y » 9(f>/3z = 0 and the change in mo¬ 
mentum in the transverse direction is zero. 

In flow past a slender body, the density change is small; 
we may therefore set p = in (IV-4-25) and (IV-4-26). 

It is convenient to examine the complex variable F = Z + iY 
instead of the forces Z and Y. 

After substitution of Y and Z, we obtain the following ex¬ 
pression for this quantity: 


/l60 
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F_ 

Q 


(.Si) 

(Si) 


where g = p x VU2, p = (p — Px)Jq- 


(IV-4-27) 



Figure IV-4-3. Cylindrical Ref¬ 
erence Surface (a) with Two Con¬ 
tours (b ). 


Formula (IV-4-27) can be transformed by applying the rela¬ 
tionships 


dW _ 3<p . . dW _ _£qp_ . . 3q> 

~d£~ ~dz 1 dy ’ dy ~ 5z ' 1 dy ’ 


and the expression for the pressure coefficient 




d(p T dW dW 
dx d £ dy 


As a result. 


■f—* SS (* 


dq> 


dW aw' 


(Si) 


(Si) 


dx 1 dt, dy 


e’V dS 2 — 


■ 2 H‘+¥) ( 


(S 3 ) 


d<p . - <?jp_ 
32 _r 31/ 


J dS 3 . 


(IV-4-27' ) 


The first two integrals can be evaluated by the Stokes for¬ 
mula for a certain arbitrary circular contour K of radius r x that 
encloses the reference surface S 2 (see Fig. IV-4-3b). Since 
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dS 2 ==r t dy dz,; the Stokes formula indicates that the integral is of 

2a 1 


the form 


§ f dS 2 =^ § fr t dy dx. 


(S 2 ) 


0 0 


Let us also examine contour C, which 


coincides with the base-section contour. According to the Stokes 
formula 


S dS 3 ^ij<p(dz+idy) — ij<f(dz+idy). 

(S3) V c 


Since dz + idy — dt, and = r 4 e/e*? = rj ie’v Wy, and the contour coincides 

with our circle of radius r ls 


S (•£+'£)"■ 


231 1 

j Ir^-^-dydx. 

C 0 0 


With the above transformations. 


/l6l 


2ji 1 


— 2l§Vdt-H(2 


0 0 


d<f 

dr 


dW 


rfir d\v 


dy 


d£ dy 


e iv j r , dy dx.- 


With increasing contour radius r x , which can be chosen 
arbitrarily, the disturbances diminish. At the limit, as r -*■ 
the disturbed-velocity components 9<J)/8r, dW/dy and dW/d? and, 
consequently, the double integral vanish. With this in mind, we 

obtain F= — 2qi§yd£. the complex force. With additional trans¬ 
formation [51]j we can find the more workable formula 


4--t ai ( 1 ) + 2[S’(i)S b + S(l) r b ], (IV-H-28) 


where + iy^; z^, y fe are the coordinates of the center of 

gravity of the body's base plane S(l); the derivative = dC^/dx. 

Separating the real and imaginary parts from (IV-4-28), we 
obtain the lateral force and lift, respectively. 

Moment. In complex form. 
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M = M z -f- iM y — i ^ x dx. 

o 


Integrating by parts and setting x = 1, we obtain after cer¬ 
tain transformations 


9 


M z +iMy 


= 4atei (1) + 2 i [S' (1) + S (1) - 


A 

— 4.ni ^ dx — 2:tS (1) £ a . 


(IV—4—29) 


The real part of this complex function gives the moment 

about the z_-axis (pitching moment M ), and the imaginary part 

z 

the moment about the y-axis (the yawing moment M ). 

y 


Drag. The drag, which is determined by the momentum change 
on passage of the fluid across the reference surface shown in 
Fig. IV-4-3a in the direction of the x-axis, is 


X= l (Pcon-pooVDdS,- J [p + pFL(l+-g-) 2 ]</S s - 
<S*) (lj) J 

-S« 

(S 2 ) 


Certain simplifications can be managed in this expression 
by using the equation of conservation of flowrate: 


l P~V~dS t - l pFoo-g-rfS,- \ P V„ (l 

< S »> (Sj) _ (S3) 



and the pressure-coefficient formula 


p—p° 


_2 


!?<P 

~dx 




Setting p = and disregarding 8<j>/Sx as small by comparison 
with unity, we obtain the following drag formula after substitu¬ 
tion of <p from (IV-4-7) and rearranging: 


/162 
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7~rr s " (t) S* (e) dx ds — 


(IV—4—30) 


1 1 


i 'H'". 

0 G 

- J ,n Trirr s " (e)rfe “f^ vw dS . 


This formula determines the wave drag of slender elongated 
bodies, including solids of revolution and bodies with arbitrary 
cross sections. The first two terms give the drag due to dis¬ 
tribution of thickness over the length of the body independently 
of the shape and inclination of the cross section. This drag is 
independent of angle of attack and, consequently, also of lift. 

The third term determines the drag that depends on cross- 
section inclination. Since <j> = <J> t + cj>a, where <j>a is the poten¬ 
tial governed by transverse flow, part of the drag will depend 
on lift. Research has. shown that this part of drag is equal to 
0.5aY. Thus, the total drag 


X = X 0 + 0.5aY, 


(IV-4-31) 


where X 0 is the drag at zero lift. 

The Method of Conformal Transformation 


It was shown above (IV-4-18) that for high-velocity flow 
over a slender body, the flow in the cross section (normal to 
the body's longitudinal axis) may be regarded as potential and 
independent of Mach number. Such a flow can be studied with the 
aid of the complex potential (IV-4-19), which depends on the 
shape of the body's cross-sectional contour. 

In many problems with complex contour shapes, the complex 
potential is determined indirectly, using the method of conformal 
transformation. To use this method, it is necessary to know the 
complex potential of flow past a circular cylinder. The con¬ 
formal transformation method enables us to pass from this par¬ 
ticular case to construction of complex potentials for flows 
over contours of arbitrary shape. 

The essentials of the conformal-transformation method are 
set forth rather exhaustively in [1], We briefly recall cer¬ 
tain basic propositions of this method. Assume that in a cer¬ 
tain region S in the plane of the complex variable ? = z + iy we 
have given an analytic function a = f(?) = n + IK, i.e., a func¬ 
tion that is single-valued and differentiable at each point in 
the region under consideration. The aggregate of points a = f(£) 
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corresponding to points of region S forms a new region S x in the 
a-plane (transformed plane). Consequently, the single-valued 
analytic function a = f(£) maps region S of the t, = z + iy plane 
onto region S x of the transformed plane a = n + i£. 

Thus, we can accomplish this mapping if we know the trans¬ 
formation formula a = f(?) (mapping function), which establishes 
the relation between the complex variables a and £. By way of 
example, let us consider the transformation of N.Ye. Zhukovskiy: 




Let us assume that £ = z x + iy x (z x and y x are. bound coor¬ 
dinates for the washed surface) and a = n + i£. Then 


Si + iy t = T| + zg -+ 


r 2 

r o 

n*H5 # 



^ j h -5 z t 


-S 0 


2a 


© 


*t 


Plane of 

6-1+if 




Plane of 


Figure IV-4-4. Conformal Transformations of 
a Circle onto Regions with Different 
Boundaries. 


The quantity r^/(n + i£) is equal to rj(n — i£;)/(5 2 + n 2 ). 
Suppose that a circle of radius r 0 with its center at the origin, 
the equation of which is r z Q = £ 2 + h 2 (Fig. IV-4-4), is given in 
the plane of the complex variable d = r) + i£. The transformation 
formula will then be 


Zi + iyi = 2r). 


From this we find that z Y = 2n x ; y x =0. This result indi¬ 
cates that for points on the circle, the coordinate z l is real 
and varies from +2r 0 to —2r 0 (as n varies from +r 0 to -r 0 ) and 
from -2r 0 to +2r 0 (as n varies from -r 0 to +r 0 ). Consequently, 
the Zhukovskiy formula transforms a circle of radius r Q into a 
line segment on the axis of reals with length 4r 0 (see Fig. 
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IV-4-4, where we have introduced the nomenclature s = 2r 0 ). This 
segment may be regarded as a flat wing of span 2s. 

By specific selection of the conformal-transformation for¬ 
mula, we can transform the circle into another figure whose shape 
coincides with the cross section of the body in flow. Selection 
of this formula is one of the problems of the theory of flow 
past slender bodies with given cross-section configurations. 

Conformal-transformation formulas have been derived [51] for 
the cross-section configurations of air vehicles of the body-and- 
flat-wing, isolated-flat-wing, and prolate-ellipsoid types (see 
Fig. IV—4—4); they can be presented in the general form 


f 

k 


<J“ 



n—0 


n n » 


(IV-4-32) 


where the coefficients c and k are complex numbers. 

n n 

Formulas (IV-4-32), whose particular forms for these con¬ 
figurations are given in Table IV-4-1, accomplish transforma¬ 
tions that preserve the direction and magnitude of the flow velo¬ 
city at infinity. 

From Table IV-4-1, we can determine potentials in transverse 
flow over an ellipsoid, a combined body and wing, and a flat wing 
if we know the potential function for a circular cylinder. 

Let us examine two cases of cylinder flow that have been in¬ 
vestigated in the theory of incompressible plane flows. In the 
first case, a cylinder with a fixed contour of radius r Q is in a 
homogeneous transverse flow at velocity V 0 (Fig. IV-4-5a) at an 
angle <f> to the vertical axis £. The complex potential of this 
disturbed flow is 


W(a) =-tV*~» . (IV-4-33) 


In the second case, there is no homogeneous transverse flow, 
and expansion of the contour of a cylinder of radius r 0 causes 
disturbed flow in the transverse direction with uniform radial 
velocity V p (Fig. IV-4-5b). This flow is similar to the flow 

from a point source, whose complex potential is 


W (cr) = r Q V r In ct. 


(VI-4-34) 
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TABLE IV-4-1. CONFORMAL TRANSFORMATION FORMULAS 


Type of conformal 
trans formation 


Transformation formula 


Transformation of 
circle to ellipse 


Transformation of 
circle into combi¬ 
nation of body and 
flat wing 


Transformation of 
circle into flat 
wing 


c - «+ °~w- ; °f l ^+(S 2 - +* 2 )i 1/,; 


r o — 


a-j-6 


t_ 4 (4 + 4) * 


A “2rg = s-|— 


!^n('+f)’-['4)T- 

(5-*h 


► , ** a t 

e = a+ _; — = T ± 
s = 2r 0 . 



Note: for the upper half-plane; for the 

lower half-plane. 



Figure IV-4-5. Flow Past 
Circular Cylinder, a) cylin¬ 
der in homogeneous flow; b) 
flow past uniformly expand¬ 
ing cylinder. 


accordance with the conformal 


If we examine an elongated 
body whose cross sectional area 
varies over its length and which 
is placed in axial flow, the 
velocity potential can be deter¬ 
mined in each cross section with 
the aid of (IV-4-34). In the 
simultaneous presence of a trans¬ 
verse flow, such as exists in 
flow at an angle of attack over an 
elongated body, it is necessary 
to add the complex potential 
(IV-4-33)• 

The complex potential is 
constructed for the given con¬ 
figuration in the £ = z + iy plane 
by substituting t, for the function 
a in (IV-4-33) and (IV-4-34) in 
transformation formulas. 
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SlV-5. PLOW-REVERSIBILITY METHOD 
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This method is applicable to the calculation of aerodynamic 
characteristics for thin isolated wings and for such wings in 
combination with a slender body under conditions such as the 
flow disturbances are small and, therefore, the angles of attack 
are also small. Here the oncoming flow may be either supersonic 
or subsonic. 



Figure IV-5-1. Forward and Reverse 
Flows of Wings 1 and 2. 



Figure IV-5-2. Forward and Reverse 
Flows of Body-Wing-Control Surface 
Combination. 


Let us examine the 
basic relationship of 
the reversibility method 
as it applies to flow 
conditions over two thin 
wings of the same plan- 
form but with different 
lifting-surface curva¬ 
tures [6], [4l]. Sup¬ 
pose that an oncoming 
flow with_a certain 
velocity V^, passing 
over wing 1 in the direc¬ 
tion indicated in Fig. 
IV-5-1, is characterized 
by the distribution of 
the pressure coefficient 
Pj and the corresponding 
local angle of attack.aj. 
Flow at the same velo¬ 
city over the second 
wing in the opposite 
direction is character¬ 
ized by p 2 and a 2 . The 
method of reversibility 
establishes the follow¬ 
ing integral relation¬ 
ship : 


^ ^ ^ dSj. (IV-5-1) 

(S) (S) 


in which Ap x , a x , Ap 2 , a 2 are measured at the same point, and 
Apj, Ap 2 are the pressure-coefficient drops across the lower and 
upper sides of the wing in the forward and reverse flows. 


In using 
cable for any 
wing surfaces 


(IV-5-1), it must be remembered that it is appli- 
distribution of the local angles'of; attack over : the 
in forward and reverse flow. For example, if 
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a = a 2 = const, we obtain from (IV-5-1) that the two wings have 
identical lifts. 

Relation (IV-5-1) can be used in the more general case in 
which we have a certain combination consisting of a body and 
wing. Here the wing may be fitted with control elements (Fig. 
IV-5-2). In this case, (IV-5-1) becomes 

H A jWS- A p^JS. (VI-5-2) 

**w«+ S b> (Sc-l-^wg+Sb) 


To illustrate application of the flow-reversibility method 
and (IV-5-2), let us examine a particular case in which there is 
no body (S fa = 0). Let it be required to find the lift of the 

undeflected wing with the condition of a small control rotation 
angle = 6 . Thus, the local attack angle a, = 0 on the wing, 
while «, = { on the control. We shall assume that when the flow 
over the wing and control is reversed, the angle of .attack will be 
the same over the entire surface at a 2 = 6 . 

Introducing the attack-angle values into (IV-5-2), we obtain 


55 Ap, </S = 5 5 Ap, dS, 

^c T ^wg^ <S C ) 


Here the left member determines the unknown wing lift with 
the control deflected through an angle 6 . It follows from the 
expression obtained that it can be determined as the lift set 
up by the undeflected control with the wing in reversed flow at 
the total angle of attack 6 . 

Thus, the flow-reversibility method enables us to reduce the 
more complex problem of flow over a wing with a deflected control 
surface to the substantially simpler problem of the aerodynamic 
characteristics of a surface with the control surface undeflected. 

§IV- 6 . GENERAL EXPRESSIONS FOR THE STABILITY DERIVATIVES OF A 

FINNED SOLID OF REVOLUTION. THE METHOD OF ATTACHED MASSES 

An effective method of determining stability derivatives has 
been developed for application to slender finned bodies; it is 
known as the method of attached masses or the method of inertia 
coefficients [14], [ 51 ]_ 

This method is applicable when there is interaction only be¬ 
tween the body and the wing (fins), and no effect of vortices 
from the wing on the fins. The influence of interference between 
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the wing and fins is taken into consideration by special methods. 

Let us consider a finned body (Pig. IV-6-1) moving at a cer¬ 
tain velo£ity and at the same time rotating at an angular 
velocity Q. The origin of the body axes x, y_, £ coincides with 
the center of gravity, the £-, n-, and £-axes are put parallel 
to the x-, y_-, and z-axes 5 and the origin O' of the £ri? system 
is placed at an arbitrary point on the x-axis. 

In the transverse-flow plane, which coincides with the r|0'bi¬ 
plane. the velocity potential 


rp = utp, Mf a -f Q*fp 3 , 


(IV-6-1) 


where u and v are the components of the body's translational 
velocity in the plane under consideration and is the angular 

velocity about the longitudinal axis. 



Figure IV-6-1. Illustrating 
Determination of Stability 
Derivatives for Pinned Solid 
of Revolution. 


The potentials x and <p 2 
define the flows that arise 
in motion of a flat contour 
with unit velocities parallel 
to the O'n and O'C axes, while 
$ 3 characterizes the flow due 
to rotation of the contour 
about the longitudinal axis at 
unit angular velocity. 

Since a moving coordinate 
system that is rigidly bound 
to the body has been selected, 
the potentials <t> 1 , c)> 2 , and cf> 3 
are independent of time. The 
time dependence of the total 
potential <j> is governed by the 
time variation of the velocities 


u, v, and Q 


The potential <j> 


determines flow in the trans¬ 
verse plane, which influences the stability derivatives. The po¬ 
tential component for longitudinal flow is of no importance, since 
it does not influence these derivatives. 


If we have determined the function <}> and its components, we 
can find the transverse-flow velocity distribution and the kinetic 
energy of the gas enclosed in a certain volume x (Pig. IV-6-1), 
which is equal to 
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(IV-6-2) 


'-ts^t^r+osn*- 

(T) 


Applying Green's transformation to this equation, we obtain 
an expression for the kinetic energy of the gas per unit length 
in the direction of the x-axis: 


T = 



— -^T f ( <Pl “ + <p2t ’ + ^3^*) lit (f:^ dl, ( IV- 6 - 3 ) 

c 


where C is a contour consisting of the outline of the body in 
cross section and the outer boundary of the subject volume x; 
n is the exterior normal; £ is an arc of contour C. 

We see from (IV-6-3) that the kinetic energy is determined 
by nine terms, each of which incorporates a coefficient of the 
form 



c 


(IV-6-4) 


which is known as the coefficient of attached masses or the cross- 
section inertia coefficient. 


Formula (IV-6-4) can be modified by applying the Cauchy- 
Riemann conditions Off/dn — dipldl, d^ldl = — <?t|7cVi. After simple rearrange¬ 
ment, we obtain 


hb. = — pcc>J <r, dfh, 
c 


(IV-6-4') 


where, by analogy with the velocity potential, the stream func¬ 
tion is represented as the sum of three components: 


ij) ---- - i/Tj", -j- Q x \f> 3 . 


dV-6-5) 


We apply to (IV-6-4) the partial Green's formula, which is 
valid for the potential functions <J> x , <t> 2 , and (J> 3 : 
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Thus, = A^ and, consequently, six of the nine terms in 

(IV-6-3) remain. Then for the kinetic energy 


2T Ah»- -{- A ?’i'- -]- -p 2A lz uv -j- 2A l3 uQ x 2A 33 ^Q X . 


(IV-6-3' ) 


where u and v are velocities that can be replaced by the values 


u =--- (3 s iFoo f-Vh v = aFcv, — QyX. 


(IV-6-6) 


The lift and lateral force and the rolling moment acting on 
the body are determined from the known kinetic energy: 


dZ _ 

d 

( dT ) 


(IV- 

■6- 

-7) 

dx 

dt 

{ du) 

1 x do ’ 




dY _ 

d 

/ or' 

1 

0 

(IV- 

6- 

-8) 

dx 

" dt 

l do i 

1 du ’ 


Mf x __ 

d 

/ ar 

\ . ar ar 

(IV- 

C- 

-9) 

dx 

~~~dt 

l 0Q X 

) ‘ du do 



The total derivative d/dt is determined with consideration 
of variation of the parameters for a fixed cross section. For a 
given arbitrary parameter f that is a function of time t and the 
distance x to the origin (Fig. IV-6-1), 


df (t, x) _ df dx df 

dt ~~ 8t dt ‘ ~dx ’ 


where dx/dt = -V , 

oo 


d d y d 

~dt ~dt ’ x dx ’ 


The pitching M 
equations " 


and yawing M 


y 


moments are found from the 


[dM z __ dY . (IV-6-10) 

~d7~ x dx ’ dx ~ x dx * 


Integration extends from the base of the body with coordi¬ 
nate x = -x, to the nose, with the coordinate x = x . Thus, all 
b 5 n ’ 

moments are calculated with respect to axes passing through the 
center of gravity. 
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It is more convenient to convert to aerodynamic coefficients. 
For this purpose, the expressions obtained for the forces must be 
divided by 0,5pooFt;S, and the moments by Determination of 

the stability derivatives requires appropriate differentiation 
of the expressions for the coefficients c„ ~c v , c' z , m x , m tJ , >n z . Dif¬ 
ferentiating successively with respect to a, g,co x Q x l! 2F<*, a> u = Q u H2Vc. 
oy z = Q z l/2V x , we obtain the static and rotary derivatives; dif¬ 
ferentiating with respect to a = c'J/2F«,, p^[W2Foo, m x = M x Z 2 /2FL,Oy = M v Z 2 /2F?o, 

• **- • 

(j} z — 0 ) z l‘ i / 2 Vl o , F 0O = F o0 Z/2FL, we find the stability derivatives with re¬ 
spect to the accelerations. 

The static stability derivatives have the form 


C% ~ —4Voc^22 — 2yl 2 2 — 

(IV-6-11) 

C 4 v = ——2^12 — 

(IV-6-12) 

tt — — WooB\2 —■ 4“ 4o>x^22» 

(IV-6-13) 

c i 4KJ? m — 2A n + 4<a x B l2 ; 

(IV-6-14) 

wi-x — — \V 00^23 ~~ 2- l 2 3 -r A r xB^ 4 _ (Bn — # 22 ) 4" 

— 8 g) z Cj 2 4~ (Cj! — C 22 )* 

(IV-6-15) 

~ — 4K 00^13 — 2^1 J 3 4 - 2a — ^ 22 ) — 4pZ?j 2 — 4g)xZ?23 

—- 4g) 2 (C*i| — Co 2 ) —’ 

(IV-6-16). 

- - 4FooC 12 - 2 [fi I2 + A a (f ) bse ] + 4 co i C 22 ; 

(IV-6-17) 

niy = — 4Voc.Cn — 2 £5h -j- -4it J + 4 o) x C 12 ; 

(IV-6-18) 

mf = -J- 4F„C 22 + 2 £i ? 22 + .4 22 (q'j bse j ~\r 4a> x C )2 ; 

(IV-6-19) 

= 4F co C 12 + 2 j^5 12 -j-_4 12 (~y) bse J^~4to x C lt . 

(IV-6-20) 


The rotary derivatives are determined by the expressions: 


cy 1 = —4^23 — 4o:Z?i2 — 4p5„ — 16(o x £?i3-|-8G) t Ci2 — 8(£> u Cu\ 

c7=-4A i2 

CJV = 4^22 (■/") bse 

cf x = — 4.'1 )3 -f. 4 aB 22 ~r 4j3I? 12 -j- 16co x 5 23 — 8^(7^ + 8 (Bj,C 12 ; 
c z u — —4.4 lt (y) bse +8o> x C 12 ; 


(IV-6-21) 

(IV-6-22) 

(IV-6-23) 

(IV-6-24) 

(IV-6-25) 


/169 


223 



c“’ = 4x4 12 (y) bse - 8 «^ 22 ; 

(Tv—6-26} 

m x x — — 4x4 33 -f- 4 ctB , 3 — 4pZ ? 23 — 8 co 2 d , 3 — 8 (Oyd 23 ; 

CIV- 6 - 27 ) 

m x v = — 4xl 33 ( 7 *) bse .+ 4a (^« — ^ 22 )— 8 pC 52 — 8oxC 23 — 


— 8 wj (D,, — D 22 ) — 16coyD 12 ; 

(IV-6-2’8) 

7/i“' = 4.4 03 | jj b3< _ — 8 aC 12 — 4p (d,, — d 22 ) — 8 co x d 13 -f- ■ 


-£* 16co z 7?, 2 — 8 tOy (/),,— 7) 22 ); - 

(IV-6-29) 

m y x —— 4 ^ 5,3 + x4j 3 (y) bse J + 4crd 22 + 4pd J2 -f- i6a x C i3 — 


— 8 (o 2 D 22 -j- 8cOy7)j 2 J - 

(IV-6-30) 

/»?= -[iT« (y) bse '-rd it ]+8 C 0x7> (2 ; 

(IV- 6 - 3 I) 

/My J = 4 £x4 i2 (~) b +77| 2 J— 8 ( 0 * 7 ) 22 ; 

(IV-6-32) 

/ttx x = 4 £t ? 23 + x4 23 (y) bse J + 4ad, 2 -j- 4pd,j -j- 


-J - 1 60 )*^ 13 — Sco iD J 2 *4“ ^ 11 * 

CIV-6-33) 

<*-4 [-T,= (t)’„ + c .*] +S»j>i.f ■. 

CIV-6-34) 

(7); m + f=]- 8 «.i>«. 

CIV-6-35) 


The acceleration derivatives are 


cI-- 4F 22 ; eft*45, a ; <$* = - 4a5 22 - 4p5 12 ; 

* • • 

<$* = - 45 m ; <$' = -4C„; c^ = 4C 22 ; 

* JL 

c?=—4i? 12 ; cfi=— 4F U ; cf"= — 4a5 12 —4p5„; 
cf* = — 4B 13 ; c?"= —4C lf ; cf = 4C I2 ; 

m • •_ 

m* = — 4^23? Wx = — 4Z? 13 ; //i x = — 4a5 23 — 4pB, 3 ; 

• • • 

ml* =■ -4Z? 33 ; mf"=-4C 13 ; = 4C 23 ; 

• — — 

in*— —4d 12 ; /My = —4d„; /My = —4«d I2 

• • '• - 

m°> = — 4C 13 ; »C'= -4D„; = 

^ i 

mf = 4C 22 ; — 4d 12 ; = 4aC 22 + 4pd i2 ; 

• • ^ 

m? e = 4^23; mf v = 4D 12 ; mf : = - 40^. 


ClV-6-36) 
(IV-6-37) 
(IV- 6 - 38 ) 
(IV-6-39) 
(IV-6-40) 
(IV-6-41) 
(IV-6-42) 
(IV-6-43) 

CIV-6-44) 

CEV-^6-45) 
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The dimensionless parameters EL^., ^xk’ ^ik ^ ave been intro¬ 
duced into the expressions for the stability derivatives; they 
are determined for i and k of 1, 2, and 3 by the relationship 


Eik = 


^ A lh x n dx. 


(IV-6-46) 


Here 


^ — xllj ^bse — ^bse^t Xn — X n /l . 


The parameters are the dimensionless attached-mass coef¬ 

ficients, which are related to the dimensional coefficients X., 

by 


4 — 

11 _ Poo5 ’ 

A i 3 = A 31 = 


A — A 


poo ^*5 


Poo 4 ^ 
^23 = ^32 = 


^23 


Pools 


X 22 "V 

Poo^ ’ I 

4 _ X 33 I 


(IV-6-47) 


Unlike A^ k , the parameters A^ that appear in the expres¬ 
sions for the stability derivatives determine the dimensionless 
attached-mass coefficients found for the cross section of the 
body at the base with contour C, over which the integration ex¬ 
tends in Formula (IV-6-4). 

Determination of the stability derivatives requires calcula¬ 
tion of the attached-mass coefficients by Formulas (IV-6-4) or 
(IV-6-4'). We see from (IV-6-4) that the coefficients X^ can be 

found for a given body shape if we know the velocity potentials 
in transverse flow <p lt <p 2 , and cj> 3 and the derivatives with re¬ 
spect to the normal to the cross-section contour. 

These derivatives can be determined directly by examination /171 
of the conditions on the contour boundary. Since the derivative 
3<j>/9n is the velocity of a point of the contour in the direction 
of the normal. 


dipt _ dy 'rtf* _ dz (?<p 3 _ 1 r dr 2 _ 1 

On dl ’ on dl * On 2 dl ~~ 2 dl 


(IV-6-48) 


We can convert from the potentials to the complex poten¬ 
tials W^ = c|>^ + it|K . With (IV-6-48), the expressions for the 
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attached-mass coefficients are 


^ia + i^2k = ipoo l}Vh — ityh) 


(IV-6-49) 


where c = z + iy, and the coefficient k assumes the successive 
values 1, 2, 3. The attached-mass coefficient 


*33=-^f (^3-**)<*(&), (IV-6-50) 


where c; = z - iy. 

The integrals containing the stream function are evaluated 
from the boundary conditions on the contour. For this purpose, 
(IV-6-48) and the Cauchy-Riemann conditions must be used to find 
contour stream-function values ip 13 14 3 . After substituting 

them in the integrals we find for k = 1 and 2 the respee- 

£ 

tive values S and -iS , which are determined by the cross-sec- 
s s 3 

tional area, ancl obtain a zero value of the integral for k = 3, 
provided that the section is symmetrical in form. 

The complex potential is found by conformal transforma¬ 
tion of the given cross section in the plane £ = z + iy into a 

circle with a certain radius r 0 in the plane a - n + i£, using 

the general formula (IV-4-32). If the potential (a) is known 

for the circle, we can obtain the complex potential in the 

physical plane ? by making the substitution a = o{^). 

The potentials W x and W 2 , which characterize the flow over 
the body in its motion along the z- and y_-axes, respectively, are 
easiest to obtain. Expression (IV-4-33) can be used for this 
purpose. Setting V OT = 1 and 4> = 0 in this formula, we obtain 
W = a - r*/ 0 , which determines the complex potential for a sta¬ 
tionary cylinder with a unit-velocity oncoming flow passing over 
it in the direction of the y_-axis. 

Comparing with Formula (IV-4-33), the minus sign in front of 
the i has been changed to a plus sign, since in our case positive 
values of the coordinate are reckoned downward. 

The potential obtained is equal to W 2 (t;) + ic, which char¬ 
acterizes transverse flow over a stationary body in the g-plane, 
with W 2 [£(a)] representing the complex potential for a moving 
cylinder in the 0 -plane. Substituting £ in accordance with 
(IV-4-32), 
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I III I 



(IV-6-51) 


^'2[=(cf)] = £ (CT-t)-t 


oo 



ns=0 


Similarlyj we obtain the complex flow potential in the a- 
plane with the flow direction along the z_-axis: 


iFil£(o)J=—£+2 


TlsarO 


kg 

O n 


(IV-6-52) 


In determining the complex potential W 3 , we can proceed from 
the expression Im W 3 = Im(i^ 3 ), which indicates that W 3 is the 
imaginary part of potential $ 3 . Here, the potential ip 3 must 
satisfy the condition for the stream function at the boundary of 
the moving body 3<j> 3 /9n = d\p/dZ, in accordance with which 


-4<=*+» 8 )- 


— (" + (2 - 




(IV-6-53) 


Thus, finding the potential W 3 requires solution of the Diri- 
chlet problem of determining the function tp 3 in a certain region 
from the boundary condition (IV-6-53). 

The general expression for W 3 may take the form 


Im IP3 — Im ( —• 

The ? from (IV-4-32) and the series 


£=°+ 2 -^-. 

71=0 


(IV-6-54) 


(IV-6-55) 


where a = c 2 /a, must be introduced into this expression. As a 
result of these substitutions, the complex potential 


Wi= —(IV-6-56) 

n=i 


The coefficient 
from (IV-6-I(). Here 


of attached masses can be calculated directly 
the potential 4>j_ and the stream function 
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are found from the expression for the complex potential, W = 

= <p + i tp. 

Example. Determine the attached-mass coefficients for an 
ellipse with semiaxes a and b. For this purpose, we find the 
complex potentials W. and W 2 by the conformal formula (see Table 
IV-4-1) 




a*— b* 
4a * 


(IV-6-57) 


which maps the exterior of an ellipse in the 5 -plane onto the 
exterior of a circle of radius r 0 = 0 . 5 (a + b). 

The potential W x is determined from (IV-6-52). To deter¬ 
mine the series coefficients k , it is necessary to use (IV-6-57) 

and (IV-4-32). Comparing them, we find that kj = (a 2 - b 2 )/4, 
and the other coefficients of the series are zero. 

Introducing the value for k ia we obtain 

(IV-6-58) 

1 a 


Similarly, we find the equation 


(IV-6-59) 

* a 


The complex potentials can also be determined from the bound¬ 
ary conditions for the stream functions. Let us illustrate this 
in the example of the complex potential Wj. 

From the condition ip 1 = y at the contour boundary, we obtain 
the relation Im W x = Im 5 . Introducing (IV-6-57) in place of 5 
under the Im sign in this relationship, we obtain, after several 
rearrangements, the formula Im W 1 = Im (-r 0 b/cr), which is valid 
on the circle. Generalizing this formula, we get (IV-6-58). 

We find an expression for W 2 in a similar manner. For this 
purpose, we start from the boundary condition = -x or Im W 2 = 

= Im (- 15 ). After substituting 5 from (IV-6-57), we arrive at 
(IV-6-59). 

To determine the potential W 3 , we use (IV-6-56). Intro¬ 
ducing the 5 from (IV-6-57) and 
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we obtain, after rearrangement, the complex potential 


w, _ __ £ ( a 2 ~’> 2 ) rj 
3 4o2 


(IV-6-60) 


The attached-mass coefficients are calculated by (IV-6-4'). 

It is helpful to convert to the polar coordinates r 0 and 0 for 
the calculation. For example, the complex potential Wj is written 
in the form W x = -(r 0 b )/a = -be - ^-9. Then the velocity potential 
<}>!=- b cos 0 and the stream function t^ 1 = b sin 0. W 2 and W 3 
are represented similarly, and the corresponding expressions found 
for the potentials and stream functions. 

Introducing the expressions for <|>^ and ^ into (IV-6-4') and 

integrating from 0 to 2ir, we obtain the following values for the 
attached-mass coefficients: 


^■li — Jipooi 2 ; i 22 = xp x a 2 ; X 33 = -1 n Pce (a*_* 12 = A. 13 =/b, 3 = 0. (IV- 6 - 61 ) 


We see from this example that the attached-mass coefficients 
^ik are zero ^ or the ellipse if i / k. This feature is preserved 

for all bodies whose cross sections have symmetry. 

§IV-7• APPROXIMATE METHODS OF CALCULATION OF FLOW OVER SURFACES 

The Newton method. This method is used for approximate cal¬ 
culations of the pressure at very high flow velocities. It is 
based on Newton's corpuscular theory (or the theory of "Newtonian 
deceleration"), according to which gas particles experience dis¬ 
turbances only when they strike a solid wall and lose their en¬ 
tire momentum components normal to the wall. The excess pressure 
is determined by this loss of momentum in accordance with the for¬ 
mula p - p^ = P^V^, where V n is the component of undisturbed velo¬ 
city normal to the wall. Dividing by the velocity head q = O.Sp^V^ 
we obtain Newton's formula for the pressure coefficient: 


~ p-r~ o tn (IV-7-1) 

? Vlo 

This formula can also be presented in the form 



(IV-7-1') 


p— 2 COS 2 Tl, 


where n is the angle between the velocity vector and the sur¬ 
face normal. 

Let us relate (IV-7-1') to some fixed point of a surface 
whose inclination is determined_by the angle p*. For this point, 
the local pressure coefficient p 0 = 2 cos* ri*. Appending 
(IV-7-1') we obtain an improved Newtonian formula for the pres¬ 
sure coefficient at an arbitrary point of the surface: 

(IV-7-2) 

PC CO S 2,}» * 


This formula gives a better approximation than (IV-7-1'), 
since p 0 is calculated quite accurately for an initial point of 
the surface, such as the conical tip of a sharp body or the total- 
stagnation point on a blunted surface. In the latter case, 
cos n* - 1 and 


P — p a cos 2 »p 


(IV-7-3) 



Figure IV-7-1. Illustrating Determination 
of Velocity Component Normal to Washed Sur¬ 
face y = f(z,x). 


The above formulas determine the pressure that arises in 
translational motion of the body. At the same time, transla¬ 
tional motion may be accompanied by rotation about the center 
of gravity, and this may have a substantial pressure-redistribu¬ 
tion effect. 

Formula (IV-7-1) must be used to take account of this ef¬ 
fect, with V n determined as the sum of two components, namely the 

normal component of undisturbed velocity and the normal component 
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of the velocity induced at the particular point in the presence 
of rotation. 

Thus, determination of pressure by the Newtonian method in¬ 
volves calculation of the over-all velocity component normal to 
the body's surface. 

Let us consider an arbitrary surface (Pig. IV-7-1) with the 
equation y = f(z,x) situated in a flow of high velocity V M . The 
angle of attack measured in the yOx-plane is formed by the vector 
and the positive direction of the x-axis. To find the velocity 
component V nCO of the translational flow normal to element dS at 

point A, we must_calculate the scalar product of vector and 
the unit vector n of the interior normal to the surface element 
under consideration. We see from Pig. IV-7-l_that the vector 
V = V cos ai + V sin aj. The unit vector n can be presented 
in the form n = cos a i + cos a j + cos a k, where i, j, k are 

the unit vectors and a , a , a are the angles formed by vector n 

with the directions of the coordinate axes. 

The cosines of these angles 


cos a* = 


dy/dx 


(dy/dx) 2 — ( dy/dz) 2 - j-1 

cosa 2 = 


cosa u = 


dy/dz 


-1 


V (dy/dx) 2 + (dy/dz) 2 +1 


V (dy/dx) 2 ~j- (dy/dz) 2 + i 


(IV-7-3') 


In accordance with the values of vectors V and n, the normal 

CO J 

velocity component of the translational flow 


F„oo — V„, cos a cos a, -f V x sin a cosa„. (IV-7- i t) 


Let us assume that the body_ in the flow is rotating at a 

certain angular velocity ft = ni + £2j + £2k. 

J x y^ z 

The additional velocity induced_at goint_ A under_considera- 
tion is equal to the vector product v = ft x R, where R is the 
radius vector for point A. If v x , v , v 0 are the components of 

vector v, the component V 0 of velocity normal to the surface ele¬ 
ment dS is 


V„Q ~ V x cos a x + v y cos a,j -f v. cos a z . 


(IV-7-5) 
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The radius vector R can be presented in the form R = x A i + 

+ y^J + z^k, where x A , y^, z^ are the distances from the center of 
rotation to point A. Thus, the induced-velocity vector 

v= vj + vj + v z k = (Q„z a — Q z y A ) i — (Q x z a — Q z x A ) j + 

-\-(£l x y A -QyX A )k. (IV-7-6) 


The components v x , v , and v z that appear in (IV-7-5) for 
V n ^ are determined directly from this expression. Having deter¬ 
mined V n<30 , V n ^ we can find the resultant normal velocity compo¬ 
nent V n = V noo + V n ^ and, consequently, the pressure coefficient 

(IV-7-1). Its magnitude can be presented as the sum of two com¬ 
ponents : 

P=Pv+Pa, (IV-7-7) 

where the first term 

?r==2 ^r (iv-7-8) 

characterizes the pressure increment from the translational mo¬ 
tion and the second term 


Pa — -ps- (2V noo F n Q + via) 

V oo 


(IV-7-9) 


gives the component governed by the rotational motion. 

The aerodynamic characteristics (forces, moments, and their 
coefficients) can be determined from the known external form of 
the washed surface and the pressure distribution. 

Application of the Newtonian method Is obviously limited to 
the zones of the body's surface that face the oncoming flow and 
collide with gas particles. These zones are limited by a certain 
curve along which the normal velocity component V noo and, conse¬ 
quently, the pressure coefficient Py are equal to zero. It fol¬ 
lows from (IV-7-4) that the equation of this curve is 

cos os cos a x -j- sin a cos <x y = 0. (IV-7-10 ) 
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Beyond this curve, in the so-called "shaded" zone, the pres¬ 
sure in which we shall denote by p e , we may start from various 

considerations in evaluating the coefficient p = (2/kM 2 ) x 

x (Pg/Poo -1)- Assuming, for example, that M -*■ we obtain p g = 

* 0. We can also adopt the condition that the speeds are finite, 
even though they are very large, so that >> 1 and a total 
vacuum is formed in the "shaded" zone (p = 0). The correspond¬ 
ing pressure coefficient will be p = -2/kM 2 . 

S 00 

In principle, the Newtonian method is applicable for arbi¬ 
trary flows — plane or spatial. However, experimental data have 
shown that it gives less satisfactory results for plane than for 
spatial flows.. This means, for example, that the pressure dis¬ 
tribution determined by this method for a wing profile will be 
less accurate than one determined for a solid of revolution. 

Method combining compression-shock and expansion-flow /176 

theories. This method, by which the parameters of supersonic 
flow over a sharp surface can be determined, consists in the 
following. First the parameters on the sharp nose are computed 
by compression-shock theory, and then those on the remaining down¬ 
stream zones, on which the flow expands, are found with the aid 
of the Prandtl-Meyer theory. 

It is assumed in this method that supersonic flow over the 
sharp nose ("poiht") may be plane (flow past a wedge) or spatial 
(flow past a cone). As for supersonic flow over the remainder of 
the surface, it is regarded as plane. 

The analytical relationships for the characteristic epicy¬ 
cloids of two-dimensional flow can be used to calculate a plane 
supersonic flow of this type. A definite local M and a definite 
flow deflection angle correspond to each point of an epicycloid as 
the flow expands isentropically from the initial state with M = 1 
and the critical pressure p*. Hence it follows that at the same 
time a definite pressure-ratio value 


corresponds to each point of the epicycloid. 

This formula enables us to calculate the pressure at those 
points of the flow at which the state of the gas has changed as 
a result of isentropic expansion or compression. Here the initial 
isentropic-flow parameters are determined immediately behind the 
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compression shock, where the flow has been deflected through a 
certain angle gs-. and where the local M is equal to some value 
M 2 > 1. - 

Assume that it is required to find the pressure at a cer¬ 
tain point of a surface the tangent to which forms an angle 3 
with the vector V^. For this purpose, we use (IV-1-17) or Table 
IV-1-1 to find for M 2 the angle w 2 , which is equal to the rota¬ 
tion angle of the flow expanding from M = 1 to M = M > 1. We 
then find the total rotation angle w = u> 2 + g p - g, for which 
Table IV-1-1 gives us the local M. Introducing this number into 
(IV-7-11), we. calculate the ratio p/p* and then the pressure coef' 
ficient 



(IV-7-12) 


When this method is used to calculate hypersonic flow past 
slender sharpened bodies, we can use the simplified equation 
(IV-1-18) for the epicycloids. If this equation is referred to 
the flow conditions immediately behind the compression shock. 


tt> 2 == 


2 

h— 1 



(IV-7-13) 


For an arbitrary point on the controur a) = co 2 + gp - g. 

As a result, the relation between the angle w and M assumes 
the extremely simple form 


,A£ = (D —0>2= — 




(IV-7-14) 


The remaining parameters, such as the pressure, density, tem¬ 
perature, and flow velocity, are calculated by (III-3-7) or 
(111-3-8) from the value found for M. 

For example, we can obtain a relation from (III-3-7) for 
calculation of the pressure coefficient: 



(IV-7-15) 
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Figure IV-7-2. Interaction of 
Waves in Supersonic Flow over 
Flat Contour. 


The Mach number M 2 in 
this formula and (IV-7-14) 
is also determined from sim¬ 
plified relationships for a 
wedge or cone. 

The expression for the 
pressure coefficient at an 
arbitrary point of a curved 
surface can be presented in 
the general form 

P = A+-^P|-/p(M2, Pp— P), (iv-7-16) 


where f is a certain function that depends on M 2 behind the shock 
P 

at the sharp nose and on the flow rotation angle 3p - 3. 


This function is independent of surface for a given M 2 . 
Parameters with the subscript 2 are determined in accordance with 
whether the flow in front of the sharp nose is plane (wing) or 
spatial (body). 


Application of the above method is better justified for cal¬ 
culation of plane supersonic flows, e.g., over wings. Its in¬ 
accuracy is due to failure to take account of the interaction 
between the washed surface and the compression shock (Fig. 

IV-7-2) in the region to the right of the reflected wave AC. 

In investigation of flows over sharp bodies, an error arises 
from substitution of plane flow for spatial behind the shock wave. 


Calculations by this method give more satisfactory results 
as the velocities increase. For wings, it may be regarded as 
accurate when the simple expansion wave reflected from the shock 
wave at point A' does not intersect the surface (Fig. IV-7-2). 

For slender bodies, accuracy increases with increasing param¬ 
eter K = M^gp. Experimental studies indicate that good results 
are obtained when K > 1 and the attack angles are not large. 

For large attack angles, substantial deviations from experi¬ 
mental results are observed on the windward side of the surface; 
this is associated with a strong influence of viscosity, which is 
not taken into account by this method. 

Unlike the Newton method, this method can be used to calcu¬ 
late flow over those zones of a surface that have negative in¬ 
clinations to the velocity vector V m , i.e., zones in the "shaded" 


235 



/178 


region. It follows from the very content of the method that it 
can give the experimentally observed negative pressure coeffi¬ 
cients in a certain region. Here, the agreement with experi¬ 
mental data may be satisfactory when a "shaded" zone comes di¬ 
rectly behind the "shock" region. Some caution should be exer¬ 
cized in applying the method to evaluate supersonic-flow variables 
for tapering tail regions of the body remote from the nose, since 
it does not take account of all of the complex processes of flow 
past the upstream zones. 


One of the peculiari¬ 
ties of these processes is 
that they involve inter¬ 
action between the flow and 
the shock wave, and this 
exerts a substantial influ¬ 
ence on the variation of the 
gas parameters. 


Also among the defici¬ 
encies of the method is the 
fact that it does not con¬ 
sider the prior history of 
gas-particle motion. It is 
unimportant for this method 
how the particle moved to its present position, and only its 
position is regarded as essential. Thus, the variables at any 
given point will be the same regardless of the shape of the sur¬ 
face on the preceding segment, provided that constant taper 
angles 3p and inclination angles 3 of the surface at the particu¬ 
lar point are preserved. 

The above applies to both the nose and tail zones of the 
body. However, while experimental data indicate that there are 
practically no manifestations of these deficiencies around the 
bow, the deviation from the true picture may be more substantial 
at the stern. 

Method of "tangent surfaces." To illustrate this method, 
let us consider solution of the problem of symmetrical supersonic 
flow past a tapered solid of revolution. The pressure coeffi¬ 
cient at a certain point A of the surface of a body in flow with 
> 1 is assumed to be of the same magnitude as on a conical 
surface tangent to this point and washed by a flow with the same 
(Fig. IY-7-3). Such is the content of the "tangent cone" 
method, which, as we see, makes it possible to investigate the 
flow over a surface with a curvilinear generatrix by use of data 
on supersonic flow over a simpler conical surface. 

This method can be extended to sharp surfaces of arbitrary 
shape by setting the pressure coefficient at any point of the sur¬ 
face equal to its value at the same point on an appropriate 



Figure IV-7-3. Diagram Illustrat¬ 
ing Method of "Tangent" Cones. 
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tangent surface (the "tangent surface" method). 

In selecting the shape of the tangent surface, which is an 
essential point in the calculation, the shape of the washed sur¬ 
face under investigation must be taken into account (Pig. IV-7-4). 

For example, the tangent surface for a wing is a plane with a 
leading edge having the same sweep as line AB, at point on which /17 9 

the pressure is determined. For a tapered solid of revolution, 
the tangent surface will be a circular cone. 



Figure IV-7-4. Construction of Tangent 
Surface on Wing and Body. 1) plane tangent 
surface to wing; 2) conical tangent sur- 


The taper angle of the tan¬ 
gent surface is equal to the 
angle formed by the tangent to 
the particular surface point 
with the vector V^. In the pre¬ 
sence of an attack angle, the 
tangent surface must be so con¬ 
structed that flow will strike 
it at zero angle of attack (Fig. 
IV-7-5). Thus, the pressure at 
a point on a tapered surface in 
flow at an angle of attack is as¬ 
sumed to be the same as on the 
corresponding tangent surface 
for the latter. 

We might examine another variety of the tangent-surface 
method based on the hypothesis of equal velocities at the point 
of tangency of the real and tangent surfaces. According to this 
hypothesis, the pressure coefficient is determined by the formula 
p v = [2/(&Mi-)J (p v /p«> — 1), in which the absolute pressure 


face to body. 



Figure IV-7-5- Tangent Sur¬ 
face in the Presence of an 
Attack Angle. 


with the condition that a = 0 


Pv = 



#-) 


k 

fc-l 


(IV-7-17) 
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is calculated from the velocity V v and the stagnation pressure pj. 

This pressure is determined for a given M m from the angle of the 
shock at the point of the body (the subscript "v" pertains to 
quantities calculated by the equal-velocity hypothesis). 

The calculation based on the equal-velocity hypothesis can 
be simplified by use of results obtained with an equal-pressure 
hypothesis. Since the velocities calculated on the basis of the 
two hypotheses are the same, we can find the relation 


. Pv 


= p P v 


2 (v— 1) 
A-Mi * 


(IV-7-18) 


where p is the pressure coefficient corresponding to the equal- 
P _ 

pressure hypothesis; v is equal to the ratio v 0 /v, in which the 
coefficient v = p"/p 0 is calculated from the stagnation pressure 
p" for the local°tangent surface inclined at 3 to the vector V oo , 
and the quantity v 0 = pj/p 0 is determined from the stagnation 
pressure pj for the tangent surface with inclination angle 3 0 * 

Thus, in order to calculate the pressure coefficient p , it 

is first necessary to find the value of p p on the local tangent 

surface and determine the ratio v = v 0 /v. At the point, this 
ratio is unity, and for points where 3 < 3p , the quantity v < 1. 
As follows from (IV-7-18), therefore, the coefficient p y assumes 

a zero value in a certain section and then becomes negative down¬ 
stream. 

The possibility of obtaining negative pressure coefficients 
is the fundamental difference between the "tangent surface" 
method, which is based on the equal-velocity hypothesis, and the 
method based on the hypothesis of equal pressures, in which the 
pressure coefficient may be either greater than or equal to zero. 

Experimental data and certain theoretical investigations 
indicate that distinct regions of rarefaction arise on areas re¬ 
mote from the nose at moderate Mach numbers M . This confirms 

oo 

that the equal-velocity hypothesis is more realistic for such 
velocities than the equal-pressure hypothesis.. 

At very large M^, almost all of the positive-slope surface 
comes under a positive excess pressure; this is at variance with 
the equal-velocity hypothesis, which gives improbably low pressure 
values. 

The sense of this method makes it applicable for calculation 
of flow at points at which the tangent-surface inclination to the 
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vector V m forms an angle g>_ 0. Here, at the point where g = 0, 
the pressure p^ is assumed equal to the pressure p a of the un¬ 
disturbed flow and, consequently, the pressure coefficient at 
this point p =0. Thus, this method is not, strictly speaking, 

applicable to surface elements with negative slope (g < 0). 

However, the "tangent surface" method can be used for rough 
estimation of the pressure coefficient in the "shaded" zone. It 
is assumed here that the pressure coefficient will be negative on 
a surface elements with angle g < 0, but equal in absolute magni¬ 
tude to the pressure coefficient on an element with a positive 
inclination angle (g > 0). 

The Busemann formula. According to the Newtonian corpuscu¬ 
lar theory, an aerodynamic force arises as a result of collision 
of gas particles with the surface. Thus, the fundamental con¬ 
ception of this theory consists precisely in the impact effect. 

The conclusions of the Newtonian theory can be obtained from 
shock-wave theory by making the limit transition in the appropri¬ 
ate expressions for k -*■ 1, 00 , which corresponds to full ap¬ 

plication of the shock wave to the surface and, consequently, an 
infinitesimally thin compressed layer. 

Under real flow conditions, the shock wave cannot approach 
flush to the surface. Hence, as they impact on passage across 
the compression shock, the particles continue to move on curved 
trajectories. As a consequence, the pressure on the surface of 
the body differs from the pressure immediately behind the shock. 

The phenomenon will be fundamentally the same in a hypotheti¬ 
cal flow with M ot -*■ °°, k -> 1. Crossing a shock wave in coincidence 
with the surface, the gas particles continue their motion in an 
infinitesimally thin layer along geodesic lines of the surface. 

The velocity V 2 of this motion, calculated from compression- 
shock theory for k -*■ 1, -*■ », is V 2 = Vj cos g (the subscripts 

1 and 2 pertain to the flow variables before and after the shock, 
respectively). 

The motion along the curved trajectory will result in the 
appearance of a centrifugal force, which will change the pres¬ 
sure on the body's surface from the value obtained by Newton's 
theory. 

The magnitude of this force, which is determined by the mass 
per unit volume of the particles that have passed through the 
shock (density p 2 ) and by the centrifugal acceleration Vg/Rj where 
R is the radius of curvature of the washed contour, is P 2 V|/R. 
Consequently, the elementary pressure value created by this force 
in a thin layer of thickness dn will be dp _ = (p V 2 /R)dn. 
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The product p 2 V 2 dn can be replaced by an expression obtained 
from the flow rate equation p 2 V 2 f(x)dn « p^dS, in which f(x) = 1 
for plane and f(x) = 2iTr(x) for spatial symmetrical flows; S is 
cross-sectional area. Then the elementary centrifugal pressure 


dp d 


PjVJcos p 

~WW~ dS - 




Integrating this relationship over S and remembering that 
the pressure pjV 2 sin 2 3 behind the shock wave, we find [ 38 ] 


P^Pinfsin'P-^ 



(IV-7-19) 


This formula, which was derived by Busemann, determines the 
pressure not only as a function of the local inclination of the 
elementary surface with respect to the vector Y mi but also as a 
function of the shape of the surface over the entire zone between 
the surface element and the forward point. 

For slender bodies for which the angles 3 are everywhere 
small (cos 3 = 1, sin 3 = 3)j the influence of surface shape on 
the preceding segment is found to be negligible. Formula (IV-7-19) 
becomes 




(IV-7-20) 


Substituting the slender-body value R * —(d 2 y/dx 2 ) 1 for the 
radius of curvature and converting to the pressure coefficient, 
we obtain 



S d*y-\ 

f (*) dx* J * 


(IV-7-21) 


where is the coordinate of a point on the wing surface (plane 
flow) or body surface (spatial flow). 

In the latter case, y_ is equal to the radius r of the solid- 
of-revolution generatrix. 

As in the case of the improved Newton formula, we can write 
the Busemann formula for the pressure coefficient 


2 1)0 



(IV-7-22) 


[ sin * p -’-70W S cos p d,y ] • 

0 


For a slender body 


P = 



5 dSy-I, 

/(*) «fa*J 


or 




(IV-7-23) 


(IV-7-24) 


where v =* 1 for plane flows and v * 2 for symmetrical spatial 
flows. 

The above relationships differ from the corresponding New¬ 
tonian formulas in having a second term In the brackets that char¬ 
acterizes the influence of contour curvature and, consequently, 
takes account of the centrifugal-force influence on pressure. 

Studies have shown that this effect will be real for flow 
over concave surfaces with k * 1.4. 

For bodies with convex surfaces, correction for the influ- /182 
ence of centrifugal forces is physically meaningless; hence it 
is better to use the Newtonian formula for the calculations. How¬ 
ever, it gives high values of the pressure for thin surfaces when 

00 , k -*■ 1, and, consequently, preference should be given in 
this case to the Busemann formula. 

§IV-8. AERODYNAMIC HEATING 

Flight in the atmosphere is accompanied by transfer of heat 
from the environment to the vehicle when the gas temperature near 
its surface rises above that of the b.ody. The high-temperature 
regions arise as a result of flow stagnation in the shock waves 
and boundary layer, with the resulting increase in the static en¬ 
thalpy of the air. 

The heat-transfer calculation consists in determining: a) the 
rate of heat transfer at the total-stagnation point; b) the rate 
of heat transfer at any other point on the wall; c) the total heat 
flow to the surface. Solution of the first problem makes possible 
proper design of the cooling system or selection of other means of 
protecting the surface from overheating. Solution of the other 
two makes it possible to identify zones at which excessive ther¬ 
mal stressing occurs and surface damage is possible, with a view 
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to adopting practical precautionary measures. 

Let us examine certain general concepts of aerodynamic-heat¬ 
ing theory. 

The Parameters of Heat' Transfer 


Temperature and enthalpy in the boundary layer. Let us ex¬ 
amine expressions that define the temperature and enthalpy for 
the conditions of total stagnation in the boundary layer. 

If no energy transfer occurs at all, i.e., the viscosity 
forces do no work, heat conduction is absent, and there are no 
diffusive or radiative heat flows, the stagnation temperature is 



(IV-8-1) 


where V x is the velocity at a certain point in the cross section 

of the boundary layer, T is the static temperature at this point, 
and (c ) is the average specific heat for the temperature range 

p 3.V 

T fl - T. 


The temperature T, a measure of total energy, does not 
change over the thickness of the layer and is, determined by the 
parameters T g and V^ on the outer edge of the boundary layer 

in accordance with the expression 


TV- 


Tt, + - 


n 

2(Cp)av * 


(IV-8-1') 


Substituting in this expression 

V% == M&liTa and (c p ) av = Rkl (k- i), 

where is the Mach number at the outer edge and k is the 
average ratio of specific heats for the temperature range T 0 - T^, 
we obtain the approximate relation 


TV- 




(IV-8-1") 
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with constant heat capacities, it is necessary to set k = k = 

= const. When heat capacity varies strongly with temperature 
as a result of dissociation and ionization, and it cannot be re¬ 
placed by an average value, it is advisable to use instead of T 0 
the stagnation enthalpy, which is determined by the expressions 


. ., v i , n 

io = 1 t —2 - lb n ~~2~ ’ 


(IV-8-2) 


where :i and i^ are the respective enthalpies at an arbitrary point 
in the boundary layer and on its outer edge. 

By analogy with (IV-8-1"), we can use the following formula 
to calculate i 0 for constant heat capacities: 

f 0 = f 6 (l + ±=± M g) . (IV-8-2*) 


Let us now consider the case in which the wall is heat-insu¬ 
lated (adiabatic) and the processes taking place in the boundary 
layer are characterized by energy transfer. Here, owing to the 
work of friction, the wall he^ts up, and this is accompanied by 
conductive heat transfer into "its deeper layers. Heating will 
Increase until equilibrium is reached between the heat transfer 
from the inner layers to the outer layers, and the inflow of heat 
due to the work of the viscosity forces. The corresponding wall 
temperature T^ is known as the equilibrium or recovery tempera¬ 
ture and is obviously lower than the stagnation temperature T 0 . 
This drop in wall temperature can be characterized by the recovery 
coefficient 


r = 


Tr-T 6 

t 0 -t 6 ’ 


(IV-8-3) 


which indicates how close the recovery temperature is to the stag¬ 
nation temperature. 

With dissociation and ionization, it is preferable to con¬ 
vert to the recovery enthalpy i and the corresponding recovery 

coefficient 


r = 


*r — ‘6 
‘o—‘n 


(IV-8-4) 
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According to (IV-8-3) and (IV-8-4), the expressions for the 
recovery temperature and enthalpy take the forms 

A = TV = 7^1+r-*=AM§) , (IV-8-5) 

t r =i 8 + r-p-; (IV-8-6) 


where (c ) 

p av 

range T^ - T fi 


and k are the average values for the temperature 


The recovery coefficient is determined from the general 
formula r - Pr m , in which m = 1/2 for a laminary boundary and 
M = 1/3 for a turbulent one. The Prandtl number Pr and hence 
the coefficient r depend on physicochemical transformations in 
the gas. However, this dependence is weak, and in approximate 
calculations we may assume the recovery coefficient to be con¬ 
stant at r^ = 0.85 for a laminar boundary layer and r^_ = 0.88- 

0.9 for a turbulent layer. 


Determining parameters. Plow in a compressible boundary 
layer at high velocities is characterized by a certain law of 
variation of temperature, enthalpy, and other thermodynamic and 
kinetic variables of the gas over the thickness of the layer. 

In practice, flow in the layer is characterized by determining 
parameters , which represent certain averaged values of temperat- 
ture, enthalpy, density, etc., that are constant for the cross 
section under consideration. 
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A boundary layer with such parameters is calculated with the 
relationships for an incompressible gas. The data obtained on 
friction and heat transfer are in very good agreement with experi¬ 
mental results found in the absence of diffusion for flow along 
a surface with constant pressure (for example, past a plate or 
cone) in a broad range of velocities (Vg = 300-7000 m/s), tem¬ 
peratures (T fi = 450-6500°K; T w1 = 300-3000°K), and pressures (p^ = 

= 0.1-10 atm). 

The parameters on which the properties of such an arbitrary 
incompressible boundary layer depend are calculated as functions 
of temperature for a certain enthalpy i* between the extreme 
values of i_ obtaining in the boundary layer. According to Eck¬ 
ert [50], 


i* = 0,5 (i wl + i & ) + 0,22 ( i r — i & ). 


(IV-8-7) 
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where i ^ and are the enthalpies of the gas at the wall and at 

the layer outer edge, respectively; i is the recovery en¬ 
thalpy. r 

Relation (IV-8-7) can also be represented in another form: 




2 



*]+°- 22 r ‘w- 


(IV-8-7’) 


where 

i -i - i i/i,. 
wl wl 0 

The determining enthalpy depends on the structure of the 
boundary layer and on M^. There are a number of relationships 
that can be used to calculate i* separately for laminar and tur¬ 
bulent boundary layers and for various ranges. Formula 

(IV-8-7) compares favorably with these relationships by virtue 
of its universality and the fact that it can be applied with a 
certain approximation for both laminar and turbulent flows in a 
rather broad range of M . 

As we see from (IV-8-7), it is necessary to know the wall 
enthalpy i to calculate i*. In the practically most important 

case in which the surface temperature is held at a required level, 
the wall enthalpy will be known. If, however, heating is spon¬ 
taneous, the determination of i w -^ requires solving the problem of 

heat transfer between the wall and the gas. 

Of the two parameters that appear in (IV-8-7), the enthalpy 
i^ at the outer boundary of the layer is usually known. As for 

the recovery enthalpy, it is determined from the expression 


ir = *6 + r * —Jp- . 


(IV-8-8) 


in which the recovery coefficient r* can generally be calculated 
as a determining parameter with the expression r* «■ (Pr*) m , where 
the Prandtl number Pr* = c*p*/A* (the symbol signifies the 

determining values of all quantities). 

Relation (IV-8-7) is used in the general case of a dissociat¬ 
ing gas and when the gas in the boundary layer is heated to a tem¬ 
perature at which dissociation does not yet occur but the heat 
capacities change. 

V 
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In the former case, the determining temperature is found as 
a function of g_ and i*. Tables or diagrams of state for air at 
very high temperatures can be used for the calculations. 



Figure IV-8-1. Deter¬ 
mining Enthalpy (brok¬ 
en lines without con¬ 
sideration of dissocia¬ 
tion; solid lines with 
dissociation taken in¬ 
to account at a pres¬ 
sure p = 100 kg/cm 2 ; 
dot-dash lines for p = 

= 0.001 kg/cm 2 ). 


In the latter case, (IV-8-7) can 
be used to find the determining tem¬ 
perature, with the enthalpy replaced 
by temperature in accordance with the 
expression 


h~it = (c P U(n~T b ), (IV-8-9) 


where the enthalpy i k may assume the 

values of i , i ,, or i* and the tem- 

perature the respective values T , 

T or T*. The average heat capacity 

(c ) is calculated for the tempera- 
p av 

ture range T^ - Tg. As a result of 

substitution, we obtain instead of 
(IV-8-7) a relation for the determin¬ 
ing temperature T*, with the recovery 
temperature found by (IV-8-5), in 
which r* is substituted for r. 


When the specific heats to not depend on temperature (at tem¬ 
peratures of approximately 700-800°C or lower). 


T* = ~ (ft + r wl ) + 0.22 (2V - TV). 


Introducing the values for T and T 0 into this relation, we 

obtain 

TV = iO + 4 2 "“^) ^ wl ] d - 0.22 ~~ 2 ~ 


where T w] _ = T w] /T 0 . 

For a heat-insulated wall, it is necessary to take T , = T 

W _L Jr 

in the relationships given above for the determining values of en¬ 
thalpy and temperature. 
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Figure IV-8-1 shows determining-enthalpy values calculated 
by (IV-8-7) for undissociated and dissociated gases. 

The thermodynamic functions and kinetic coefficients are 
calculated in dependence on the determining temperature by the 
formulas 


/ T* . 

k* ! _ 



.(J1.Y 

VTcoJ ’ 

I^OO 

V Too ) ’ 

^C© 



(IV-8-10) 


The heat-balance equation. In its general form, this equa¬ 
tion determines the over-all heat flow q w ^ going to heat the wall. 

It is equal to the difference between the heat inflow q^ to the 

surface and the heat flow q w withdrawn from it, i.e., q w ^ = q^ - 

The heat inflow arises as a consequence of: heating of the 
boundary layer due to friction (convective q Q and radiative q rac j 

heat flows); radiation from the sun q and earth q ; transfer of 

heat from the equipment, q eq - Thus, 

<>1 - % + q rad + *b + 9 e + q eq CIV-8-11) 


The heat withdrawn is composed of the thermal energy emitted 
by the heated surface (Q em )> that absorbed by the wall material and 

dissipated into the environment during ablation (q^), and the heat 

withdrawn by various cooling systems (q ). 

c s 

Consequently, 


w 


= q 


em 


+ + 9 


cs 


(IV-8-12) 


The heat flow from the equipment and the heat withdrawn by 
the cooling system may have large specific weights in the heat 
balance. Problems involving the permissible q e ^ and the required 

q are primarily of a structural-engineering nature, 
c s 

Convective heat flow . At flow velocities at which there are 
no chemical reactions in the boundary layer, the specific convec¬ 
tive heat flow is determined with a modification of Newton's law: 
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q = a , (T = T , ) . 
H c wl r wl 


(IV-8-13) 


Chemical processes become essential at very high velocities, 
and the change in enthalpy must be taken into account in calculat¬ 
ing heat transfer in accordance with the formula 


9c 


^Wl 
( c p) wl 


Or l "wl)» 


(IV-8-14) 


where a wl is the heat output coefficient and (c ) wl is the specif¬ 
ic heat capacity for the conditions of the gas at the wall. 

To characterize heat flow, it is convenient to use dimension¬ 
less heat-transfer criteria instead of the dimensional heat output 
coefficient, namely, the Stanton number 


Of_ ' 9c 

PfiVa(ir-'wl) 


°wl 

pfif« ( c p)wl 


(IV-8-15) 


and the Nusselt number 


Nu 


a wl A/X wl* 


(IV-8-16) 


where i is an arbitrary linear dimension and X wl is the thermal 
conductivity coefficient of the gas at the wall. 

The relation between these two numbers is established by the 
relation 


Nu = StRePr, 


(IV-8-17) 


where the Reynolds number Re = ; the Prandtl number Pr = 

= ^ C p^wl y 6 /A wl‘ 

The basic problem of aerodynamic heat-transfer theory con¬ 
sists in determining a , or the dimensionless heat-transfer coef¬ 
ficients. w 

Radiative heat f lux. As a result of the sharp rise in tem¬ 
perature behind the shock wave or in the boundary layer, the nitric 
oxide concentration in the air rises substantially, with the result 
that the air ceases to be optically transparent and becomes a 
source of radiative flux. 
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The optical properties of air are characterized by a certain 
parameter e, which is the emissivity of a unit length of radiating 
layer and has the dimensions 1/Z. For a radiating layer s 0 thick, 
the dimensionless characteristic of emissivity will be es 0 , which 
is known as the effectiv e emi ssivity of the gas. 

According to the Stefan-Boltzmann law, the heat radiated by 
an absolutely black body is q rad - aT 4 . To take account of trans¬ 
parency, this formula must include a certain function f(es 0 ) that 
depends on effective emissivity and characterizes the "blackness" 
of the gas. Thus, the radiative heat flux to the wall is 


q rai3 * (IT- 8 - 18 ) 

where a * 5-85*10~ 9 kg*m/m 2 •s•deg 4 is the emission coefficient of 
the absolutely black body and T is the temperature of the radiat¬ 
ing gas. 

Formula (IV-8-18) pertains to the case in which the wall 
does not radiate and its temperature T ^ < 3000°K. 

Figure IV-8-2 shows a curve characterizing the variation 
of the function f(es 0 ) with effective emissivity. This curve can 
be approximated by the equation 

/ = 1-cxp (-e*,), (IV-8-19) 


which gives an error no greater than 20%. 



Figure IV-8-2. Varia¬ 
tion of Function f(eSo) 
Which Characterizes 
Radiative Flux at the 
Critical Point. 



Figure IV-8-3. Experimental 
Data on Gas Emissivity. 
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We see from Pig. IV-8-3 [11], 
which presents the results of ex¬ 
perimental studies, that the param¬ 
eter e depends on air temperature and 
density. In the temperature range 
8000°K < T < 16,000°K, the family of 
curves in Pig. IV-8-3 is closely ap¬ 
proximated by the formula 


Figure IV-8-4. Radiative 
Power of Sun as a Func¬ 
tion of Altitude. 


: = 0.138 ( 


/ p ' 

L 1.28 ,T° K\ 

\ Pocg i 

I V 10* J 


6.54 


cm -1 


(IV-8-20) 


where p is the density of the air at the ground. 

cog 

Solar and ground radiation . The radiant heat flux from 
the sun 


cos Ij), 


(IV-8-21) 


where ip is the angle between the direction of the sunlight and the 
normal to the body's surface; q is the radiative power of the sun, 
which depends basically on altitude, weather conditions, and the 
zenith distance of the sun. 

Figure IV-S-^ shows values of q for the sun at the zenith 

for average geographic conditions but without consideration of 

absorption by the atmosphere. Data on the coefficient 3 , which 

s 

takes account of the absorptivities of matter, are given in 
Table IV-8-1 [6]. 

The specific heat flux from the ground is very small. For 
convenience, it may be regarded as the sum of two components: 
q. , the intrinsic radiative flux from the earth, and the heat 

flow q^ e , composed of sunlight reflected from the earth's sur¬ 
face and from clouds. 

Research has shown [11] that for the conditions of flight at 
500 km, q. can be found in approximation by the formula 

1 » C 


q i. e . — 0.007 (1 -j- 2 cos qp) p e) 


(IV-8-22) 


where <p is the angle between the normal to the surface and the 
vehicle-ground line. 
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Available experimental data indicate the possibility of cal¬ 
culating the maximum ground radiant flux by the formula 


^e^max 


q 3 ■ 
^e e 


(IV-8-23) 


TABLE IV-8-1. ABSORPTIVITIES OF MATERIALS (Values of 
the Coefficients 3_ and 3 ) 

S 6 


^Type of radiation 

From earth (0 e ) 

From sun (fl s ) 

Material 

A1 

0.04- 0.10 

0.10-0.49 

Fo 

0.06—0.74 

0.45 

N£ 

Alloys: 

0.01—0.39 

0.40 

Duralumin type 

0.01—0.55 

0.53 

Alloy steels 

Insulating materials: 

0.12—0.62 

0.60 

Plexiglas 

0.89 

— 

Glass 

Painted surfaces 

0.85 

-- 

Dark 

0.80—0.99 

0.97 

'Light 

O.SO-v-O.90 

0.14—0.48 


Note: The data on the coefficients 3. and B„ are given 

0 s 

for the wall-temperature range 200-600°C. 



Figure IV-8-5. Curve of q g 

as a Function of Altitude 

H. 


Values of q g and 3 g are given 

in Fig. IV-8-5 and Table IV-8-1, re¬ 
spective ly. 

Data on the specific heat flow 
q^ are also experimental and have 

been obtained for a body at an alti¬ 
tude of 500 km on the earth-sun line 
[11]. According to this source. 


?r. e =0.016 (1 + 2coscp) {3e . (IV-8-2 4) 


Rad iant heat fl ow f rom the wall surface . The heat flow 
emitted by a unit area of the wall is determined by the Stefan- 
Boltzmann law 


<7em= SOT*, 


(IV-8-25) 
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where e is the blackness of the surface or the emission coeffi¬ 
cient, and depends on the material, the method of surface prepara¬ 
tion, and surface temperature. 

Data on the emission coefficient are given in [11]. 

The emission coefficient rises with increasing surface rough¬ 
ness. If the height of surface prominences is several times the 
wavelength of the radiation, the dependence of the emission coef¬ 
ficient of the rough surface on the emission coefficient e of 

the smooth surface can be expressed by the formula 

e r =e{l-f 2.8(1 —e) 2 J. (IV-8-26) 


Here the wavelength of the maximum-intensity radiation depends on 
temperature: 





(IV-8-27) 


Equation for calculation of temperature of a thin skin. Let /189 
us assume that the skin of a vehicle is a thin wall and is heated 
instantaneously throughout its entire thickness. In this case, 
the specific heat flow absorbed by the wall is 


<7wi = c y8 


dTwi, 

dt ' 


(IV-8-28) 


where c_, y, and 6 are the heat capacity, specific gravity, and 
thickness of the skin material. 

After substituting q , into the heat-balance equation q n = 

W W± 

= qi - q w j we obtain an equation for calculation of the tempera¬ 
ture of a thin skin: 


cy8 


dT w i 
dt 


■ W wl {T r fwl) + g'rad + ?,T?.T l ea — EC rjT* 


(IV-8-29) 


This equation is solved by numerical methods if the flight 
trajectory, the initial skin temperature, its material, and its 
thickness are known. The result is T ^ as a function of time t. 

The following fundamentally possible ways to lower wall tempera¬ 
ture proceed from (IV-8-29): 1) reducing the convective heat flow 
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by reducing a . The heat output coefficient is lowered under the 

conditions of flight in a thin atmosphere. The coefficient a w -^ 

is substantially lower for a laminar boundary layer; 2) use of 
artificial cooling. For example, cooling by evaporation of a 
liquid through pores in the skin is highly effective; 3) increas¬ 
ing the roughness of the surface; 4) use of heat-insulating coat¬ 
ings with large heat capacities. 

Equilibrium radiation temperature. Let us assume that the 
thermal conditions, which are characterized solely by convective 
inflow from the boundary layer to the,wall and withdrawal of heat 
energy from it by radiation are steady, i.e., that the wall tem¬ 
perature does not change with time and that dT ,/dt = 0. Then 
(IV-8-29) becomes 


{T t f ,vi) — soTiu 


(IV-8-30) 


The wall temperature determined by this equation is known as 
the equil ibrium radia ti on temperature and is denoted by T . 

This concept differs from that of the recovery temperature, 
which is by definition the temperature of the surface in the ab¬ 
sence of radiation and any internal dissipation or supply of heat. 
Hence the temperature T is sometimes known as the adiabatic-wall 
temperature . 

The temperature T g represents a kind of upper limit for the 

radiating surface, one that is reached when the heated wall radi¬ 
ates all of the energy that it receives. This temperature is not 
realistic at very high heat flows, since it is so high that it 
cannot be reached before destruction of the material (melting, 
sublimation, combustion) occurs. In certain cases, however, the 
equilibrium radiation temperature may be found realistic — as on 
the surface of a soaring vehicle. In soaring, kinetic energy is 
converted into heat gradually, and the intensity of convective 
heat flow may be comparatively moderate, so that emission of all 
of the absorbed energy becomes quite possible at the structurally 
acceptable equilibrium temperature. 

Equation (IV-8-30) contains the unknowns a n , T , , and T . 

W1 W X X* 

Hence it must be supplemented by two independent relationships for 
these parameters from boundary-layer theory. Solution of the 
equation system enables us to find the temperature T^ = T . 

The equilibrium radiation temperature can be determined 
directly from (IV-8-30) by assigning values to T^ and a ^/e. Then 

the recovery temperature can be calculated from the enthalpy i , 
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which is equal to i = 0.5V 2 at high velocities. The solution of 

X* 00 

(IV-8-30) is given in Fig. IV-8-6 and permits the conclusion that 

the principal way to lower the equilibrium radiation temperature 

is to reduce the ratio a ,/e. 

wl 



Figure IV-8-6. Equilibrium Radiation Tem¬ 
perature T g as a Function of the Param¬ 
eters a/e and T^. 

The concept of equilibrium radiation temperature can be gen¬ 
eralized for the case in which other forms of energy inflow are 
taken into consideration, as is withdrawal of heat by cooling, 
specifically q , q and q . In this case, the equation for T , 

b t: C S Wl 

will be 


a wl(fr— Twl) + JsT? t = <lcs- (TV- 8 31) 

Relation between friction and heat transfer. The heat trans¬ 
fer coefficient a ^ in the heat-balance equation can, with certain 

simplifying assumptions, be linked by comparatively simple rela¬ 
tionships to the variables characterizing friction between the 
gas and the wall. These relationships appear in the system of 
equations for determination of aerodynamic heating. 

To derive these relationships, let us examine the equations 
of motion (III-2-12) and energy (III-2-46) for flow conditions in 
a laminar boundary layer. If p = const in these equations, they 
will describe the supersonic boundary layer around a cone or 
plate or, with a certain approximation, around a slightly curved 
surface. If it is further assumed that the Prandtl and Schmidt 
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numbers are equal to unity. 


+ ‘tH : (IV-8-32) 

P^,*:.+ pr-F,^:-i . (IV- 8 - 33 ) 

On converting to the variables Ka = V z /F a ; 0*=(i o — i m i)/(*oa— <wi) in 

the equations, we note that V and 0 satisfy the same equation 

and the same boundary conditions: V x and 0 are zero at the wall 

and one at the layer boundary. Consequently, according to the 
uniqueness theorem of the solution, the functions V x and 0 must 

be the same, i.e . , 


Ip — twL V x 
*03 — ‘-wl Vi 


Considering the conditions at the wall, where (dijdy)^ — (difdy^i /191 
= / lc y j(‘) | 7’.%)Jwii and remembering that the specific heat flow at the 
surface q — or.'ijy) w u, while the frictional stress t w ,== In (dV x /dy)]„ u we 

obtain an expression for the heat flow 


// — *0 ^— * wl 
(Cp)wl 



i 1 1 

LI i*, 

1 wi y« J 


The quantity in the square brackets represents the local 

heat-output coefficient a . On the other hand, we know that the 

^ . 

local coefficient of friction c /* = 2T wl /p 6 F£. Consequently, we have 
the following relation between these two coefficients: 


ct c/x PaVa?>wi, (IV-8-34) 

1 2 ' 


Relationships for the local Nusselt number 


Nu x = = ~y~ Re x , (IV-8-35) 

A-wl. * 


where Re* = pjFWpwi. and for the local Stanton number 
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(IV-8-36) 



follow from this expression. 

The relation established between the friction and heat-trans¬ 
fer parameters is approximate, since Pr and Sc actually differ 
from unity. The influence of these numbers can be taken into 
account if the expressions for the Nusselt and Stanton numbers 
are written 


Nux = -j c }x Re* /i (Pr, Sc); 


St* = 4 


2 <V*MPr, Sc). 


(IV-8-37) 


where f x and f 2 are certain functions of Pr and Sc. 

Physically, consideration of the influence of these nonunity 
numbers means that the excess chemical and kinetic energies are 
not converted completely into heat at the surface. The specific 
forms of the functions fj and f 2 are determined by solving the 
boundary-layer equations for the condition that Pr ^ 1, Sc ^ 1 
(Le f 1). Research has shown that if the influence of diffusion 
is disregarded (Le =1), then fj = Pr 1 / 3 , and f 2 * Pr -2 / 3 . Thus, 
we have for the local Stanton number 


St* = 



-^Pr-2/s. 


(IV- 8 - 38 ) 


We can convert from the local Stanton number to its average 
value by dropping the subscript x. Here it may be assumed that 
the local and average Prandtl numbers are the same. 

Formula (IV-8-38) is of great practical importance and re¬ 
flects the Reynolds analogy, according to which the heat-transfer 
criterion depends basically on the same parameter as the coef¬ 
ficient of friction — on Re x . Accordingly, f 2 = Pr -2 / 3 is known 

as the Reynolds analogy factor. 

Studies have shown that Formula (IV- 8 - 38 ) is also applic¬ 
able for a turbulent boundary layer, the only.difference being 
that the coefficient of friction and the parameter f 2 must be cal¬ 
culated from the corresponding relationships for a turbulent 
boundary layer. In particular, f 2 can be determined by the for¬ 
mula 


h = [1 + 2.135Re.7 0 l (Pr-l)J-i. (IV-8-38’ ) 
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In calculating the average Stanton number, the parameter f 2 
is found to be equal to 


fa~- [1 +2.2Re* 01 (Pr—l)]" 1 . (IV-8-38" ) 


The calculations show that, as for laminar flow, f 2 in the /192 
absence of diffusion in a turbulent boundary layer can be set 
equal to f 2 = Pr -2 / 3 with a certain approximation. To account 
for the influence of Pr, it is advisable to convert from the en¬ 
thalpy i 0 5 * ig + to the recovery enthalpy i^. Then we 

obtain for the local heat flow 

qx = (Str {,V “ * wl) ’ (IV- 8- 3 9 ) 


where 

a* = St* papa (cp) wl . (IV-8-40) 


Calculation of heat transfer from the determining parameters. 

The influence of physicochemical processes on heat transfer in 
the boundary layer at high temperatures can be taken into account 
with the determining parameters. For example, by applying the 
Reynolds analogy, we obtain for the determining Stanton number 


= (IV-8-40') 

where the local coefficient of friction c* x , like the Prandtl 
number, is calculated from the determining parameters. 

Accordingly, the heat flow to the wall is 

Qx = StS pfiFa (if — i w i), 

from which the coefficient of heat transfer 


a? = St* p 6 V 6 (c p ) wl . 


We determine the Nusselt number in the form 
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Consequently, 


Nu* 


Qx e p& x 
X 6 ( l r ^ w ]) 


NuJ = StJ Re* Pr, 


(IV-8-35') 


where 


Re* = V & p 6 x! jj. a ; Pr = c p 6 |A 6 /X a . 


The generalized criterial relationships can be used for 
laminar and turbulent boundary layers. 

Heat Transfer In the Laminar Boundary Layer on a Curved Surface 

Total heat flow. In the general case of flow over a surface 
at very high speed in the presence of temperature and concentra¬ 
tion gradients, the heat flow from a dissociating gas to the wall 
can be regarded, disregarding convection, as the sum of two com¬ 
ponents, namely the heat flow by conduction q Q and diffusive heat 

transfer q d , i.e., q * q c + q d - 

The relationships for the heat-transfer components can be ob¬ 
tained in their simplest form if we examine a model of air as a 
binary mixture of atoms_ and molecules characterized by an atomic 
diffusion coefficient D. If we disregard the influence of ioni¬ 
zation on heat transfer, the total heat flow 


<1 


<ic+ q* --= - (* +p^A ^f) = 


Cp dy 


X 


x{[, 


‘A (dcA.%) 1 

dijOy J 


dijdy j 


(IV-8-41) 


where Le - pDc^/X is the Lewis-Semenov number; i^ and c^ are the 

enthalpy (energy of dissociation per unit mass) and concentration 
of the atomic component; c is the average specific heat of the 
mixture. p 


In (IV-8-41), c and X are taken for "frozen" flow in the 
boundary layer. p 

If there is no dissociation in the boundary layer, as is the 
case at moderate flow velocities, the heat flow is determined by 
conduction in accordance with the formula g e ~ —QJcp) ( di/dy). Such 
also will be the heat transfer in a "frozen" boundary layer in 
the presence of a noncatalytic wall on whose surface no recombi¬ 
nation reactions take place, so that the concentration c^ = a in 
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the layer does not change. 

Interest attaches to the theoretical case of hypersonic flow 
when Le = 1.and, according to (IV-8-41), the heat flow q = 

= — (1/cp) (di/dy), i.e., is determined by the enthalpy gradient and 
does not depend on the heat-transfer mechanism. Atoms striking 
a cold catalytic surface recombine instantaneously on it, re¬ 
leasing the same energy as on instantaneous recombination in the 
boundary layer. The specific heat flow corresponds to thermo¬ 
dynamic equilibrium in the boundary layer. 

To obtain a more accurate value of the heat flow, it is 
necessary to know the real value of Le / 1; this enables us to 
take account of diffusion effects and conductive heat transfer. 

The extreme case characterized by diffusive heat transfer 
can occur at very high speeds, when, as research has shown, 
i A (dc A ldy)l(di/dyjls close to unity. As we see from (IV-8-41), only 

the second, diffusive component of heat transfer remains in it. 

Heat transfer at thermodynamic equilibrium. To determine 
equilibrium heat transfer, it is necessary to solve a laminar¬ 
boundary-layer equation system incorporating the equations of 
continuity (III-2-21), motion (III-2-12), and energy (111-2-47) 
with the condition that Sc = Pr(Le = 1) is assumed in the latter 
equation. If, moreover, we set r = r 0 = const in (III-2-12) and 
(III-2-47) (r 0 is the coordinate of a point on the contour of the 
body), the equation system becomes 


9 (p V x r e ) d (P 7 /) 

Ox dy 


/ y 9V X 

1 y dV * ) _ 

<lP6 , 

9 

I 



V 1 * dx 

+ d y )- 

dx ' 

dy 

V 1 * 

9y ) 

1 

-+Pv—) 

— JL ( f di <> ^ 


rjt 

fl 

1 

) dV * I . 

> u dy-1 

dy \ Pr Oy l 

L 2 

V 

Pr 

) 9y J ’ 


Following Lees [50], we introduce the Dorodnitsin variables 


from which 


V 



0 


(IV-8-42) 


<?»!.._ pty* . 
d V (2i) 1/2 ’ 


— Polity 2e . 


(IV-8-42') 
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For subsequent transformations, we use the stream function, /194 
which is defined by (III-2-33). In the new variables n 3 x, the 
expression for the stream function can be presented in the form 
ii) = (2x) i/:! /( , n). Accordingly, the velocity ratio is written 

VJV& = d( (ii)/3ti =7' Ol)- Then, introducing the function f Oi) = «o/t'oa( J 'o«=l'6i’-0,5F|), 
which determines the enthalpy ratio, we can obtain the equations 
of motion and energy converted to the new variables: 


f pp 

\ Pr 


(pf»/r+/r+p[f~ (/') a ]=o ; 
«T+'*'+!?[>"? (*— k)rr] 


= 0 , 


(IV-8-43) 

(TV-8-44) 


where the partial derivatives, which are indicated by the primes, 
are computed with respect to n and the parameter pn = pp/p 8 p 8 . 

The functions f(n) and g(n), the solutions to this equation 
system, must satisfy the conditions 


/ (0) = f (0) = 0; /' (tj) —*■ 1 as 

g (0) = £wi (*j; g' (°) = 0 '’ ^ (t) 1 as il->oo 


(IV-8-45) 


The system can be solved by numerical methods. Here, further 
simplifications can be introduced^ for the conditions of hypersonic 
flow. For example, we can set pu = 1. Moreover, since the Prandtl 
number is a weak function of temperature, it may be considered con¬ 
stant and equal to a certain average value for a given boundary- 
layer cross section. At high supersonic velocities, it is assumed 
that the enthalpy ratio is approximately io/iofi = Ps/p = gOl). 

The solutions obtained give the values of the functions and 
f as they depend on the boundary-layer coordinate n. Since the 
free-stream variables, including the velocity gradient £, gener¬ 
ally vary along the surface, g_ and f will also depend on x. Thus, 
the solutions are not similar (self-similar). 

However, research has shown that self-similar solutions suit¬ 
able for any boundary-layer section can be obtained for certain 
flow conditions. This will be the case when V^/21^ = pp = 1, 

the velocity gradient f3 = const, and the Prandtl number is equal 
to a certain constant value for the particular conditions. With 
these conditions, the equations become self-similar: 


r+/r+Pfe-(/Tj=o ; 

Pr' 1 g" + fg’ + 2(1- Pr-*) (/7T=Q. 


(IV-8-43’) 
(IV-8-44*) 
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By numerical integration of these equations, we can find 
values of f* and g' as functions of Pr, the density ratio 
p 6 //p wl = ®wl’ an< ^ veloclt y gradient "p = (2i 0 /f 6 ) d In V 6 /d In x. 

Particular interest attaches to the case of a strongly 
cooled wall, when the density ratio Pg/P W ]_ <<c !• The calcula¬ 
tions indicate that while the derivative f' and, consequently, 
the frictional stress depend essentially on the velocity grad¬ 
ient, the quantity g*, which determines heat transfer, is a weak 
function of the parameter B. 

Thus the derivative g' cdn be calculated fqr a zero pres¬ 
sure gradient. These calculations indicate that the derivative 
g'( 0 ) = ( 8 g/ 8 p) , at the wall can be assumed equal to O.^Pr 1 / 3 

W _L 

for the entire blunted surface. 

The specific heat flow at thermodynamic equilibrium is de¬ 
termined from the derivative g'( 0 ) = O.LiTPr 1 ' 3 : 


(JL) 

1 

.. ^wl’4 p j/3 | 


\ (iy /wi 

— 2 

/ .ML' 
( c p) wl 

l <>y ) 


(IV-8-46) 


Introducing the value of the derivative (dp/dy) , found with 

W _L 

(IV-8-42), assuming further that P wl P wl = P 5 P 5 J and substituting 

i = i ..[I + (/Pr - 1) x V~/2i ~] for i 0 $, we find 
r 0 o ooo 

7 C = 0.47Pr-2/3 VMyZirF <*), (IV-8- 47 ) 


where the function 


F{x) 


V2 p ca 8 

2 pQ (Oq 



Hi 


p v& 

Po k 00 


_F«_ r 2e 



(IV-8-48) 


Here a & = p 6 /R 6 T (,[/? e = .ff 0 /(Pav)a], and the subscript 0 signifies the param¬ 
eter at the total-stagnation point. 

For the heat flow at the total-stagnation point, the working 
relationship is obtained from the condition that p/p’ 0 = 1 , {o s /g>; = 1 ; 

rcax; V e ~Xx (X = dF a /dx = const). This relation takes the form 

g c . o =0.47Pr-2/3>^ ir /r+l. (IV-8-49) 
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Heat flow governed by diffusion. For quantitative evalua¬ 
tion of the diffusion-governed heat transfer, we can examine a 
"frozen" boundary layer for the condition that the thermodynamic 
equilibrium is reached at its edge. In this case, the ef¬ 
fect of diffusion is manifested in a thin layer next to the cata¬ 
lytic wall, since the recombination rates are so small that the 
atoms reach the surface without recombining in the boundary layer. 

In accordance with this scheme, the heat flow due to mole¬ 
cular heat transfer is determined separately by solving the equa¬ 
tions for an equilibrium boundary layer. 

The second component of the total heat flow that arises be¬ 
cause of diffusion must be determined on the basis of the diffu¬ 
sion equation (111-2-38). Solving it, we find the concentration 
gradient of the atomic component at the wall, on which the diffu¬ 
sive mass flow depends in accordance with (III-1-32). 

To find the solution, we transform this equation to the new 
variables p and x, obtaining as a result 

2e^/-/z'-(|lz')'==0,, (IV-8-50) 


where z^ is a variable that determines dimensionless concentration 
in accordance with the expression z = c/c^; the prime denotes de¬ 
rivatives with respect to n. 

Equation (IV-8-50)' can be simplified by setting Sc equal to 
a certain constant value for the particular conditions and the 
parameter pp = 1 and by assuming that the concentration profile 
remains the same along the boundary layer, i.e., 9z/9x = 0 . 

With the above, the equation for z_ becomes 


Sc fz' + z* = 0. 


(IV-8-50') 


It follows from this equation that the solution obtained is 
self-similar. 

Equation (IV-8-50') is solved simultaneously with (IV-8-43') /196 

and (IV-8-44') with the appropriate boundary conditions. These 
conditions were stated previously for the functions g_ and f. The 
solution for the function z_ must satisfy the condition z(°°T = 1 

on the outer boundary (n 'v °°); on the wall, the boundary-condi¬ 
tion has the form (III-1-33). In the new variables x and ri, this 
condition is written on the assumption that m = 1, 
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(IV-8-51) 


~\/ 2e ^ wi 
r e V 6 Pwi5 


2 ( 0 ). 


Since Solution (IV-8-50') does not depend on the coordinate 
x, we can consider the cross-section of the boundary layer at the 
total-stagnation point. 

Near the critical point, the variable x can be calculated by 
(IV-8-42) with the condition that r (v x, V<$ = Xx, and p^Vg = 

* const. Assuming further that pm. = plyj , we find the bound¬ 
ary condition 


2 ' ( 0 ) = 


■»/" PoPo 

V (E + 1)X 


^wl 

P W 1 2 > 


z(0). 


(IV-8-51') 


Integrating (IV-8-50') twice, we obtain 


2 (n) — 2 (0) = 2 ' (0) 


s 


n 

~1 sc/(«])dn 
e 0 drj. 


Numerical calculations showed that for ri ^ °°, the integral 
is approximately (0.47 Sc 1 / 3 ) -1 . Therefore 

2 ' (0) -0.47 Sc 1 ' 3 [l - z (0)]. (IV-8-52 ) 


Introducing z'(0) from (IV-8-51'), we find the dimensionless 
concentration at the wall 


2(0) = 


g wl 

c 6 


f ( P°Pi \ 1/2 *wi. 

L V ( e + 1) x / 0.47 Sc 1/3 p wl D 



(IV-8-53) 


It follows from (IV-8-53) and (IV-8-52) that for infinitely 
fast catalysis (k , ^ °°), the dimensionless concentration at the 

wall z(0) = 0, and the derivative z'(0) « 0.47SC 1 / 3 . In the 
other extreme case of infinitesimally slow catalytic reaction 
(k wl = 0), the concentration at the wall remains the same as at 

the layer outer edge, i.e., z(0 ) = 1 and the derivative 
z'(0) = 0. 
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The heat flow liberated on recombination at the wall at the 
total-stagnation point can be obtained by substituting the con¬ 
centration gradient (IV-8-52) into (III-1-32) with z(0) substi¬ 
tuted in accordance with (IV-8-53). This relation takes the form 


q d = 0.47 j/e -j-1 Sc~V* i„c 6 «p, (IV-8-54) 


where i„ is the average dissociation energy per atom and the cata- 
ft 

lytic coefficient 


r 4 , 0./.7 Ve + lSc- 2 / 3 (p;(xiX)‘ /2 r l 

<p ~L 1 ' r -Pwi*w7 - 


(IV-8-55) 


The sense of this coefficient is to take account of the influ 
ence of the finite recombination rate, since the parameter k w ^ 

appears in the expression for it. 

In one of the extreme cases, when k 'v °°, the coefficient 

<f) * l, which corresponds to liberation of the maximum amount of 
heat at recombination. In the other extreme case of infinitesi¬ 
mally slow reaction (k ^ * 0), the coefficient $ * 0. Here the 

physical process takes place in a manner such that no additional 
heat is liberated. 



Figure IV-8-7. Variation of 
Heat Transfer as a Function of 
Flight Speed (V^, km/s) and 
Recombination rate (H = 60 km, 
R b - 0.3 m, T wl - 700°K). a) 

noncatalytic wall (glass); b) 
intermediate surface (oxides); 
c) catalysts (metals). 


The total heat flow to 
the wall will be determined by 
adding the heat from diffusion 
to the heat from conduction. 

In the presence of a con¬ 
centration gradient, the heat 
transfer by molecular conduc¬ 
tivity will be 

(l —^) > (IV- 8 - 56 ) 


where i D * i R c fi is the average 

dissociation energy per atom 
multiplied by the mass concen¬ 
tration of the atoms (c^ ■ ) 

at the outer edge of the 
layer and q® is the heat 

V 
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transfer in the absence of a concentration gradient. 


By adding q c and , we obtain 


q^-q %{l + (Lc^ q> — i) in]. 


(IV-8-57) 


where ip = ip/^- 

Introducing the Nusselt and Reynolds numbers 


Nu -i = jrT=f-r; 

^wl ( z r l wi) M-wi 


we obtain for the dimensionless heat-transfer criterion 


^ 7 == = 0.47 Vs + 1 PrZ?' 3 [1 + (Le 2 - ,3 cp - 1) t D ). (IV-8-5 8 ) 


Formulas (IV-8-57) and (IV-8-58) can be used to calculate 
heat transfer both at the total-stagnation point and at an arbi¬ 
trary point on the wall. Here Le and the coefficient 4> are deter¬ 
mined for the conditions at the totalrstagnation point and are 
assumed constant for the entire surface. 

The values of q° and i~. are calculated as functions of the 
position of the particular point on the wall. 

For more detailed study of the influence of recombination, 
it is helpful to consider the ratio of the amount of heat c[_ libe¬ 
rated at a finite recombination rate to the heat flow q. in 

wl 

the case of infinitely fast catalysis 


Le 2/3 ~ D 

1-f (Le 2/3 _l)i D 




(IV-8-59) 


We see from (IV-8-55) that the catalytic coefficient <f> der 
pends not only on recombination rate, but also on flight speed. 
This relation is shown in Fig. IV-8-7. The data given indicate 
the importance of taking the finite recombination rate into ac¬ 
count, as well as the possibility of reducing heat transfer by 
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using a skin made from a noncatalytic material. Since recombina¬ 
tion does not occur near the surface of such a skin, the entire 
heat flow will be governed by nonequilibrium dissociation, which 
absorbs considerable heat energy. This is why the heat flow is 
reduced. In the limiting case with <J> = 0, the heat flow is de¬ 
termined by (IV-8-56). 



Figure IV-8-8. Heat 
Transfer as a Function 
of Parameter of Recombi¬ 
nation at the Wall and 
the Lewis-Semenov Number. 


face is vigorously cooled, 


The heat transfer governed by 
diffusion can be characterized by 
the catalytic parameter 

X — PwiA-wi [0,47 J/T+ 1 S c - 2 / 3 (poHol) ,/2 J, 

(IV-8-60) 


which is related to the coefficient 
4 > by 


(IV-8-60* ) 


Figure IV-8-8 shows the results 
of a calculation by Formulas (IV-8-57) 
and (IV-8-60*) to determine values of 

q = q/q as a function of the param- 
c 

eter x for the case in which the 
ratio i D /i r = 0.5 and the nose sur- 

so that the concentration on it c = 0. 


If the wall remains hot enough, chemical reactions will take 

place until thermodynamic equilibrium with a final concentration 

c , = 0 is established; this will reduce the heat flow. The cor- 
wl 

responding value of the catalytic coefficient in (IV-8-59) will 
be determined by 


1 + X + c wl 


t 1 


gwl ) 

Of, ) 


(IV-8-61) 


In (IV-8-59), the quantity 


Id — ij? ( c 6 Cwl )/iri 


and we may assume for a binary mixture that c^ = ot^ and c wl = a wl - 
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must be 


For more accurate calculations by (IV-8-59), i r - i w ^ 
substituted for i in the expression i^ = i^/i^. 

Factors lowering diffusive heat transfer. Together with the 
rate constant of catalytic recombination, we shall examine a num¬ 
ber of other factors by clever utilization of which we can reduce 
diffusive mass and heat transfer. 

1. It follows from (IV-8-5 1 !) and (IV-8-55) that diffusive 
heat transfer can be lowered by increasing the velocity gradient 
X = Vg/x. For example, if we take a spherical nose section, heat 
flow can be reduced by reducing the radius of the nose, since X 
varies in inverse proportion to the radius of the sphere. 

2. As we see from Fig. IV-8-7 3 the heat flow from diffusion 
decreases with increasing flight speed in the real case of finite 
recombination rates. This is because the fraction of the heat 
expended on dissociation increases along with the increase in 
total heat transfer. As a result, the fraction of energy liber¬ 
ated as a result of chemical reaction at the wall becomes smaller. 

3. Wall temperature is also of importance for the heat- 
transfer effect. It is evident from (IV-8-55) that the coeffi¬ 
cient <j> depends basically on the product P w q k w qj which, in turn, 

is determined by T w ^. Here, if the recombination rate is a strong 

function of wall temperature (for example, P w ^^ wl ~ T 3 / 2 for one 

glass type), the density varies somewhat more weakly. 

Thus, P w ]_W w] is approximately proportional to wall tempera¬ 
ture. Among other things, it follows from this that the coeffi¬ 
cient (f> will decrease with decreasing T , . This means that low 

surface temperatures prevent liberation of a large amount of 
chemical energy. This is, of course, associated with another ef¬ 
fect, namely a large inflow of heat to the wall by convection. 

The quasiequi1ibrium boundary layer. As a supplement to the 
"frozen-flow" scheme, we can examine a quasiequilibrium boundary 
layer, which is characterized by a local equilibrium concentra¬ 
tion distribution. The local equilibrium concentration can be 
found from the distribution of enthalpy across the boundary layer 
by reference to tables or diagrams of the thermodynamic functions 
for air at thermodynamic equilibrium. 

In turn, the enthalpy distribution is found by solving the 
equations of motion and energy, retaining the diffusion term in 
the latter. With the variables x and n, this equation will be 
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(IV-8-62) 


-k [«-(* + «^] + /^-o. 

where the parameter 


the Lewis-Semenov number is assumed constant, and the subscript 
g_ denotes differentiation at constant pressure. 

The equation system is solved with the following boundary 
conditions: 


/( 0 )= 0 , 



d/(oo) _ A 


g{0)=gv,U g(°°) =i - 


The parameters Pr, pp and d are determined in first approxi¬ 
mation for a given cross section with the aid of thermodynamic 
tables or diagrams for air at thermodynamic equilibrium, from the 
known conditions at the wall and at the layer boundary. After 
solving the equations and determining the functions £ and f, 
these parameters can be taken into account. Having determined 
the enthalpy and concentration gradients, we can calculate heat 
transfer with consideration of diffusion. The calculations in¬ 
dicate that the heat flow in the quasiequilibrium boundary layer 
is determined by the approximate formula 

9 - 9c [l + (Le 0 * 52 — l)-g-] . ( iv-8-63) 


The slightly larger exponent of the Lewis-Semenov number in 
(IV-8-57) as compared with the value of this exponent in the case 
of the equilibrium boundary layer is explained physically by the 
fact that diffusion through the thickness of a "frozen" layer has 
a stronger influence on heat transfer. Here, despite this dif¬ 
ference in the values of the exponent, the total heat flows still 
differ little. 

To determine whether the flow in the boundary layer in the 
neighborhood of the stagnation point is equilibrium or "frozen," 
we can use an empirical relationship for the recombination-rate 
parameter [47]: 


c=4000 (^) - (isg-v 


-2.5 / 5000° K ' 


r;, 


0.2 R b 
Vce 


(IV-8-64) 
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where is the radius of the sphere [m]; V^ is the flight speed 
[m/s]; p is the ratio of the density to the density pj at the 

stagnation point; TJ is the temperature at the stagnation point. 


nu w1 


VRT w i 



A value of C > 0.1 corresponds 
to the equilibrium boundary' layer, 
while G < 10" 5 corresponds to a 
"frozen" layer. We see from 
(IV-8-64) that the deviation from 
equilibrium increases with alti¬ 
tude. This formula can also be 
used for approximate evaluation of 
the recombination rate parameter 
around a blunt two-dimensional 
body (wedge). 


Figure IV-8-9. Heat-Trans¬ 
fer Parameter as a Func¬ 
tion of Recombination Rate 
(T wl = 300°K; Le = 1.4; 

Pr = 0.7; i wl /i r = 0.0123; 

a = 0 . 5310 ). 1 ) catalytic 
surface; 2 ) noncatalytic 
surface; 3 ) catalytic sur¬ 
face (heat flow by con¬ 
duction) . 


librium for this flow by the 


The "frozen" boundary-layer 
flow that arises around the stag¬ 
nation point is also preserved on 
more distant segments of the washed 
surface. While the flow is equi¬ 
librium in the neighborhood of the 
stagnation point of a cold wall, 
deviation from equilibrium is ob¬ 
served downstream in inviscid gas 
owing to increased expansion. 
Knowing/the density p^ of the in¬ 
viscid flow at the surface, we can 
evaluate the deviation from equi- 
formula 


Cj P8 \ 2 
C 0 l pi ) ' 


(IV-8-65) 


where C 0 is the recombination rate parameter (IV-8-64) calculated 
for the stagnation point. 

"Freezing" gradually extends through the thickness of the 
boundary layer, and if the inequality 

(t ^) 3 ’* 6 ^ 0 - 01 (IV- 8 - 66 ) 


is satisfied, the boundary layer is completely "frozen." 

Influence of recombination rate in the gas. The case of 
finite recombination rate in the boundary layer is closest to 
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reality, since neither "frozen" nor equilibrium flows will occur 
in reality. 

Figure IV-8-9 shows the results of calculation of the heat- 
exchange factor 


Nu wi __ 0.71? _ 

y Re wi (i r —i wl ) y XnwiPwi 


(iv-8-67) 


for various values of the recombination rate parameter C given by 
(III-1-28). Here the wall was catalytic in one case and noncata- 
lytic in the other. 

Curve 1 in Fig. IV-8-9 characterizes the total heat flow to 
a catalytic surface. As we see, it is practically independent of 
the recombination rate parameter. 

This equalization of the heat flows at low recombination 
rates ("frozen" flow) is explained by the catalytic action of the 
wall and, at higher speeds, by the opposite effect associated with 
a small catalytic influence of the surface (equilibrium boundary 
layer). In the latter case, the process consists in the fact 
that the atoms do not have time to reach the wall by diffusion 
and recombine in the boundary layer itself. Thus, the heat flow 
in the presence of a catalytic wall can be calculated in practice 
without considering dissociation. 

Comparing curve 1 in Fig. IV-8-9 with curve 3j which char¬ 
acterizes the conductive heat flow to a catalytic wall, we can 
determine the part of the heat flow that approaches the catalytic 
surface as a result of diffusion. For large parameters C, which 
correspond to high recombination rates, the process in the bound¬ 
ary layer is a nearly equilibrium process, and the effect of dif¬ 
fusion in the direction toward the wall becomes weaker. In this 
case, most of the heat is supplied by conduction. 

Curve 2 represents the heat flow toward a noncatalytie wall. 
We see that much smaller values of C are required to "freeze" the 
boundary layer than in the case of a catalytic wall. This is 
because a large number of atoms piles up near a noncatalytie sur¬ 
face, increasing the rate of recombination in the boundary layer. 
To "freeze" the flow, therefore, it is necessary to prevent such 
high concentrations, and this is possible with smaller values of 
C. 


The parameter C varies in proportion to the square of den¬ 
sity at a given temperature. This means that while the flow in 
the boundary layer will be equilibrium for atmospheric conditions 
near the ground, where C is quite large, it may be "frozen" at 
high altitude. 
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If it is assumed that these two extreme states are separated 
by a range of C-values equal to about 10 4 , the density must be re¬ 
duced by a factor of 100 for transition to the "frozen" state. 

This corresponds to a 30-km altitude change. It also follows 
from (IV-8-64) that the smaller the radius of a spherical nose, 
the lower will be the altitudes necessary to attain the "frozen" 
state. 

Thus, the heat flow to a surface washed by a dissociating 
gas with formation of a laminar boundary layer can be calculated 
by (IV-8-63) for the equilibrium layer and by (IV-8-57) for a 
"frozen" one. Here the heat flow depends mainly on the product 

at the 1 outer edge of the boundary layer. If the wall is 

catalytic, dissociation does not influence the heat flow, which 
remains practically the same as in an undissociated boundary 
layer. 

If the wall is not a catalyst, heat transfer must be calcu¬ 
lated with dissociation taken into account. Then the total heat 
flow will be smaller than that to a catalytic wall, when the dif¬ 
fusion rate exceeds the recombination rate in the boundary layer 
by a substantial margin. 

§IV-9. INFLUENCE OF VISCOUS INTERACTION ON FLOW PARAMETERS 

As long as the thickness of the boundary layer around the body 
in flow is small by comparison with the transverse dimensions of 
the body and the thickness of the shock layer, investigation of 
the dissociation processes governed by viscosity and conduction 
of heat can be limited to the region of flow inside the boundary 
layer, and it can be assumed that the boundary layer has no in¬ 
fluence on free inviscid flow. According to this hypothesis of 
no reciprocal effect of the boundary layer on the free flow, the 
same pressure as in the free inviscid flow is established on the 
surface of the body. This implies that the pressure can be cal¬ 
culated without reference to the viscosity properties of the gas. 

The longer the body, the thicker will be the boundary layer 
and the less reliable the hypothesis of no reciprocal effect of 
the layer on the free flow, and the stronger will be the inter¬ 
action between the boundary layer and the free flow. Layer thick¬ 
ness increases at high flow velocities owing to the high tempera¬ 
ture, and this will also strengthen the viscous-interaction ef¬ 
fect. In such cases, the pressure on the surface, like the other 
flow variables, must be calculated with viscosity taken into ac¬ 
count. The viscous interaction will have an additional influence 
on dissociation processes. 

To take account of viscous interaction, we can use the equa¬ 
tions of motion in the general form derived with consideration of 
the real properties of the gas instead of the Euler equations. 
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In practice, however, this calculation is difficult. Experiment¬ 
al studies have shown that good results as regards the viscous- 
interaction correction can be obtained if we proceed from the as¬ 
sumption that there is a physical boundary between the free in- 
viscid flow and the boundary layer in interaction with it. The 
reciprocal effect of the thickened boundary layer consists in a 
certain pressure increase of the gas in the inviscid-flow region 
due to deflection of the streamlines. The pressure and other 
variables at-the wall will be the same as in inviscid flow over 
an equivalent body with its cross section increased by the dis¬ 
placement thickness. In turn, the "inviscid" parameters induced 
by the boundary layer influence the increase in its thickness 
[59]. 


In the case of hypersonic flow past slender sharpened bodies, 
the viscous interaction can be calculated starting from the de¬ 
pendence of the local "inviscid" variables on the inclination of 
the tangent plane to the equivalent-body surface: 


p* = p + ig.. (IV-9-1) 


In investigating viscous hypersonic interaction for slender 
bodies [59], two regions are arbitrarily distinguished: regions 
of weak and strong interaction, for which rather simple analytic 
working relationships have been derived. In the region of strong 
interaction, the streamline deflection and, consequently, the 
induced pressure are small. The effect of strong interaction 
manifests in a larger streamline deflection and, accordingly, in 
a more substantial pressure increase. For a flat plate, the re¬ 
gion of strong interaction is near the leading edge, while the 
region of weak interaction is remote from it. 

For both of these regions of interaction, the induced pres¬ 
sure on a slender sharp body can be calculated by the tangent- 
surface method, using the hypersonic similarity parameter 

M.p-=K- = M.(p+'^)-K+M.^., (IV-9-2) 


where K = M^g. 

Extreme values of the parameters K* << 1 and K* >> 1 corre¬ 
spond to the regions of weak and strong interaction. 

In addition to the basic form of interaction considered 
above, which was governed by the deflection of the inviscid-flow 
streamlines, there is another type known as vortex interaction. 
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It consists in the fact that the processes taking place in the 
boundary layer are influenced not only by the velocity distribu¬ 
tion, but also by the vortex distribution in the external flow. 
The vortex distribution arises in the presence of a boundary 
layer whose thickness is commensurate with that of the shock 
layer and when there is a sharply curved compression shock. Be¬ 
hind such a shock, the vorticity in a layer of inviscid gas is 
of the same order as the average vorticity in the boundary layer, 
which is governed by the action of tangential stresses. 

As a parameter for evaluation of vortex interaction, we can 

take 


£2 = 


Vo 


(IV-9-3) 


which is the ratio of the vorticity in inviscid flow to the 

average vorticity V ^/6 in the boundary layer at low velocity. If 

£2 << 1 , the vortex interaction can be disregarded, but with £ 2 ^ 1 , 
this interaction must be taken into account, since it increases 
friction and heat transfer. 

Calculations indicate that vortex interaction is insignif- 
cant in the regions of weak and strong interaction and may be of 
substantial importance in the neighborhood of the total-stagna¬ 
tion point on a bluff body. 

§IV-10. PECULIARITIES OF FLOW PAST BODIES WITH BLUNTED NOSE SEC¬ 
TION 

A practically important aerodynamic property of bluff bodies 
is that they are heated and damaged to a lesser degree than sharp 
bodies in motion through the atmosphere at very high speeds. 

Let us consider which gasdynamic phenomena govern this prop¬ 
erty of bluff bodies. Figure IV-10-1 presents a diagram of the 
flow past a bluff body of arbitrary shape. A detached curvilin¬ 
ear. shock wave with variable intensity at different points on its 
surface forms in front of the body. At a distance from the nose, 
the shock wave degenerates into an ordinary interference wave 
with infinitesimal intensity and an inclination angle Q q = = 

= arc sin 1/M^. The maximum intensity will occur at the apex of 

the wave, where 0 = tt/2 . 

s 

Since the angle 0 differs little from tt/2 in the neighbor- 

hood of the nose, the corresponding wave segment will consequently 
have a rather high intensity, approaching that of the normal shock. 
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Passage of gas particles through 
such a strong compression shock will 
be accompanied by substantial losses 
of total head and an increase in en¬ 
tropy. As a result, the surface of 
the body will be covered by a layer 
of a certain thickness in which the 
gas has high entropy. 

Strictly speaking, owing to the 
differing degrees of stagnation at 
different points of the shock wave, 
the flow in such a layer will be char¬ 
acterized by a certain velocity grad¬ 
ient in the direction of the normal, 
as shown in Pig. IV-10-1. However, 
if the boundary layer is substanti¬ 
ally thinner and if the shock wave 
inclination angle is near normal on 
the zone through which the layer of 
diminished velocities passes, the 
velocity gradient can be disregarded 
in this layer and this will simplify 
the calculations. The velocity in this layer is lower than on a 
sharpened body or wedge. Near the surface, the flow region char¬ 
acterized by low velocities (and, consequently, low Mach and Rey¬ 
nolds numbers) is a decisive factor in shaping the boundary-layer 
processes. 

An essential feature of the flow is a change in flow condi¬ 
tions in the boundary layer as a result of blunting. Owing to the 
decrease in the local Reynolds numbers computed from the velocity 
at the layer boundary, the laminar boundary layer becomes turbu¬ 
lent much farther downstream and, consequently, the extent of the 
laminar boundary layer increases. This helps reduce friction and 
the heat flows to the wall. 

The decrease in heat flow that results from the increase in 
the entropy of the gas on passage through the compression shock is 
known as the entropy effect . Here it must be remembered that the 
entropy effect embodies not only a decrease in velocity at the 
outer boundary of the boundary .layer, but also a decrease in gas 
density, i.e., lower Reynolds numbers. At the same time, the in¬ 
crease in entropy causes an increase in the temperature at the 
boundary layer outer edge over that for a sharp body. This 
is the contrary effect of the high-entropy layer, which results in 
a certain increase in the heat flow from the boundary layer to the 
wall. However, with appropriate selection of the degree and form 
of the blunting, calculations and experimental studies indicate 
that the over-all entropy effect reduces the heat flows. 



Figure IV-10-1. Diagram 
of Flow Past Blunt Body. 
1) "sonic" points; 2) 
shock wave; 3) sonic 
streamline; 4) high- 
entropy layer. 
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As a rule, the wave drag of a bluff body Is higher than that 
of a sharp one. However, for certain slender bodies with small 
bluntings (for example, cones), a decrease In drag Is observed; 
this Is explained by the appearance of a lower pressure over a 
substantial part of the body In spite of the pressure increase in 
the neighborhood of the blunt nose. The drag of a cone or wedge 
with half-angle g and length x c becomes commensurate with that of 

a nose of small diameter (thickness) only if x q /D^ 'v [g(e + 3 )/ 

/(e+1)] 2 (e = 0 for a wedge and e = 1 for a cone). Thus, 
slight blunting has a much greater effect on the total drag of a 
wing than on that of a slender body. Downstream from the nose, the 
shock wave moves comparatively far away from the body’s surface. 

In this region, the pressure distribution depends on the decay of 
the wave and is not greatly influenced by the prior history of the 
flow. The pressure established on elongated sections of the bluff 
surface is the same as that on a sharp surface. 

The chief effect of blunting consists not in the change in 
drag, which is comparatively minor for small degrees of blunting, 
but in a substantial decrease in heat transfer. 

The great practical importance of aerodynamic research on 
bluff bodies should be clear from the above. However, the use of 
intentionally blunted bodies is not the sole reason for the impor¬ 
tance of this research. The fact is that in reality, all solids 
of revolution are blunted to one degree or another, since it is 
technologically impossible to make an ideally sharp nose. The 
blunting is increased by accidental mechanical disturbances; more¬ 
over, the nose may be blunted by melting in the case of motion of 
the body at very high velocity in a dense gas. Many vehicles and 
individual elements of these vehicles may have blunted shapes be¬ 
cause of design considerations. Thus, we deal in practice with 
blunted bodies instead of bodies with absolutely sharp tips. 

Let us evaluate the relative 
displacement of the laminar-to- 
turbulent transition of the 
boundary layer owing to bluntness, 
on the assumption that the criti¬ 
cal Reynolds numbers will be the 
same for the sharp and blunt 
bodies. For these bodies (sub¬ 
scripts sh and b_, respectively), 
we have the equality 

( kpj \ _ / Vpx \ 

l H /sh \ H /b ■ 


Kf b 



Figure IV-10-2. Influence of 
Bluntness on Reynolds Number 
for Cone and Wedge. 
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The following formula follows from this equality for the 
relative shift of the transition point: 


(IP \ 1 

(JO 

V y /Bh . 1 

[pV ) 


All parameters in this formula refer to the transition point. 

If we consider conical or wedge-shaped bodies, we can write, 
since the flow variables are constant along the generatrix of 
either, 


x b _ ( V P X ) ( P \ Re c 
-r c l |i /cl Vpx )b Re b 


(IV-10-1) 


Here the subscripts "c" and "b" now refer respectively to sharp 
and blunted cones or wedges, and all quantities appearing in the 
middle and right-hand members of (IV-10-1) pertain to arbitrary 
sections through both cones with the same coordinate x. We ob¬ 
tain from (IV-10-1) 


Re b 


V b Pb Pc 


Assume that y,/y = (T, /T ) n a ^ d that the Pressures on the 

DC DO 

sharp and blunt bodies are the same. Then P c /P b = T t/T c ' Remem¬ 
bering that 


2’=r 0 (i+^ T L M i ) rl . 


we obtain for the Reynolds-number ratio 


Re c 

Re b 



(IV-10-2) 


The numbers M and M, are 
c b 

formulas 


calculated from the respective 
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Pc — Poc + —j—Mo) h 1 ; p a — (Po)e s ~st/2 (l + -~2~ ^b) 


k 

>-1 


where p c is the pressure on the sharp body, pj c is the stagnation 

pressure behind the oblique shock in front of a sharp wedge or 
cone, and (pj)g ~- n /2 the stagnation pressure behind the normal 
s 

compression shock. 

The ratio Re^/Re is given in Pig. IV-10-2 for the cone and 

wedge. We see that a substantial decrease in the Reynolds numbers 
and, consequently, a substantial shift in the transition point are 
characteristic for slender cones and wedges, while the influence 
of bluntness is more marked with increasing M^. 
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Part Two 
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AERODYNAMICS OF LIFTING, STABILIZING, 
AND CONTROL SURFACES 
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Chapter V 
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CALCULATION OF THE AERODYNAMIC COEFFICIENTS 


§V-1. SUBSONIC AND TRANSONIC SPEEDS 
Influence of Compressibility on Pressure 

The Khristianovich method. The problem of potential flow 
around a given profile at a certain Mach number M m < M^^ (M oocr < 

< 1 is the critical Mach number) involves solution of Eq. 
( 111 - 2 - 24)3 in which e is set equal to zero and the velocities 
are expressed in terms of the velocity potential. As a result 
of solution, the velocity and pressure distributions are found 
with consideration of the compressibility effect. 

The problem is found to be very complex in this formulation. 
It is simplified by breaking it into two simpler problems. The 
first involves determination of pressure distribution p. for in- 

j- C/ 

compressible flow around the profile, and the second calculation 
of a correction to p lc to take compressibility into account. 

We shall examine the second problem, i.e., we shall assume 
that the pressure distribution in the incompressible flow is 
known and that it is required to find the distribution with com¬ 
pressibility considered. 

In 1902, S.A. Chaplygin introduced the new independent var¬ 
iables V and g (V is the absolute value of velocity and g is the 
inclination angle of the velocity vector to the x-axis) to trans¬ 
form the nonlinear equation of gas dynamics for the potential <j> 
and stream function ^ exactly into linear equations. Academician 
S.A. Khristianovich [37], using these equations, originated a 
rigorous theory for calculation of pressure with consideration 
of compressibility at subcritical velocities of flow over pro¬ 
files . 

In this theory, the problem of subsonic flow of gas around 
the profile is reduced to the problem of flow of an incompressi¬ 
ble fluid around a profile of modified shape. Consequently, to 
use the Khristianovich method, it is necessary to know the rela¬ 
tive velocity A = V /a* of the oncoming compressible flow, the 
shape of the particular profile, a rule for conversion from the 
particular profile to a fictitious profile, and from the true 
compressible flow to a fictitious^ incompressible flow, and the 
distribution of the coefficient p ic over the fictitious profile 

in incompressible flow. 


280 



If the given profile is sufficiently extended, there is al¬ 
most no change in the shape of the modified profile. We may 
therefore regard the actual and fictitious profiles as identical. 
Then the Khristianovich method_enables us to convert the pressure 
p^ c quite easily to any value p corresponding to a given M^. 

A relation between the relative velocity X of the compressible 
flow and the velocity A of the fictitious incompressible flow 
serves for this purpose (Table V-l-l). A is determined from the 
formula 


= (V-l-l) 

Aoo 


in which the velocity A ot of the fictitious oncoming flow is re¬ 
garded as known and determined from Table V-l-l from the given 
X^. Having determined A, we can use the same Table V-l-l to find 
X, (111-3-4) to calculate the true pressure p, and then find the 
pressure coefficient p = (p - p oo )/q. 


TABLE V-l-l. THE RELATION X = X(A) 


X 

0 

0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

0.40 

0.45 

A 

0 

0.0500 

0.0098 

0.1493 

0.1983 

i 

0.2-167 

0.2943 

0.3410 

0.3862 

0.4307 

X 

0.50 

0..55 

O.CO 

0.625 

: 

0.650 

0.675 

0.700 

0.725 

0.750 

0.775 

A 

0.473 * 

0.5115 

0.5535 

0.5722 

i 

0.5901 

0.60S0 

0.6251 

0.6413 

0.6568 

0.6717 

X 

o.soo 

0.825 

0.850 

0.875 

0.900 

0.925 

0.950 

0.975 

1.000 


A 

0.6857 

0.C9S8 

0.7110 

0.7223 

0.7324 

0.7413 

0.7483 

0.7546 

0.7577 



Conversion of pressure from one to another. Let_ us as¬ 
sume that the distribution of the pressure coefficient p x of a 
compressible fluid is known for a certain M al . The Khristiano¬ 
vich theory enables us to convert this coefficient to_ another 
Mach number M oq2 and obtain the corresponding values p 2 . 

The calculations are performed as follows. We first deter¬ 
mine the pressure ratio at a certain point at which p x is 

known: 


Pi 

Poo 


-Pi - 


1 . 
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Then we use the formula 



* 



k — 1 

* + i 



to find A x . Prom A x and X w i, we refer to Table V-l-1 to deter¬ 
mine A, and A x , respectively. Prom these data and Formula' 
(V-l-1), 


Pic.— 1 


A? 




(V-l-1*) 


we calculate P^ c « Then the compressible-flow pressure coefficient 

is determined by the procedure indicated above. The value of A oo2 
is determined for X oo2 from Table V-l-1, and then A 2 is found from 
the formula p^ c = 1 - (A 2 /A oo2 ) z . Returning to Table V-l-1, we 

determine A 2 from A 2 , calculate p 2 , and, finally, find the coef¬ 
ficient p 2 . 

The critical Mach number. The critical Mach number is de¬ 
termined as follows in this method. 

It is assumed that the local speed of sound, which corre¬ 
sponds to the critical free-stream Mach number M . occurs at 

«>cr 

the point of greatest vacuum on the profile in the case of incom¬ 
pressible flow around it, i.e., where the pressure coefficient 

^ic ~ ^ic min* 

Knowing p . , we can calculate A from (V-l-1), where 

we must set A = 0.7577 according to Table V-l-1. Thus, the 
velocity of the fictitious oncoming flow 


Ac 


0.7577 


Vi- 


~ P ic min 


(V-l-2) 


Then the critical velocity A is determined from Table V-l- 
and the formula 


Mo 


— Ac 


/*±j 


V 2 


li v* - 1 

/v »cr I 


- 1/2 


(V-l-3) 


is used to find the critical Mach number. 
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Approximate relationships. An approximate relation corre¬ 
sponding to a certain simplified model of the actual connection 
between the pressures given by the Khristianovich method can be 
established between the pressure coefficients p and P lc - This 

relationship, which is known in the literature as the Karman- 
Tsiang formula, is 


P=Pic 




mL 

i + Vi — mL 



(V-l-4) 


Prof. G.P. Burago proposed an approximate method for conver¬ 
sion of pressure with consideration of compressibility [6] that 
gives practically the same results as the Khristianovich method. 

An important corollary of the Burago method is establishment 
of a highly effective and simple relationship between p. . and 

TUI . 10 111111 


Pic min — 1' 


8Moo cr 


[Kl + 0.2MLcr,-f (1 + 0.2MLcr) 3 ] 2 


(V-l-5) 


Linearized flow. The above method for calculation of pres¬ 
sure with consideration of compressibility takes account of large 
disturbances that arise in flow around profiles. 

When these disturbances are weak (thin profile), the rela¬ 
tion between the pressures in compressible and incompressible 
flows can be obtained in very simple form. 

For this purpose, we use the linearized equation (III-2-30) 
for the velocity potential. It Is simplified for steady flow: 


(1 — ML) <pix + <Pw = 0. (V-l-6) 

If we introduce the new variables 

Xi = x\ j/i — y]/1 —ML; <pi = Y ( P'-^ 2 -» (V-l-7) 

• no , 


where V loo and Y m are the respective velocities of the fictitious 
incompressible and the real compressible flows and y is an arbi¬ 
trary constant, then (V-l-6) becomes '(<p + (q>;)=0 , which de¬ 

scribes the flow of an incompressible fluid. Thus, the problem 
of compressible flow around a given profile reduces to the problem 
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of flow of an Incompressible fluid around some other profile. 


It follows from (V-l-7) that the relation p^ c = p exists 

between the pressure coefficients at corresponding points. The 
relation between the profile shapes is established with the aid 
of their nonseparating-flow conditions: V v JV ix = dyjdx't and VJV^ = dy!dx, 

from which we find = ML) -1/2 » Setting y = (1 —ML) I/2 , we arrive 

at the conclusion that both profiles — in compressible and in¬ 
compressible flows — are identical in shape and have identical 
attack angles. Consequently, we have the following relation be¬ 
tween the pressure coefficients at corresponding points: 


P~= 


Pic 

F l-Mi 


(V-l-8) 


This relation is known as the Prandtl-Glauert formula. It 
is quickly noted that it can be derived from (V-l-4) by setting 
P ic sufficiently small. 

Example. Let the pressure coefficient p^ c = 0.5 at a certain 

point on a profile in an incompressible-fluid flow. Determine p 
at the same point on the profile in a compressible fluid flow at 
a velocity X^ = 0.5 (M m = 0.4663). 

From the value X^ = 0.5, we find from Table V-l-1 the quan¬ 
tity A =0.4734 and the corresponding value A = 0.3348 from 
(V-l-lT for the point selected. From the value found for A, we 
determine X = 0.3434 from the same Table V-l-1. 

The pressure at the point in question on the profile 


P A* -r-1 ^ 2 ) / ( 1 — AVpj ) j ^ ~ 1.082^00. 


Knowing p/p m , we can calculate the pressure coefficient 


p 


2(p/poc— l) 

a-.mL 


2 - 0.082 

1 . 4 - 0 . 4663 * 


= 0 . 539 . 


Calculation by the approximate relation (V-l-4) gives p = 

= 0.547, while (V-l-8) of the linearized theory gives the less 
accurate result p = 0 . 565 . 

We convert the pressure coefficient pj = 0.539 obtained for 
the velocity X ml = 0.5 to another free-stream velocity X m2 = 0.7. 
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__ We determine the pressure ratio Pj/p^ at the point at which 
Pi = 0.539 is known: 


Pt 

Pao 


- mi 

--Pi—o- 


- + 1 = 0.539- 


1.4-0.4663* 


+ 1 = 1.08. 


From 


Pi/Poi = ( 4 ~fcpr 


k 

ft-i 


in which 


Pi/Poi-(Pi/p.i) 1) , 


we find 


Xj = 0.3434. 


From X, and X j, , we refer to Table V-l-1 to determine A = 

= 0.3348_ and A^ = 0.4734, respectively, and use (V-l-1*) to cal¬ 
culate p ic = 0.5 — the pressure coefficient at the point under 

consideration on the given profile in incompressible flow. 

The rest of the calculation merely repeats the beginning of 
this example. We find A 2 = 0.6251 from X ot2 = 0.7 in Table V-l-1, 
A 2 = 0.442 from (V-l-1),“and X 2 = 0.4632 from Table V-l-1. The 
pressure at the point_under consideration p 2 = 1.187?^ and the 
pressure coefficient p 2 = 2(p 2 /p oo - l)/kM^ 2 = 0.6. To determine 
the critical Mach number M , we assign the minimum value of p^ c 

for incompressible flow around the profile, p ic m ^ n = -1.17, and 

use (V-l-2) to calculate 


Aao = A (1 —Pia mln) _,/2 = 0.7577 (1 +1.17)-*/ 2 = 0.5144. 


Referring to Table V-l-1, we determine X = 0.55 from the 

value found for A^, and then use (V-l-3) to find M = 0.515. 
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Lift [6] 


Unswept wings. In an incompressible flow, the lift coeffi¬ 
cient of a wing with unsymmetrical profile can be determined by 
the formula 


Cy ic 


ff Q (a — a 0 ) 


1+ ^r- (1+T ) 

nA wg 


(v-i-9) 


where a is the attack angle, a 0 is the attack angle 
X w g is the wing aspect ratio, and a 0 = dc^ ^ c /da is 

calculated for the profile. The theoretical a 0 for 
is 2tt . 


at zero lift, 
a coefficient 

a thin plate 
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TABLE V-l-2. THE COEFFICIENTS 6 AND x [6] 
Rectangular wings (n = 1) 


^ wg / fl 0 j 

1/2 

3/4 

1 

1.25 

1.5 

1.75 

6 

0.019 

0.034 

0.049 

0.063 

0.076 

0.088 

X 

0.10 

0.14 

0.17 

0.20 

0.22 

0.24 


Trapezoidal wings 


*1 

l 

. 4/3 

2 

4 

CO 

6 

0.049 

0.026 

0.011 

0.016 

0.141 

T 

0.17 

0.10 

0,03 

0.01 

0.17 


Note: The data from trapezoidal wings were obtained for 

the condition that X = a n . 

wg 0 


For symmetrical-profile thickness ratios c £ 0.2, this coef¬ 
ficient depends little on form and varies linearly with c in ac¬ 
cordance with the formula [6l] 
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a 0 = 2:r-f 5c. 


(V-l-10) 


An experimental cheek indicates that the actual values a 0e 

are somewhat smaller than the theoretical a 0 and depend on the 
trailing-edge angle 3 , Re = bV^/v^, and the position of the tran¬ 
sition point on the profile. If the transition point lies at 0.5b, 
the real value a 0g for Re = 10 8 and 3 g = 0 (plate) is O.97a 0 , and 

for tan 3 g = 0.2, a 0e = 0.85a 0 ; for Re = 10 6 , these coefficients 
are, respectively, a Qe = 0.9a 0 and a 0g = 0.7^a 0 . If the transi¬ 
tion point is on the leading edge (boundary layer fully turbulent) 
and Re = 10 8 , then a 0e = 0.97a„ (3 = 0) and a 0g = O.82a 0 (tan 3 g = 

= 0.2). If Re = 10 6 , then a 0g = O.9a 0 (3 g = 0) and a 0g = 0.68a 0 . 

In evaluating a 0g for the ranges 10 6 <_ Re <_ 10 8 , 0 <_ tan 3 0 £ 0.2, 
linear interpolation is acceptable. 

The parameter x in (V-l-9) takes account of wing planform and 
can be presented as a x = x(m,n) relationship, where m = X /a Q and 

” o 

n is the taper. The approximate relation for x takes the form 


x = 5.88 tj (m) t 2 (rj). 


(V-l-11) 


where the functions Xj(m) and x 2 (ri) are given in Table V-l-2. 

The influence of compressibility on the lift coefficient can /2l4 
be taken into account in quite simple form for wings with thin 
profiles at small attack angles, the flow around which will be 
weakly disturbed. To obtain the working relationships, let us 
examine the linearized equation (III-2-30) for the velocity po¬ 
tential with the condition that the time derivatives in it are 
zero. We introduce the variables 


• T < = yj^pr '; Vi=--u; 3i=-z (V-l-12 ) 

and convert (III-2-30) to them. 

As a result, we obtain the Laplace equation 

_£V_ , _5V_ ay n 
dx\ n dy\ 1 dzl 
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which may be regarded as the equation for the velocity potential 
of a disturbed incompressible fluid flow in the coordinates x,, 
y l5 Zj. On converting to the new variables, the wing chord be¬ 
comes larger by a factor /l - M^, but the span does not change, 
since z x = z. 

Let us consider the profile thickness. From the conditions 
for nonseparating flow {d<f'idy i )iV <K = dy l idx l (incompressible flow) and 
(d(f''dy)/V M = dy/dx (compressible flow), we have 


dyy dy 

dxi dz 


In incompressible flow, therefore, the shape of sections 
taken downstream does not change and, consequently, neither 
do the section attack angles. The pressure coefficient on the 
wing pi= — 2(3<p'/5x 1 )= — 2(d<f’ldx)Vl— ML, i.e., will be smaller by 

a factor Vi — ML than on the profile in compressible flow. Hence 
the lift coefficients for the two wings will be connected by the 
relationship cy ±c = ' Cy Y'i — ML. 

For the wing in incompressible flow, the lift coefficient 


ic 


ag («' —gp) 




(V-l-13) 


From the conditions = x/V 1 — ML and z l = z, we obtain a re¬ 
lation for the wing aspect ratios in incompressible and compres¬ 
sible flows: 


^wg— A. wg Vi — MU. 


(V-l-14) 


Since the lift coefficients of the fictitious wing in incom¬ 
pressible flow and of the given wing in compressible flow are re¬ 
lated by c . —c u Kl — MU an ^ a ' = a s we have on the basis of 
y i c 

(V-l-13) and (V-l-14) for the wing in compressible flow 


C u “ 


a o (a—«o) 


V l -»lo 


a o 




(t-fT') 


(V-l-15) 


where x* is calculated by (V-l-11), in which the parameter m 
should be set equal to m = /, wg Vi~WJa 0 . 
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Specifically, for a wing of elliptical planform with a thin 
symmetrical profile (a 0 = 2ir, a 0 =0), 


Cu ' 




2+.Vw .k*-**; 


(V-l-16) 



Swept wings and wings 
of small aspect ratio. For 
swept wings, a formula simp¬ 
ler than (V-l-9) should be 
used to compute the incom¬ 
pressible-fluid lift coeffi¬ 
cient : 


c y ic> — 


rtX wg (a — OSq) 

1 + x-I- V(1-f T) 2 -l- (run)* 


(V-l-17) 


Figure V-l-1. Derivative c a . 

y 10 

for Swept Wing with Taper n = 1. 


where /« = A^ g /(a 0 cosx)i x is a 
parameter calculated by 
(V-l-11) using the new m. 


For a wing with given parameters A w , a Q , n, and Xj the cal¬ 
culation is performed as follows. The parameter m = A w g/(a 0 cosx) 

is calculated, and then Table V-l-2 is used to find x x . Then, 
having used Table V-l-2 to find x 2 for the given n, we find x and, 
finally, c^ Figure V-l-1 shows the results of a calculation 

by (V-l-17). 

For wings of small aspect ratio, the order of the terms in 
the denominator of (V-l-17) is found to be such that this formula 
can be simplified, with the result 


JlX wg 

c u ic = 2 (® — ®o) • 


(V-l-18) 


If the wing is thin, the influence of compressibility should be 
taken into account with (V-l-14) and the expression 


♦-.y- jgjc (V-l-19) 

which gives the relation between the sweep angles x 1 and x of the 
wings in incompressible and compressible flows, respectively. 
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The wing taper n remains the same for both wings. 

To determine the lift coefficient with consideration of com¬ 
pressibility, we use the values given for M b , X wg , and x to cal¬ 
culate the parameters tan x'» *' » T '» and m ' and a PP d y (V-l-17): 

W £3 

r ^ _ JlX.wg(g—gp): _ (V-l-20) 

v — 1 + X' + V(1 + T')* + («'*)• ‘ 


The quantity t’ is usually small by comparison with unity, 
but it becomes more important with increasing aspect ratio and 
sweep angle and with decreasing M^. The incompressible-flow t 
can be used in approximate lift calculations. Then the working 
formula for the lift coefficient with consideration of compressi¬ 
bility becomes 


/tiwg (cc — Gfg) 


H-t-H/ <1 + t) 2 +- 


"*Vi 


'(i+ts s x-ui) 


(V-l-21) 



Figure V-l-2. Inclination of Lift 
Coefficient^ Curv es for Swept 
Wings KP 1 - M*,; k~a 0fl xyi-Ml/2n; 

Xi u = arc tan [tan xi /t d — My-Vift . 


For wings of small as¬ 
pect ratio, the lift coeffi¬ 
cient can, as we have noted, 
be calculated by (V-l-18). 

The derivative c«=~dc y /d<x 

can be presented in the form 
[61] 




where f is a certain func¬ 
tion of the taper n = b rt /b tp 

and of the parameter 


( tgX t/ 4 

*«/* = arc tan ) > 


determined from the sweep angle X 1/4 of the wing at the 1/4-chord 
line. Research has shown that the function f(n,Xi/ 4 ) can be set 
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approximately equal to f(Xi/i*)* Figure V-l-2 shows theoretical 
Cy-curves constructed for ri = 2. These curves enable us to find 
with a certain approximation the value of c°J for arbitrary values 
of n if we have experimental values a„ e = (3Cy/3a) e for the pro¬ 


file at < M 


The data of Fig. V-l-2 are applicable to 

° (1 - MM 


°°cr 

large angles t of 'at tack ; if: thei flow does not'Separate . Here a oe can be 

determined from the Prandtl-Glauert rule a. = a° (1 - MM 

0 0 0 0 00 

where a° is the experimental value of c°J for the profile in in- 

o © y 

compressible flow. 


Effectiveness of controls. A control occupying all or part 
of-the wingspan at the trailing edge changes the wing's lift as 
a function of the control deflection angle 6 c . The effectiveness 

of the control on the profile is determined by the derivative 

a. = 3c /35 of profile lift with respect to the control angle 
u c y c 

6 c> The theoretical a„ c obtained for the linear range of the pro¬ 
file lift coefficient (at = 0) as a function of attack angle 
a and deflection angle 6 are given in Fig. V-l-3a [6l]. At small 

angles of \ attack, thesei curves: should be used for 6 q <_ 15°. The cor¬ 
rection to the a„ c found from experimental data for a„ c = a oce - 5 - 13 
given in Fig. V-l-3b. The value of a 0e /a 0 for a given profile can 

be determined with the aid of (V-l-10) andl linear :interpolation from 
the data on page 286. 

For M < M , the effectiveness a„„ „ = c a of controls 
00 — cr "c.m y cm 

extending along the entire span of tapered wings with straight 

edges, tip chords parallel to the root chord, and a constant ratio 

b /b can be evaluated by the parameter 
c* 


c.rafaftc.e 

<*0m/°Oe 





(V-l-22) 


where a. = c a , the slope of the wing lift curve, is determined 
°m ym’ r 

from Fig. V-l-2. This effectiveness parameter can be determined 
from the data of Fig. V-l-4, which are applicable for linear 
variation of the coefficient c with a and 6 . 

y c 

The effectiveness a„ of a control occupying part of the 

“c.m 

wingspan and extending to the wing tip chord can be determined 
with the semiempirical relation 


/217 


/2l8 
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K, (V-l-23) 


a) 



01 0.2 03 OA b c /b 


b) 



Figure V-l-3. Effectiveness of Con¬ 
trol Surface on Profile in Incom¬ 
pressible Flow, a) theoretical 
value a 0c = 9c y /a6 c ; b) ratio 

a «ce /a .c ’ < 3 V 35 =e )/<3c y /3 ' S c ) 
from experimental data. 


a 


t 

0 


c .m 


a 


«c.m 


where 


K — ki {1 + wg V 1 — ML — 6) + 

+ k 3 sin [arct.g (tg xi /2 Vl — ML)]}. 

(V-l-24) 


The coefficients k n 

are functions of the wing 

taper n and of the ratio 

Z /Z = Z , where Z is 
c c c 

the distance between the 
outboard edges of the con¬ 
trol surfaces and Z is the 
wingspan. The coefficient 
k x is a weak function of 
taper and approximately 
equal to 

*i = Ic (i-VlI). (V-l-25) 


The linear relation 


k 2 = a(i — / c ), (V-l-26) 


can be used to calculate 
the coefficient k 2 ; here 
a = -0.017, -0.007, and 
0.015 for r) = 1, 2, », re¬ 
spectively . 

The coefficient k 2 is 
approximately equal to 


k 3 = b(l-l S/ % (V-l-27) 


where b = 0.088, 0.112, and 0.129 for n = 1, 2, °°, respectively. 
The coefficients k 2 and k 3 for intermediate n can be determined 
by linear interpolation. For cases in which the root chord of 
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the control does not coincide with 

the root chord of the wing, al 

05 0 c .m 

is equal to the effectiveness dif¬ 
ference between two control surfaces 

whose spans £ , and £ , are re- 

^ c.tp c.rt 

spectively equal to the distances 
between the outboard (tip) and in¬ 
board (root) chords of the controls. 

Maximum lift coefficient. The 
lift coefficient can be calculated 
approximately by the relation 


= c 


y max prf^Tt 


i + cos /. 


(V-l-28) 


Figure V-l-4. Effective¬ 
ness of Controls on Swept 
Wings; Value of 

j _^Ocm/^Oce_ (*fc ^/d& cm )/(dc tf /d 6 ce ) 

O 0m/°o~ ~~ (Oc v !aa) m H,dc y !da) e 


where c y max ^ is the maximum pro¬ 
file lift coefficient, x is the 
sweep angle, and is a taper- 

dependent coefficient. Values of 
this coefficient appear in Table 

V-l-3. 


The c y max of the wing with the control surface deflected /219 
can be determined from the approximate formula 


c lI max fl = Cy max + 0.075iS' c 6 cos 2 y av , (V-1- 29) 

where S c = S c /S w g is the ratio of the part of the wing area that 
serves as a control to the total area and x is the average sweep 

cLV 

angle determined by the formula 


tg Xav = tg X 


2 T| —1 
Xwg T)-rl 


(V-l-30) 


The parameter 6, which depends on the deflection angle and 
relative chord of the control surface, can be determined with 
the aid of Fig. V-l-5, with the relative chord taken as the aver¬ 
age over the length of the control surface. 

Example. Compute the lift coefficient of a wing with a con¬ 
trol surface at a flight speed M ro = 0.6 at an angle of attack a = 5°. 
The geometrical characteristics of the wing are 
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TABLE V-l-3. VALUES OF COEFFICIENT K n 


X wg =8/3; Tj = 2; x 1 = 45°; c=0.i. 


n 

1 

2 

3 

4 


0.90 

0.94 

0.93 

0.93 


The attack angle 
corresponding to zero 
lift is a Q = -2°. 

The effective 
values of the param¬ 
eters are 


Cg = i wg Vl — mL = - J Vl — 0.62 = 2.136; 
tg Xi = tg 1 1 (1 ■-ML)" 172 = 1 (1 -0.6*)-*' 2 = 1.25 (x'j = 51° 20'); 
m' = X wg V 1— ML/(«o cos x') = 2.136/(6.28-0.6246) = 0.545, 



Figure V-l-5. Diagram for 
Determination of Parameter 
6 . 


Remembering also that 


where the parameter a 0 is set equal 
to 2ir. 


From (V-l-11), we determine t’ 
using m* and n: 

t' = 5.8S-0.107-0.03 = 0 0189. 


Applying (V-l-20), 


c 


V 


_ 3.14-2.67 (0.0873 + 0.0349) 

1 -i-0.0189-;- V(1 V 0.0189)2+ (0.553.3-.14)2 


— 0.341. 


We calculate the maximum lift 

coefficient from (V-l-28), setting 

c =0.9 for the profile, 

y max pr 


according to Table V-l-3) 


K 


= 0 . 94 , 


c y llia x — 0-0-0.94 =0.722. 


We determine the c of the wing with the control from 

y max 

(V-l-29). Let S c = 0.4 in this formula. Setting the value of 

the relative control-surface chord averaged over the span equal 

to b =0.2, and the deflection angle 6° = 60°, we refer to 

c av 5 c 
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Pig. V-l-5 to find the parameter 6 = 12. 


Then, using 


tiTXav^tKXl— V— 

A wg 


’ 1-1 

’ 1+1 


2 2 — 1 _ 3 

8/3 2-1-1“ 4 


to calculate cos x = 0.80, we calculate 

av * 

c u max a =0.722 + 0.075-0.4-12-0.8* = 0.95.: 


Similarity rules for transonic flows. These rules enable us 
to unify calculations of the aerodynamic characteristics of wings 
in flows at M m around unity. With the similarity rules, we can 
start from a known aerodynamic-coefficient value for a wing at a 
given and obtain the corresponding aerodynamic coefficient for 
another Mach number and a modified (deformed) wing. 

The approximate equation for the velocity potential in the 
transonic region should be used to establish the similarity rule: 


(1 - Mi) T « + <p B » + <p Z z = {k +1) ML<P*<P*X. (V-l-31) 


where ( f = T Equation (V-l-31), the derivation of which is given 
in [6], differs from the corresponding equation of linear theory 
in the presence of a nonlinear right member. We introduce the 
new variables (denoted by the primes) 


*(1-ML) V2 = x'(l-.M TO 2 )- ,/2 ; g =y’; z = z'; qjc"! = «p' (V-l-32) 


where c is the profile thickness ratio. 

Substituting these variables into (V-l-31) and introducing 
the additional condition 


(1-M 2 ) 3 ' 2 (1-M3 3/2 

(*+ 1)M^7 (fct+DM^' ’ 


(V-l-33) 


we obtain an equation in the new variables whose superficial form 
is exactly the same as that of (V-l-31). This equation describes 
similar flow around a wing of modified form. Relationships de¬ 
scribing the deformation of the wing are easily obtained from 
(V-l-32): 
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(V-i-34) 





^ wg ]/miE=r wg Ki-M^ i 

tg X (1 - ML)- |/a = tg x' (1 - M2) _1/2 . J 


Formulas (V-l-33) and (V-l-34) are known as criterial [di¬ 
mensionless] relationships . 

Applying (III-1-13’) and the criterial relationships, we can 
establish the relation between the aerodynamic characteristics of 
similar wings in similar flows. 

For example, the relationships between the pressure and lift 
coefficients will be 


pc- 1 V 1 - -ML = P’ (?)- 1 Vi - M2; 
eye' 1 )/f=Tl Z = c' v (c')~ l V 1 - M2: 

ox ~ x = a! ( c'y l . 


(V-l-35) 


Thus, calculation of the wing aerodynamic characerristics in 
transonic flow at arbitrary can be reduced to calculation for 
some single Mach number and subsequent conversion by the above 
formulas to any other M^. 

These similarity-theory relationships can be ex tended to 
low sup ersonic velocities. This requires replacing /I - by 
/M^ - 1 in all expressions. 

The similarity rules enable us to establish certain rela¬ 
tionships by which experimental data can be systematized. Let 
us take, for example, single-profile rectangular wings with 
thickness ratio c. According to similarity theory, the general 
relation for the derivative c a takes the form 

y 


c a c i/3 _ 



(V-l-36) 


In the particular case with M w = 1, the first similarity 
criterion in the parentheses is ■zero and 


c“c>/ 3 = /(A wg Jn3 ) . 


(V-l-37) 


Thus , 


c a c 1 / 3 is a function of only the variable 


can therefore be represented graphically as a single 


Ac 1 / 3 and 
wg 

curve. 
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UUi 


Figure V-l-7. Lift of 
Rectangular Wings at 
Transonic Speeds. 


o 


1/ i- IT +H 

« 2 3 * 

Wg 


Figure V-l-6. Lift 
of Rectangular Wing 
at M m = 1. 


To calculate the derivative 
c a of rectangular wings for var- 

y 

ious transonic we now need 

the family of curves defined by 
(V-l-36). 


Figure V-l-6 presents experimental data for rectangular 
wings with rhomboid profiles at = 1. These data indicate 
that with X c 1 / 3 < i the relation for c a can be represented in 

~Wg y 

the form c = ttX /2. 

y wg' 

Figure V-l-7 shows more complete experimental data for rec¬ 
tangular wings with various profiles. These data can also be 
used for approximate evaluation of aerodynamic characteristics 
for slightly tapered trapezoidal wings. 


For swept wings of small aspect ratio (^ W g f. 3)> the de¬ 
rivative c a can be determined by the methods established for 

y 

subsonic flows. 


Example. Calculate the lift coefficient of an isolated 
wing (see example_ on page 29 3) with a symmetrical profile whose 
thickness ratio c = c/b = 0.04 at M* = 0.95 if the wing lift 

coefficient is known to be c = 0.295 at = 0.9. 

y 

We determine the thickness ratio of the modified-wing pro¬ 
file by (V-l-33): 





whence c’ 


0.013- 


Using Formulas (V-l-3^) for the modified wing, 


Xwg-2.67 


i] =2: 

V'l— 0.92 
V 1—0.952 


= 3 . 727 ; 


~1 f\ 0 952 " 

tg *' = 1 yCTT ^ 0 ' 7162 (z'=- 35 ° 36 ')- 


From (V-l-35)} we calculate 

' _ *' Vl — _ 0-013 1/1—0.92 


e v '■ 


c y 1 — b °- 04 1/1—0.952 


0.295 = 0 . 134 . 


The corresponding attack angle Is 


a’ — 



, 0.013 
5 0^4 = 


1 . 63 °. 


Frontal Drag 

Subcritical velocities (M ro < M ). According to (1-3-1), 

the frontal drag coefficient is defined as the sum of the profile 
and induced drag coefficients. The profile drag coefficient can 
be calculated from the formula [26] 


Cx P r = 2c*, (0.93 + 2.8c) (1 + 5cML), 


(V-l- 38 ) 


where 2c xf is the coefficient of friction of a flat plate of length 

equal to the wing mean chord and with the same position of the 
laminar-to-turbulent boundary-layer transition as the wing. Its 
value is calculated in the general case with consideration of com¬ 
pressibility (see Chapter VI). 

For straight (unswept) wings, the transition point can be re¬ 
garded in first approximation as coinciding with the abscissa of 
maximum profile thickness. At low speeds, the boundary layer can 
be regarded as completely turbulent for swept wings with large 
enough sweep angles. 
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The induced drag of the wing in incompressible flow 


where 




(V-l-39) 


8 = 20.418, fjn) 62 (tj). 


(V-l-40) 


In this formula, 6 1 is found from Table V-l-2 as a function 
of the parameter m = X w g/a 0 , and S 2 from the same table as a func¬ 
tion of the taper n. In the particular case of an elliptical- 
planform wing, 6=0. 

For a swept wing, the coefficient 6 is calculated by Formula 

(V-l-40) and Table V-l-2 for the condition, m = A /(a„ cos x)» 

wg 

The effect of compressibility on the induced drag coeffi¬ 
cient is taken into account by the formula 


C X 1 = 


e xiO 

Vi-Ml ’ 


(V-l-41) 


where c x ^ is found from (V-l-39). 

Under conditions approaching those of flow separation, the 
drag is approximately equal to the theoretical minimum [41]: 


cx^cx P r+-=?-. (V-l-42) 


and at large angles of attack it approaches 


c* = e*p r -f Cj,tga. (V-l-42') 


Supercritical velocities (14 > M „ ). It may be assumed in 

00 00 C17 u 

approximate calculations that the drag of a wing at supercritical 
velocities is governed basically by local shock waves. The wave- 
drag coefficient of an unswept wing can be calculated by the for¬ 
mula [ 26 ] 


c xw = (0.25s + 1.2s*—0.45s 5 ) c xw maxi (V-1- 4 3) 


\ 
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where c x max is the maximum value of the wave-drag coefficient, 
which is reached at M o = 1 and x is a parameter equal to 


Moo Moo cr 
1 Moo cr " 


(V-l-44) 


The critical Mach number ^ is determined by the approxi¬ 
mate formula 


Moo cr . = 1 — 0.7c 1 / 2 — 3.2cc®/2. 


(V-l-45) 


The quantity c can be regarded with a certain approxi- 

^ J x w max _ 

mation as a function of the profile thickness ratio c: 


max — 0.017 + 0.0081c, 


(V-l-46) 


where c is taken in percent. 

The drag calculated by (V-l-43) corresponds to the range 


Equation (V-2-9) should be used to find the segment of the 
wave-drag curve between = 1 and an slightly larger than 
unity. 

The third term in (V-2-9), which does not depend on attack 
angle, must be replaced by the coefficients of (V-l-46) at the 
speed of sound. Having calculated c x Wq from (V-2-11), we can 

construct the intermediate segment of the curve, which enables 
us to find an approximate value of c in the transonic range 

X Wo 

between M = 1 and an somewhat greater than unity. 

It is now necessary to find that part of the wave drag in 
this range that depends on attack angle. For M < M , there is 

no wave drag, and for > 1, when the flow around the wing is 
completely supersonic, this part of the drag is determined by 
the first two terms in (V-2-9). We interpolate to find inter¬ 
mediate values of the wave drag coefficient increment. 

Thus, the total drag coefficient is 


c 

X w 


0 

X w° 


+ Ac 2 , 


(V-i-47) 
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where A is a parameter determined by interpolation between the 
values 


A = 0 (Mcc =■* M„ cr ) 


and 


A 





Figure V-l-8 shows an example of calculation of A. 


The total frontal-drag coefficient of the wing at Mach num¬ 
bers in the range M £ M m <_ 1 can be obtained by adding the 

wave, profile, and induced drag coefficients. Theoretical and 
experimental studies indicate that wave drag is considerably 
greater than the profile and induced drags. 


A 



Figure V-l-8. Diagram for 
Determination of Param¬ 
eter A. 


For M b > 1 in the transonic 
range, profile drag can be deter¬ 
mined as the frictional drag. The 
induced drag for a straight wing is 
small in this case and can be dis¬ 
regarded with a certain approxima¬ 
tion . 


Swept wings . The wave drag 
coefficient component c , which 

X Wo 

does not depend on a, is 


1 — 

Cxwo — ~2 1(1 S..t) c xv ,o pr +(l+ (V— 1—48 ) 

-T-S sl )c Xv ,o sa COS 3 /J. 


The S , in this formula repre- 

S _L 

sents the ratio of the area of the 
part of the wing working as a slipping wing to the total area, 
and .is determined from the expression 


S al — 


/ 1.23ii ' 

\ 2 sin 2x 

f 2 

V l + il - 

' ^-Wg 

V i'-wg 11 + 1 / 


(V-l-49) 


The quantity c is equal to the wave-drag coefficient of 

-A. W 0 

the part of the wing that is arbitrarily assumed to be working as 
a straight wing and is determined from the actual M , the actual 
Cy, and the profile thickness ratio c in a section parallel to 

the plane of symmetry. 
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Figure V-l-9. Polars of 
Wings with Various Sweep 
Angles (X wg = 4; n = 2; 

c = 0.06. At M m = 

= M c = 0.005) . 

°°cr x pr 


The coefficient c per- 

x w o si v 

tains to the part of the wing work¬ 
ing as a slipping wing and is deter¬ 
mined by the methods set forth above 
from the effective values M ^ = 

= cos X) the lift coefficient 

c _ = c /cos y and the profile 
y ef y _ _ 

thickness ratio c ^ = c/cos x* 

An approximate expression for 
the second drag coefficient compo¬ 
nent, which does depend on a, takes 
the form 


c . = A c . 
x w x swp y 5 


where 


(V-l-50) 


A,wp = -| V -f (1+ (V-l-51) 

+ &.i) cos xA.i] . 


In this formula, A pr pertains 

to the part of the wing working as a straight wing and is deter¬ 
mined for the actual values of M B , c, and c y ; the parameter A gl 

pertains to the part of the wing working as a slipping wing, and /225 
is determined for c e f’ c y ef ^ see Fi S* V-l-8). 

Figure V-l-9 presents the results of a calculation by the 
above method for specified conditions. 

Example. Calculate the wave-drag coefficient of a swept 
wing whose geometric characteristics are defined by the follow¬ 
ing parameters: X = 8/3; h = 2; x-i = 45°; c = 0.1. The wing 

Wg X 

is movingjat an angle of attack a = 5° at the velocity corresponding 

to M =6.8. The attack angle at which c = 0 is a n = -2°. 
oo y 0 

Assume that the wing's lift coefficient is 0.382 for M ro = 

= 0.8 and a = 5°. The following critical Mach number correponds 
to this value [see (V-l-45)]: 


Mooor,= i -0.7 Vo. 1 -3.2-0.1.0.382 1 -s=0.703. 
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the flight cor- 


Since the given Mach number M ro = 0.8 > M 
responds to supercritical flow. 

The wave drag coefficient 


e Xw — e*wO + e X wii 


where c is calculated with (7-1-48). Let us calculate certain 

x wo 

parameters appearing in this expression. The dimensionless quan¬ 
tity 




The parameter c is found with (V-l-43) from the value 

X W o pr 


of (V-l-44): 


08-0,703 
1—0.703 — u - d ‘ i7 


and from (V-l-46) 

c x wmax= —0.017 + 0.0081-10 = 0.064. 

Applying (V-l-43), we get 

c x wOpr ^ (0.25*0.327 + 1,2*0.327®—0.45-0.327 5 ) 0,064 = 0.013 

We then compute the coefficient c r _ [see (V-l-43)]. 

X W o S X 

For this purpose, we determine 

Mooief = Moo COS X! = 0.8-0.7071 = 0.57; 
e v ef = +/cos X 1 = 0.382/0.7071 = 0.54; 
c ef = c/cos x 1 = 0.1/0.7071 =0.141; 

Cx w et=— 0.017 + 0.0081*14.1 = 0.097; 

Mooor e£ =l— 0.7 VoTuT—3.2*0.141 -0.54 , - 5 = 0.558; 

=(Moo ef —Moo cr , ef )/(l—Moo cr ef ) = (0.57—0.553)/(l—0.558) =0.027; 
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and then calculate 


e I wOsi= (0.25.0.027 + 1.2-0.0272—0.45-0.0275)0.097 = 0.0074. 


Applying (V-l-48), 

c K [(1 — 0.544) 0.013+(1+0.544) 0.0074-0.70713] = 0.005. 

We calculate the induced drag component c x w For this 

purpose, we find the coefficient A in (V-l-50). A and A .. 

^ ^ ’ swp pr _ si 

are the unknown variables in this formula. If we know M^, c, 

and c , the value of A can be found from Fig. V-l-8 or from the 

y pr 

interpolation formula 


A 


P r 


0,2795 


Moo— Mqc cr 

1,5 * Moocr 


Calculations give A = 0.034. 

In a similar manner, we determine A , = 0.003 from the 

S X 

values of M ooef , c" ef , and c y With the data obtained, 

A.wp~~- [4iT7+7iT- 0-°3i : (1 +0.514) 0.7071 -0.003] = 0.0017: 

Cxwi“ A SWP 4 0.017-0.3822 ~ 0.0025. 


Consequently, 


Cx w" 0.005 + 0.0025 = 0.0075^ 


Similarity rules. Along with the relationships cited above, 
those that proceed from similarity theory can be used in calcu¬ 
lating drag for the conditions of transonic flight: 


c a .c- 5/3 = c Xl (c')“ 5/3 ; 1 

C.VC--C- 1 / 3 = C^C -2 (cT U3 • 1 


(V-l-52) 


For a rectangular wing, the drag similarity rule has the 
following functional dependence: 
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Figure V-l-10. Drag 
of Rectangular Wing 
at M ro = 1. 



Figure V-l-11. Drag of Rectangular Wings 
at Transonic Speeds. 


<oc 


# 1/3 




(V-l-53) 


For a = 0, 

= KA'i) • (V-l-54) 


At = 1, (V-l-53) and (V-l-54) simplify: 


-^ 7T = /(A wk c«/3); 
V 

^3=/o(W 1/3 ). 


The curve representing (V-l-5^') is shown in Fig. V-l-10. 
It was plotted on the basis of experimental data for a rectan¬ 
gular wing with rhomboid profile. 

Experimental data on the drag of rectangular wings at 
transonic speeds are also given in Figs. V-l-11 and V-l-12. 
These data can be used in approximate calculations of the drag 
of wings with various types of profiles. Here the wings need 
not be rectangular; they may also be slightly trapezoidal. 


(V-l-53') 
(V-i-54') 
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Figure V-l-12. Drag of Rectangular Wings 
at Transonic Speeds. 


Moment and Aerodynamic Center (Center of Pressure) 

Research has shown that the aerodynamic focus (center of 
pressure) of a modern symmetrical profile with a thickness ratio 


TABLE V-l-4. VALUES OF THE FUNCTION F(n) OF TAPER EFFECT 
ON CENTER OF PRESSURE POSITION 


n 

1.0 

. 1.5 

1.7 

2.0 

2.5 

3.0 . 

4.0 

5.0 

6.0 

f (n) 

-0.022 

-0.005 

0 

i 

0.006 

0.012 

0.016 

0.022 

! 

0.024 

0.025 


of the order of c = 0.04 in incompressible flow is situated at 
22-25% of chord behind the nose; on the wing, this point lies on 
the mean aerodynamic chord and is at the same relative distance 
from its leading edge. 

To compute the position of the center of pressure (aerody¬ 
namic center) at subsonic speeds, we may make use of the approxi¬ 
mate formula 


c 


-iJL = c 
b, mac c ' p pr 


+ (*wg t g Xi/2 + - jjqrr) F (1)* 


(V-l-55) 


where c is the distance to the profile center of pressure, 

c.p pr ^ 5 

expressed as a fraction of the mean aerodynamic chord and F(ri) is 

a function characterizing the influence of taper on the center of 

pressure position. Values of this function are given in Table 

V-l-4. 

As we have noted, the quantity c q in (V-l-55) can be 

set equal to 0.22-0.25 for profiles with thicknesses c of the 
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order of 0.04. 


The relative distance of the center of pressure (aerodynamic 
center) p/kjyiAc from the beginning of the mean aerodynamic chord 

for swept wings at.low velocities and small 1 angles of attack can be 
determined from the curves in Pig. V-l-13 [61]. The dashed lines 
indicate x c for wings with unswept trailing edges. 



Figure V-l-14 shows the in¬ 
fluence of compressibility on the 
center of pressure position for 
swept wings in linearized sub¬ 
sonic flow. The dashed curves 
were obtained by extrapolating 
data from a theoretical calcula¬ 
tion. 


Research has shown that in 
the transonic speed range (M < 

< M ro < 1), the pressure center 
shifts slightly aft with increas¬ 
ing M^. Prom the value found for 
the lift coefficient and the 
center of pressure indicated 
above, we can determine the pro¬ 
file or wing moment coefficient 
for a subcritical flow velocity. 

Similarity theory implies 
the following relation between 
the moment coefficients of thin 
wings in compressible and incom¬ 
pressible flows at identical 
attack angles: 


Figure V-l-13. Position of 
Wing Center of Pressure 
(Aerodynamic Center) at Low 
Plow Velocities and Small 
Angles of Attack. The 
Dashed Lines Character¬ 
ize the Center of Pres¬ 
sure Position for a Wing 
with an Unswept Trailing 
Edge. 




m z ic 


(V-l-56) 


The coefficient m z ^ c is deter 

mined for a wing in incompressible 
flow and deformed in accordance 
with the similarity formulas 
(V-l-14) and (V-l-19). 


Let us consider how the moment is determined for a wing 
with deflected flaps. If the calculation is performed about an 
axis passing through the center of gravity, the pitching-moment 
coefficient is 
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(V-l-57) 


m z fps—®:0 , &m z 0 fp S — (Xp — Xg) ( c y + Ac y fps)* 


where x and x„ are the respective coordinates of the center of 
g F 

gravity and the aerodynamic center, reckoned from the leading 
edge: m is the moment coefficient for c = 0; 

& 5 zo y 


Am* 0fps = — 0.25Ac yfps ; (V-l-58) 

the quantity 

Ac„ fps — 0.075S fps 6cos*x av . (V-l-59 ) 


Example. Calculate the coefficient of center of pressure 
and moment for a wing with the following geometry: 

>- wg = 8/3; rj = 2; e^O.O',; tgx t =0.5. 



Figure V-l-14. Influence of Compres¬ 
sibility on Position of Center of 
Pressure (Focus) for Swept Wings. 


Let us assume that 
the wing, which has a sym¬ 
metrical rhomboid profile 
(ct 0 = 0 for such a wing), 
is in motion at an angle 
a = 5° at a speed corre¬ 
sponding to = 0.6. 

For these conditions, the 
lift coefficient c y = 

= 0.255. 


We assume that c 

O • p pi 

is 0.25 for this profile. 

We calculate c 

C • p 

from (V-l-55)) in which 
F(ri) = 0.006 (see Table 
V-l-4) and 


tgx 1/2 =4-(t g xi+tg-/,)=-! (l-i- 



We calculate the cen¬ 
ter of pressure coeffi¬ 
cient 


RE 






C c.p —0.25+ 0.006 = 0.264 


and the moment coefficient 


m z — Cj,c c-p =0.255-0.264 = 0.0673. 


§V-2. SUPERSONIC SPEEDS 


Plow A round a Thin Plate 

Applying the method of characteristics for plane two-dimen¬ 
sional flows and compression-shock theory, we can calculates 
supersonic flow past a thin plate (Figs. V-2-1 and V-2-2). 


The calculation is performed separately for the upper and 
lower surfaces. To investigate the flow over the upper surface, 
which is characterized by additional expansion, we use the gener¬ 
al relation (IV-1-17) of the nethod of characteristics, which 
enables us to calculate the flow for arbitrary and attack 
angle. This relationship is simplified in two particular cases. 



Figure V-2-1. Thin Plate in 
Supersonic Flow. 



Figure V-2-2. Diagram 
of Supersonic Flow Past 
a Plate at an Angle 
of Attack. 


The first pertains to lin¬ 
earized flow (small and angle 
a). From (III-2-30 ) ,°°we find 

formulas for the additional disturbance velocity and the pressure 
coefficient on the upper surface: 




a\' 




P u = 


— 2a 




(V-2-1) 


The second case is characterized by hypersonic flow (M >> 1, 
arbitrary a). The local Mach numbers M should be determined by 
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TABLE V-2-1. PARAMETERS OF FLOW AROUND A THIN PLATE AT AN ANGLE 
OF ATTACK 
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Flow con¬ 
ditions 

Linearized 
flow at 

> 1 (small 
attack angle 
a) 


Very high 
speeds 
M >> 1 

oo 

(attack angle 
a arbitrary) 


Arbitrary 
M^ > 1 (at¬ 
tack angle 
also arbi¬ 
trary) 


Flow var¬ 
iable 

Formula 

Remarks 

Pressure coef¬ 
ficient 

— 2a 

P ~ V^=l 

Upper surface 
(vacuum) 



Lower surface 
(compression) 


- 2a 

Angles a as¬ 
sumed posi¬ 


P T/MJ.-1 

Coefficient 

4a 2 

tive 

of wave drag 

e * w Wi-i 


Lift coeffi¬ 
cient 

4a 

•— -- 


' V-ML-i 


Angle between 
Mach wave and 

Voo 


Upper surface 

Mach number M 

if= i -¥ M r a 

M > Moc 


2k 

2 

Pressure 

P ~(l ‘T 1 !!«a) fc -‘ 

AS a > (*—1) M» 


Poo V 2 7 



2 

flow separ¬ 

Pressure 

P fcMJ, X 

ates from 

coefficient 

2/2 

leading edge 


x[7l A 7 1 M«a) ft - 1 -l] 

and formula 


L v 2 y j 

2 

does not apply 

Density 

p 

Poo l M j 



T / Moo \ 2 


Temperature 

roc V m / 



V *-1/1 1 \ 


Velocity 

Voo + 2 (ML M 2 J 


Horizontal 

velocity 

K x =r.j.K;- 

Lower surface 

component 


Vertical 

w 


velocity 

^ i/ — j c lg 0 S x 


component 

x (sin s 0,—M-*) 


Pressure 

coefficient 

- ' 4 
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TABLE V-2-1 (Cont’d.) 


7232 


Flow con¬ 
ditions 


>> 1 (at¬ 
tack angle 
arbitrary) 


>> 1 (at¬ 
tack angles 
small) 


Flow var¬ 
iable 

Density 


Formula 

J2_- = *±iy ' 

P=c' fc-i 

X l 1 1 A — 1 sin 2 0 S ) 


Remarks 


Inclination 
angle of 
compression 
shock 


lga=^ c lg0 s X 
X (sui 2 0 s — M" 1 ) x 


Same param¬ 
eters as 
for M > 1 

oo 


Horizontal 
velocity com¬ 
ponent in¬ 
crement 

Vertical 

velocity 

component 

Pressure 

Density 


Pressure 

coefficient 


v 3 . = v co +v;= 

V v = yTT sin 0 3 cos 0 8 

F=^4^; si n 2 0 s 

P ___ A + 1 
Poo k 1 
2 

tg a = r —7 sin 0 S cos 0 S X 

K -j- 1 

x (*—*$T sin * e -) -1 

V’ x _ 2 Al-1 

V x a*- A + l K 2 




= 1 


P 

poo 


V- = 1+ iTl( ar5-1) 

Poo 

-S±H**^i**) 


-i 


*- s = ^/s: + 


+[(^ *)'+*} 

- 4 

p= "k +1 


1/2 


Mach number M 


M*=M* 


f 2k 


U+i A * fe+iJ 


k — l\-i, 


( 


A —1 


+r_ 


_ k~A 

i s } 


-i 


U-f-l 1 A + 


1/2 


Lower surface 


K = M 0 
s 00 s 

K = M a 


K -*■ 


311 



TABLE V-2-1 (Cont'd.) 


Plow con¬ 
ditions 

Total aero¬ 
dynamic 
coefficients 


Flow var¬ 
iable 

Wave drag 
coefficient 


Lift coef¬ 
ficient 


Formula 


c x w 
<k 


, fM-1 
“ { 2 . 


+ 


+rm ! +«--r+ 

+ m[ l ~ 

2 h 

)*"]} 


-(< 


jt-i 


Remarks 
For K < 1 


c u = (ki l)a 2 
c u — 2 m 


M 


M 


CO 


00 


0 


(IV-1-18) and the pressure by (IV-7-12). 

In investigating the flow on the lower surface of the plate, 
where the stream is compressed, we can examine the general case, 
which is characterized by arbitrary M and attack angle. In this 
case, the variables should be calculated from the general rela¬ 
tionships of compression-shock theory. In particular, the pres¬ 
sure on the lower surface is determined from (III-4-25). 

As for the upper surface, we can examine two particular 
cases of flow: linearized (M^ and a small) and hypersonic (M ro >> 
>> 1, arbitrary attack angles). 

In the case of linearized flow, the case of weak compres¬ 
sion on the lower surface can be calculated by the method of 
characteristics, using formulas analogous to (V-2-2): 




aV„ 




Pi 


2a 


V*L-i* 


(V-2-2) 


Hypersonic flows are calculated from the theory of the strong 
shock wave. For example, pressure is determined by (III-4-19). 

The results of a calculation of the flow variables for a 
thin plate at an angle of attack and the wave-drag and lift coeffi¬ 
cients appear in Table V-2-1. 
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At hypersonic flow velocities, the gas undergoes chemical 
transformations on the side of the plate with the compression 
shock. In the general case, the flow along the streamline from 
the compression shock to the plate will move at variable density. 
If, however, the shock wave is thin, the change in density can 
be disregarded, and we can assume for the wall that the relative 
quantity p = p m /p s m p x /p 2 . For this case, the pressure coeffi¬ 
cient on the plate is 


P 


_ 2 sin 2 a _ 

(1 —p) cos 2 (0 a) 


(V-2-3) 


For a fixed a, we can assign, for example, p and determine 

the angle 0 of an attached shock by using the hypersonic-theory 
s 

formulas 


tg6» = p- 1/2 / (rj); /(i]) = 2ti(1±K1-4ti 2 )-\ (V-2-4) 


where 


t] = p 1/2 (1 — p) _1 tg a. (V-2-5) 

The range of variation of the function f(n):0 <_ f(r|) < 1 corre¬ 
sponds to the interval 0 < n < 0.5. The value of cos' 2 ’ (0 -a) 

s 

is determined from the difference 0 - a. Applying (III-4-14), 

s 

in which AV n = 1 - p, we can, assigning /2, determine the en¬ 
thalpy i 2 and, knowing i 2 and p = P OT /P, refer to the thermody¬ 
namic tables to calculate the pressure p 2 . From p 2 , using 
(III-4-12), we can improve V and then find the oncoming-flow 

velocity V^ = V ni /sin 0 g . For high velocities, at which the wave 

touches the wall, cos (0 - a) ~ 1 and the pressure coefficient 

s 


p= 2 sin 1 « (i+p). 


(V-2-5') 


Profile in Supersonic Flow 

Pressure distribution. Let us examine a sharp-edged pro¬ 
file in a supersonic flow at an angle.of attack (Fig. V-2-3). The 
problem of flow around the profile can be solved by the method 
of characteristics. In approximate form, this problem can be 
solved using a method that combines the theory of plane flows 
(Prandtl-Meyer theory) and compression-shock theory. Here, 
Prandtl-Meyer flow can be investigated with the relationships 
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of the characteristics method for plane flows. 



Figure V-2-3. Thin Profile in 
Flow at Angle of Attack. I) re¬ 
gion of flow with expansion; II) 
region of flow with compression. 


Figure V-2-4. Geometry of 
Profile with Curved Con¬ 
tour (1 is the profile 
centerline). 


For thin profiles and 



small attack angles, an ap¬ 
proximate solution can_be obtained in explicit form. For this 
purpose, the function p = f(0), where 0 is the angle between the 
tangent to the profile at a given point and the vector V , is 
represented in the form of a series in powers of the small param¬ 
eter 0. The coefficients of 0 n are the corresponding derivatives 
3j?V80 n and are determined from the epicycloid equation 0 = to(M) + 
+ const and the expression for pressure in an isentropic flow. 


Since the profile is thin, we can limit ourselves to the 
term in 0 2 in the expansion to obtain 


p = 2 (c 1 0 + c 2 0 2 ), (V-2-6) 

where 

Cl = (M 2 -l)- 1/2 ; c 2 ={(Ml-i)- 2 [(M 2 -2) , +AMil. (V-2-7) 

Formula (V-2-6) applies to expansion flow for 0. < 0 and to 
compression flow for 0 > 0. Here, compression flow can be re¬ 
garded as isentropic or be associated with passage through a 
shock. Formula (V-2-6) corresponds to the second-approximation 
theory elaborated by Prof. Busemann and, in the USSR, by Prof. 

A.A. Lebedev. It is assumed in first-approximation theory that 
p = 2c x 0. 

Aerodynamic coefficients in linearized flow. The thickness 
of a profile can be made so small as to permit setting c 2 = 0 in 
(V-2-6) and, consequently, to permit use of the first-approxima¬ 
tion theory. Assuming that 0 = y' + a, we obtain linearized re¬ 
lationships for calculation of pressure on the upper and lower 
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profile surfaces: 


2(y^—«) _ • - _ 2 (—y,* - j-a) 

" ; Pl_ ’ 


where the derivatives 


— 


<?x 


dx 


are calculated from the familiar expressions y^ = y^(x) for the 
upper and y^ = y^(x) for the lower contour (Pig. V-2-4'). If the 
profile is symmetrical, |y^| = |y£|. 

Using the formulas for the pressure coefficients p u and p^, 

we can derive the following relation for the lift of a sharp thin 
profile with arbitrary cross section: 




VMi-i‘ 


(V-2-8) 


For a thin profile of a swept infinite-span wing, the lift 
coefficient 


c = — 003 X 

y l/M^ cos 2 X —1 


(V-2-8') 


It is remembered that the leading edge is supersonic, so that 
cos x > 1. 


The wave drag coefficient 


— 4 a 2 4q 


1 i - 

§ (y'u + y [>) dx + | (y‘u + y?) dx, 


(v-2-9) 


where x = x/b. 

At zero angle of attack 


C x w — C x wO 


2 



(V-2-10) 
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In this formula 


1 


l(y'n+Ul)dx== 


*1 c*, 


so that 


. 2 fcffl 

*° T/ML—I ■ 


(V-2-11) 


where kj is a coefficient that depends on the shape and dimen¬ 
sions of the profile or, more precisely, on the parameter x , 

c 

which is the ratio of the distance from the nose to the point of 
greatest thickness to the chord (Fig. V-2-5). 

Values of this coefficient are given in Table V-2-2 [6], It 
is assumed in the table that x is the same for the bottom and 
top surfaces. 

The coefficient c determines the drag governed by the 

X W o w 

thickness and shape of the profile and is independent of attack 
angle. 

The first two terms in (V-2-9) determine that part of the 
total profile drag that depends on attack angle. 

The component governed by lift 


4a x 


Vm» 


■a c u 


(V-2-12) 


is independent of the dimensions and shape of the profile. 

The second component, which does depend on attack angle and 
profile shape. 


c 


X W 2 — 



S 


{y* + y'i)dx 


(V-2-13) 


can also be written 
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r 

| ^X'w2 — 


T 



(V-2-14) 


316 


i 



where dy/dx is a derivative calculated from the equation y = 

= >s(y + y x ) of the profile centerline. The second component 

is associated with the simultaneous effect of attack angle and 
profile shape. This component is zero when the trailing edge is 
sharp or, if it is not, when the profile is symmetrical. 


TABLE V-2-2. VALUES OF_THE COEFFICIENT k x 
AND RELATIVE DISTANCE x TO THE POINT OF 
MAXIMUM THICKNESS 


Profile form 


2k! 


Rhomboid 

Wedge 

ft 

Parabolic symmetrical 
Wedge with one flat side 
Same 

n 

Parabolic with one flat side 
Formed by two circular arcs 


0.5 

4 

0.4 

4.16 

0.3 

4.76 

0.5 

5.33 

0.5 

8 

0.4 

8.32 

0.3 

9.52 

0.5 

10.67 

0.5 

16/3 



Figure V-2-5. Geom¬ 
etry of Profile with 
Straight-Line Walls. 


sure coefficients, 


For the most commonly encountered 
symmetrical profiles or profiles that 
are sharp at both ends. 


P . . 2/cjc 1 
c x -- 




--7- Cl. 


(V-2-15) 


The above formulas can be used for 
slightly curved wings set at a small 
angle of attack. 

Flow around profile with considera¬ 
tion of nonlinear effect. This flow is 
calculated using (V-2-6) for the pres- 
For the top of the profile. 


Pu — C t (y'u(y’d — a)*;t 


(V-2-16) 


and for the bottom 


Pi = c t (— y’ v + a) + c 2 (— y\ + a)*. 


(V-2-17) 
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Integrating over the surface of a profile of assigned form, 
we can obtain relationships for the lift and wave-drag coeffi¬ 
cients : 


Cy — 'iCiia — a 0 ), (V-2-18) 

c x w= « c » — 8c 2 <zA 2 + 2^52 — 2 c 2 A 3 , (V-2-19) 

where a 0 is the attack angle at which c Tr = 0 (angle of zero lift), /237 

v 

and is calculated by the formula 



(V-2-20) 


TABLE V-2-3. VALUES OP THE COEFFICIENTS A B_, AND A 3 FOR CALCULA¬ 
TION OF THE AERODYNAMIC COEFFICIENTS 


Profile form 


Formulas for Coefficients 
A 2 , B 2 , A3 


Remarks 


Profile formed 
by arcs of 
circles; pro¬ 
file has ver¬ 
tical symmetry 
(Fig. V-2-6a) 

Profile formed 
by two trape¬ 
zoids (Fig. 
V-2-6b) 

Same formulas 
apply to rhom¬ 
boid profile 
(b - b = 0) 

2 U. 2 1 


A 2 = <£) 


D, 


(j-+ 

1 

)- 

<\ 

(•J—f 

J-) 

' *11 

631 

/ 


' *lu 

*3u' 


1 

) + 

■? 

(4-+ 

4-) 

' *11 

*31 

u 

V *t-u 

*3u' 

V *U 

1 

*31 

)( 

1 

*11 

, 1 1 

*31 ' 

1- 

(J— 

' *lu 

i 

*3u 

■)( 

1 

*lu 


1 


Profile formed 


by arcs of 
circles with 

■<>— 2 P:( 

different radii 
(Fig. V-2-6b) 

The quantities A,, B 2 , 

are determined as 

follows: 


°1 = 


c^b; 


°u * 


* °u /b - 

With horizontal 
symmetry, |c,| = 

b-, = b n /b, b u = 


= b /b 
u 

c x < 0 

c >0 
u 


For symmetrical 
profile | c-jJ = 

u* ll iu 

b = b 
3I 3U 

For profile with 
horizontal sym¬ 
metry IcJ = c u 


and A 3 , which depend on profile form. 
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(V-2-21) 


1 

A z — § ICl/i) 2 —■ (l/u) 2 ] dx; 
0 

I • 

A 3 = § [(j/'i) 3 — (i/^) 3 ] 

0 


i 

£ 2 = § [(!/i) 2 +(yu) 2 l^; 
0 




Combining (V-2-18) and (V-2-19) and dropping terms of 
higher orders from the resulting expression, we find the polar 
equation of the profile: 


Cx — GCq^v -f- C x wO* 


(V-2-22) 


where c is the wave-drag coefficient at zero lift and is 

X Wo 

equal to 


CxwO — 2c 113 2 — 2c 3 A 3 » 


(V-2-23) 


Values of the coefficients A 2 , B 2 , and A 3 for certain pro¬ 
file types are given in Table V-2-3. 

Profile with minimum drag. Having determined the minimum 
of the drag function expressed by (V-2-23), we can find the pro¬ 
file shape corresponding to c x Wo m ^ n for a given thickness 

ratio. Research has shown that this profile is a wedge with a 
relative distance to the point of maximum thickness 

= = , where c=-£. (V-2-24) 


The coefficient of minimum wave drag is 


Cxwomin = 4c 1 ^(l--£f-c 8 ) . (V-2-25) 


By determining drag as a function of the dimensions of a 
profile with a given shape, we can establish that c x Wq reaches 

its smallest value (provided that the maximum thickness ratio is 
given) when the thicknesses of the upper and lower parts of the 
profile are the same, i.e., when the profile has horizontal sym¬ 
metry. For example, for a profile formed by arcs of circles 
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Figure V-2-6. Profile Geometries, a) profile 
formed by two circular arcs (profile has vertical 
% symmetry); b) profile formed by two trapezoids; 
c) profile formed by arcs of circles of different 
radii. 


c *. 



JL f! \ 

4 C\) • 


(V-2-2 6 ) 


The point of maximum profile thickness, which corresponds 
to the value of the coefficient c „ in (V-2-26), is determined 

X Wo 

by the distance ratio 


bt 




(V-2-27) 


For a symmetrical profile formed by two trapezoids with 
given distances b x , b 3 , and £, the minimum drag 


C x wO — 


*1 + ^3 L 


( bi+.b 3 ) 2 


I] 


(V-2-28) 


is reached when 


b,_ (V-2-29) 

bf\-b 3 2 V c i / 


When the wing is mounted on a vehicle with a specific design, 
importance attaches to its strength characteristics, which depend /239 
in many respects on the shape of the profile and its moment of 
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inertia with respect to the chord. It is therefore important to 
determine the minimum profile drag at a given moment of inertia. 
Calculations show that this drag for a profile formed by two 
trapezoids is 


<h:wO= SCjC 2 (l 16 j C 2 ) ■ 


(V-2-30) 


The moment of inertia corresponding to this drag 


J = ^c*b*; (V-2-31) 


the other profile dimensions are 

b t + b 3 =±, F a = l. (V- 2 - 32 ) 


Profile with maximum lift/drag ratio. Analyzing (V-2-22) 
and (V-2-23), we can establish that the maximum lift/drag ratio, 

(V-2-33) 


occurs when 


c i/ = 2[c 1 c xw0 ] 1/2 . (V-2-34) 


For a fixed thickness ratio, the profile with maximum lift/ 
drag ratio will be rhomboid with a relative distance to the point 
of maximum thickness determined by (V-2-24). The thicknesses of 
the top and bottom parts of the profile are 


Cu — 



(V-2-35) 


Accordingly, the formula for the maximum lift/drag ratio 



(V-2-36) 
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Lift and drag of swept infinite-span wing. For a swept in¬ 
finite-span wing with a supersonic leading edge (M ro cos x > l)j 
the aerodynamic coefficients and the corresponding forces can be 
determined from the values of c^ and c^ w for a straight-wing 

profile with the condition that M = M cos x is taken as the 

*■ oo g oo ' v 

free-stream Mach number. Thus, cos x must be substituted for 

M in all of the above formulas for c and c in converting to 
00 y x w e 

the profile of the infinite-span swept wing. 

The lift and drag of the profile in the direction of the 
velocity are calculated by the formulas 

Y = y cos 2 %; 

i’w= y AtwP~Vo-‘S'wgC0S 3 X, 

whence it follows that for a swept wing 

Cy = cl cos 2 x; 

C .rw— c£ w COS 3 X- 


(V-2-37) 
(V-2-38) 


(V-2-37*) 
(V-2-38') 


For symmetrical profiles 


/2_40 


( ,o _4<x cos_x 




I M 2 -j co.s 2 x —1 

jn 2 

•Mm COS 2 % — 1 


(V-2-39) 

(V-2-40) 


For a wing with a subsonic leading edge (M a cos x < 1), the 
methods of subsonic- or transonic-flow aerodynamics should be 
used in calculating the aerodynamic coefficients of the profile 
placed in the direction of the velocity component cos x* 

Center of pressure. In the case of linearized flow around 
a thin profile, the pressure center lies aft the center of the 
chord and, consequently, the center of pressure coefficient c 

c • 3p 

= X /b = 1/2. A deviation from this figure results from the 

nonlinear effect governed by profile thickness and shape. This 
effect manifests in a redistribution of pressure, which is cal¬ 
culated by (V-2-3). 
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Figure V-2-7. Aerodynamic 
Coefficients of Rectangu¬ 
lar Wing of Infinite Span. 


If we examine the symmetrical 
profile normally used, the expres¬ 
sion for the center of pressure 
coefficient will be [26] 



Figure V-2-8. Influence 
of Sweep on Aerodynamic 
Characteristics of In¬ 
finite-Span Wing (M^ = 2, 
c = 0.08). 


Cc . p = X -2±. = y [1 — k t cF (Me.)], 


(V-2-41) 


where 


F (Mo.) = 


(ML—2)«+0.7Mt, 
4 (Mm —l) 1 ' 6 


(V-2-42) 


Coefficient k 2 depends on profile shape. For a rhomboid 
profile, k 2 = 1; for a profile formed by two circles, k 2 = 4/3. 

The center of pressure coefficient of a swept-wing profile 
is 



k 2 c (Ml, cos 2 % — 2) 2 -j-0.7M« cos*x 
cos 7- 4 (MLcos 2 x— i) 1 ** 


(V-2-43) 


Figure V-2-7 and V-2-8 show curves of the aerodynamic coef¬ 
ficients of infinite-span wings in the range from sonic to super¬ 
sonic speeds. 

§V-3. LIFT AND MOMENT OF THIN FINITE-SPAN WINGS. DRAG DEPENDENT 
ON LIFT 

Let us examine the aerodynamic characteristics of finite- 
span wings with small but finite thickness for small attack 


/24l 


323 




angles. In other words, let us seek a linearized solution of 
(V-l-6) for the velocity potential. 

The unknown velocity potential * can be presented as the 
sum + <t>' 2 , where <|>J is the potential of the flow around a 

wing of given thickness at: zero: angle of attack; <j>£ is the potential 
function obtained from the condition of flow around an infinitesi¬ 
mally thin plate of the same planform as the wing at the given 
angle of attack. 

Accordingly, the wing's lift is equal to the lift of the 
plate, and its drag will be composed of two parts: the drag of 
a wing of the given thickness at a =0 (c =0; profile assumed 

y 

symmetrical) and the plate drag for a ? 0. 

Delta wing. Consider a wing of delta planform with super¬ 
sonic leading edges. To calculate the pressure distribution and 
aerodynamic coefficients, we can use the method of sources, 
which Prof. N.A. Krasil'shchikov used in 1947 as a basis for 
solution of the problem of supersonic flow over a finite-span 
wing. 


In the general case, the velocity potential from the system 
of sources and sinks by which the given surface is replaced is 
given by (IV-3-1). For a flat plate, the function f(e,£) is to 
be set equal to a certain constant f 0 . Then the velocity poten¬ 
tial at a certain point A from the source system is 


<P = 


«» h 
— fa l de 


d l ... . 


(V-3-1) 


The range of integration is determined by the area obtained 
by intersecting the y = 0 plane with the surface of the Mach cone 
(disturbance cone) and bounded, consequently, by the equation of 
a parabola 


(*_ e ) 2 = a ' 2 [y 2 + (z-£)*], 


(V-3-2) 


where x, jr., £ are the coordinates of point A. The integral of 
(V-3-iy can be evaluated directly. Remembering (V-3-2), we find 
that the first definite integral is ir. Since, moreover, e j = x A 

and e 2 = x^ - a'y A , where x^ is the intersection point of the 

Mach cone with the y = 0 plane, which corresponds to z = z A , then 
the unknown potential at point A is 
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(V-3-3) 




(xA — a'y—x Al ). 


The vertical velocity component 

*V= !r = */<>• (V-3-4) 


The same velocity value will obtain when the point is on the 
y = 0 plane. 

If the surface is in flow at an attack angle a, we have from 
the condition of nonseparating flow f 0 = aV oo /ir. 

Assume that a wing in the form of a thin triangular plate 
has an infinite span (Pig. V-3-1). In zone I between the super¬ 
sonic leading edge and the generatrix of the Mach cone with apex 
at 0, the components of the axial disturbance velocity and the 
pressure coefficient are determined by the ordinary theory of 
linearized flow: 



'<\- = <p* = 

_aVoo cos x 

/M» cos 2 x—1 
_ ± a/p cos x . 

V MLcos 2 x—1 

— 2ct COS Y 

p= -h — - ■ • ■ * . 

Km»cos 2 x—1 


(V-3-5) 

(V-3-6) 


Figure V-3-1. Plow Around Delta 
Wing, a) with supersonic lead¬ 
ing edges; b) with subsonic 
leading edges. 


Consider region II, 
which lies inside the Mach 
cone. The added velocity 
component at point A results 
from the action of sources in 
regions ADE, BCO and BDO. 


Here the source intensity in region BDO is equal but opposite in 
sign to the intensity in region ADE. 


Sources in region ADE induce a velocity determined by (V-3-5) 
The velocity corresponding to region BDO is 


v 

I 


X 



dj _ 

V (*A—e) 2 -a' 2 (z a -6)» ’ 


(V-3-7) 


where 


325 


/242 


III 


I 


2d = (xa — ct'2 A )/( tg X — a'); 
s = S tg % . 


Integrating, 




fo 

a' Vl — n* 


arccos 


»(l-a) 


(V-3-8) 


where n = tan x/a'» c = tan XZ A /* A > with 0 < a < n < 1. 

The velocity induced by sources in region BCO is found from 
an expression analogous to (V-3-7) and can be presented in the 
form 


v x = 


to 


d'yT—n* 


arccos 


a-f-n* 

»(l+<r) 


(V-3-9) 


where jn| <1, |n| > a > 0. 

Summing (V-3-5), (V-3-8) and (V-3-9), we obtain the axial 
velocity component at point A for region II: 

>*-. ~ e T yfa .(*~ 2arCSin V (V-3-10) 


In this region, therefore, the pressure coefficient [ 58 ] is 




2q 

a' l/l — n 2 



-arcsin 


/ 


n* —CT*"\ 

1—a* ) * 


(V-3-11) 


where the pertains to the upper surface and "+" to the lower 

surface of the wing. 

The lift coefficient 


^ .. (Pi"~ Ai) dS, 


CVg) 


where 



ctg % <lo; 


ctg x- 
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Introducing and p u from (V-3-11), we obtain for a for¬ 
mula from which it follows that the lift coefficient for a delta 
wing with a supersonic leading edge is independent of sweep angle 
and is determined in the same way as for a flat unswept plate. 

The drag coefficient governed by wave losses is 


c x w — Cyd 



(V-3-12) 


This lift-dependent drag can be determined in the same way 
as the induced drag of a delta wing with supersonic leading edges. 
Since the conditions of conical flow are satisfied, the center of 
pressure is at a distance from the apex equal to 2/3 of the root 
chord. 


The pressure distribution and, consequently, the aerodynamic 
coefficients for a delta wing with subsonic leading edges (see Fig. 
V-3-1) will be different owing to the subsonic nature of the flow 
over the surface. 

The flow around a wing set at an angle of attack a is equiva¬ 
lent to the flow from continuously distributed dipoles, the poten¬ 
tial function for which is given by Formula (IV-4-4). 

Since the flow around the wing is conical, all variables de¬ 
pend on t = C/e and the dipole distribution function can be pre¬ 
sented in the form m(e,C) = ef(t). Thus the expression for the 
dipole potential will be 


— fp 0 


e 2 de 


e ) 2 — a ' 2 [(z — te) a + y 2 ] 


(V-3-13) 


where t 0 and -t 0 are the values of t = tan y 1 corresponding to the 

leading edges; £j is determined from the condition that the super¬ 
sonic disturbances propagate within the Mach cone. 

Accordingly, the radicand in (V-3-13) vanishes for e = £j. 

We obtain by integration 


where 


fo 

<Pdi P = § Ff (t) dt, 

—fo 


(V-3-14) 
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(V-3-15) 


F ~yn~ 3/2 a'* + arcth|) ; 


ra = l —(a'f)*; 5 = 


a' 2 — t — 1 

X 


/■[*-“’* (S+S)J' 


(V-3-16) 


According 
ables y/x, z/x. 


to (V-3-16), 
e/C. 


v 

the function P depends on the vari- 


The function f(t), which represents the intensity of the 
distributed sources, is found from the condition of nonseparating 
flow over the wing, according to which (Fj,) v .h> = Con¬ 

sequently , 



to 

l 

~<0 


l (f)i-.■/«><«• 


(V-3-17) 


Research has jshown that the function f(t) can be presented 
in the form ’/(<) —/oJ'/j — / 2 . where f 0 is a constant. The value of this 
constant can be found from (V-3-17) by substituting the given func¬ 
tion f(t) in it. Integrating, 


to- 




n£(Vl-«'*»*). 


(V-3-18) 


where £(l r i —a ' 2 /J) is a complete elliptic integral of the second 
kind with parameter k = Kl — 

■' n/2. 

E= j (V-3-18 • ) 

o 


Passing to y + 0, 

" / ECtVoo "Vti — t 2 . . 

(p dip = nm (e, |) =-^-, (V- 3-19 ) 


from which the axial component 


frPdip _ ttVcctg (V-3-20) 

Vx> dx £ ( 4 ) 
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The pressure coefficients on the upper (-) and lower (+) 
wing surfaces are determined in accordance with the v x : 


2atj _ 2cttgyi__ 

— e (k) Vti-t* * e (fe) yi-(tg0/t g ?1 )* ’ 


(V-3-21) 


where the absolute value of a is used. 

The lift and moment coefficients can be found from the pres¬ 
sure. For wings of arbitrary planform 

= §§ (pi-pjdxdl; (V-3-22) 

<*W 

,n z — „^ (p i Pu) xdxdz, (y_3_23 ) 


where the moment coefficient is computed for the root chord b t ; 

x — x/b tt ; z — 2z/l; rj == &, rt Jb tp - 


Remembering that n = °° for a delta wing and rearranging, we 

obtain 


i ‘sh 

Cu= "Ti § (p'~p^ dt * 

1 0 0 

1 tffv l _ _ 

m z = j-^—\x' t dx \ (Pi—P u ) dt. 

tgVi i o 

Introducing p 1 and p u from (V-3-21), 

e «“ra 2:llgVia; 


(V-3-24) 

(V-3-25) 


(V-3-26) 

(V-3-27) 


It follows from these expressions that the center of pres¬ 
sure coefficient of a delta wing is 2/3. 
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c 

C HS~ 



Figure V-3-2. Theoretical 
Curve for Lift Coefficient 
of Delta Wing. Experiment¬ 
al Data: o — = = 8%, □ — 3 % 


The formulas given for c 

y 

and m z can be simplified for the 

particular case of a wing with 
very small aspect ratio. Letting 
a’t 0 -*■ 0, we find that E(k) -> 1 
and, consequently, 

c v — 2ji tg Yj vc, /n z = ~ n tgy^a. (V-3-2 8) 


Introducing the aspect ratio 

X = 4 tan y., we obtain 
wg 1 1 5 

Cj, = yjr?svgcc, m z = 3t^ wg a. (V-3-29) 


If a't 0 1, then E(k) -*■ ir/2 and the formula for c assumes 

y 

a form reminiscent of the case of a supersonic-edged wing. 

ct 

Values of the derivative c calculated for delta wings with 

y 

sub- and supersonic leading edges are given in Fig. V-3-2 as func¬ 
tions of tan y-^/tan jj = a't 0 . 


The same figure shows experimental data for wings with a 
symmetrical profile formed by arcs of circles. The largest dif¬ 
ference between the experimental and theoretical results occurs 
for a T t 0 near unity, i.e., when the leading edge becomes almost 
sonic. 


Drag of wings with subsonic leading edge . When wings have 

sharp subsonic leading edges, vortices detach from the edge and 

drag increases as a result. To prevent vortex detachment, the 

leading edge is made slightly rounded. Since the velocities on 

the edge remain quite high, the pressure will be very small and 

a suction force will appear and reduce drag. If the coefficient 

of suction force is denoted by c , the total drag coefficient 

.X s 

of a wing with a subsonic leading edge will be 


Cx ~— Q s* 


(V-3-30) 


Research has shown that 


. _ c v 

X s J, 

JlAwg 


V 1 - (aVo) 2 . 


(V-3-31) 
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Accordingly, 


.IA W « 


(V-3-30 1 ) 


If a't 0 = 1 (sonic leading edge), then c x = r;/A wg . For wings 

of very small aspect ratio (a7 0 —>0) c x = 4 AtX wk , which is consistent 

with the expression for the induced-drag coefficient in the case 
of an incompressible fluid. 



Figure V-3-3. Wings with Supersonic Trailing and 
Lateral Edges, a) tetragonal wing with sweptback 
trailing edge; b) tetragonal wing with sweptfor- 
ward leading edge; c) pentagonal wing; d) hexa¬ 
gonal wing. 


Wings in the form of tetragonal, pentagonal, and hexagonal 
plates [58]. The methods of flow theory for delta wings can be 
used in calculating the aerodynamic characteristics of tetragonal, 
pentagonal, and hexagonal-plate wings with supersonic trailing 
and lateral edges (Fig. V-3-3). Flow over such wings is char¬ 
acterized by the absence of zones of interference between the aft 
and lateral areas bounded by the intersections of Mach cones with 
wing, i.e., the flow at the lateral and trailing edges will be 
purely supersonic. 

The formulas for the surface pressure on wings of these 
shapes will be the same as those for the triangular plate and 
are selected with consideration of the leading-edge form — sub- 
or supersonic. The lift, moment, and drag coefficients can be 
determined by integration over the pressure pattern. 

We cite results obtained for a tetragonal wing. In the case 
of a subsonic leading edge 
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c »-(l 


4atgvi 


m z 


a)E.(k) 

4a tg yi_p 2-fe* 

L(i + e ) 3 


[(1 -e-)- 1 ' 2 arccose — e]; 

e (4—e s )' 


'3(1— B)E(k) I 


3/2 


arccoss- 


1—e* 


(V-3-32) 

(V-3-33) 


For wings with supersonic leading edges 


8 a 


u (l-s) Km; 

m. 


~ (yrhf arccosn + arccosn ‘) * 

8a r 2 —n*(l-fe*) 

(l-e) KmIo —1 Ki —e 2 )(l—nf) 3j/2 arccosn i 
e(3—e 1 ) it T 

(l-e*) Vl-n* 1 — n*J * 


(V-3-34) 


(V-3-35) 


where n = tan x 1 tan p, Hj 5 tan x t tan y. 

Calculations by these formulas can be simplified if the 
tetragonal wings differ little in shape from deltas. In this 
case, with the condition that |e| << 1, 


c ii ~~ i 


'll A 


m. 


n ,A 


(V-3-36) 


where c . and m . are the lift and moment coefficients of the /247 

yA zA - 

delta wing and the quantity 


«w— }S 7 _ t'__ \ _ 4 

*W ~ tgZi ~ Mg 7.1 


(V-3-37) 


where x n and x+- are the sweep angles of the leading and trailing 

X X 

edges and x 0 and x are the wing dimensions indicated in Fig. 

V-3-3. 

For wings of the "dovetail" type (Fig. V-3-3a), e is posi¬ 
tive, but it is negative for rhomboid plates (Fig. V-3-3b). 

In the particular case when tan y^/tan y >> 1 for a wing 

with a supersonic leading edge, the parameter e has practically 
no influence on c , and the dovetail or boattail will. 

change lift almost in proportion to the change in plate area. 
Figure V-3-4 shows curves of 
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Figure V-3-4. Diagrams for Calcu¬ 
lation of Lift of Tetragonal Plates 
(m = tan y^/tan y). 


c c.p 



0 02 ox 0.B os to 12 to 


!Cu V ML — 1 = / On, e), = 


obtained by the linear 
theory for tetragonal 
plates with the condi¬ 
tion that the trailing 
edges are supersonic. 
Figure V-3-5 shows cal¬ 
culated results character¬ 
izing the center of pres¬ 
sure position on these 
plates. 

Similar curves plot¬ 
ted for a pentagonal 
plate appear in Figs. 
V-3-6-V-3-8. 

The frontal drag of 
the wings is calculated 
as follows. If the edge 
is supersonic, then, ir¬ 
respective of plate shape 


Figure V-3-5. Diagrams for Calcu¬ 
lation of Center of Pressure Coef¬ 
ficient for Tetragonal Wings (m = 

= tan Y 1 /tan y). 

by the suction-force coefficient, i.e 


= = («>!).. (V-3-38) 


performed by (V-3-30). The suction force 


If the leading edge 
is subsonic, this coef¬ 
ficient must be reduced 
the calculation must be 


xs 


|F-i.p 0O FU s Ki-(a'0 2 


l- 

■5;t£2 (*) ’ 


(V-3-39) 


where Z is the span (see Fig. V-3-3). 

Dividing F by the product qS , where S is the area of the 

wg wg 

given plate form, we obtain c 

x s 

For a tetragonal wing differing slightly from the delta, the 
calculation can be performed by the formula 


c *. 


1—8 » 


(V-3-40) 
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Figure V-3-7- Curves for Calcu¬ 
lation of Lift Coefficients for 
Pentagonal Wings of Large Aspect 
Ratio. 


where (c ) A is calculated by 

X S ii 

(V-3-31) for a triangular plate. 


Figure V-3-6. Diagrams for 
Calculation of Lift Coef¬ 
ficients of Pentagonal 
Wings of Small Aspect Ratio 


cated 

edges 

zones 


Let us examine wings with 
subsonic trailing edges, assum¬ 
ing that, as is the case in 
practice, the trailing edges are 
supersonic. Flow calculations 
for such wings are more compli- 
owing to the formation of interference zones at the lateral 
and the necessity of accounting for gas overflow into these 
from one side of the plate to the other. 


Zones of influence inside the Mach cones are shown in Fig. 
V-3-9 for a hexagonal wing. In zone I, the flow is determined by 
the subsonic leading edges and their influence on overflow from 
the bottom to the top surface (or vice versa) must be taken into 
account in the flow calculation. In zone II, flow is influenced 
by the right lateral edge, and in zone III also by the left edge. 

Since 'the flow is symmetrical with respect to the x-axis, we 
can regard zones I, II, and III as situated on the same side of 
the x-axis. 


At a given free-streami velocity, the variables at a given 
point on the surface of the hexagonal wing (Fig. V-3-10) or its 
resultant aerodynamic characteristics depend in the most general 
case on the set of dimensionless geometrical characteristics of 
the plate, namely, the aspect ratio ^ W g> the taper ri = b^/b^ , 

and the angles and (or the corresponding y^ and y^). 
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In zone I behind the 



Figure V-3-8. Center of Pressure 
Coefficient of Pentagonal Wing 

(o cp ■ *cp /b rt ) - 


subsonic leading edge , the 
pressure coefficient is de¬ 
termined by (V-3-21). The 
characteristic parameter for 
this zone is the leading- 
edge inclination (or the 

sweep angle ) • 

Applying the method of 
sources and sinks, we can 
determine the pressure in 
zones II and III. Studies 
have shown that the pres¬ 
sure coefficient in zone II 
is 


P = ± 


2a tgy 


*<*> 


£i ]/ 1 


t gM/tgy , |/~ i —~ 
‘SM - 


tgfi 


-tgO/tgVi 


(V-3-41) 



Figure V-3-9- Diagram of 
Flow Around Hexagonal Wing 
With Subsonic Leading and 
Lateral Edges and Super¬ 
sonic Trailing Edges. 


this zone are opposed, with the 
velocity component vanishes. 



Figure V-3-10. Geom¬ 
etry of Hexagonal Wing. 


where z = 2z/L, and tan 0 = 

= z/x. The excess pressure 
in zone III is zero, since 
the effects of the leading 
and lateral edges on flow in 
result that the additional axial 


Introducing the values of p_ L and p u from (V-3-41) into 

(V-3-22) and (V-3-23), we can compute the lift and moment coef¬ 
ficients. In the case most frequently encountered, in which zone 





Figure V-3-11. Diagram 
of Flow Over Hexagonal 
Wing with Supersonic 
Leading and Trailing 
Edges and Subsonic 
Lateral Edges. 


Ill is absent and only zones I and II 
remain (Mach waves AC and BD, which 
originate at the forward corners of 
the lateral edges, as shown in Fig. 
V-3-11, cross at a point off the wing) 

To determine the. aerodynamic 
coefficients for a pentagonal wing, 
we must set tan Xj. = 0 • For tetrag¬ 
onal wings, n = °°. 

Let us consider the aerodynamic 
characteristics of hexagonal wings 
with supersonic leading and trailing 
edges and subsonic lateral edges (Fig. 
V-3-11). 

The flow over such a wing is com¬ 
plex in nature and is characterized by 
the influence of the lateral edges on 
the variables in zones III, IV, and V. 
In zones I and II, the flow will be 
the same as on a delta wing with super 
sonic leading edges. 


In zone I, the added axial velocity component and the pres¬ 
sure coefficient are determined by (V-3-5) and (V-3-6), respec¬ 
tively, and in zone II by (V-3-10) and (V-3-11). 


Using the method of sources, we can determine the analogous 
quantities in the remaining zones. Let us present the coeffi¬ 
cient values in zones III, IV, and V. In zone III, the pressure 
coefficient 


p=± frf - A;, 

n yl —n 4 


(V-3-42) 


in zone IV 


and in zone V 




(V-3-43) 


p = ± (A 1 -^ 2 -^3+arccos 2 ^- ~ [(2 + B) * + 2(1 + n)] (V-3-44 ) 

a Vl — n * 2(^ + 0, 5a^ gl z tgXj) n / . 


where 
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*Translator’s Note: Figure numbering follows the same order as 
in the, original Russian text. Figures V-3-14 and V-3-15 are on 
page 343. 



















Rectangular wing. Figure V-3-13 shows a rectangular wing 
whose leading and trailing edges are supersonic while its late¬ 
ral edges are subsonic. Ordinary supersonic flow prevails in 
zone I, and the pressure is determined by (V-3-6) for a thin 
plate with the condition cos x ~ 1* 

In zone II, where the lateral edge influences flow, 

p ‘ =± ^Ffc arcs '"^- <V ' :H,6) 


If the right- and left-lateral-edge zones II intersect, the 
pressure coefficient in the resulting intersection zone III is 

Pm = (Pn^ift + ^Il^rght “ P I‘ 

For the cases of flow shown schematically in Fig. V-3-13, 
which correspond to the condition IXwgT^MJ, —1 > 1, with which the 

Mach lines BD and AC intersect at points E and F, respectively, 
on the wing trailing edge (Fig. V-3-13b), 


Cy = 4atgn(l— 


(V- 3 - 47 ) 

(V-3-48) 


The flow is more complex if V M« — 1 < l.; In this case (Fig. /256 

V-3-13c), new wave regions arise as a result of intersection of 
the incident Mach waves and those reflected from the lateral 
edges. The data in Fig. V-3-14 can be used to determine the 
coefficient c^ for the wing. 

The results given for c and m can be used to find the 

y 2 

center of pressure coefficient c = x /b , = m /c (Fig. 

c.p c.p rt z y ° 

V-3-15). 

The drag coefficient of the rectangular wing is 

c x — ac v — 4a 2 tg^ ^1—. (V-3-49) 


In practical calculations .of aerodynamic coefficients, it is 

more convenient' to use the curves shown in Figs. V-3-16, a-f and 

V-3-17, a-f, which characterize the variation of c a /X and the 

y wg 
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Figure V-3-14. Curve for Calcu¬ 
lation of Lift of Finite-Span 
Rectangular Wing. 



Figure V-3-15. Center 
of Pressure Coefficient 
of Finite-Span Rectangu¬ 
lar Wing. 


coefficient c as function of the parameters A, W bKM!o — 1, = 

c . p 

= tan Xj/ 2 j [tan Xi/ 2 = °-5 (tan Xq + tan X t )3 and n. 

From c , which is equal to the ratio of the center of pres- 

v • P 

sure distance to the root chord b^, we can determine the distance 
to the center of pressure as a fraction of mean aerodynamic chord: 


_ *<=-P __ / 3 itgxi >l + 2\ T] (T) + l> 

c-p *mac \ 2 ° -p 8 r] / 1 -j-rj (r) + l)' 


(V-3-50) 


§V-4. DRAG OF WINGS OF FINITE THICKNESS 

Wing of delta planform. To determine the drag due to thick¬ 
ness, it is necessary to investigate flow around the wing at zero 
attack angle (zero lift). The investigation can be carried out 
with the method of sources. 

Let us consider a thin wing of delta planform [58], From 
the gasdynamic standpoint, this wing is equivalent to a system 
of distributed sources (sinks), whose velocity potential is /257 

determined by (IV-3-1). 

The function f(e,£), which determines the source intensity, 
is found from the condition of nonseparating flow. With (V-3-4) 
in mind. 


/ = /o 


y'V™ 

a 


(V-4-1) 
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where y T is the slope of the profile at the point under consider¬ 
ation. 



Formulas (V-3-5) and (V-3-9) 
with (V-4-1) substituted for f 0 
can be used to determine the 
added axial velocity component on 
a wing with a supersonic leading 
edge. Accordingly, we obtain 
the following relationships for 
the pressure coefficient. In the 
zone between the Mach wave and 
the leading edge 


Figure V-4-1. Delta Wing of yf~=; (V-4-2) 

Finite Thickness with Sub- a " 

sonic Leading Edge in Super¬ 
sonic Flow. 

and in the region within the Mach 
cone 


x 


p 


2y' 

cc' Vl — n 2 


X 



arcsin 


/ 


n 2 — a 2 
l — a 2 


)• 


(V-4-3) 


To calculate the flow around a wing with a subsonic leading 
edge, (IV-3-1) should be used with the condition that the limits 
of integration are determined with consideration of the source 
distribution in the region between Mach lines AC and AE and the 
corresponding segments of the leading edges (Fig. V-4-1). 

The velocity potential for point A can be presented in the 
form of three components determined by the action of the sources 
in zones OCB, OBAF and FAE. Accordingly, (V-3-1) becomes 


<P = - 


0 * A -tgn(z A -5> 2 a 

l F(e,g)de+ l F(z,l)de + 
-z c -Etgxf 0 StgXj 


2 E 


+ l F (e, £)*]. 


(V-4-4) 


ttgx 


If the sources are distributed in the y = 0 plane, the func¬ 


tion 



F (e, l) - [(** e)* - a' 2 (z A -S) 2 r‘ /2 . 


The coordinates z^, and z^, which are determined by the posi¬ 
tion of point A, can be found directly from Pig. V-4-1. Differen¬ 
tiating with respect to x in (V-4-4), we find the additional axial 
velocity component, and then determine the expression for the 
pressure coefficient 


P = 


_ V 

na' V«»-l 


arch 


/ 


n* — a* 
l-o» * 


(V-4-5) 


If point A x lies between the wing leading edge and the Mach 
wave, calculations analogous to those given for point A with con¬ 
sideration of the fact that the sources in the shaded region of 
Fig. V-4-1 act on point A give for the pressure coefficient 


P- = 


_-- V 

act' V »*— 1 



(V-4-6) 



Figure V-4-2. Delta Wing with 
Rhomboid Profile. 


Delta wing with rhomboid 
profile . Figure V-4-2 pre¬ 
sents a diagram of this wing. 
The drag due to wing thickness 
can be calculated using the re¬ 
sults given above for the delta 
wing with constant profile con¬ 
tour inclination. 

Three design cases should 
be considered in determining 
the aerodynamic characteristics 
(Fig. V-4-3): 


a) leading edges and lines 

AB and AC of maximum profile thickness supersonic (1 > n > n^, 
where n = tan Xp tan n c = ^ an *c tan 

b) leading edges subsonic, and lines AB and AC supersonic 
(n > 1 > n c ); 

c) lines AB and AC subsonic (n > n^ > 1). 

Let us consider the case 1 > n > n^. The pressure distribu¬ 
tion on zone OBA is calculated by (V-4-2) in the region between 
the boundary of the Mach wave and the leading edge and by (V-4-3) 
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Figure V-4-3. Design Cases 
of Flow Around Delta Wing. 
1-1) edges OB (OC) and AB 
(AC) supersonic (1 > n > 

> n c ); 2-2) edge OB sub¬ 
sonic, edge AB super¬ 
sonic (n > 1 > n c ); 


in the zone inside the Mach angle. 
Integrating over area OBA, we ob¬ 
tain the component of total drag 
coefficient 


= (V-4-7) 

where bj/b^ (see Fig. V-4-2); F 
is a function equal to 


F(n, b t ) 




1 — b. ( b. 

\ arcc °s n + (V-4-8 ) 

y -f arcsin (VOj}. 


3-3) edges OB and AB sub- 

o n ni r fn > n >1') The second drag component is 

sonic in n c 1). governed by the action of the 

sources that give rise to the 
vertical velocity component v = 

= and influence flow in region ABD with inclination y£. y 

The pressures in the zones of wing area ABD outside and inside 
the Mach angle are calculated by (V-4-2) and (V-4-3), respect¬ 
ively. Integrating over surface ABD, we obtain 


Cx2 — 


8yI//2 

a'x 




(V-4-9) 


To calculate the third drag component, it is necessary to 
take account of sources on area ABD with intensity U~ V«, (y’ t — y\)!a. 

Using this intensity, the pressures in the corresponding zones 
are determined by (V-4-2) and (V-4-3) with yj in these formulas 
replaced by yj - y[. 

Integrating over area ABD, 


c x3 ... MU'!) . (V- 4 -10) 

cc iS 


Summing the components, 

cient c = c + c + c 

X Xi x 2 x 3 


we find the total wing drag coeffi- 


In the second case, n > 1 > n c , drag is calculated simi¬ 
larly with the condition that the pressure on the leading part 
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of the wing is found by (V-4-6). 
The first drag component is found 
accordingly for zone AOB, and the 
second component from the sources 
f 0 = yiV^/ir distributed on region 
ABD. The quantity c , which cor- 

responds to supersonic edge AB and 
depends on sources in region ABD 
with intensity f 0 = (y£ - yOV^/ir, 
is determined by (V-4-1G). 


Figure V-4-4. Variation of 
Drag Coefficient of Delta 
Wing with Rhomboid Profile 
and Supersonic Leading 
Edge as a Function of 
Position of Maximum Thick¬ 
ness for Various Sweep 
Angles. 


For the third case, which is 
characterized by subsonic edges OB 
and AB and, consequently, n > n c > 
> 1, the three drag components 
are calculated in the same way as 
in the preceding case, except that 
e_dge AB is subsonic and therefore 
b t n > 1. 


To these three components, we 
must add the drag due to the in¬ 
fluence exerted on region AEB by sources with intensity f 0 = (y£ - 
- ypV^/Tr, on region ABD. Since the pressure is found from (V-4-6 
in region AEB, the third part of the drag is expressed by 


Cxi = 


Sy[ {yj—y'i) 
no.' 


2 S ABE (!-&))» f i 
V n c ~~ 1 y 


arch 


/!*=! 

V 0 2 — 1 


da. 


(V-4-11) 


Summing the components, we find the total drag coefficient 

4 



Figures V-4-4 and V-4-5 show results from a calculation of 
the drag parameter c x a '/4cT 2 for delta wings with supersonic (Fig. 

V-4-4_) and subsonic (Fig. V-4-5) leading edges as a function of 
1 - bj for various n = tan Xq tan p. 

Tetragonal wing with rhomboid profile. The scheme set 
forth above for calculation of flow around a delta wing by the 
source method can be used to calculate the drag of a wing of 
arbitrary planform. 

Let us consider a tetragonal wing with a rhomboid profile 
(Fig. V-4-6). The flow around the wing can be presented as the 
resultant flow from three source systems having a triangular dis¬ 
tribution. The first source system is distributed in triangle 
OBL (we are considering half of the wing) and has the intensity 
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f 0 = y’V^/Tr; the sources of the second system with intensity 
f 0 = (yi - y{ )V oo /ti- are distributed in triangle ABD and, finally, 
those of the third system, which have the negative intensity 
fo = -yJV A, are distributed in region DBL. 



Figure V-4-5. Variation of 
Drag Coefficient of Delta 
Wing with Subsonic Leading 
Edge as a Function of Maxi¬ 
mum-Thickness Position. 


In the most general case, 
the additional axial velocity 
component at a certain point on 
the wing surface and, consequent¬ 
ly, the pressure will be deter¬ 
mined as a result of addition of 
components obtained from each 
source distribution. Depending 
on sweep angle or the position 
of each of the three source dis¬ 
tributions relative to the sur¬ 
face point under consideration, 
the pressure coefficient will be 
determined by Eqs. (V-4-2), 
(V-4-3), (V-4-5), and (V-4-6). 

Let wing edges OB, AB, and 
DB be subsonic. We can then ex¬ 
amine the four regions , 

z n z. , z. z_. , and z„ z, each of 

which is characterized by the same 



Figure V-4-6. Tetragonal Wing with Rhom¬ 
boid Profile. 


positions of the source-distribution zones. Consequently, the 
pressure! distribution will be identical within .the zone 






around each section, and the profiles will have identical local 
drag coefficients. 

The flow around profile EGJ with coordinate z (0 < z < z„ ) 

i — i — hi 

is calculated as follows. The pressure coefficient on segment EF 
with inclination y{, which depends on the source distribution in 
triangle OBL, is calculated from (V-4-5). For segment FG, which 
has the same inclination, it is also necessary to consider the 
influence of sources in zone ABL. Consequently, the coefficient 
calculated by (V-4-6) with y' z - yj substituted for yj and a cal¬ 
culated with respect to point B at the origin must be added to 
(V-4-5). 

The second pressure component on profile segment GH with 
inclination y’ must be calculated by (V-4-5) with y' z - yj sub¬ 
stituted for yj. 

Finally, on the fourth profile segment HJ, it is necessary 
to add to the above two components a third governed by the action 
of sources in triangle DBL and determined by (V-4-6) with -y 2 
substituted for y{. 

Flow over the wing in sections with the coordinates z 2 , z 2 , 
z 4 is investigated similarly. Four segments must also be exam¬ 
ined in the z 2 section. On the first segment, which lies between 
the leading edge and Mach line AA X , we have one pressure-coeffi¬ 
cient component determined from (V-4-5). On the second segment, 
which is bounded by the Mach lines AA X and DD 2 , we must add a 
component calculated by (V-4-6) with yj replaced by y' z - yj. 

The third profile segment lies between line DD 2 and edge AB. To 
the two preceding pressure-coefficient components, we add a third 
found from (V-4-6) with -y’ substituted for yj and the apex D 
regarded as being at the origin. On the fourth segment, which 
extends to the trailing edge, the pressure components are deter¬ 
mined in the same way as for the third. 

Three profile segments must be examined in the z 3 section 
and two in the z 4 section. Since the z 4 section lies behind 
wave DD 2 , three source distributions will influence flow simul¬ 
taneously at each point of this section. 

If the wing edges are supersonic, (V-4-3) must be used in¬ 
stead of (V-4-5) to determine the pressure coefficients. 

Calculation of the flow over a symmetrical rhomboid-profile 
wing by the above method indicates that the drag coefficient 
governed by thickness can be presented in the form 


C * fe 2>’ 


(V-4-12) 
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where b x = bj/b t , b 2 = b 2 /b t , f is a function that depends on 

the parameters n, b^ , S’ , and takes various forms, depending on 
the relationships between the values of these parameters. 

The forms of the function f are obtained for jthe following_ 
three cases as a result of the investigation: n < b 2 , b 2 < n < b x 
and n > b j. 

Figure V-4-7, a and b, shows calculations of a'c /c 2 by 
(V-4-12) as a function of n = 1/n for various b x and b 2 . 

Swept wing with curved profile . The flow over a thin swept 
wing with a curvilinear profile can be calculated by the method 
of sources. 

Let us assume that a thin profile is symmetrical and formed 
by arcs of circles (Fig. V-4-8). The source-method formulas 
given above should be used to determine the pressure coefficient 
at a certain surface point A, followed by summing of the pres¬ 
sure components induced by the various source distributions. 

It is first necessary to inspect the distribution of sources 
with intensity f 0 = ygV^/TT, which is determined by the initial 
slope of the profile. Assuming that the leading edge is subsonic 
and applying (V-4-5), we obtain for the pressure coefficient /262 


where 


P‘ — —/- • arch 
aa y«*— l 




G a 


■‘ffXiUrn; CT i = —■ tgXr 


(V-4-13) 


A pressure is induced at point A by sources with intensity 
dy T distributed in a triangle with an apex at point C (Fig. 
(V-4-8): 


dp — 


-My’ 
m' ~\Zrfl — 1 


arch 




n 2 —ct| 
1—aj ’ 


(V-4-14) 


where 


0 2 — 


2 a «g_Xi . 
* A~ X C 
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If a > 1, the pres¬ 
sure coefficient incre¬ 
ment is calculated in 
accordance with (V-4-6): 


dp = 


— Ally' 

- arc 

.-ra' — A 



(V-4-15) 


We can convert from 
the differential dy 1 to 
■dy' — (dy'/dz) d x — 

[(dy'/dxjlg yhiyJo\\do z , where 

dy'/dx— —2y' 0 lb for the cir¬ 
cular arc. 

To obtain the total 
pressure component 3 
(V-4-14) must be inte¬ 
grated from a 2 = Qj to 
a 2 = 1, and (V-4-15) from 
a 2 = 1 to a 2 = n. If the 
position of point A is 
such that it is influenced 
by sources with intensity 
fo = yJV^/TT in a triangle 
with apex B, the limit of 
integration a 2 = n for 
(V-4-15) should be re¬ 
placed by a 2 = Cg, where 

= [tg % X Z A I{X A — X B )] < n. 


Figure V-4-7. Wave Drag Coefficient 
of Wing as a Function n = 1/n for 
Various b x and b 2 . 


The third component 
of pressure at point A 
will be determined by the 
indicated source distribu¬ 
tion f. = -y jv /tt 


p = 


—4y 0 


ita' "l/n 2 — 1 


arc h 


-.Air! 


(V-4-16) 


The total pressure coefficient for the particular point can 
be found by summing the components obtained. 

The pressure distribution around a profile with a circular- 
arc contour, computed by the above method for M ot =1.4 and 
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Figure V-4-8. Swept Wing with 
Curvilinear Profile. 


Figure V-4-9. Chordwise 
Pressure Distribution on 
Wing with 60° Sweep Angle. 


= 60° as a function of the ratio z/b appear in Fig. V-4-9. 

The spanwise variation of the local drag coefficient is shown in 
Fig. V-4-10. 

Wings of arbitrary planform. The problem of flow around a 
wing of arbitrary planform can be reduced by the method of 
sources to a problem of flow over triangular surfaces. In this 
method, the given surface is filled out in plan to form a tri¬ 
angle. It can then be assumed that the flow around the given 
surface is induced by sources with positive intensity distributed 
on the triangular surface and by sources of the opposite sign on 
the added part of the surface, which is also dismembered into 
individual zones of triangular form. 

By way of example, let us consider a hexagonal wing as a 
triangular wing with a tip rake of chord MN (see Fig. V-4-6). 

The flow past such a wing is calculated as follows. Filling 
out the wing to the triangular form ODC, we calculate the flow 
from sources distributed on area ODC. Here the flow on area OMD 
(MD is a Mach line) remains the same as for the original wing. 

The parameters obtained for the tip MDN must be improved, since 
it will be influenced by sources of the opposite sign in triangle 
MNC. 


General relationship for drag of finite-span swept wing. 

The total drag of an aerodynamically flat wing is 


C x — C x f -p C X vt 0 “P -dCyj 


(V-4-17) 


where A is a certain coefficient. 
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Figure V-4-10. Spanwise 
Distribution of Profile 
Drag on Wing with 60° 
Sweep and a Symmetrical 
Profile Formed by Arcs 
of Circles (1) straight 
wing; 2) swept wing); 
the abscissa is distance 
from the root section 
in fractions of root 
chord. 


a = 0. This 
profile wave 



Figure V-4-11. Variation of 
Proportionality Coefficient 
c x in (V-4-20) According to 

Linear Theory (n = 2, x c = 

= 0-5; X wg tan x = 3-67). 

The value of this coeffi¬ 
cient is determined by the type 
of leading edge. If the lead¬ 
ing edge is supersonic, A = 


(c a ) 1 ; if subsonic, A < (c a ) 

y y 

The quantity c is the wave- 

x w o 

drag coefficient of the wing at 

quantity is conveniently expressed in terms of the 

drag coefficient c , using the relation 

X w 


c = c c , 

X W 0 X X w’ 


(V-4-18) 


where 


2k ^ 


V-Ulo-l 


(V-4-19) 


The proportionality coefficient c can be represented with- 

X 

in the framework of the linear theory as a function [6] 


c x — 


c xwO 




'■SX, '1- *c)- 


(V-4-20) 


As an example, Fig. V-4-11 shows a c curve for a swept wing 

X 

with taper n = 2, the abscissa x^ = 0.5, and A wg tan x = 3.67. 

Here the angle x (Fig. V-4-12) is measured with respect to the 
leading edge. 
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Figure V-4-12. Geom- Figure V-4-13. Wave Drag 

etry of Swept Wing. of Wings 


When the wing has an unsymmetrical profile (see Fig. V-2-5) 
with different maximum-thickness 

on the lower and upper surfaces, 
determined as the sum 


c = c 

X W 0 X W 0 


where the first term applies to the lower surface and the second 
to the upper surface. 

By way of illustration. Fig. V-4-13 shows curves of the wave 

drag c for wings of various planforms. All wings have lenticu- 

X W o _ 

lar profiles with a thickness ratio c = 0.05* 

Similarity. Let us use the subscript to denote the 

parameters (geometric and aerodynamic) of a swept wing at M m = 

= / 2 . 


positions and x« 

u 

the coefficient c should be 

x w o 


- + c , 

1 X W 0 u s 


(V-4-21) 


It can be shown that the geometric parameters of wings will 
be interrelated as follows for any M >1 and at M = /2: 

^ 00 CO 


a' = 

ii = n*; 

A wg = 

tgx^Ktgx,; 
tg X X*— i . 


(V-4-22) 
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The corresponding relation between the aerodynamic coeffi¬ 
cients of these wings and their sections will be as follows: 


Cy 

c,/M*r=T=--e,.; 

>>h 1^ ML — 1 = III; 




(V-4-23) 


(V-4-24) 


Thus, to calculate the parameters at a certain > 1, it 
is necessary that they be known for wings with several other 
tapers n and aspect ratios X but the same section shape and 

attack angles as the original wing. 



Figure V-4-14. e a = f(A ) 

y * 

for Swept Wings with 
Various tan x# and a 

Taper n# = 1. 


By way of example. Fig. V-4-14 
shows theoretical c“ x = f(A. # ) 

curves for swept wings for various 
tan x* and a taper of n s = 1. 

To use these curves for other 
M > 1, it is sufficient to sub¬ 
stitute c“ V ML -1 ; A wg Y ML - 1; tg X /V ML - 1 

for tan x* in Fig* V-4-14 

in accordance with the given trans¬ 
formation formulas. 

§V-5* THE NONLINEAR PROBLEM OF 

SUPERSONIC FLOW AROUND WINGS 


Application of the Method of Char¬ 
acteristics 

Calculation of flow past sharp profile. In the general case 
of supersonic flow around a sharpened curvilinear profile of arbi¬ 
trary thickness, the M ot of which can also be arbitrary, the local 
aerodynamic parameters of the gas can be calculated by the method 
of characteristics. 


The calculation is performed as follows. A rather small wedge 
surface OA (Fig. V-5-1) is taken in the neighborhood of the 
sharpened leading edge and the flow variables calculated for it 
by the theory of the oblique compression shock. The result is 
construction of the rectilinear shock segment OC and determination 
of its intersection point C with the simple straight wave drawn 
from point A. This wave AB coincides with a characteristic that 
might conventionally be called the first-family characteristic. 
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The flow over the curvilinear 
contour downstream from point A de¬ 
pends on the shape of this contour, 
the values of the gas parameters at 
points on characteristic AC, and 
the interaction with the shock wave, 
as the result of which the shock 
wave itself acquires a curvilinear 
form. Here we can isolate a con¬ 
tour segment AL where the curvi¬ 
linear shock has no influence. This 
segment can be' determined by draw¬ 
ing rectilinear first-family char¬ 
acteristics from closely spaced 
points F, G, etc., to their inter¬ 
sections at points D, E, etc., with 
the corresponding elements of second- 
family characteristics. The second- 
family characteristic element NL drawn from point N intersects 
the profile contour at a point L, which will be the boundary of 
the sought potential (irrotational) flow segment, which is inde¬ 
pendent of flow behind the curvilinear wave. 

On this segment, the local M is determined from the theory 
of the simple wave, which is known as the theory of Prandtl-Meyer 
potential expansion flows (see page 190). In this theory, for 
example, the expansion angle of a flow with the initial condition 
M = 1 for point F will be co p = The corresponding 

M„ at point F is found from Table 1V-1-1. The calculation for 

other points of this contour, including point L, is analogous. 

Pressure must be determined by the formula 


P = P* (l+-V^ M2 ) h ~ y ’ 


where M is the local Mach number and pj is the flow stagnation 
pressure behind shock OC. This pressure is assumed to be the 
same both for points A, F, ..., L and for all other points down¬ 
stream from L. 

The pressure coefficient Is calculated by (IV-7-12). The 
flow will be rotational in the region between the second-family 
characteristic CL and the curvilinear wall, and will depend on 
flow conditions immediately behind the curvilinear shock wave, 
which takes the form of a broken line that is extended out step¬ 
wise in the course of solving the problem. The appropriate 
method of characteristics must be used for the flow calculation 
in combination with shock-wave theory. 



Figure V-5-1. Diagram 
Illustrating Calcula¬ 
tions of Supersonic Flow 
Around Profile by Method 
of Characteristics. 
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Let us examine calculation of the flow in triangle CDH. It 
will be determined if the flow variables are found at points C, D, 
and H. At point C, the gas variables are found as the parameters 
immediately behind the shock. At point D, the parameters will be 
the same as at point P; in particular, = y^, 3j~, = 3p. Hence 

the inclination of characteristic DH to the x-axis can be found; 
it will be defined by the angle 3p + Up. 

To determine the flow at point H, which lies on the compres¬ 
sion shock and characteristic DH, it is necessary to examine the 
shock and characteristic equations simultaneously. Here the 
equation for the characteristic must be written with considera¬ 
tion of flow vorticity. As a result of solving the corresponding 
equation system, we determine the angle difference 


where 


Cd 


sin 2 cos nx> 
cos (Pd + Hd) ’ 


A/>o = Poh — Pod, 


An = DH s in yx>. 


Prom A3 d , we can find 


Acoxj = cOjf — ft>x> — APjj 


X H~ X D A Po 
k P’oD An 


(V- 5 - 2 ) 


and then determine and the corresponding M . The shock in¬ 
clination 0 g p at point H is determined from the values of and 

the angle 3p = A3p + 3p. The gas variables at this point can be 

refined by repeating the calculation using the new p* corre- 
sponding to the parameters and 6 s p* 

We can now find the variables at point J, which lies at the 
intersection of the two characteristics HJ and EJ of the second 
and first families, respectively. For this purpose, we use for 

the characteristics the equations that take account of flow vor¬ 

ticity. By solving them simultaneously, we obtain 


Ap E = p J -px i = |( 


X J x li 


k P 0 


OH 


Ap'o 

An 


tii 


x j — x e A ^b 
k ’Poi 


An 


C E — C 0 E }; (0 H — p £ -1- Pxr) i ( ^ 5 3 ) 


where 
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~ sin* ( >;/cos (if/ . _ sin 8 [ i gcos ug . 

H '~ COS (P/f-“|l H ) ’ E cos(p K ! |t E ) 

Po Pen — Poe ; 

An ==-• IIJ sin (.»„ -f- DC sin 


The difference 


Aw k 


io j — •— Ap E - 


~ X E 


A Po 


kp'oE An 


C E 


(V-5-4) 


corresponds to this Agg. 

Thus, the angles g j, to J} Pj and the number Mj can be calcu¬ 
lated for point J. 

The variables of the gas at other points of this region that 
lie on the curvilinear shock or at the nodes of conjugate char¬ 
acteristics are determined in a similar manner. 

The last element in the calculation is determination of the 
rotational-flow parameters at points on the contour. By way of 
example, let us consider point S. Since it lies on the contour 
and, simultaneously, on the second-family characteristic PS, we 
can use the equation for this characteristic. 


Ac 0p = (Os — — — APp T 


z s —xp Ap ' 0 
kpgp An ’ 


(V-5-5) 


where 


Ap ' 0 = Pop — Posi 
An — PS sin p P . 


The Agp in this equation is equal to the difference gg - gp, 
in which angle gg is known by hypothesis. Calculating AiOp, we 
find the values of u)g, p g , and Mg at point S. 

Determination of the coordinates of points at the nodes of 
the characteristic net, on the compression shock or on the con¬ 
tour, is a component part of the calculations. 

As an example, let us consider the intersection point J of 
the two conjugate characteristics HJ and EJ. Its coordinates yj 
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and Xj are determined by solving the equations 

Vi—yE = ( x j — x e) tg (Pb + He); 1 (Y_5_g) 

Uj — Uu = ( X J ~ x u) l S (pH — f/f)- / 


By way of illustration, let us calculate the coordinates of 

points H and S. The former is situated on the shock and a first- 

family characteristic. Its coordinates y Tjr and x TT are therefore 

n n 

determined by solving the equations 


Uh Vc = (x u — x c ) tg Q ca ; ) (V -5 _7 ) 

yn — yo= (x„ — x D ) tg (p D + n 0 ). / 

The second point S is located simultaneously on the contour 
and on the second-family characteristic PS. Its coordinates y^ 

and Xg are therefore determined by the equations 

ys-=f(x s ); 1 (V-5-8) 

ys — yp = (x s — Xp) t g (Pr — Up) . / 


The coordinates of other points are determined in a similar 
manner. 

The above method of flow calculation can also be used when 
the profile is set at an angle of attack. If the attack angle is 
such that the angle between the tangent to the contour at the 
point and the vector is smaller than 180°, the calculation 

must consider formation of a shock wave above and below the pro¬ 
file in accordance with the hypothesis for which the calculation 
was set forth. 



Figure V-5-2. Calculation of 
Supersonic Flow Around Profile 
by Strip Method. 1) strips; 

2) local profiles. 


If one of the tangents is 
inclined to the vector by 
180° or more, no shock is 
formed on the corresponding 
side and the flow must be cal¬ 
culated by the Prandtl-Meyer 
theory, i.e., by the simple- 
wave formulas. 

This method of calcula¬ 
tion enables us to find the 
M distribution over the pro¬ 
file. The pressure can be 
found from M and then the 
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aerodynamic coefficients can be calculated by Formulas (1-3-20), 
(1-4-16) and (1-5-12). 

Swept wing. The "method of strips," in which the surface of 
the swept wing is represented in the form of a set of narrow 
strips oriented in the direction of the oncoming-flow velocity 
vector (Fig. V-5-2), can be used for approximate determination 
of the aerodynamic characteristics of a wing with a swept leading 
edge. The basic premise is that the supersonic flow is regarded 
as two-dimensional for each strip and there is no interaction 
between strips. The flow can therefore be calculated, for exam¬ 
ple, by the method of characteristics for two-dimensional flows, 
the strip method gives good results for high velocities, but 
it can also be used for small supersonic speeds to obtain esti¬ 
mates . 


If the profile is thin and the M a are small, the local flow 
can be calculated in accordance withl the linearized theory. 

The aerodynamic force, moment, or corresponding coefficient 
can be evaluated by summing the aerodynamic characteristics span- 
wise for each strip. Formulas (1-3-28), (1-4-22) and (1-5-16) 
should be used for this purpose. 

Aerodynamic Characteristics at Ve ry High (Hypersonic) Speeds 

Application of Newton's method. The basis of the Newtonian 
method, which is used for approximate determination of profile 
aerodynamic characteristics for hypersonic speeds, is the working 
relationship (IV-7-2). The quantity p* that appears in it — the 
pressure coefficient on the corresponding side at the sharp for¬ 
ward point of the profile — is calculated by the exact theory of 
flow around a plate. The angle between the profile normal and 
vector is n*. This angle is equal to n at an arbitrary point 
of the profile where the pressure coefficient is p. 

The cosines of the angles q* and n are determined from 

(IV-7-4) by calculating the ratio Vn^/V^ = cos n, in which the 

values of cos a and cos a are found by Formulas (IV-7-3). 
x y 

Since 9y/9x = tan 8, where 6 is the angle between the tangent to 
the profile and the chord, and 9y/9z = 0, cos a = sin 8, cos a = 

•A. J 

= - cos 8. 

Consequently 


cos ii -r?-—1- cos a.sin p — sin a cosp -- sin (P — a). (V-5-9 ) 

r CO ' 

At the nose point, where 8 = 8p, 
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(V-5-9') 


cos i]* = cos a.sin p p —sin a cos p„—sin ({3 P — a). 


Thus, (IV-7-2) can he written 


P—P* S C - S JL S ' 11 P -si u gfo s P)i _Sill* (0 — a) 

(cos a sin 0 P —sin a cos j3 p ) 2 p sin 2 (0 p — ai ’■ 


(V-5-10) 


ii— 



Figure V-5-3. Bound¬ 
aries of "Shaded" 
Zone on Profile (1 
is the Shaded Zone). 


This formula applies for a positive 
inclination of the local surface element 
i.e., for cases in which the values of p 
are themselves positive, with the limit 
p = 0. At contour points where this 
value is realized, the condition a = 3, 
from which the coordinates of points on 
the boundaries of the "shaded zone" 
can be found, must be satisfied (Fig_. 
V-5-3)• The respective equations for 
determination of these coordinates on 
the upper and lower parts of the profile 
have the form 



(V-5-H) 


At points in the "shaded zone," the coefficient p = 0 is 
to be taken in accordance with Newton's theory. 

The pressure distributions are found separately for the top 
of the profile, where the contour equation y^ = y u (x), and on the 

bottom, where y^ = y^(x). The corresponding formulas for the pres¬ 
sure coefficient are 


- -» sin 2 (0 U — a) . 

P°-P* sin 2 (Pp, n —a) ’ 


Pi = P*i 


sin 2 (Pi —a) 
sin 2 (P p i—a) 


(V-5-12) 


The coefficient p* is determined from the theory of oblique 
compression shock in the general case for arbitrary angles 3 n and 

ir LA 

3pi* The formulas are accordingly suitable for both thin and 

thick profiles in flows at high M at arbitrary a. If the pro¬ 
files are thin and the attack angTes small. Formulas (V-5-12) 
simplify: 


Pu=P* 


(Pu-«) a . 
(Ppu-«) 2 ’ 


Pi=Pi 


(Pi—g) 2 

(P.pi-a)* ' 


(V-5-12') 
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In using the formula for p^, it should be remembered that 
the angle 3^ is calculated from the contour equation y^ = y-^(x) 
on the assumption that the coordinates y^, like y , are positive. 
Consequently, the angles 3 1 = (dy/dx) 1 are positive at the begin¬ 
ning of the profile, but may become negative at the trailing edge. 

We have from the theory of the oblique compression shock 
for the pressure coefficient p* 


{f+jA+[ 


(A -f 1) .Moo 6 ( 


-Jl 


0 2 


(V-5-13) 


where 0 = 3 - a for the top and 0 n = 3 n - a for the bottom, 

ou pu o 1 pi 

In the extreme case of M 0„ -»•<», 

co 0 9 


/>*« = (* + l)(P P u-a) 2 ; j 
P*--(A + l)(P P i-o)». J 


The value k = 1 corresponds to the so-called pure Newtonian /271 
theory; then 


/>t = 2(P PU -a) 2 ; | 
P* ~ 2 (P P i—a) 2 . J 


(V-5-15) 



Figure V-5-4. Profile with 
Parabolic Contour. 


The aerodynamic coefficients 
can be calculated from the pres¬ 
sure distribution. The lift coef¬ 
ficient 


c v — § (Pi ~Pu)dz, (V-5-16) 
0 


where_x = x/b, or, remembering 
that p = 0 in the "shaded zone," 
we can write 


c y 


\pidx— J Pu dx, 


(V-5-16*) 
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where x-^ and x u are dimensionless coordinates of points on the 

boundary of the "shaded zone" for'_the lower and upper surfaces 
of the profile, respectively, and p^ and p^ are the pressure 

coefficients calculated by (V-5-12) and (V-5-12 1 ). 

The wave drag coefficient 

1 

Cx— ^ (— P l 9i+Pu©u) dx. (V-5-17 ) 

0 


After substituting 0^ = 3^ - ot and © u = 3 U - a, we find 


°x * 


= - 1 ( p l B l dx + l p u B u dx - 


(V-5-17' ) 


The moment coefficient about the leading edge is 


l 


m = 
z 


= - J (P-i “ P„) x dx 
0 


(V-5-18) 


or 


u 


in 


= - / p,x dx + / p x dx. 
0 x 0 


(V-5-18' ) 


As an example, consider calculation of the aerodynamic character¬ 
istics of a symmetrical profile whose contour is formed by a_ 
second-order parabolic curve y = 4x(l - x), where y = y/y m , x = 

= x/2x m (Pig. V-5-4). 

The respective contour equations for the lower and upper sur¬ 
faces are 

y- L = - 2cx(l - x); y u = 2cx(l - x), 

where 

c ~ 2y m Ib — 2,y m /2x mm 


We determine the angles 3-^ and 3 u : 


B-L = - 2c (1 - 2 X;L ); 3 u = 2c(l - 2x u ) 
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We find the coordinates of points on the "shaded zone" 
boundary from the conditions 


a = - 2 c(l - 2 x ^)5 a = 2 c(l - 2 x u ), 


from which we see that 


•n 

b 


= ^(« + 2c); 


X, :: 


Tr=4-< 2 «-“J- 



Figure V-5-5* Polars for a 
Plate and Two Thin Profiles. 



Figure V-5-6. Polars for Wing 
Profiles as Found with the 
Newtonian Formula. 


Integrating in_(V-5-l6') and 
(V-5-17') for a < 2c and p* and 

p* determined from (¥- 5 - 1 * 0 , we 

obtain expressions for the lift 
and drag coefficients: 



( 2 “Of) > 


c x w =P* (2c 3 -|- 3a !! c+.-i-^-j , 


(V- 5 - 19 ) 

(V-5-20) 


where 




(V-5-21) 


The moment coefficient is determined similarly by (V-5-18). 


Formulas (V-5-19) 
a >_ 2 c, i.e., when the 
the inclination of the 


and (V-5-20) do not apply for the case 
attack angles are equal to or greater than 
profile at the leading edge. In this case. 
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0. 


the entire upper surface will be in the "blanketed_zone," andj_ 
consequently, the limits of integration will be = 1 and x u = 

Accordingly, we obtain for the lift and drag coefficients 

c v = p* (a 2 -f-|-c 2 ) ; 
c xw= P* (4ac 2 + a 3 ). 


(V-5-22) 

(V-5-23) 


The aerodynamic coefficients for various profiles can be 
calculated in the same way if their forms are given. 

As we have noted, k =_1 corresponds to "pure" Newtonian 
theory and, consequently, p* = 2. Profile polars corresponding 
to (V-5-19) and (V-5-20) have been plotted in Pigs. V-5-5 and 
V-5-6 for this value. Analysis of the curves shows, for ex¬ 
ample, that a delta profile has lift/drag-ratio advantages over 
rhomboid profiles at large enough angles of attack. 

Method using the theory of compression shocks and expansion 
flows. Calculation of pressure by this method requires Formula 
(IV-7-16) with the parameters indexed 2 and the function c in 

the following form (provided that the wing is thin and the are 
very large): 


Pz^ 

• 4 
“A-+1 

*2-1 /jr 
\f 2 • 

‘ oo 

M 

xO s ); 

0z ___ 

(*=* 



Ik — i- 

poo 

1-1 

' fc -i-i 0 } ’ 


Vi ~ 

Moo r 

— K 2 - 

k — 1 \ / k -1 

» 

2 K -2\ 

“LUt 

1 o 

*H-1 ) \ k +1 


k- r l K o jj * 





2ft 

~ _ 2 
Cp ~ AM» 

u* : 

-~1I 2 (0 O - 

0) 

r-*K 

■ o 

1! 

(1+1 


)*+*■- 


where K, = M 0.. 

1 oo 0 

After transformations. Formula (IV-7-16) can be brought to 
the form 


where 





2ft 



ft-t 



(V-5-24) 


g = 


2k 

k+1 


K\ 


k—l \ 
* + l ’ 


(V-5-25) 
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(V-5-26) 


k — i 




2k 




+f)fef + *TT*;’)] 


- 1/2 


If the attack angle is large enough, no shock forms on the 
top of the profile and the pressure distribution can be found 
by the simple-wave formula 


- 2 




[(< 


k—i 


2k 


M.o0) *- 1 - l] , 


(V-5-27) 


where the angle 0 is reckoned from the direction of vector 

For ‘IMsoQlig;— 2 — the pressure coefficient is set equal to zero. 

It must be remembered in calculations with (V-5-24) that it 
applies when the disturbances reflected from point C of the shock 
wave do not reach the contour. If, however, the surface of the 
profile is curved, disturbances reflected from the shock wave 
must, generally speaking, be taken into consideration in deter¬ 
mining pressure. However, study has shown that these disturbances 
are of low intensity even at high supersonic speeds. 

Formula (V-5-24) can be used with an error of less than 10$ 
for > 3 and 0 < 25°. Its accuracy improves for k close to 
unity°°(see Fig. V-5-12). 

Influence of physicochemical transformations. A method of 
flow calculation applicable to an ideal gas was considered ear¬ 
lier. In hypersonic flows in which the properties of the gas dif¬ 
fer from those of the ideal gas, the disturbed flow can be deter¬ 
mined by the method of characteristics, which takes account of 
equilibrium chemical reactions [Eqs. (IV-l-46)-(IV-l-50)]. 

To simplify the problem, we can examine, instead of flow at 
thermodynamic equilibrium, a "frozen" flow in which the gas has 
the same equilibrium composition as at a certain point or on a 
certain zone behind the shock. This flow will correspond to 
chemical-reaction times longer than the characteristic particle- 
translation time. 

For the "frozen" state of a dissociated gas that originally 
c onsi sted of diatomic molecules, we have the equation p--p(i -{-«) HT 
= \pRjT, where R f =^R (1 -fa) is the gas constant for the "frozen" 
state. The degree of dissociation a is determined for equilib¬ 
rium conditions directly behind the shock and assumed constant 
for the entire flow. The "frozen" gas will be characterized, 
apart from the modified gas constant R^, by the effective isen- 

tropic specific-heat ratio k f — {c p /c v )j.. 
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For the "frozen" state, in which the rates of all chemical 
reactions are very low and the vibrational energy levels do not 
excite owing to the long relaxation time, the isentropic exponent 
\kf — (7 + 3a)/(5 + a). Another "frozen" state is characterized by chemi¬ 
cal-recombination relaxation times that are substantially greater 
than the relaxation time for vibrational degrees of freedom, which 
are fully excited behind the shock. For this state, A/!=(9-j-a)/(7 — a). 
The difference between these two kinds of "frozen" state can be 
brought out by consideration of the a = 0 case. Then the 
"frozen" gas has k^ = 7/5 for the first state and k f = 9/7 for the 

second with the fully excited vibrational levels. 

"Frozen" disturbed flow around a profile can be calculated 
by the method of characteristics, using (IV-1-17) or (IV-1-18) 
with the effective value of k^. To find this value when the type 

of "frozen" state is known, the equilibrium degree of dissocia¬ 
tion a should be determined behind the shock wave. To establish 
the type of "frozen" flow, it is necessary to know the correspond¬ 
ing gas relaxation times. 

Solution for thermodynamic equilibrium conditions. Refer¬ 
ence [18] examines a method for solution of the problem of flow 
of an equilibrium-dissociating gas around a convex surface (see 
Fig. IV-1-3); it is based on use of diagrams of the thermodynamic 
functions of air at high temperatures [13]. This flow is de¬ 
scribed by the differential equation 

l dP dV T - 

'V1 + 2C, * —/■+!//■*-}-A — V? ’ 


where is the radial velocity component, which coincides in 

direction with a ray drawn from the vertex of the convex angle 
and the parameters |> = »' Cl /j/i+ 2c 2 ; A = 2 (i 9 — c 0 ). 

The coefficients c n are determined from the isentropic-flow 

condition,which takes the form |i — c 0 + c 4 a + Cj>a 2 ± using tables or i-a 
(enthalpy-speed of sound) diagrams for a certain range of en¬ 
thalpy variation. By solving the differential equation, we ob¬ 
tain the relation between the rotation angle and gas parameters 
with consideration of dissociation. 

For given initial flow conditions, these parameters, as in 
the case of constant heat capacities, depend on the total rota¬ 
tion angle w = co^ + 8, where is the initial rotation angle 
reckoned from the direction of the velocity vector that corre¬ 
sponds to M = 1. 
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Reference [18] presents tables of the angle Woo calculated 
for various entropies S and enthalpies of stagnation i„ = joo + 0,5FL. 
Adding the given flow angle: of turn B to and determining 
co = oj + 3, we can use the same tables to find the local gas 
parameters (i, V, a, M). The corresponding pressure and tem¬ 
perature are determined from tables or diagrams of the thermo¬ 
dynamic functions of air for the known i_ and S. 

As an example [18], let 
us calculate the variables of 
an air flow (with the initial 
conditions V = 2500 m/s, S = 

= 1.4-10 4 m 2 7 s 2 *deg, i = 

= 28.87*10 6 m 2 /s 2 ) when it 
turns through an angle 3 = 20°. 
The stagnation enthalpy i. = 

= 28.87-10 6 + 0.5* 2500 2 = 

= 31.995*10 6 m 2 /s 2 . From the 
table [ 18 ], we find the angle 
coo = 4.19° for this value of 
i 0 and the given entropy S = 

= 1.4*10 4 m 2 /s 2 *deg and calcu¬ 
late co = 4.19° + 20° = 24.19°. 

We find the disturbed parameters for this angle from the same 
table: V = 3472 m/s, a = 1955 m/s, M = 1.776, and i = 25-973 * 
x 10 6 m 2 /s 2 . The following approach should be taken to find the 
distribution of the parameters of a dissociating gas over the 
convex surface of a sharp profile. First the dissociating-gas 
parameters are determined directly behind the shock on the pro¬ 
file nose. These parameters are regarded as initial data for 
solution of the flow-turn problem. Knowing, for example, 

the initial enthalpy i and speed of sound a , we can refer to 

s s 

the i-a diagram [13] to find the entropy S and, with considera¬ 
tion of the total enthalpy i 0 = i + 0.5V 2 , determine the initial 
angle of turn 03 m from the table l 1 8 ]. Assigning the local in¬ 
clination angle 3 of the tangent to the profile contour, we can 
find the angle w = w + 3 and then use the table [18] to deter¬ 
mine the gas variables at this point. 

The method of "tangent surfaces." For a sharp profile of 
arbitrary form (Fig. V-5-7, the pressure coefficient can be cal¬ 
culated by the "tangent surface" method. In this method, the 
pressure at a certain point of the profile is assumed to be the 
same as on a flat plate inclined to the direction of the oncoming 
flow at an angle equal to the angle between_the tangent to the 
contour at the particular point and vector V^. 

The initial expressions for the calculation are the formulas 
for a flat plate. If the attack angle is a, the pressure coef¬ 
ficient on the lower plate surface according to (V-5-13), in 
which we set 0 O = a, will be 



Figure V-5-7. Profile of 
Arbitrary Form with "Shaded 
Zone" 1. 
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(V-5-28) 


- ' fc+i 


{l +j/l +[ (& + 1 J M —] 2 } . 


Formula (V-5-27) can be used for the top surface with a substi¬ 
tuted for 0. Practically the same results are obtained with the 
expression [6] 


ir-■*¥■? {/*+[ (*+■) .«„, ]*-»} • (V-5-29) 

These formulas give good results when M^a > 0.5. Let us 
use 0 to denote the local attack angle for the tangent plane. 

Then with 0 positive, the pressure coefficient at the correspond¬ 
ing point will be 


fc + i 


{*+/>+[ 


<* + l) M«6 


H 


0 *; 


(V-5-30) 


for a negative angle 


P 


H-i 


{j/i+I 


4 


L(&4-l)Mc0. 



(V-5-31) 


The local attack angle 

0 = - a (on lower surface); 

© = yu. ~ a (° n u PP er surface), 

with 

y| = dy^/dx (on lower surface), 
y u = d y u /dx (° n u PP er surface), 

where y^ = f^(x) and Y u = f (x) are the equations of the lower 
and upper contours respectively. 

In the extreme case with M -*■ °° 

oo 
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(V-5-32) 


p—(k-jr 1)© 2 (0>O); | 

p = 0 (0 < 0). j 


We can find the other aerodynamic coefficients from the 
known pressure coefficient. 

At small angles of attack, the lift coefficient is' calculated 
by (V-5-16). 

This formula can be written 


where 


c v — c y °° 4” Acy, 


(V-5-33) 


1 

c yoo— ^ (p 1 ».— Puco) dx — 
0 


(V-5-34) 


is the profile lift coefficient for 00 , and the added term 

i 

Ac„ = J" (Apt—A pu)dx (V-5-35) 

o 


accounts for the influence of M w . The respective pressure coef¬ 
ficients are 


Poc-(A: + 1)0“ (©>0); j 

Poo 0 (0 < 0), j 


(V-5-36) 


and Ap is determined by the expressions 

{* + /• + b+iTJCsD < 9 >°>’ 

A p,. - *+l { /< +[( 1 - ri p- sra ] ! - 1 } e» <e<o>. 


Formula (V-5-18) for the moment coefficient about the lead¬ 
ing edge can be written 


m z - - m Zno -f Am*, 


(V-5-38) 
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where 
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i 

m z<x> ■ ~ ^ (P i •*> Pu«;) * dx\ 
o 

i 

A m. z == — § (Api — ApJ a: dx. 
o 


(V-5-39) 

(V-5-40) 



The frontal-drag coefficient of 
a profile with the local attack angles 
0 ^ and 0^ on the lower and upper sur¬ 
faces is determined by (V-5-17 1 ). 

Since 


Figure V-5-8. Wedge Pro¬ 
file. 


then 


c a — c ya ,+ Ac y , ppo, + Ap, 


where 


c x w — (c x „)<» + Ac Xv 


(V-5-41) 


(Cjw )oO — CyooCC ^ (PlooUv Pu<x>yd)dx, (V 5“ 4 2 ) 


1 ■ _ 

Ac x w = — § (A p x y\ — Ap u {/u) dx + Ac y a. (V- 5 - 4 3) 

o 


As an example, let us examine a wedge profile (Fig. V-5-8). 
The local attack angles on the lower and upper surfaces, respec¬ 
tively, are 


©!= — (a + y) I 0 u = a —, 


where c = c/b. 

If the attack angles a < c/2, 


Pi °o 


(k + 1) (a + y) ; 
Ap^ATjM- 1 ; 


Puoo = (*+l) (a — y) 2 ; 
Ap u = 
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where 


Ki ’ 2 2 +[ (fc+lJM^s ] +l} ML0J,„ 


and 0, = 0-, corresponds to K, and 0, = 0 to K 2 , 
l _L 1 ^ u 

In accordance with the values obtained. 


c« 


- = 2<A + l)-i-; ^ 


— (* + i) •=•; 

C C* 






(V-5-44) 

(V- 5 - 45 ) 


(»T + t)* ' (f ,H) + *> • (V-5-06) 


If a > c/2 


Pi«. = (A'+1) (a + -|-j 2 ; p uoo =0; 


A/>i = 


. Kj 
mL 


Ap u * 


m: 


(V-5-47) 


where 
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At “ 


H-i 



A 2 -■= 


H-i 

•> 


+*}«»!! 

{h 1 [(STincoJ ~ 1 } M “ e ’- 


(V-5-48) 


In the particular case of a thin plate, we must set c = 0. 
Accordingly, 


'—(*+!>«■ /*+[ !>+,, 


(fc + 1) M 

c» = (A + 1) a 3 j/l + [ 


(A- --J- 1 ) Mcoa 


]*• 


(V-5-49) 

(V-5-50) 


At the limit, as M a ■> 00 

00 

c » = (A + 1 ) a 2 ; 


(V-5-49') 
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‘“XW 


c IW =(k+ l)cc». (V-5-50 1 ) 


Profile of arbitrary form. 

Using the above method, we can 
calculate aerodynamic coefficients 
for profiles of arbitrary form. 

It is necessary to know the equa¬ 
tions for the lower and upper, con¬ 
tours, i.e., the functions y-^(x) 

and y u (x). 

Calculations indicate that, 
as in the case of the wedge pro¬ 
file, the coefficients of lift 
(moment) and wave drag of the pro¬ 
file of arbitrary form,_referred 
respectively to c 2 and c 3 ^ are 
functions of the ratio ct/c. 


Figure V-5-9. Polars for The corresponding formulas for 

Wedge Profile. the three profile types are given 

in Table V-5-1 [6], Analysis of 

these formulas indicates that the 

polar of the profile expressed by c /c 2 = f(c /c 3 ) is a weak 

y -*>• w 

function of the ratio a/c. For approximate determination of 
Cy/c 2 as a function of c x w /c 3 in the case of an arbitrary pro¬ 
file, therefore, we can use, for example, the curves for the 
wedge profile (Fig. V-5-9). 


The center of pressure coefficient 


£c.p 


Xc -p _ m z oo+ A m t 

b ' c v oo+ A c v 


(V-5-51) 


can be determined from the data in Table V-5-1. 

Figure V-5-10 presents curves characterizing the variation 
of the center of pressure coefficient for the three profiles. 
The pressure center for the flat plate occurs at half chord of 

the plate, so that c = 1 / 2 . 

* c. p 

The lift/drag ratio is to be calculated by the equality 


K 


Cy Cy oo“f~ ACy 

W a© “f’ 


(V-5-52) 
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TABLE V-5-1. AERODYNAMIC COEFFICIENTS OF PROFILE AT VERY LARGE M 
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Profile type 


See Profile type 1, page 374 


Drag coefficient 


c „w /c3 = ( C *wW c3 + A! W‘ 3 
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No. 

Profile type 

Moment coefficient 

Parameter M oc |$|, 
determining 
coefficient K n 

m z /c3 = m zoo /c2+Am z /c2 

tn zoo /c» 

Am z /c2 

O/l V' 1 « i 

0/1 u'l>l 

a/| v' I ;£ 1 
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See profile type 1, page 374 
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For very large M^, this quantity can be evaluated by the 
formula K = c /c . 

y OO CO 


c c.p 



Figure V-5-10. Center of Pressure 
Coefficient for Profiles at Very 
Large M^. 


If we introduce the 
nomenclature c, Jco !c 3 ~c,j„-, 

(hrw )oo/C 3 — 

Kc — —. (V-5-53) 

( c 7w)oo 


Figure_JV-5-ll presents 
values of Kc for three pro¬ 
files with rectilinear con¬ 
tours . 

Variable heat capacities. 

Let us consider a very-high- 
velocity flow of an ideal 
gas over a profile when the 
isentropic specific-heat 
ratio behind the shock 
varies and a certain fixed 
According to the method of tan- 

a 


value of k 2 < k m is preserved, 
gent wedges, the pressure coefficient at a certain point on 
thin profile with angle 0 > 0 is 


Kc 



20 * 

1 —Pc 


p = 20*_(1 —_p) _1 = 
f A I Pc (Poc- — Pc) ~] 

L 1+ *0 *K\ J’ 


(V-5-54) 


where 


P — P00/P2! Pc— (&2—l)/(^ 2 'l'l)j 
Poo = (A?oo 1 )/(AToo —f— 1) J 

K t = Moo0 > 1. 


The tangent-wedge method can 
be improved by considering the ef¬ 
fect of the curvature resulting 
from centrifugal forces. The cor¬ 
responding formula, derived for 
very small 1/p, takes the form 


Figure V-5-11. Curves for _ _ 2 u 

Calculation of Lift/Drag p = 2© 2 (l —p) _l —(V-5-54') 

Ratios of Profiles with Rec¬ 
tilinear Contours. 
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where y_ is the coordinate of the profile point reckoned along the 
normal to vector and R is the profile radius of curvature. 

Calculation by the Busemann formula. The Busemann formula /283 
(IV-7-22) gives better results than the Newton method in the 
pressure calculation for concave profiles with k = 1.4 and for 
convex profiles as k -> 00 . 



Figure V-5-12. Pressure Dis¬ 
tribution over Profile (M o = °°, 
c = 0.1). 1) According to 
Newton formula; 2) according 
to Busemann formula; 3) accord¬ 
ing to method using relation¬ 
ships on the shock and in a 
simple wave; o) according to 
the method of characteristics. 




Figure V-5-13. Zones of In¬ 
fluence at Very Large M . 


Setting f(x) = 1 in this 
formula, we obtain the follow¬ 
ing working relation for the 
profile: 

\ J cos pa?) . (V-5-55) 

0 


For a thin profile, we can use (IV-7-21), setting v = 1: 


P 




(V-5-55’) 


where y = y(x) is the equation of the profile contour. 

For comparison, Fig. V-5-12 presents results of pressure 
calculations by the Newton and Busemann formulas and by the 
method of characteristics. We see that for k = 1.05, the Buse¬ 
mann formula gives results close to those obtained by the method 
of characteristics. 

Similarity law for flow around profiles. Research has es¬ 
tablished that K = M ro c and 01 /c are similarity parameters for 
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flow around thin profiles, 
"tangent-surface” method, 
formulas for drag and lift 


This follows, for example, from the 
The general form of the similarity 
is as follows: 



(V-5-56) 


For K -* °°. the ratios c x w /c 3 and c^/c 2 become functions of 

only the one parameter a/c, as is confirmed by calculations using 
the Newton method and the Busemann formula. 


Wings of finite span. Flow over finite-span wings can be 
calculated by the "method of strips." This method gives better 
results at very high speeds than at moderate M b . 

This is because the zones of influence of the lateral edges 
narrow considerably at high speeds, as does the zone of influence 
exerted on the wing around the root section by disturbances ori¬ 
ginating from the vertex (Fig. V-5-13)* so that they become very 
small by comparison with the total wing area. 

One of the methods set forth above can be used to calculate 
hypersonic flow over the profile (strip), and the over-all aero¬ 
dynamic coefficients of a wing of given planform can be found by 
spanwise integration of the aerodynamic characteristics obtained 
for the strip. 

The similarity formulas (V-5-56), which should be regarded 
as expressions for the local aerodynamic coefficients, can be 
used to calculate the total characteristics. When the profile 
thickness ratio does not change along the span. Formulas (V-5-56) 
will give the aerodynamic-coefficient values for the entire wing. 

§V- 6 . WAKE DRAG. VISCOUS INTERACTION 

Wake drag. A wake drag is added to the drag components due 
to friction and pressure on the forward surface for wings with 
blunt trailing edges. Research has shown that the wake pressure, 
which determines wake drag, depends substantially on the struc¬ 
ture of the boundary layer on the area between the trailing edge 
(point of separation) and the sticking point on the axial line 
at which the boundary layer detached from the trailing edge con¬ 
verges . 

Purely turbulent and purely laminar flows. If the point of 
transition of a laminar boundary layer to turbulent lies upstream 
of the detachment point (base section), the flow will be purely 
turbulent on the segment between this point and the sticking 
point. Figure V-6-1 shows the variation of wake pressure for this 
case. The curve characterizing the ratio of the wake pressure 
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Figure V-6-1. Var¬ 
iation of Wake Drag 
Behind a Profile with 
Relatively Thin Bound¬ 
ary Layer. 


Figure V-6-2. Influence of 
Reynolds Number on Wake 
Pressure for Turbulent 
Boundary Layer. 


behind the bluff base of the profile to the free-stream pressure 
determines the wake pressure for profiles with relatively thin 
turbulent layers in accordance with the formula p , /p = f, (M ). 

WK 6 00 b 00 

In a more general case, the formula should also reflect the de¬ 
pendence of wake pressure on boundary-layer thickness. Available 
experimental data point to the more general relation 


F wke 
Poo 



^wke / 


(V-6-1) 


where c wkg is the thickness of the trailing edge, 
Introducing the Reynolds number, we obtain 


P wke 


Poo 


-ft (Moo. 


, Re ,/5 


)• 


(V-6-2) 


where b is the profile chord. 

A similar relation can also be obtained for purely laminar 
boundary layers in which the transition point is downstream of 
the sticking point: 


~-/i (m 

Poo . \ 


_A . 

c*keKe 1/2 > 


(V-6-3) 


Experimental curves corresponding to (V-6-1) appear in Fig. 

V-6-2. 
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r ' vfce Mixed flow. A mixed 

boundary layer forms when 
the transition point lies 
between the detachment 
and sticking points. Under 
this flow condition, study 
of the wake pressure be¬ 
comes particularly diffi¬ 
cult, primarily because of 
unclear definition of the 
transition point. Wake 
pressure in the presence 
of a mixed bounary layer 
has been studied by wind- 
tunnel testing of wing 
models. The results of 
these measurements permit 
the conclusion that the 
relative wake pressure can 
be represented by (V-6-1) 
and plotted graphically in 
the form of a family of 
curves, as shown in Fig. 
V-6-3. The wake pressure 

behind the profile increases with increasing parameter 
b/(c wke Re). At small Reynolds numbers (large values of this 

parameter), a laminar boundary layer is observed in practice be¬ 
tween the detachment and sticking points, and the wake pressure 
is found to be higher than is characteristic for a purely laminar 
flow. 



Figure V-6-3. Variation of Wake 
Pressure Behind Profile with Mixed 
Boundary Layer. 


Wake pressure is also influenced by other parameters, such as 
the attack angle and heating or cooling of the boundary layer. 

Viscous interaction. Let us consider the change in pressure 
on the surface of a sharpened profile owing to interaction of a 
hypersonic boundary layer with an inviscid flow. 

Weak interaction. In weak interaction, the pressure varies 
only moderately from the original conditions. Values of K* < 1 
or d<5*/dx < g with arbitrary K = M^g correspond to weak interac¬ 
tion [see Formula (IV-10-2)]. Such interactions arise on thin 
wedges at small angles of attack and large Re and M, or at moderate 
supersonic speeds and small Re. Weak interaction occurs on thick 
wedges at large angles of attack on the side of the wedge at which 
the compression occurs. 

Applying the theory of the oblique compression shock and the 
tangent-wedge method, we arrive at the following relationship for 
induced pressure [59] for a wedge with a laminar boundary layer 
and a wall inclination angle g* = g + dS*/dx: 
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( V - 6 - 4 ) 


where 


fl -- 1 kE a , •+ -- ( ^ hl) E,_t\ +..., 

^ = (V-6-5) 


The quantity is a hypersonic interaction parameter de¬ 
fined by the relation 


X.-M y/'ne-J' 2 . 


(V-6-6) 


The subscript i_ pertains to initial conditions in a homo¬ 
geneous flow of inviscid gas around the wedge. The other param¬ 
eters are: 


Pi 


J-> = 


Pco 

Pi 



Hi r wl ’ di Ml T, 


(k — l)B ; Re x i = 


(V-6-7) 

(V-6-8) 
(V-6-9) 


The coefficients A and B are functions of Prandtl number. 

For Pr = 1, A = 0.865, B = 0.166: for Pr = 0.725 the coefficients 
A = 0.968 and B = 0.1%. We may assume for a heat-insulated 
wall 

Tf=l + = (&—!) (V-6-10 ) 


where D = 0.599 
very cold wall. 


for Pr =1 and D = 0.556 for Pr = 0.725. 
T w ^/T^ << 1 and, in approximation. 


For a 


«*, = (*-!)£. 


(V-6-11) 


In both particular cases^ the induced pressure is determined 
only by the parameters K and Xj_ • If we introduce the interaction 

parameter 
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X = M, 


3 „</ 2 Rp - 1 / 2 
rtCr-cw 


which is determined for the conditions in undisturbed flow, the 
ratio X-^/X will depend only on K = M^‘3. For K>>1, 


PjPco 


ft (fc-j-1) 2 



4 

ft(ft + l)A a ’ 




1 )* 


Since ji-i ~ M^P 2 f or n~7\ we. have (-/i/AT) ~ yJK?. 

Consequently, the order of magnitude of the pressure change 


p 

Pi 


l~di JL 


A a ’ 


(V-6-12) 


For a flat plate at zero attack angle K=0, J 1 =J 2 =1. 
Experimental data obtained for a heat-insulated plate confirm 
the results obtained from (V-6-4) for k = 1.4 and Pr = 0.725 for 
the pressure ratio 

= 1 + 0.31%-}- 0,05/ 2 . (V-6-13) 


Good agreement is observed between experiment and the weak- 
interaction formula up to values of the hypersonic parameter 
X = 3-4. 


Research has shown that the local heat flow and equilibrium 
wall temperature depend very little on induced pressure. The 
local coefficient of friction varies more extensively in accord¬ 
ance with the relation 


C<Pj = C Jx 


2 J\ 


m 


(*•£) 


(V-6-14) 


where cf : ?, c fx are the local coefficients of friction with and with¬ 
out an induced pressure, respectively; the derivative 


dt>* 

dx 




X-i 

Mi 


di Vc i 


Re wi 


(V-6-15) 


Strong interaction. The region of strong interaction is 
characterized by dS*/dx > 3 and K* >> 1. This region is formed 
in flow around a plate at a small angle of attack when the Mach 
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numbers are quite large and the local Reynolds numbers are not 
large. 


TABLE V-6-1. PARAMETERS 
FOR CALCULATION OF VIS¬ 
COUS INTERACTION 


c 

7- '7 i 

* 

' P# 

0.208 

0.07SS 

0.149 

0.279 

0.105 

0.232 

0.412 

0.155 

0.377 

0.549 

0.187 - 

0.514 


The strong interaction can be 
analyzed by the method of tangent 
wedges, which gives the following 
relationship for the induced pres¬ 
sure : 


p 

Poo 


k(k + i) ^*2 , 3ft-f 1 
2 ft+1 


8ft 

(ft+1)3 


K*-\(V-6-l6) 


where K* = (P + d8*!dx). 

The expression for p/p^ can be 
written 


“ = AoX (l 


PlK , P2 ~r Pi K 2 \ 
x 1/2 X 




(V-6-17) 


Here p 0 depends on the wall cooling g wl = i w ^/i ^. Table V-6-1 

gives values of p 0 for k = 1.4 and Pr = 1. The coefficients p x , 
p 2 , and p 3 are determined experimentally or from hypersonic 
boundary-layer theory. For a plate, K = = 0 and 


~ = PoX + Pz- 

Poo 


(V-6-18) 


For a heat-insulated wall at Pr = 1 and k = 1. 4, calcula¬ 
tions give p 2 = 0.759. Consequently, 


— 0.514% -f 0.759. (V- 6 - 18 ’) 

Poo 

This formula agrees with experimental data for x — M;LcL /2 Reji /2 = 

= 3.5-7. 

To estimate the variation of the coefficients of friction 
and heat transfer at strong interaction, we can use the relation¬ 
ships 


C/s =- cx 


1/2 


St* = sx ,/2 


p<xoo^p (•? p — 2 w j) 


(V-6-19) 
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1.4 and 


Table V-6-1 gives the coefficients c_ and s_ for k = 

Pr = 1. 

§V-7• AERODYNAMICS OF BLUNT WEDGES AT HIGH SUPERSONIC SPEEDS 

Flow A roun d Blu nt Profile Leading Edge 

Separation and shape of shock wave. Let us consider flow 
around the front of a profile whose contour has an arbitrary 
curvilinear shape (Fig. V-7-1). 



Figure V-7-1. Blunt 
Leading Edge of Pro¬ 
file in Supersonic 
Flow. 



Figure V-7-2. Parameter 
Characterizing Distance 
to Shock Wave from Total- 
Stagnation Point of a 
Cylinder,, 


The flow around the blunt edge 
is characterized by formation of a 
detached curvilinear shock wave. 


Research has shown that the distance s 0 from the shock wave to 
the critical point depends on the radius of curvature of the wave 


on the axis, R 
the expression 


s o 


and on M 


The ratio s n /R is determined by 
0 s 0 J 


*0 

Rso 



A-.M*, 


/£— 1 
2 



(V-7-l) 


In the limit as + ■» at k = 1.4. the ratio s n /R = 0.1586. 

At very high speeds, it is necessary to consider the influence of 
dissociation and ionization of the gas in the shock layer. In 
this case, the following expression [59] should be used instead 
of (V-7-1): 


■^sO 



3 



(V-7-2) 
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Practical interest attaches to calculation of the wave-drag 
coefficient of a blunt nose. Let the segment length of this nose 
(along the chord) be x g , and let the nose be symmetrical about 

the chord. The drag coefficient referred to the total length of 
the nose (its chord) is 


c 


X w 



sin 3 ft 
cos {} 


dx. 


(V-7-4) 


In the particular case in which the nose contour is a circu¬ 
lar arc, the expression for c will be 
’ x w 

(v - 7 - 5) 


For a semicircular contour (g = 0), 


c 


X W - 



(V-7-5*) 


Calculation of flow around profile with blunt curvilinear 
contour using Newtonian theory. When the Newton formula is used, 
the pressure distribution for a profile with a blunt nose is cal¬ 
culated in the same way as that for a profile with a sharp lead¬ 
ing edge. 

In the general case, such profiles may have "blanketed zones" 
with zero excess pressure on both the top and bottom surfaces 
when local areas of .the contour have a negative inclination to 
the oncoming-flow velocity vector. 

The calculations are simplified to a degree when there are 
no such areas and, consequently, the entire contour interacts with 
gas particles. In this case, the excess pressure will be posi¬ 
tive everywhere on the contour. For convenience in the calcula¬ 
tions, we can arbitrarily isolate the blunt nose and peripheral 
parts from the total contour. The aerodynamic coefficient is cal¬ 
culated as the sum of two components for each of these parts. 


Consider, for example, the expression for the frontal drag 
of a profile in the form of a symmetrical wedge with a rounded 
nose in flow at zero angle of attack. If the nose length is x g , the 

profile length is x^, and the Inclination angle of the wedge plane 

is 8, then the drag coefficient calculated-for length x is 

P 
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(V-7-6) 



r cos f$ 

f, C0 S 2 P'1 

x 0 . sin 3 ft 

fl—-1 

] 

L 1 — sin p 

l 1 3 J 

Ip * cos p 

l ,ZpJ 


This value of c may be set equal to the axial-force coef- 
x w 

ficient in considering flow around the profile'at an angle of attack 
when the velocity head is calculated by the expression 
0 .5p V 2 cos 2 g. The axial force 

~ OO GO 


n _ PooV^, COS* P _ 

tip — c X p 2 


Consequently, the axial-force coefficient, referred to the 
velocity head p^vf/2, is 


Cxp = C xw COS a p. 


(V-7-7) 


Bluntness injthe Form ofi a Flat Plate 

Flow scheme and equation system [47]. Let us examine the 
flow scheme in the coordinates X, Y around the leading edge of a 
profile in the form of a flat plate of width 2b (Fig. V-7-5). A 
curvilinear wave forms in front of the plate, at a distance s 0 
from the critical point. The velocity components referred to 
V will be denoted for an arbitrary streamline point by V y = 

v x - V v »- 

To calculate inviscid two-dimensional flow around a plate 
when a curvilinear shock forms, it is necessary to use a system 
of gasdynamic equations including an equation of continuity, 
equations of motion in the projections onto the Y- and X-axes, 
and an entropy equation. 

In the general case, solution of this system is a highly 
complex problem. The system can be simplified on_the basis of 
a model of two-dimensional Newtonial flow when l/p 2 = p /p 2 ls 
zero and the wave applies directly to the surface of the plate. 
Assuming the flow velocity to be large enough and the flow to be 
close to the limiting Newtonian case, we can treat p = 6 0 as a 
small parameter (p = S 0 is the density ratio for the•normal com¬ 
pression shock) and present the variables characterizing the flow 
in the form of a series in this small parameter. The expansion 
is based on determination of the order of the gasdynamic variables 
behind the shock by use of the following relationships: 


P2 



^V-tg2e s ); 


1 + i 


(V-7-8) 
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Figure V-7-5. Two- 
Dimensional Plane 
Supersonic Flow 
Around a Blunt Nose. 

1) region of exter¬ 
nal series expansion; 

2) region of inter¬ 
nal series expansion. 


k-% 0 = 1-60 —tg 2 0 s ; (V-7-9) 

Vx t = («„ + tg 2 e s )(i-tg 2 ©s); (v- 7 - 10 ) 

V Ya = (1 — 8 0 — tg 2 ©s) tg 0 S ; (V- 7-11) 

f 2 ==i+r co -t g *e w (v-7-12) 


where Pz f 1? P°o p^/p^FcoV! ii — 
7« = f*/(0,5FL). and 


8 0 = 


fc-1 

fc+1 


2 

(Ar'4 1) Mi 


(V-7-13) 


When 6 q -*• 0 and the shock applies to 
the nose, the slope of the shock with re¬ 
spect to the vertical axis is of the order 
{V 2 , i. e. , tan 0 g = 0(6 */ 2 ). The orders 

of magnitude of the other parameters are 
determined accordingly, namely: 

J- = 6 0 + O(6;), ft-p„**l + 0(6 o ). Vx2~0 (8 0 ), Vy^O^ 12 

P2 


Let us introduce the new coordinate x - X6 0 1 2 , but keep the old 
content of the variable Y, which we shall denote by y = Y for 
the sake of tidiness. Taking account of the orders of magnitude 
of the variables behind the shock, we can express the quantities 
characterizing the flow in the disturbed flow region next to the 
shock in the form of expansions in powers of the small parameter 

V- 


TV 8 0 tf (.T, y)-]-...; (V-7-14) 

VA 8 *' S «,(*, 3 /) + ...; (V-7-15) 

p — Poo ^ • 1 -!• 8 0 p (.r, y) + ... ; ( V-7-1 6 ) 

p 6- 1 -! p(.r, y) -{- .... (V-7-17) 

1 


where u, v, jo, and p are certain dimensionless functions of the 
variables x = X6" 1 / 2 , y = Y. 

Considering the form of Expansions (¥-7-14)-(V-7-17) and 
using the new coordinate x = X6“ 1 / 2 j we can obtain the equations 
for the disturbed flow in a simplified (limit) form. Take, for 
example, the continuity equation t>(pr.\).ttY-i d (pV Y )/GY — 0. After ap¬ 
propriate substitutions 


)■ 
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Comparing the terms in the left member of the equation, we 
note that the first and third are of higher negative order and 
can be disregarded. The equation then becomes 

(V + P)6o^ + (5^ + p)Sj' 2 -^ = 0 .. 


Substituting the values duldX = (du/dx) 8o i/z , dvIdY ^dv/dy, of the de¬ 
rivatives, we obtain duldx + dvldy = 0. In the coordinates x, there¬ 
fore, the continuity equation has been brought to the form for an 
incompressible fluid. Simplified forms of the other system equa¬ 
tions can be obtained similarly. As a result, the equation system 
will be 


-£- + S = 0; (V-7-18) 

“S+’-Sh 0 : (V-7-19) 

+ (V-7-20) 

*<p-p L+ v ±(p- p)- = q (V- 7 - 21 ) 

dx ' dy 


Equation (V-7-19) has been obtained for the condition that in 
the equation 

V x ( dVyldX) + Vy ( dVy/OY) = - (1/p) dpjdY, 

transformed to the variables y = Y, x = XS” 1 / 2 with application of 
Expansions (V-7-14)-(V-7-17), the term Op/dY ls negligibly small 
and that we can set dp!dy = 0 . 


It follows from this that the pressure does not change in 
the direction of the axis Y = y. The first two equations of 
the system enable us to determine the velocity field. The third 
and fourth serve for calculation of the pressure and correction 
of the density. 

The boundary conditions are determined by the conditions of 
flow immediately behind the compression shock and on the surface 
of the nose. It follows from (V-7-9)-(V-7-11), (V-7-14)-(V-7-16), 
and the relation (dX/dY), = tan 0_ that the functions u, v, 'and p /293 

must satisfy the following conditions on the shock wave: 
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(V-7-22) 

(V-7-23) 


V2- 


- (-S-). * 


U 2 = 1 + 


-lh- 


Investigation shows that the condition u/v -*■ 0 cannot be 
satisfied on the surface, since the two-dimensional flow described 
by equation system (V-7-l8)-(V-7-21) does not occur near this 
surface. More precisely, the velocities here are different in 
order of magnitude from those near the shock, although the orders 
of magnitude of the pressure and density remain the same over the 
entire flow region between the shock and the nose. Hence the re¬ 
gion of flow between the curvilinear wave and the plate must be 
resolved into two parts: external and internal expansion regions 
(see Pig. V-7-5). The flow in the outer region is described by 
System (V-7-l8)-(V-7-21) and by conditions (V-7-22)-(V-7-23). As 
concerns the internal region, where the nonseparating-flow condi¬ 
tion u/v -*■ 0 must be satisfied, the flow parameters can be pre¬ 
sented in the form of the expansions 

F x = 6 3 0 ' 2 u(x, y)+ 

V y = 6 0 y (x,y)+ 
p — Poo = 1 + &oP(x, y) + ...‘, 
p = po 1 + p (^i y) + • • •. 

where x is the variable corresponding to the^inner region and is 
determined by the equality x = 6o 1/2 (X~~s 9 ); u, v, p, p are variables 
analogous to u, v, jc and p in the internal expansion region. 

After substituting Expansions (V-7-24)-(V-7-27) into the 
continuity, motion and entropy equations. 


(V-7-24) 

(V-7-25) 

(V-7-26) 

(V-7-27) 


4S-+- 

dx dy 

^ = 0; 
dx 


~ dv , — dv dp 

w —+ v -5—=- — ; 

dx dy dy 

z £ G— P) , ~ d (p-p) 


dx 


dy 


0. 


(V-7-28) 

(V-7-29) 

(V-7-30) 

(V-7-31) 


We see from the second equation that the pressure is indepen¬ 
dent of x and depends only on y_. 

The solution of this equation system must satisfy the bound¬ 
ary conditions at the wall 
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u(o,y) = 0; v(o, y) = V 6 (y), (V-7-32) 


where Vg is the velocity at the wall found by integration of (V-7-30) 

with the condition that u = 0, and is related to pressure by the 
formula 


+ ^ = const. (V-7-33) 

For a given y_, this quantity will determine the pressure 
throughout the inner region. Consequently, dp/dy--- — 2V 6 (dV 6 /dyf and 
(V-7-30) becomes a purely kinematic relation. Solving Eqs. 
(V-7-28)^and (V-7-30), we can find the velocity values u(x,y) 
and v(x,y), which satisfy the boundary conditions at the wall 
(V-7-32). 

The solutions of the equations for the outer and inner re¬ 
gions, which satisfy the boundary conditions on the shock and 
on the wall, respectively, are also subject to conjugation con¬ 
ditions at the boundary between the two regions, so that the flow 
in the region under consideration can be determined uniquely. 

Results of solution of the equations. Without dwelling on 
the method of solving the equations or conjugating the resulting 
solutions, we present only the basic results that are of practi¬ 
cal importance for aerodynamic calculations. 

Separation and shape of shock wave . The distance to the 
shock wave in dimensionless form is 


*o = -£ = -1.236j- /2 lnSj /2 . (V-7-34) 


The equation of the shock wave curve can be given in the fol¬ 
lowing approximate form: 


y = 1.32*°' 46 6 


-0.23 
0 ■ 


(V-7-35) 


where y = y/b, x = x/b. 

Pressure and velocity . The working formula for the pressure 
coefficient is 


P& 


P& Pc O 


2[l + 6 0 p«(y)l- 


(V-7-36) 
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The function p g (y) can be approximated by 





(V-7-37) 


Consequently, the pressure coefficient 




(V- 7 - 38 ) 


The velocity at the wall is calculated by 
Fya/Fcx, = SqFfl, where V<$ is calculated by (V-7-33). 
value of p 6 (y) from (V-7-37) into (V-7-33), we 

mate relation for use in calculating velocity: 


the formula 
Introducing the 
find an approxi- 



8 ° y + * 


(V-7-39) 


Prom this, we determine the velocity gradient at the criti¬ 
cal point: 

- 1 (dV & \ 4 * 

(V-7-40) 


Drag. The drag of a plate is determined by integrating over 
its surface. Using (V-7-38), we can obtain a relation for the 
drag coefficient referred to the plate's span 2b: 

i 

p 4 </y = 2(l-0.958 0 ). (V-7-41) 

0 

Aerodynamic calculation of the wing. Methods of calculating 
hypersonic flow around a plate placed crosswise in the flow can 
be used to determine the aerodynamic characteristics of a wing 
in the following cases. 

These methods are used to calculate the flow around a flat- 
blunted wing-profile leading edge at a near-zero angle of attack. 

The flow over the peripheral part of the profile can be de¬ 
termined, for example, by the Newtonian corpuscular theory, and 
the over-all aerodynamic characteristics of the wing by the 
"method of strips." 
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We might examine another case of motion of a wing that is char¬ 
acterized by attack angles near 90°. This type of motion may 
occur when a vehicle reenters the atmosphere at hypersonic speeds 
and the wing is used as a brake offering the highest possible 
frontal drag. 

The "method of strips," in which the flow along the plate 
(strip) is assumed plane, is used to calculate flow around a 
wing. This flow is approximated with a series of plates, each 
of which is considered to be set perpendicular to the direction 
of the oncoming flow. Here the over-all aerodynamic coefficient 
of the wing will be the same as for an isolated plate. For ex¬ 
ample, the over-all drag coefficient will be given by (V-7-4l). 

It must be remembered in using the "method of strips" that 
it gives better results for parts of the wing that are quite far 
from both the tip and root chords and where the flow is nearly 
plane. 

The over-all aerodynamic characteristics of a finite-span 
wing, as calculated by the "method of strips," must be regarded 
as tentative and requiring verification and improvement either 
by more rigorous theoretical methods or by experiment. 

Profile with S mall Bluntness 

Research has shown that the drag of a profile with a small 
bluntness at moderate supersonic speeds can be obtained by summing 

the drag of the blunt nose and that of 
the rest of the profile, which is calcu¬ 
lated in accordance with the theory of 
flow around bluff bodies without con¬ 
sideration of the small influence ex¬ 
erted on this drag by disturbances 
emanating from the subsonic region. 


At very high supersonic speeds, 
this effect may become substantial. To 
evaluate the length L of the profile 
segment on which a small blunting of 
thickness d exerts an influence, we can 
use the expression L/d ^ 3 -3 , where 3 
is the characteristic inclination angle 
of the surface. For example, if g = 0.1, 
a small bluntness changes the flow pattern 
and the pressure distribution on a length L % lOOOd substantially. 

Plate of finite thickness. Let us consider a plate of small 
thickness d in a flow at very high supersonic velocity (Fig. V-7-6). 
The studies of Prof. G.G. Chernyy [ 38 ] have shown that the pres¬ 
sure distribution over the surface of the plate is characterized 
by the general relation 



Figure V-7-6. Plate 
of Finite Thickness 
in Supersonic Flow. 
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(V-7-42) 



i *\ 

*«M», * d ) * 


where Pi is a certain function of the parameters k, (c x Miyi x /d; 

c is the drag coefficient of the bluntness, 
x 


AO 




Figure V-7-7. Pressure Dis¬ 
tributions on Plates with 
Wedge (O+x) and Rounded (o) 
Edges. The Drag of the 
Rounded Edge was Calcu¬ 
lated by the Formula 
2 - 

Cx — ^Po-, The Unbroken Line 
Represents Formula (V-7-44). 


Figure V-7-8. Func¬ 
tions x and x 1 used 
in Calculating Flow 
Around a Plate of 
Finite Thickness and 
a Blunted Wedge. 


The equation of the bow compression shock curve is 


_ 1 _y_ 

OxML d 




(A, 


1 X \ 
CxMJ, d ) 


(V-7-43) 


where Rj is a certain function of the same parameters, which are 
to be regarded as similarity parameters for hypersonic flow 
around a blunted plate. 

Formulas (V-7-42) and (V-7-43) agree well with calculations 
by the method of characteristics for a plate with a rounded flat 
bluntness or a wedge-shaped leading edge so selected that the sonic 
velocity occurs on it (Fig. V-7-7). 
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At very high flight speeds, the pressure p^ is small by 
comparison with the pressure behind the shock. In this case, 
the parameter p M and, with it, exert little influence, and 
(V-7-42) and (V-7-43) assume the simpler forms 


2 \p 

o V* ~ 

COO 03 - 

JL — 

d ~ 


(f)r 2,s > 


(V-7-44) 

(V-7-45) 


where x and Xi^re functions that depend only on the ratio of 
specific heats. 

Values of these functions are represented by the solid lines 
in Pig. V-7-8. The approximating relationships for the function 
X(k) and x l OO (dashed curve in Pig. V-7-8) take the form 

„__n/ 2 (*+1)V2 (*-1) 12/3 (V-7-46) 

A L 3 3k^i J * 

X. = 1} ] 1/3 . (V-7-47) 


The quantities defined by (V-7-44) and (V-7-45) should be /297 
regarded as the principal terms of the series obtained by ex¬ 
panding the functions P l and R 1 with the condition that the 
parameter x/(c M?d) is small. 

X 00 



Figure V-7-9. Pressure Dis¬ 
tribution on W ed ge with 
Small Bluntness. The Dashed 
Line Represents a Sharp 
Wedge. 


In the calculations, it 
must be remembered that these 
formulas give satisfactory re¬ 
sults when the Reynolds numbers 
computed from plate thickness 
exceed 2000. 


Thin wedge with small blunt¬ 
ness. Hypersonic flow theory 
gives the following general for¬ 
mula for the pressure distribu¬ 
tion over the surface of a blunted 
wedge with a semivertex angle 3 w : 


2 P _ p ( 4 tg 3 Bw z > 

.Poo^lg^w 2 V c, ~d) 


(V-7-48) 


is .characterized by the relation 


The shape of the shock wave 
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CV-7-49) 


In these expressions, 

P 2 and R 2 are certain func¬ 
tions of the parameter 
4 tan 3 g w x/(c x d); c x is the 

drag coefficient of the blunt 
nose. Relationships (V-7-48) 
and (V-7-49), which were de¬ 
rived without consideration 
of the initial pressure, are 
represented graphically in 
Pigs. V-7-9 and V-7-10. 


Figure V-7-10. Shape of Bow Wave 
in Front of Wedge. 1) with blunt- 
|ness ;l 2) |sharp wedge; 3) shock 
coinciding far from the nose with 
the shock in front of the sharp 
wedge. 


The quantity 

4 tan 3 3 w x/(c x d) is a simi¬ 
larity parameter for hyper¬ 
sonic flow around a blunt 
wedge. At lower velocities, 
when back pressure is taken 
into account, it is neces¬ 
sary to introduce one more parameter M^c (c is the wedge thick¬ 
ness ratio 2 tan $ w ), and, in the general case, also the specific- 

heat ratio k, which takes account of the properties of the gas. 


The total drag X wg of a wedge of length x w with a blunted 
leading edge is 


. v- -- f . 

2X +2 jj ptgp w dx = 2A'[l + P 2 ( 




")]• 


(V-7-50) 


where X is half the drag of the bluntness. 
The drag coefficient of the wedge is 


[4*w. = 4 U+^2 (*>] tg’Pw, (V_7_ 

where t - 4 tan 3 3 w x w /c x d). 

Figure V-7-11 presents a diagram of (V-7-51) for small t_. 
The approximate relation 
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|f*w. = (* + 1 +y) tg*Pw‘ 


(V-7-52) 



Qcwe 



Figure V-7-11. Drag 
Coefficient of Blunted 
Wedge. 


corresponds to large t. 

If the drag of the blunt surface 
is calculated as the sum of the drags 
of the bluntness and a sharpened wedge, 
we can use (V-7-52) with 2/t substi¬ 
tuted for 2k/t. 

Pressure center of blunted pro¬ 
file. The center of pressure of a 
blunted profile is shifted forward 
from its position for the same profile 
with a sharp edge. 

This shift may be substantial. 
Thus, for example, for a profile in 
the form of a blunted plate, the 
center of pressure is located at 1/4 
of the plate length from the leading 
edge at very high speeds, and not at 
the center, as in the case of an in¬ 
finitesimally thin plate. 


Law of similarity. The variation of the drag coefficient of 
a blunt wedge is characterized by a similarity law for which the 
general experssion is 


c^~c*F{k,K,K*), 


(V-7-53) 


or, at very high speed 


c™ e = c 2 F oa {k, K**), (v-7-54) 


where the similarity parameters are 

K == Mooc; K* = c x MLd; = (V-7-55) 

' c* 

In (V-7-53), (V-7-54) the functions F and Foo are determined respec¬ 
tively by the parameters k, ■ K, K* and k, K*#. The dimension d is 
given as a fraction of wedge length. 

The pressure distribution over the surface of the wedge and 
the coordinates of points on the bow shock wave are determined 
by the general relationships of similarity theory 
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Ap 

P~^» 


PsiK'-'z, k, K); 


K*' i -l- = R 3 (K*~ 1 x, k, K), 


(V-7-56) 
(V-7-57) 


which become for very high supersonic speeds 

~(V-7-58) 

P°° V OB C 

(K**yi ± = jR x (V-7-59) 

.0 


The functions P 3 and R 3 are determined by the parameters K*x, k, 

K, and P aJ R^ by the parameters k**x, k; x and are measured 
as fractions of wedge length. 

Effect of sweep on drag. The drag increase caused by blunt¬ 
ing the leading edge is mitigated for swept wings. Studies have 
shown [55] that the drag of a cylindrical swept wing can be found 
in approximation by the formula 


Cxi — C*x =0 (1 ~ sin x). 


(V-7-60) 


§V-8. ANNULAR WINGS 

Incompressible flow. The lift of an annular wing at zero 
angleSofi attack ; can: bejdetermined by the formula [6]: 

c y = ^aa 0 (l f (V-8-1) ' 


in which X = 2r/b is the aspect ratio and a 0 — c* a = dc y0 /da is a 
wg 

parameter of the wing profile. 

The lift is calculated from the expression Y = 2c qrb, where 

*y 

2rb is the area of the wing's horizontal projection. 

The induced drag coefficient of an annular wing 


Cxi = 


2itX WK 


(V-8-2) 
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Let c be the wing’s drag coefficient at c = 0, referred to 
x o y 

the area 2rb. The frontal drag is therefore 

X 0 = 2c xo qrb. (V-8-3) 

The same force can be determined from the expression 

X 0 — c xp qS — 2c xp qitrb, (V-8-3 * ) 

where S = 2Trrb is the area of a cylinder of radius r and length b_ 

equal to the profile chord and c is the profile drag coeffi- 

xp 

cient for c =0. 

y 

Comparing the two expressions for x 0 , we find 


c x0 — KCx p- 


(V-8-4) 


Accordingly, the total frontal drag coefficient, calculated 
as a lift coefficient from the area of the wing horizontal pro¬ 
jection is 


C x — C x 0 Cxi — JT C X p 



(V-8-5) 


The pitching moment, which is usually determined with respect 
to the coordinate axis z_, is created solely by lift. To determine 
it, we can proceed from the fact that the center of pressure of 
the wing (or the aerodynamic center for an unsymmetrical profile) 
will occupy the same axial position relative to the leading edge 
as does the profile center of pressure, i.e., we can assume that 


c 

c 


•P 


.wg 


c 

c.p.pr 


(V-8-6) 


Thus , 
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Yc c 


.p.pr 


b 


J 


and its coefficient 



m 


(V-8-7) 
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J±h 

2i?r!) 2 


— CyC c.p.pr 


feet 


Effect of compressibility. For subsonic speeds, 
can be taken into account with the formulas 


this ef- 


h/c 1 


y 

„ C vi ci 

ynMS • 


(V-8-8) 
(¥-8-9) 


Here the coefficient c . and c . ... for a wing in inconi- 

y ci xi vi, _ 

pres sib le flow are calculated for the aspect ratio ^owg^wg Vl — -Mi- 

Studies have shown that the center of pressure (aerodynanic 
center) position does not change in linearized compressible flow. 

Supersonic speeds. The reciprocal effects between sections 
are weaker in supersonic than in subsonic flow. This influence 
decreases with increasing Moo. 

If the Mach cone originating at the leading edge of a sec¬ 
tion does not intersect the chord of the diametrially opposite 
section, the interaction between sections may be disregarded in 
first approximation. 

In this case, it may be assumed that each section in the 
plane y = const will be at an angle of attack = a cos y. Con¬ 
sequently, the section lift coefficient in the same plane will be 


• Oa Oct 0 

c v = Cy a y = Cy a cos y = c„ cos y. 


(V-8-10) 


where 


y 


is the lift coefficient of the profile at angle of attack a. 


Assuming that the lift dY' in the plane y = const is deter¬ 
mined for a wing element with area dS = brdy by the equality 


dY' = c 


V 


P°°k£, 

2 


br dy. 


we find the actual lift of the element 


dY = dY' cos y = c' u °° br cos ydy = c° — °° 2 °° br cos* y dy. 
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The wing lift 


2n 

Y = c 0 qbr X cos 2 y dy = c°qnbr. 

u eJ * 

0 


Consequently, the lift coefficient 


c u 


Y - ” c o 
2gbr ~ 2 V 


(V-8-11) 


Since there is no suction force on the leading edge of an 
annular wing in supersonic flow, the frontal drag coefficient 
due to lift 


C x i - CyCf,» 


(V-8-12) 


The frontal drag coefficient for c^ = 0 is found from (V-8-5) 

with c set equal to the profile drag coefficient at c =0 and 

x p y 

the given M^. 

The wing aerodynamic center will occupy the same position 
relative to the leading edge as the aerodynamic center of the 
section profile at the same M^. 


The frontal drag due to lift does not cause a pitching mo¬ 
ment owing to the symmetrical distribution of the lift with re¬ 
spect to the £-axis. The coefficient m will also be zero by 

z 

virtue of the wing's axial symmetry. 


§V-9. CRUCIFORM WINGS 


Figure V-9-1 is a diagram of flow past cruciform wings. In 
calculating aerodynamic characteristics for such wings, we can 
proceed from the fact that the influence of the slip of each plane 
on the coefficient c , c x , and m z can be disregarded with 2ip = 90° 

(\p is the inclination of the plane to the zi-axis) and a small 
attack angle. 

At supersonic speeds, because each plane is in the plane of 
symmetry of the other, the assumption that there is practically 
no mutual influence between them will be justified with a certain 
approximation. 
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Figure V-9-1. Diagram of Flow 
Around Cruciform Wing. 


In view of the above, 
each plane of a cruciform wing 
with the angle = 45° will 
have the same aerodynamic char¬ 
acteristics as it would have in 
isolated form at the same flow 
velocity. 

The effective attack angle 
of each plane of a cruciform 
wing at an angle, of ; attack.a, (Fig. 
V-9-1) will be 


—- jl me ill — n t*r\ c .Is _ ® 


rt„ x = ~- cos if = a cos ib = 

r 00 


(V-9-1) 


Setting the attack-angle derivative of the isolated-plane 
lift coefficient equal to c° a , we find the lift coefficients 

y 

c and c of the two planes of the cruciform wing: 

yi yz 


c yi — c > 


_0a 


's/2 — ^it a p 1 — 




= c L 


JA 

2 


where c° is the lift coefficient of an isolated plane at an angle 

y 

of attack a. 

The lift coefficient of the entire cruciform wing, referred 
to the area of one plane, is 


C !Z = ( c yi + c yz) cos ij) = c" cos V2 = c°y, 


(V-9-2) 


i.e., it is equal to the lift coefficient of an isolated plane at 
the same angle of attack a. 

The drag coefficient governed by lift and referred to the 
area of one plane is found, as for an ordinary wing, in the form 


c xt ~ Ac\i (V-9-3) 

At subsonic speeds, A 'v 1 /(ttA r ), where A, r is the aspect 

3 — wg wg 

ratio of the individual wing; at supersonic speeds, A = l/c° a 

J 

(if there is no suction force on the wing leading edges). 
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The frontal drag of a cruciform wing at c =0 will be twice 

the frontal drag of the ordinary wing; consequently, c = 2c“, 

where the coefficients c anc c° are referred to the area of one 
plane. x x 

In attaching a cruciform wing to a body (see Fig. XV-1-3), 
it is necessary to consider the reciprocal effects between the 
planes and the body. In first approximation, this effect can be 
considered separately for each plane. The coefficients c°, c°, 

c°“ found in this manner for an Individual plane are then sub- 
<y 

stituted into the formula given above to obtain the characteris¬ 
tics of the cruciform wing with consideration of the body effect. 

§V-10 . NONSTATIONARY. WING AERODYNAMICS - 


Plate in Supersonic Flow 


If a wing is in nonstationary flow, which corresponds to con¬ 
ditions under which it executes an oscillatory motion, the aero¬ 
dynamic characteristics also depend on 
the parameters that determine this motion. 



As an example for the most commonly 
encountered form of. harmonic oscillations. 
Figs. V-10-1 and V-10-2 [6] show the theo¬ 
retical curves of the nonsteady character¬ 
istics of an infinite-span flat plate at 
= 0 and = 3. The moment coeffi¬ 
cients shown in Figs. V-10-1 and V-10-2 
correspond to a reduction point situated 
at a distance x = 0.25b from the lead- 
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Figure V-10-1. Non¬ 
stationary Aerody¬ 
namic Characteris¬ 
tics of Rectangular 
Plate of Infinite 
Span (axis of rota¬ 
tion at 1/4 chord; 
x 


ro 


= x ro /b = 0.25). 


ing edge. 

Figures V-10-3—V-10-8 show the sta¬ 
bility derivatives as functions of aspect 
ratio for rectangular and delta wings in 
subsonic flow. These data indicate that 
the effect of the Strouhal number St on 
the nonsteady characteristics decreases 

at small X . The same effect is observed 
wg 

at supersonic speeds. The influence of St 
also diminishes with increasing M m (Figs. 
V-10-9 and V-10-10). 

In solving practical problems, it is 
necessary to deal with St of the order of 
0.05-0.07. With a certain accuracy, there' 
fore, we can use the nonstationary char¬ 
acteristics for St 0, i.e., assume that 
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the stability derivatives do not depend on the frequency of the 
oscillations. According to this hypothesis and for = 0.25b, 

we obtain the following values of the stability derivatives for 
an infinite-span plate in supersonic flow under harmonic-oscilla¬ 
tory conditions: 
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(V-10-1) 
(V-10-2) 
(V-10-3) 
(V-10-4) 
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Figure V-10-2. Nonsta¬ 
tionary Aerodynamic Char¬ 
acteristics of Infinite- 
Span Rectangular Plate 

(x = 0.25). 
ro 



Figure V-10-3. Coefficient 
m“ (Solid Lines for Rectan- 

gular wings. Dashed Lines 

for Delta Wings). X is the 

wg 

Aspect Ratio. The Wing Ro¬ 
tation Axis is_ at 1/4 Root 

Chord, i.e., x = 0.25. 

’ 5 ro 


Figure V-10-4. Coefficient 

m a (Solid Lines for Straight 
z 

Wings, Dashed Lines for Delta 
Wings); X is the Aspect 

Ratio; x rQ = 0.25. 
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Figure V-10-5. Coef- 

ficients rn Wz and m Wz 
z z 

(Solid Lines for Rec¬ 
tangular Wings, Dashed 
Lines for Delta Wings); 
A is the Aspect Ratio; 

x =0.25. 
ro 


Figure V-10-6. Coefficient 

c^ z (Solid Lines for Rec- 

y 

tangular Wings, Dashed Lines 
for Delta Wings); A is the 

_ ” O 

Aspect Ratio; x rQ = 0.25. 


St = 0.25 
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Figure V-10-7. Coefficient 
c Wz (Solid Lines for Rec- 

y 

tangular Wings, Dashed 

Lines for Delta Wings); 

A is the Aspect Ratio and 
_wg 

x =0.25. 
ro 
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Figure V-10-8. Coefficients 
c a and c a (Solid Lines for 

y y 

Rectangular Wings, Dashed 
Lines for Delta Wings); A w ^ 

is the Aspect Ratio; = 


nl 






Figure V-10-9• Non¬ 
stationary Aerody¬ 
namic Characteristics 
of Rectangular Wing 
as Functions of 
M (X = 1, x 

= 0.25). 


ro 


the kinematic parameters in time 
fied. This is the "harmonicity" 



Figure V-10-10. Coef- 
ficients c a and c a as 

y y 

Functions of Aspect 
Ratio of Rectangular 
Wing. 


The relationships given here 
can be used with a certain approx¬ 
imation in practical calculations 
for any other law of variation of 
if the condition St + 0 is satis- 
hypothesis. 
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Wings in Subsonic Flow 


In practical cases, we can disregard the influence of velo¬ 
city variation on the aerodynamic characteristics (except for mo¬ 
tions with very large accelerations). Assuming further that the 
slip angle g n = 0, we obtain for the aerodynamic coefficients 

S _L 


Cy — C U0 "I “1 A/« ‘ Cy j 

--- • . 

m, — m z0 -f 7 ?i“gc -A rn a a -f mfn o z in^no z . 


(V-10-5) 

(V-10-6) 


The curves of Figs. V-10-3 — V-10-8, which correspond to an 
incompressible medium (M = 0), can be used to compute the sta¬ 
bility derivatives. 

Compressibility (for £ M ) can 136 taken into considera¬ 
tionusing the similarity theory of subsonic flows. Here the cor¬ 
responding relationships will pertain only to the static stability 

derivatives and to the rotary derivatives with respect to w . 

z 
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The method of the calculation is as follows. The geometri¬ 
cal parameters of a fictitious wing in incompressible flow are 
determined from the given wing form, its aspect ratio, and M m : 

ilcwg = ^Wg Vl Moo! T)ic = 1 l> X 1c = -.y- % (V—10—7) 

V i — Moo 


where the parameters subscripted "ic" pertain to incompressible 
flow. Then the appropriate diagrams or formulas are used to 
find the stability derivatives for the fictitious wing. The cor¬ 
responding coefficients for the wing in compressible flow are 
calculated from the results: 


Vic 


u ~VT^fc’ 


c u * — 


1/ 


Kl-M’o. ’ 


7Jl z 


V i-mL ’ 


m,i = 


Vi —mL ’ 


(V-10-8) 

(V-10-9) 


Rolling-moment derivatives.[61]. The theoretical values of 
the roll-damping derivative m“x = 3m x /3<B x '(ci) x = fi//2F 0 „ I where £ is the 

wingspan) are given in Pig. V-10-11 for straight-edged tapered 
wings in subsonic flow (M < M ). It follows from this figure 

that the derivative m^ x depends on the parameter k, which re¬ 
presents the ratio of the actual (experimental) slope of the pro¬ 
file lift curve to the theoretical value, and on the taper q = 

= b rt /b tp and the angle x 1/4 = arctg[(l — M®)*' 2 tgxi/tj in degrees. Like 

all subsequent derivatives, m Wx is determined for coordinates 
bound to the wing (Fig. V-10-11). 

When the vehicle slips, another transverse moment whose mag¬ 
nitude is (dmjdfi) ---rojfc.i at small slip angles makes its appear¬ 
ance. The static transverse stability derivative m® depends in 

the general case on wing planform and Moo. Experimental values of 

m& are given in Fig. V-10-12 as functions of aspect ratio X 
x wg 

for n = 1 and q = 2 and small flow velocities (M^ = 0). The 

derivatives m£ depend weakly on the taper q, so that we may as- 

x 8 

sume in approximation that m is a function only of the aspect 

X 

ratio X and the sweep angle, 
wg ° 

The rolling moment changes as the vehicle rotates about its 
vertical axis at angular velocity fi . This change is equal to 

fl) " 

m y/w , where w = n £/2V . The theoretical values of the cross 
x J " y’ y y °° 
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Figure V-10-11. Roll-Damping Derivatives for 
Swept Wing at Subsonic Speeds. 
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Figure V-10-12. Static 
Transverse Stability De¬ 
rivative for Swept Wings 
at Low Speeds (Solid Lines 
for n = 1, Dashed Lines n = 2) 


Figure v-10-13. Varia¬ 
tion of Cross Rotary 
Derivative m w y of Swept 

X 

Wing in Incompressible 
Flow: Solid Lines for 
p = 1, Dashed Lines for 
n = 2. 

1 — Xj/4 = ± 60°; 2-— X|/4 ± 50°; 3 ■ 

Xl/4 = ± 40°; 4-x 1/4 = 00 
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Figure V-10-14. Variation of Ratio 
of Weathercock Statility Derivative 
m$ to c 2 as Function of Wing Sweep 

y y 

Angle and Aspect Ratio. 


8 X wg 


Figure V-10-15. Variation 
of Coefficients Am 1 and Am 2 
Which Determine Static De¬ 
rivative of Directional 
Moment (Center of Rota¬ 
tion Coincides with Wing 
Aerodynamic Center). 


rotary stability derivative tion Coincides with Wing 

m^y for swept wings with taper Aerodynamic Center). 

and straight edges are shown in 

Fig. V-10-13 for incompressible flow. To account for the influ- 

8 OJy 

ence of compressibility on the derivatives m;" and m * it is neces- 

XX 

sary to use the transformations (V-10-7)-(V-10-9)• 

Derivatives of directional moment [6l]. The variation of 
the directional moment is governed by slip and rotation about 
the longitudinal and vertical axes at the respective angular 
velocities to and w . The directional-moment increments that 
x y g u x 

result are equal to nrfj , (for slip), m w (for rotation about 

(jo v y ® y ^ 

the x-axis), and m (for rotation about the y-axis). Theoreti- 

- 5 y y ^ 

cal values of the weathercock-moment derivative for swept wings 
without taper, which has no substantial influence, can be deter¬ 
mined from Fig. V-10-14 for subsonic flow (M =0). The direc- 

Cd x 

tional-moment derivative m (cross derivative of angular velo- 

y 

city of transverse motion) can be determined with the auxiliary 
coefficients Am x and Am 2 by the formula 


i v x — Amjc,, -}- Anjj (c*) pr , 


(V-10-10) 


where c y is the wing lift coefficient and the derivative 


(C.v)pr = [ C X — C*/(rt>w B )l, 
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i.e., it is equal to the derivative of profile drag. The coef¬ 
ficients Amj, and Am 2 are represented in Pig. V-10-15 for swept 
wings without taper, which has practically no influence on the 
values of these coefficients. According to Pig. V-10-15* the 
coefficient Am! depends in incompressible flow on the sweep angle 
X and the aspect ratio A w ^, while the coefficient Am 2 depends 

only on aspect ratio. 



Figure V-10-16. Variation of 
Coefficients, Am 3 and Am,,, which 
Determine Directional Damping 
Derivative (Center of Rotation 
Coincident with Wing Aerody¬ 
namic Center). 


The directional damping 
derivative 


niyV ----- A m 3 c\ + Am 4 (c*) pr „ (V-10-11) 


where the profile drag coeffi¬ 
cient 

(c x ) pr =c x --^-. (V-10-12) 

The coefficients Am 3 and Am^ are 
given for swept wings in incom¬ 
pressible flow in Pig. V-10-16. 
With a certain approximation, 
these coefficients may be con¬ 
sidered independent of taper. 

The effect of compressibility 
on the directional-moment de¬ 
rivative can be taken into ac¬ 
count with the transformations 
(V-10-7)-(V-10-9). 

Wings in Supersonic Flow (Slen- 
der-Body Theory 


General relationships for stability derivatives of wings of 

arbitrary form. If a'A is near zero, the stability derivatives 

wg 5 d 

can be calculated according to the slender-body theory. Studies 
have shown that they are independent of and are determined by 
wing geometry. 


Let us examine wings of arbitrary configuration but with the 
same positioning of the cantilevers (Pig. V-10-17). We shall de¬ 
termine the derivatives in the body coordinate system x, y, z, 
whose origin need not coincide with the center of gravity~of _ the 
area. 

Motion of the wing is characterized by the attack angle a 
and slip angle 3 , , and by the angular velocity components £2 , 

S _L X 
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ft , and ft . The translational displacement at velocity may 
y z 

be nonuniform. 


The stability derivatives for wings are determined in the 
slender-body theory by Expressions (rV-7-H)-(IV-7-45). The 
quantities CL^., D^, appear here depend on the 

attached-mass coefficients, which, in turn, are determined by the 
cross-sectional form of the wings. These coefficients have been 
found for several wing configurations, of which we shall examine 
the two-, three-, and four-cantilever configurations. Here, the 
two-cantilever wing appears in cross section as a straight-line 
segment in the ?-plane on the horizontal axis. Let the wingspan 
(i.e., the segment length) be 2 SL. This segment is transformed 
into a circle of radius r 0 in the a-plane by the conformal for¬ 
mula (see Table IV-4-1) 




lL 

a ’ 


(V-10-13) 


where r 0 = 1/2 . 



Figure V-10-17. Nomenclature for 
Wing in Determination of Stability 
Derivatives (n is the Number of 
Cantilevers). 


^11 ^12 ^13 


Applying (IV-6-51) 
and (IV-6-52), we can 
find the complex poten¬ 
tials W 2 and W,, and with 
(IV-6-53) and (IV-6-54) 
we can determine poten¬ 
tial W 3 . The attached- 
mass coefficients are 
found by (IV-6-4) or 
(IV—6—4'). 

In performing the 
calculations, it must be 
remembered that the velo¬ 
city component V in the 

direction of the z_-axis 
does not cause disturb¬ 
ances, so that it can be 
stated at once that the 
attached-mass coefficients 


Formula (IV-6--4) should be used to calculate the attached- 
mass coefficients for other wing cross-section shapes, with ap¬ 
propriate modification for the shapes of three- or four-canti¬ 
lever wings. 
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In examining a cantilever inclined to the jn- or z-axis, the 
velocities V and V z must be resolved into components in the 

direction of the cantilever and normal to it. 

Calculations indicate that the attached-mass coefficients 
A ]2 j * 13 , * 23 are zero for all three configurations. As for the 
other coefficients, they have the following values [ 51 ]: two- 
cantilever wing (plane configuration) 


*n = 0; * 2 » = JtpocZ 2 ; *33 = (V-10-14) 


three-cantilever wing 

*n--*22--0.793.np ac / 2 ; * 33 — 0.533p»>Z 4 ; (V-10-14' 


four-cantilever wing (cruciform configuration) 

*n *22 -- *.« = - ~ p.A\ (V-10-14" 

Knowing the attached-mass coefficients, we can use (IV-6-47) 
to find the ooefficients A^. Since the attached-mass coeffi¬ 
cients * = * = * =0, the corresponding coefficients A., 

121323 lk 

are also equal to zero, i.e., A = A = A =0. 

12 13 2 3 

Taking the wing area (S = S ) and 21 = b as character- 

wg m m 

istic parameters in (IV-6-47), we obtain the following expres¬ 
sions for the coefficients A , A , A on the trailing edge: 

112233 

two-cantilever wing 


, n A Jl/ 2 . Jt l l 

An — 0; A 2 2 — —; A 33 

K Wg 




(V-10-15) 


three-cantilever wing 


An = A 22 = 0.793.t ~; A S3 = 0.533 —^— 

wg bmS w g 


(V-10-15’ ) 


four-cantilever wing 


n / 2 A 2li 

An — A 2 2 — -r- —> •‘Vw— rr-y 

°wg Zl0jn£’ Vi 


(V-10-15") 
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Setting £ = £ = b /2 in these formulas, we obtain the values 

m _ m _ _ 

of the coefficients A 1X , A 22 , A 33 for the conditions on_the trail¬ 
ing edge. It must be remembered that the coefficients A 12 , A X3 , 
A 23 are equal to zero. 

From the coefficients A^, we can calculate the coefficients 

33.. , C.. , D.. from (IV-6-46). Nine of these coefficients, those 
ik 5 ik s lk 

corresponding to the indices ik = 12, 13j 23 , are equal to zero 
because A 12 = A x 3 = A 23 = 0. This simplifies Formulas (IV-6-11)- 
(IV-6-45) substantially. 

Determination of the other values of the coefficients B^, 

Cik» from (IV-6-46) requires knowledge of the cantilever plan- 

form. Here the cantilevers may differ in form from conventional 
deltas; for example, they may have curvilinear edges. 

By way of example, let us consider calculation of the sta¬ 
bility derivatives for a thin flat delta wing and a four-canti¬ 
lever (cruciform) configuration. 


Delta wing. The fundamental nomenclature for this wing is 

shown in Fig. V-10-17. As our characteristic area, we shall take 

the wing area S = 0.5b c and as our characteristic linear di- 
& wg m 

mension the span 2£ = b . 

^ mm 

After substituting the values A^ (V-10-14) into (IV-6-46) 

and integrating on the assumption that the coordinate origin coin¬ 
cides with the center of gravity (x = c/3), we obtain 

c. g 


B u = 0; 
Cu = 0; 

■^n — 0; 


. 73 _ rc . 

^22 - “0 ’ 33 — 320 ’ 


c 22 — 

Dn, 


An 


135X5 


(V-10-16) 

(V-10-17) 

(V-10-18) 


where the wing aspect ratio 


1 w g— 4/wg — 2 b m lc. 


(V-10-19) 


Introducing A^, B^, Ch^, and into the general expres¬ 
sions for the stability derivatives, (IV-6-11)-(IV-6-45), we ob¬ 
tain their values for the delta wing. 
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The static stability derivatives take the form 


c a _ 2n rr 

'V _ 3 ' ~ 




; 4 = 0; 


= 4 = 0; 

6+^-2-- ,„P-_ 

31 CO- 


m a — 
v 


w -r~; >nf* — 0; 

J '-wg ■' 


«?= -f mfi=o. 

** A wg * 




(V-10-20) 
(V-10-21) 
(V-10-22) 
(V-10-23) 

(V-10-24) 


The rotary derivatives 
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0; t\« - 0; 


A 

uk:i 


c .\* : 


>.) 


; c“ff = 0; 


co. ! _. <0„ l r, 

,n x'’~ j'2 rtAwg ’ ,n x' ~ 9 

w _l_ oft . 33 «».-■ 

" V “ « >.wg _r 133T* ’ 


~T a > 

r^z — -- 

2 9 A wg 

,.-4-241 

■ 130 li.. ’ ! 


f 


1 rra 


■wg 

32 mo-. 


9 


.TU) - (g) (iJ d-. .'CU. 

PR— 2 —; = 0; m,/- -^-Ti 

a w g - y - y / w 


32 rtco* 

2 7 

wg 


my =- 0 ; 7/41 --= 0 ; /»“* = - 4 - 4 - 

- * o A wg 


(V-10-25) 
(V-10-26 ) 

(V-10-27) 

(V-10-28) 
(V-10-29) 


The acceleration derivatives 


-—- ~c tT — 

•j ‘ 1 > c v — 


- -it rta; c v> z : 
3 -V 


Sl, 


<* = “W ; 

^ £ 

m j =. —---• m < -._t 


9^ 


•; /v 


J t»a 


135^ wg 


(V-10-30) 

(V-10-31) 

(V-10-32) 


The remaining derivatives with respect to the accelerations 
are zero. In using the expressions for the derivatives, it must 
be remembered that all parameters were calculated for the char¬ 
acteristic length b . For example, u>. v 9. X U„/1V X , jr—where the 

derivative V---dVjdt. 

A number of stability derivatives depend on the translation¬ 
al acceleration. If the influence of this acceleration is nil 
or negligibly small, we must set 
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Figure V-10-18. Nomenclature for 
Cruciform Wing in Determination 
of Stability Derivatives. 


The relationships given 
here can be used to analyze 
specific forms of motion, 
e.g., rolling motion, motion 
in the presence of only 
longitudinal damping, etc. 

In performing the analysis, 
it must be remembered that 
these relationships are suit¬ 
able only for wings of small 
aspect ratio with the condi¬ 
tion that the product a*X 

be small. 


When this condition is met, the wing is situated near the 
axis of the Mach cone. At large or with an increase in aspect 
ratio, these relationships give increasingly unsatisfactory re¬ 
sults. The influence of aspect ratio and M ot will be examined be¬ 
low . 


Four-canti1 ever (cruciform) wing. The basic dimensions of 
a wing whose four cantilevers are Identical are shown in 
Fig. V-10-18. Introducing (V-10-15) for into (IV-6-46), we 

obtain the following relationships for B.., C.., D.. 


B 


11 


B, 


n 

C -Co— n f — (1 - 

^C.g ’ 


¥ ; 

6 i ‘_ 6 22 ._ ^ ^ , 

c . 

) 4 J 


20a 




(V-10-33) 
(V-10-34) 


The formulas for and D^ are suitable for any position 

of the coordinate origin of the body system chosen. If the ori¬ 
gin is placed at the wing-area center of gravity. It is necessary 

to set x /c = - 1/3. In this case, C = C = -tt/( 36X ), 
c.g 1122 wg 3 

D = D = 4tt/(135X* ). 

11 22 Wg 

The stability derivatives (IV-6-11)-(IV-6-45) are written 
as follows. 

Static stability derivatives: 


a *1 i 2 vr a 2 

C .V ~~ n ’ws o cT \ cc. — - 5 - rtto v ; 


c« = ~ .to) v ; C P=- X WK — | nV; 


= nrf — 0 ; 


9/.., 


3 

7»P ^ 




V- 


(V-10-35) 
(V-lO- 36 ) 
(V-10-37) 
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7lV 


9a„ 


m$ — 




9X„ 


(V-10-38) 


rotary derivatives 


'V = 


c a x. 

VY 


2n R . 

•TPf 


to 2 :t 

c z ~ ”3~ a ' 


2;i 


9X kp 


(0 

V 


2n 


2jt 


9X. 


- co,; cv = 


2ji 


CO, 


r z —= 
,V 


2ji 

T 


wg 


c“- = — 
* 9X 


2rt 


m x = 


Awg 

~2n~’ 


m v ■■ 

X 


32ji 


9X 


'wg 


135X; 


<fl 2 ; to®» = 


3A« 


=i«:*=o; 




32n 


m"* = 


32ji 


135X 
32ji 


co. 


9X V 


135X 
m“* = 


wg 


Jl 


3A 


Wg 


135A 


- (0-r 


Wg 


(V-10-39) 
(V-10-40) 
(V-10-41) 
(V-10-42) 
(V-10-43) 
(V-10-44) 


acceleration derivatives: 


c v = —— 
nv 3 


na; c 


c? = 




c-V = 




A' 


co 

C>: 




5>v 


v 


Jl 


mr 


9A wg 

Jt 


9A 


m v 




9A 


wg 

Jl 


P: »»** = 


9X V 


9A w 


16a 


wg 


9Av 


-a; 


m z 2 = 


ftwg 

16jd 


(V-10-45) 

(V-10-46) 
(V-10-47) 
(V-10-48) 
(V-10-49) 


S = b c/2 is taken as the characteristic area in calculat- 
wg m 

ing the derivatives, and the span of the wing at the base 2& m = b^ 


as the characteristic length. The parameters w 


0) 


w 


V and 


x’ y* z- 

their derivatives are determined, as for a plane wing, from the 
characteristic length b 


m 


Influence of Wing Aspect Ratio and M on Stability Derivat i ves 


Delta wing. Slender-body theory gives stability derivatives 
that are independent of M^. Nor does this theory permit estab¬ 
lishing the effect of aspect ratio on the derivatives, though it 
might appear, that the corresponding expressions convey it. This 
is because the appearance of A in these expressions arises not 

from the physical process but from the formal selection of the 
characterisitc geometrical parameters. 
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Wg 


Figure V-10-19. Rela¬ 
tion for Transverse Sta¬ 
bility Derivative of 
Delta Wing for = /2: 

1) according to slender- 
body theory; 2) accord¬ 
ing to linearized theory; 
o) angle 3=5° for wing 
with subsonic leading 
edge. 


Figure V-10-20. Ratios of 
Delta-Wing Stability Deriva¬ 
tives Calculated by Linear¬ 
ized Theory and Slender- 
Body Theory: 


S -c't: 


-< 0 ; 

c .v 


Let us consider 
the stability derivatives is 
semivertex angle of the wing. 


The results of supersonic 
linearized theory should be used 
to establish the stability de¬ 
rivatives as functions of M and 
a delta wing. The independent variable for 

= 4a' 


a 1 


where is 


1 X = 4a' tan Y,, 
wg 1* 

The wing area S w ^ 
istic area for calculation of the derivatives, and the span b 
the characteristic length. 


the 

is the character- 
is 


m 


To ascertain the influence of aspect ratio and M^, let us 
compare the most important stability derivatives as obtained by 
the slender-body and linearized theories. This comparison will 
also enable us to establish the possibility of using the slender- 
body theory and the accuracy that can be expected. We shall ex¬ 
amine the case in which there is no longitudinal acceleration 
• 

and V = 0. 


Static stability derivatives . We shall analyze the stability 
derivatives for the moments with consideration of the fact that 
the moments are calculated with respect to the wing's center of 
gravity, about which the rotation takes place. Special mention 
will be made of a different positioning of the centers of moment 
and rotation. Calculations by the aerodynamic theory of the 
slender body give m a = 0, i.e., the same value as the linearized 

theory. This indicates that the slender-body theory gives a 
rather good approximation. At the same time, the result m“ = 0 

indicates that the influence of on the static stability deriva¬ 
tive cannot be determined within the framework of the linear 
theory. 
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If the center of moments does not coincide with the center 

of gravity, m a ^ 0. Figure V-10-25 shows a pitching-moment 
z 

curve calculated in the linearized theory for an axis of rota¬ 
tion passing through the origin of the chord and a supersonic 
leading edge. Investigations have established that the deriva¬ 
tive does not depend on the aspect ratio of a delta wing, 
z 

There are differences in the results for the transverse 
stability derivative m^. In Fig. V-10-19, which shows computed 

x g 

data for the case = /2, we see that the values of nr given 

by the two theories for the delta wing are similar until the 
leading edge becomes sonic (a*A = 4). Here the derivative nr 

O 

remains negative (stabilizing) according to the linearized theory 
for the subsonic edge, but becomes positive (destabilizing) for 
a supersonic edge. In the zone of transition from the sub- to 
the supersonic edge, the difference between the theories becomes 
especially pronounced. 

Slip angle influences sweep angle and, consequently, the 
value of the rolling moment. With increasing angle the 

leading edge becomes sonic and the destabilizing effect appears 
sooner. When the edge passes from sub- to supersonic, the de¬ 
pendence of Hi on 3, deviates from linearity. 

Let us consider the derivatives of the normal-force coeffi¬ 
cient, introducing the notation 




tv i 


Svt 


(V-10-50) 


Here the numerator is the derivative obtained from the linearized 
theory, which is equal to 


*W( 2 £) •^° :r ’ (v-10-51) 

4/a' for a'A wg >4; 


and the denominator is the derivative found from slender-body 
theory, cSL = ttA /2. The function E in (V-10-51) is a complete 

JNI t/ 

elliptic integral of the second kind with the parameter k = 

= [1 - (oA /2) 2 ] 1 / 2 . 
wg 

Figure V-10-20 shows a curve of c^ constructed as a function 

of the parameter a'A . The break in the curve occurs at a'A TT „ = 
r wg wg 

= 4,'whenthe edge becomes sonic. With increasing aspect ratio or 
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M , slender-body theory_gives increasingly understated values. 
Figure V-10-20 shows a curve for a delta wing with a super¬ 
sonic leading edge. 

Rotary derivatives and derivatives wit h respect to the accel¬ 
erations . One of the rotary derivatives, namely the roll-damping 
derivative, is determined in linearized theory by the expressions 


m x — 
* 1 


m * = 
* 1 


16 {(1 +k*)E — (1 — k*)K\ 

1 

- 3 ^ 7 - for a'l wg >4, 


for a'l wg < 4; 




(V-10-52) 


where K is a complete elliptic integral of the first kind: 

n/2 

K= l (V-10-52') 

0 

with the parameter k = [1 - (a'X / 2 ) 2 ] 1 / 2 . 

Wg 

In slender-body theory, the same derivative m^£= -/32. 

The derivative ratio m" x = is shown in Fig. V-10-20. Slen¬ 

der-body theory gives smaller values of the derivatives than does 
the linearized theory, although the difference is smaller than 
for the derivative c°j. 

Longitudinal damping depends on the derivatives of m with 

respect to a and to , which are determined differently in the two 

z 

theories. According to the linearized theory. 


mi j.= 


m 2 1 : 


< 0 . 

m 2 1 =. 


— it k* 


!X wg [(2* 2 -l)£’-f(l-A 2 ) K] 


16 


9“'^ 2 w g 


for 


for a'l wg <4; 'J 

I 


3 k* (a' 2 |-1) 


2a' 2 4- 3 


' 9a'V, wg L (2* 2 — 1) E + (1 — k 2 ) K 
8 


for a'l wg < 4; 


for a’K 


(V-10-53) 


(V-10-54) 


In the slender-body theory,,v.the derivatives are mT —■ •-.-T/{3/. wg ), 
" _to x 

m’i — — !x/9> w , The ratios m z and 'm“ can be calculated from the 

known derivative values, and are plotted in Fig. V-10-20 and 
V-10-21, respectively. 
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According to the linearized theory, the derivatives of the 
normal-force coefficients are determined as follows: 


_ 2n r 3A 2 2 1 

c,vi “ 3 L(3& 2 — i)£ + (l — A 2 ) K E J 

Av'i = 0 for v.'A wg > 4; 


for a'),„ 


: 4 ; 


Cn 1 


2it r 3fc 2 (a' 2 -f-l) 2a' 2 -|- 31 

3a' 2 l(2k 2 ~l) E-' r \l~k 2 )K E J 


for a'A wg <4; 



— 16 
3a' 2 A wg 


for cc'A wg >4. 


(V-10-55) 


(V-10-56) 



In the slender-body theory, 
the derivatives are defined by the 
expressions ^=2^/3, «£ t = 2*/3. 

According to both theories, the 
corresponding derivatives with re¬ 
spect to co z and a determine the 
ratios c^ 1 and c“. Figure V-10-20 
shows a curve of cy , and 
Fig. V-10-21 cf . 


Figure V-10-21. Ratio of 
Delta-Wing Stability De¬ 
rivatives Calculated by 
Linearized and Slender- 
Body Theories. 


Figures V-10-24 and V-10-27 

show curves of c&, cy constructed 
by the linearized "theory for a 
supersonic wing edge (the axis of 
rotation passes through the root- 
chord origin). 


Analysis of available data indicates that slender-body theory 
can be used quite confidently to calculate the derivatives at 
very small aspect ratios. For large aspect ratios, however, this 
theory is suitable only for qualitative estimates, for example, 
of the center-of-pressure position and the stabilizing effects of 
damping. 

At small aspect ratios, the center of pressure coordinate in 
the case of rotation about the center of gravity is determined as 
follows by the slender-body theory: 


a 3 e 

3A wg : 2n ~ _ 4 b^' 


(V-10-57) 


Thus, the center of pressure lies behind 
gravity and, consequently, the damping moment 
moment. For a'X >4, the linearized theory 


the center of 
is a stabilizing 
indicates c“z — 0, 
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while m?*' is nonzero and negative. This means that the center of 
pressure has moved to an infinite distance behind the wing. Con¬ 
sequently, the qualitative picture of damping stabilization pre¬ 
dicted by slender-body theory is preserved. 

However, qualitative analyses by the slender-body theory 
must be made with caution. For example, in a motion that in¬ 
volves a time change in the attack angle (a ^ 0), the center of 
pressure coefficient is determined in the slender-body theory by 



‘ .V 


:t c 

' "~n b m 


(V-lO- 58 ) 


(c.m) # (c.r) (c.r)' (c.m) 
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Figure V-10-22. Illustrat¬ 
ing Conversion of Stability 
Derivative from One Center 
of Rotation (Center of Mo¬ 
ments) to Another. 


makes its appearance. 


Consequently, the normal 

force is always stabilizing. 

It follows from the linearized 
theory that the center of pres¬ 
sure coordinate will be the same 
as that given by slender-body 
theory. But, as we see from Fig. 

V-10-21, the normal force r“a 
becomes negative at certain 
values of a'A wg . This means that 

a destabilizing effect not pre¬ 
dicted by the slender-body theory 


In the general case, the center of rotation need not coin¬ 
cide with the center of moments, i.e., with the point about which 
the moments are determined. Then it is sometimes necessary to 
convert the derivatives from one center of rotation (or one cen¬ 
ter of moments) to another. The conversion formulas are: 


Cy - 


= (cnY; 

u 


m? = (iO' + f-(cS)'; 

c> = {cly~2c a N h-- 
= K°y - 2 (mfy i + (c®-)' h~ 


9 *1 l 2 JL 

2 1 T c ‘ v - 


(V-10-59) 
(V-10-60) 
(V-10-61) 
(V-10-62) 


In these formulas, the primed coefficients are 
of the derivatives for the given rotation or moment 


the values 
center (in 
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the general case, these centers do not coincide); the other coef¬ 
ficients correspond to the new positions of these centers. Here, 
the new centers of moments and rotation are located at the respec¬ 
tive distances Jl x and H 2 aft of the old ones (Fig. V-10-22). A 
certain length SL, which is set equal to the span b for a wing, 
is the characteristic dimension. 

The rolling moments caused by rotation about the y_-axis are 
determined in uhe linearized theory by the formula 


_ 71 (1 -j-9Xwg/16) ot 

1 ~ 9 K*E ’ 


(V-10-63) 


lQ 

while in the slender-body theory m x\ = .ta/(9A wg ). The difference is 
substantial. The ratio of the corresponding derivatives is 



(V-10-64) 


As X 


wg 


0, this ratio 


►1. 


Forces and moments of the Magnus effect . The forces and mo¬ 
ments of the Magnus effect arise from oblique flow around a wing 
in rotation about the longitudinal axis. These forces are pro¬ 
portional to the products aco or 3 -.to . In particular, the lat¬ 


eral force Z v am . 

— x ■ 


and the yawing moment M aaj 

y 


In the wind 


axes, the stability derivatives for lateral force and yawing mo¬ 
ment are determined as follows in the linearized theory: 


:;£|'(A-2 71)£ ; — —*2) A'J ’ 

2.i/i 3 [Xwg/16-l- t/(9X wg )] 

~ r \ (a~*t iyf—0 :z * 2 T^i 


(V-10-65) 
(V-10-66) 


For a'X, r > 4, both derivatives are zero, 
wg - 

In the slender-body theory, the expressions c"t x • — (j>~ 

correspond to the coefficients in (¥-10-65) and (V-10-66). Figure 

_am x 

V-10-20 shows the curve of the ratio c . As we see, the two 

z * 

theories differ qualitatively for a'X = 4. 

Rectangular wing. Figures V-10-23 through V-10-30 present 
certain data on the stability derivatives for a rectangular wing, 
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2 3 4 Mca 


Figure V-10-23. Dependence 
of eg on Aspect Ratio and 

M at Supersonic Speeds 
(St = 0). 


-<* _ \ 



Figure V-10-24. Dependence 

of c°j; on Aspect Ratio and 

M at Supersonic Speed 
(St = 0). 
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Figure V-10-25. Dependence 

of m a on Aspect Ratio and 
z r 

M at Supersonic Speeds 
(St = 0). 



Figure V-10-26. Dependence 

of on Aspect Ratio and 

at Supersonic Speeds 
(St = 0). 


as obtained in the linearized theory. In contrast to the case 
of delta wings, the stability derivatives depend on aspect 
ratio (the solid lines in the figures represent the character¬ 
istics for the rectangular wing, and the dashed lines those of 
the delta). 
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Figure V-10-27. Depen- 

dence of c^ on Aspect 

Ratio and at Super¬ 
sonic Speeds (St = 0). 


Figure V-10-28. Depen- 

• 

w z 

dence of c^ on Aspect 

Ratio and M at Super- 
sonic Speeds (St = 0). 




Figure V-10-29. Depen- 
a>z 

dence of m on Aspect 0 )r 

Z 2 o 

Ratio and M at Super- 

sonic Speeds (St =■ 0). Flgure y _ 10 . 30 . Depend _ 

t, . , , ,, , ence of m on Aspect 

Research has shown that z 

at supersonic speeds, the Ratio and at Supersonic 

rotary derivatives depend less Speeds (St = 0). 

on Strouhal number the smaller 

that number and the smaller the 

wing aspect ratio. Here, the aerodynamic-characteristic values 
obtained for St -* 0 can be used with adequate accuracy in the 
range of St encountered in practice. 



Figure V-10-31. Illustrating Deter¬ 
mination of Roll Damping Moment. 


Figures V-10-23 through V-10-30 present the corresponding 
data for the coefficients of the rotary derivatives calcu¬ 
lated for axes of rotation and moments that pass through the 
origin of the wing root chord. 

Damping characteristics of rolling motion. We shall in¬ 
vestigate separately the rotation of a wing about the x-axis at 
angular velocity n (Fig. V-10-31), which results in the appear- 

ance of a roll damping moment opposed to the direction of ro¬ 
tation and equal to M = m S £q. 

^ x x wg ^ 

In the general case, the damping-moment coefficient is 


m x ----- m x m x /«"■* 


(V-lO-67) 


In practical cases, the accelerations w are small, so that 


we can write 


tll x - : in x *io x . 


(V-lO-67' 


Using the "method of strips," we find for the wing as a 

whole 




2.S’ 



(V-10-68) 


where z = 2z/£; c ,a is the derivative for a given section, deter- 

y 

mined from the condition 


Qx z 


t CC ~~ 


(v-10-69) 
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in which 


©X 


fix* 

2K«, 


The other nomenclature is evident from Fig. V-10-31. 

The damping-coefficient_derivative can be calculated by 
(V-10-68) for bzVl^, and c^ a (z,15^), which for the given wing are 

known as functions of the coordinate z and M . 

oo 
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Chapter VI 


7320 


FRICTION AND HEAT TRANSFER ON WINGS 


§VI-1. PARAMETERS OP FRICTION IN PLOW AROUND A PLAT PLATE 
Homogeneous Boundary Layer 

Incompressible boundary layer. Let us examine calculation 
of the friction parameters for a plate in incompressible flow. 

The result of this calculation is the determination of such boundary- 
layer variables as thickness and the conventional displacement 
and momentum thicknesses. As we shall show, these parameters 
can be used to calculate more complex cases of gas flow in the 
boundary layer, those characterized by compressibility and high- 
temperature effects and curvilinear shape of the washed surface. 

Let us consider the basic relationships for an incompress¬ 
ible boundary layer around a plate on the assumption that the 
boundary layer has a certain small finite thickness 6^ c and that 

the velocity distributions across the sections of the laminar and 
turbulent boundary layers are characterized respectively by the 
parabolic law proposed by Pohlhausen 


t f , _ 3 y _1 y 3 

V 6 - 2 6 ic 2 6* c 


(VI-1-1) 


and the "seventh root" law (according to Karman) 

which is a particular case of the more general "kth-root" law 


V*__ ( y y/h 
v t ~ Ui 0 ; * 


(VI-1-3) 


Introducing (VI-1-1) and VI-1-2) into integral relationship 
(III-2-42), we find the thickness of the boundary layer: 


6 ic 
Tw 


Ax m Re n , 


(VI-1-4) 
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where x is the length of the plate; x = x/x is a dimensionless 
w w 

coordinate; Re = V^x^/v. 

The friction stress t 1 . on the wall is determined by 

W1,1C 

substituting Expression (VI-1-4) for the layer thickness into 
the formulas 


T wMc - f 1 i^f)^ o ’ TwI - lc - °- 022:j .°* F * (v fi 6 ic ) 


1/4 


(VI-1-5) 


the first of which pertains to a laminar boundary layer and the 
second to a turbulent boundary layer. As a result. 


Twiac =• 8{>i v i Rej, 


(VI-1-6) 


where Re^ = V^x/v is the local Reynolds number. 

From the stress t n . .we can find the local coefficient of 

wl. 1C 

friction 

c fx ia ------ r C Re;, (VI-1-7) 

where q = (p^V^)/2. 

TABLE VI-1-1. VALUES OF COEFFICIENTS AND EXPONENTS 
IN FORMULAS FOR BOUNDARY-LAYER PARAMETERS 


Boundary layer 

A 

B 

c 

D 

771 

n 

Laminar 

5.8 

0.332 

0.664 

1.33 

1 

2 

1 

2 

Turbulent 

0.37 

0.0289 

0.0578 • 

0.074 

1 

5 

_ 1 

5 


Applying (VI-1-7), we determine the average value of this 
coefficient: 

(VI-l-8) 

0 
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Values of the coefficients A, B, C, and D and the exponents 
m and n are given In Table VI-1-1. 

Oth er results for the turbulent boundary layer . Formula 
(VI-1-b) for the" 'turbulent friction coefficient c„ , . can be 

I o 1C 

used with greater confidence If Re does not exceed 10 6 . Other 
relationships give better results for larger values. For example, 
for Re In the range 10 6 < Re < 10 9 


e, tac - 0.427 (lg Re - 0.407) -2 - 46 . 


(VI-1-9) 


The following formula can also be used for the Interval 
5*10 6 < Re < 10 10 : 


Cf t>io = 0.043 Re-o-ie 7 . 


(VI-1-10) 


For Reynolds numbers In the range 2*10 6 < Re < 10 10 we have 


Cf t.ic = 0.032 Re-o-i45. 


(VI-1-11) 


For larger Reynolds numbers, we can consider the universal 
Prandtl-Schlichting formula for calculation of the average turbu¬ 
lent-friction coefficient: 


0.455 

c /t.‘ c ■■(l g Re)2.M • 


(VI-1-12) 


The Schultz-Grunow formula 
bulent friction coefficient may 


for calculation of the local tur- 
be regarded as equally universal: 


0.37 

C ' xtAc 5 


(VI-1-13) 


here, Re x can vary up to 10 9 . 

The thickness of a boundary layer with a velocity profile 
characterized by the power law (VI-1-3) can be determined from 
the expression 


6 


t.ic 



(VI-1-14) 
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where 




ft+i vi¬ 



and, according to Wishard, the coefficient C equals 


0.917/i !• 2,313. 


TABLE VI-1-2. VALUES OF THE PARAMETERS B AND C 


K 

5 

6 

7 

8 

9 

1 

c 

6.93 

7.85 

8.74 

9.71 

10.6 

11. 

B 

0.5-54 

0.455 

o 

o 

0.311 

0.274 

0 . 


Values of B and C are given in Table VI-1-2. 

The exponent k can be determined by the formula 

A = 2.35 (Ig Re** — 1), (VI-1-15) 


where Re** = V^6**/Vg. 

The following relationship exists between the conventional 
displacement and momentum thicknesses 6* and 5** and the thick¬ 
ness 1 c of the boundary layer in an incompressible fluid: 


*** 

°t.l' 


(A-+1) (fc + 2) 


Sta 


(VI-1-16) 


Example. Determine the parameters of a boundary layer on a 
plate for the conditions 

V = 200 m/s; H = 2000 m; = 0.1715‘10 -1 * m 2 /s 2 ; x = 1 m. 

Solution is by the method of successive approximations . We 

take the exponent in the velocity-distribution law k = 7-46 as 
our first approximation and calculate the corresponding 
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coefficients B and C 


C = 0.917fc +2.343 = 9.18; 

ft+l 2ft 


b = r k i h+3 c * +3 = 
L (fc + 3) (1 + 2) J 

f .. tm _:i 

L( 7.46 ; - 3 ) ( 7.46 + 2 ) J 


7.4S+1 


2 - 7.46 


7.46 + 3 7.4G + 3 

9.18 =0.343. 


Prom (IV-1-14) we determine the layer thickness 


•u. -"(¥) *”*:•«« " 0+, *=o.o,5 3 , 


Prom (VI-1-16), we find 


<** 


(1 + 0 <XT^) 6 ‘- iC “(7.40 + 1) (7.48 + 2) 


7.4G 


0.0133 = 0.0014 m. 


We then determine 


1...._ifiQlt_ =10300 

v 6 0.1/1 ;j-10-< 


and calculate k in the second approximation: 


k - -• 2.35 (]g He**--1) ~ 2.35 (1 g 10 300- 1) --7.55. 


Using this k, we improve the boundary-layer parameters 


C -0.917-7.55 + 2.343 - 9.200; IS 0.338; 
dt.lc 1 0.01545 m; ftt.lc -0.00143 mj 


Ho** 


200-0.00143 
0.1715-iu - * 


= 1G GS0. 


These data correspond to 


k 2.35 (Ig 1GG80—1)= 7.57. 
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Since the resulting k differs insignificantly (^0.2%) from 
the value in the preceding approximation, we may regard k = 7-57 
and the boundary-layer parameters corresponding to it as final. 

Influence of altitude. This effect manifests in an altitude 

variation of Reynolds number. If Re » Max /v near the ground 

g 00 g w g 

(a and v are the speed of sound and the kinematic viscosity 

' g g 

coefficient, respectively, near the ground) and Re = M ax /v at a 

co Vw 

certain altitude, we can write for it 

Re = Re, ft (//) ft (H) ft (//), (VI-1-17 ) 


where 


/,(//)-£; /.<«)=•£•; /.<»)-•*«■ 

are functions that determine the variation of density, the speed 
of sound, and the dynamic viscosity coefficient with altitude. 

The values of these functions are found from the appropriate 
tables (see Appendix No. 2). 

Influence of compressibility (in the absence of heat trans¬ 
fer). The boundary-layer parameters, and especially the fric¬ 
tional stress and coefficient of friction, will differ substan¬ 
tially from the values for incompressible flow at high velocities 
owing to the action of such factors as compressibility, heating, 
and heat transfer. 

These parameters can be calculated by various methods with 
consideration of the above factors, depending on the nature of 
the thermal processes that take place. Let us examine a calcu¬ 
lation based on the assumption that there is no heat transfer 
(although aerodynamic heating of the boundary layer does take 
place) and without taking any of the possible physicochemical 
processes into account. 

If we assume that heating takes place with no change what¬ 
ever in internal energy (we shall disregard the work of viscous 
forces and conduction or radiation of heat), then the influence 
of heating on the boundary-layer parameters will manifest in a 
dependence of these parameters on M . 

The corresponding relation for a laminar boundary layer 
takes the form 



J7J_ 

C 1 l.lo 


(1 +0.03M|)~ 1/3 . 


(VI-1-18) 


For a turbulent boundary layer, the form of the ratio 
Cj, t /e f t ic as a f unct i° n °f will generally be determined 

by the exponent in the law of velocity variation, i.e., by k or, 
which is the same thing, by the Reynolds number. However, as we 
see from Fig. VI-1-1, variation of k from 5 to 9, which corre¬ 
sponds to a change in Reynolds number from 10 6 to 10 8 , has prac¬ 
tically no effect on the ratio c„ ,/c,, . . . 

X t X X■xc 

We may therefore assume for practical purposes that this 
ratio is independent of k (of Reynolds number). According to 
Fig. VI-1-1, the ratio of the coefficients of friction is pre¬ 
sented as a function of Mg for a turbulent layer in the form 

(i.| irzi-MsV, (VI-1-19) 

c! t.lc V — / 


where t = - 0.43 for 6 < Mg < 15 and t 


0.39 for 0 < Mg < 6. 



Figure VI-1-1. Ratio 

C f t /c f t.ic for a Tur ~ 
bulent Boundary Layer 
as a Function of Mg for 
Various k. 


An experimental study of the in¬ 
fluence of wall temperature on the 
ratio c f t /c f t ±c showed that this 

effect is minor in a turbulent flow 
and need not be taken into account in 
practical calculations if the coeffi¬ 
cients of friction are calculated for 
the parameters at the outer boundary 
of the layer. Here the formula will 
be more exact for a heat-insulated 
(adiabatic) wall. 

Apart from (VI-1-19), we can use 
a relationship found by Acad. A.A. 
Dorodnitsin 


c /t =0.472 (H-O.lMi) -0 - 1 X 
X [lgRe(l+0.2Ml)-'- 76 ]- 2 - 58 (VI-1-20) 


or the Luter formula 


c ,, = 0.0031 exp (-0.172M 5 2 ) Re -0 -' 82 , 


(VI-1-21) 
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which give better results for Reynolds numbers in the 'range 
10 6 < Re < 10 10 . 

Boundary-layer thicknesses can be calculated with (VI-1-4) 
with consideration of compressibility and wall temperature by con¬ 
verting in that formula to determining parameters. The displace¬ 
ment and momentum thicknesses can be determined by (VI-1-16) from 
the layer thickness found in this manner. A correction for the 
Mach-number effect must be applied to k in calculations with 
(VI-1-14). This can be done by applying (VI-1-15), in which 

Re** = 0.036 Re£- 8 (l + . (VI-1-22) 


The quantities 6** and 6* can be calculated directly with 
the expressions 


6 *« 


pVx 


0 



* 



(VI-1-23) 


in which it is assumed that VJV 6 = (yJ6) ,/h ; V X 'V 6 -- (T 0 — T wl )/(T o6 — TVi), where 
T 0 and T ^ are the respective stagnation temperatures in the 

boundary layer and the free stream. Here density is determined 
from the equation p = pRT for the condition that 9p/9y = 0 in the 
boundary layer. 


The momentum and displacement thicknesses, referred to the 
boundary-layer thickness and calculated for the "seventh root" 
law, are expressed as follows: 



8.-).2 [1—0.033 (3 —6>] fl-0.78 G) 


(VI-1-24) 


where 


/325 


G - 

br-: 

6 1 

6t ' 


1 -± M * 
2 **« 


1 I — a — M| 


+ 0.197 {l-[l (M6 - 2) 2 ] 0,15 1 ; 


2 6 

i; 


{-y-Il + 0.465 (k -1) MgJ [1 + 0.54 (7^ -1)] -1 } . 


(VI-1-25) 
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Figure VI-1-2. Ratio 
$**/<$£ as a Function 

of M 5 and the Relative 
Wall Temperature T wl * 



Figure VI-1-3. Ratio 
6 * / 6 ^ as a Function 

of Mg and Relative 
Wall Temperature T wl « 


Figures VI-1-2 and VI-1-3 present the results of calculation 
of and 6 */ 6 t as functions of Mg and the relative wall tem¬ 

perature T wl = T wl /T 0 . 

With the values of we can use the formula 6 ** = 

= (l/ 2 )c fx to calculate the boundary-layer thickness. 


. 6 t c, t *g, /fitac (VI-1-26) 

^t.ic c /t.ic 

The ratios S**/<S^ and 6 */ 6 ^_ were obtained for conditions 

under which the influence of the laminar sublayer is not taken 
into account. Studies have shown that this effect on 6 */ 6 , is 

small and may be disregarded. 

As for the momentum thickness, the laminar sublayer may have 
a substantial influence, and one that increases with decreasing 
Re^ and with increasing Mg. The quantity 6 ^*/ 6 ^ can be 
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represented by the general relationship 

( ***-) A r . (F w i, Kc d , M«) A r 2 (M flt Re fl ), (VI-1-27) 

6 t \ 6 t /Hc 6 ~oo 

where ( 6 **/ 6 ,)_ Is the ratio of the momentum thickness to the 

t t Reg=°° 

layer thickness when there Is no laminar sublayer (see Fig. 
VI-1-2); Re g = V^S/v^. For the particular case of a heat-in¬ 
sulated wall ( T wl = l)j the function 

A'j r- 1 -f 0.004 (M a —10) (i — 0.125 Re 6 ). 


The function N 2 is calculated by the formula 

N 2 — 1 — 0.848 (fci) 2 (S-lgRe 6 )\ 

where h * 3.9 - 0 . 6 /Mg - 3 for Mg > 3 and h = 3.9 for 1 < £ 3 . 

For Mg < 1, N 2 = 1. 

Influence of high temperatures on flow in the boundary layer. 

Owing to flow stagnation in the boundary layer and the temperature 
rise, the density of the gas changes, and this influences the 
boundary-layer parameters. The property of compressibility and 
the dependence of the boundary-layer variables on Mach number are 
manifested here. 

With increasing velocity, temperature increases and the 
boundary layer is heated to such a degree that chemical reactions 
may take place in it. As a result, other physical parameters of 
the gas also change along with density. These effects are of de¬ 
cisive importance in shaping the friction and heat-exchange 
processes in the boundary layer. However, quite major difficul¬ 
ties are encountered in taking them into consideration. For this 
reason, attempts have been made to find comparatively simple 
approximate methods for calculation of the boundary layer at 
very high flow velocities. One of them, which will be examined 
below, is based on the use of relationships derived from investi¬ 
gation of the boundary layer in an incompressible medium. Near 
the surface, there are always regions in which the flow is exten¬ 
sively stagnated and, consequently, the properties of the gas 
make a close approach to those in an incompressible medium. If 
we consider flow in this region to have the basic influence on 
friction and heat-transfer processes, we can investigate the 
boundary layer by relationships that are superficially similar 


438 



to those for the incompressible medium. The difference will be 
that parameters determined in accordance with the local tem¬ 
perature values in the boundary layer will appear in these rela¬ 
tionships. Here, as research has shown, satisfactory results 
are obtained if the calculation is made for a determining tem¬ 
perature T* and the determining enthalpy i*, density p#, coef¬ 
ficients y*, v*, etc. that correspond to it. 

Let us examine certain relationships for calculation of 
the boundary layer from determining parameters. 

Laminar boundary layer . In introducing the determining 
parameters, we can use relationships that take account of the 
influence of high temperature. For example, in accordance with 
(VI-1-4), the thickness of the high-temperature boundary layer 
is 




6 ( P* P* ) 

Mc \ Pd P* / 


1/2 


(VI-1-4') 


In the general case, the displacement and momentum thick¬ 
nesses can be determined similarly with consideration of dis¬ 
sociation and the wall temperature. In addition to calculation 
by the determining-temperature method, the thicknesses can also 
be computed with the ordinary boundary-layer equations. If c = 

= const and Pr = 1, solution of these equation gives relation¬ 
ships that enable us to determine boundary-layer parameters close 
to the true ones as functions of wall temperature and . These 

relationships have the form 


6l JL- 4A'[0.4(7’ wl + l- r j) (l r 0.2X1*) — 0.09M1 ]; 

' i.e/qf-.-rOasA) 

6 ** ^ * 1 * OJuK, 

1 Xh 

where T wl = T wl /T 0 ; the coefficient 

Here x = x/x^., Re = V^/Vg; the coefficient X wl is found from 
one of Formulas (VI-3-2). 


(VI-1-28) 

(VI-1-29) 

(VI-1-30) 
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We can calculate the coefficient on substituting for 

T , in these formulas, 
wl 

Taking (VI-1-5) as the starting formula, we find the rela¬ 
tion for the friction stress 


T wl.l 


T n . 1 

wl.l.ic*- 


l.ic 


Pi 

p 6 


(VI-1-5') 


The ratio of friction stresses is equal to the ratio of 
the local and mean coefficients of friction: 

T wl.l = C fx 1 = c f 1 (VI-1-31) 

T wl.l.ic c fx l.ic c f l.ic 


We see from (VI-1-4') that the thickness of a laminar bound¬ 
ary layer increases with rising temperature. Despite the increase 
in viscosity, friction stress decreases because of the lower 
density, which has the dominating effect on friction. The rela¬ 
tionships for the boundary-layer parameters simplify in the ab¬ 
sence of dissociation, when we can set p 5 /p* = T*/T 6 , = {T*/T&) n . 

The following procedure is used in calculating friction 
stress by the determining-temperature (enthalpy) method for given 
stream parameters on the outer and inner boundaries of a laminar 
boundary layer. 

First, the determining enthalpy is found. This can be done 
by (IV-8-7) or a relation derived for a laminar boundary layer 


0.363Pr* . , 0. 126 + 0.137 Pr* . , 0.21irr* (VI-1-32) 

£ “ OTllG+Pr* i5 “" 0.126 + P'r*‘ wl ‘ 1.53+Pr* 8 ' 


Here, the i* calculated from the Pr* = Pr wl at the wall is 

determined as the first approximation. Then this i* is used to 
find the second-approximation Pr*, and so forth. 

In practice, we can limit ourselves to calculation of the 
determining enthalpy in first approximation, i.e., calculate i* 
by (VI-1-32), setting Pr* = Pr wl in it. 

Here the largest possible deviation of the friction coef¬ 
ficient or heat transfer from the true values does not exceed 
10 %. 
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Figure VI-1-4. c/il/Re» (Reco=Re==v 4 i ft /v a ) as a 
Function of M and the Enthalpy Ratio 
i= i /i 0 (Laminar Boundary Layer). 



Figure VI-1-5• c_ ^Re^ as a Function of 

I t _ 

and the Enthalpy Ratio i^ = i w ^/i 0 (Tur¬ 
bulent Boundary Layer). 


The determining temperature is found for the determining en¬ 
thalpy by reference to tables or diagrams of the thermodynamic 
functions of air; then c = p*y*/pgP^ is calculated and the local 

and average coefficients of friction are found: 


c fx 1 


2t wi.i 

Pbrt 


c l i 


2X f i 


-0.664 ]/ where Re* = 
133 V-k' where Re = 


(VI-1-33) 
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If the coefficient of friction is determined for both sides 
of the plate, the result obtained must be doubled. 

Turbulent boundary layer . If we start with the power law 
(VI-1-2) for the velocity distribution and the corresponding ex¬ 
pression (VI-1-4) for the incompressible boundary layer, we can 
introduce defining parameters to find a formula for the boundary- 
layer thickness: 




fita 


/ [ 1 * \ 1/5 

\ f‘6 P* / 


(Vi-i-4") 


The formulas for the stress and coefficient of friction have 
the same superficial form as (Vi-1-5*) and (VI-1-31). The dif¬ 
ference is that the layer thickness must be taken according to 
(VI-1-4"). Applying (VI-1-8) to calculate the coefficient of 
friction of a flat plate in incompressible flow, we can obtain 
a generalized expression for the coefficient of friction: 


c f Re 00 ~ n —D 


/ p* 1 

r” (pI) 

V Pa i 

1 Pa / 


(VI-1-34) 


in which n = - 1/2 for a laminar boundary layer and n = -1/5 for 
a turbulent layer. Figures VI-1-4 and VI-1-5 show how the product 

c f Re~ n depends on a number of parameters when it Is calculated 

with dissociation taken into account. 

To calculate the coefficient of friction in a dissociated 
boundary layer, we can also use the formula 


c fxt — C fOt 



1 +OwI 


) 


1/7 



(VI-1-35) 


which is derived from the general equations of the turbulent bound¬ 
ary layer. In this formula, c^ is the coefficient of friction 

calculated for the corresponding local M^, T^/T^ and Re^ = V^S/v^, 

but in the absence of dissociation; and a w ^ are the degrees of 

dissociation at the outer layer boundary and at the wall, respec¬ 
tively, and can be determined for air on the assumption that air 
is a diatomic gas model. 

The local coefficient of friction 
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c„., = 0.058Re, (1 + ‘=l rS ,,jV-» “_ 


-0.55 


(VI-1- 36 ) 


where Re x = V^x/v^. 

The calculations are performed for a given wall temperature. 
Certain data on the coefficient c are given in Figs. VI-1-6 

through VI-1-8. 

The variation of c fxt /c f ot calculated from VI-1-35 is 

shown graphically in Fig. VI-1-9. It follows from Fig. VI-1-9 
that dissociation makes itself felt either in a 22% increase in 
friction coefficient if = 1, a w ^ = 0, the surface is catalytic, 

and the atoms all recombine at the wall, or in an equal decrease 
if a 5 = 0, a wl = 1 and the surface is not a catalyst. 

The formula given above for the calculation of the:boundary 
layer in terms of determining parameters can be applied to any 
case of flow. An exampleiis a flow over an adiabatic wall, i.e., 
an unheated and uncooled wall. If there is no heat exchange in 
the gas, the variation of the thermodynamic parameters across the 
layer will be adiabatic. Then the above formulas will reflect 
the influence of compressibility (M ) on the boundary-layer param¬ 
eters . !X> 



Figure VI-1-6. Local Friction 
Coefficient on a Plate in an In¬ 
compressible Turbulent Flow. 


The qualitative pattern 
of this effect can be in¬ 
spected quite easily with 
the formulas. Compressi¬ 
bility will dominate at 
moderate flow velocities 
when there is little heat¬ 
ing. As a result, the gas 
will be "softer" and more 
compliant to density change. 
This implies that the premise 
of incompressibility of the 
gas in the boundary layer is 
less reliable at moderate 
speeds than at high speeds, 
when the gas becomes harder 
as a result of a substantial 
temperature rise and behaves 
as an incompressible medium. 
Thus, these formulas with the 


determining parameters are 

more reliable in application to calculation of the boundary layer 
for very high velocities. It is always important that the 
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Figure VI-1-7. 
Coefficient on 


Local Friction 
a Plate in Corn- 


determining parameters are 
calculated with considera¬ 
tion of the gas temperature 
(enthalpy) at the wall, which 
participates in shaping the 
friction and heat-transfer 
processes. 

The procedure for cal¬ 
culating the parameters of a 
turbulent boundary layer by 
the determining-enthalpy 
method for given conditions 
on the outer boundary of the 
layer and the wall will be 
the same as for a laminar 
layer. 


pressible Flow in the Absence of 


Dissociation 


(a fi = 


a 


wl 


When the parameters are 
= 0). not given for the wall, but 

must be determined by calcu¬ 
lation, the friction param¬ 
eters for both laminar and turbulent boundary layers are computed 
jointly with the heat flows and surface temperature, using the 
appropriate heat-transfer equations. 


Approximate calculation of turbulent friction on plate.(after 

V.M. Iyevlev). The local 



Figure VI-1-8. Local Friction 
Coefficient on a Plate in Com¬ 
pressible Flow in the Absence of 
Dissociation (a- = a-, = 0) 

= 4. 6 wl 


frictional stress 

(VI-1-37) 

where 

A t = 0.03327z~ 0 - 224 + 3.966-10' 4 ; (VI-1- 

2 = 1.175 Re*; (VI-1-39) 
(VI-1-40) 

Pi 

The parameter p^ is a cer¬ 
tain density determined by the 
relation 

p^pn.sivpo.m, (VI-1-41) 

where p x and p 2 are the respec¬ 
tive densities at the enthal¬ 
pies i x and i 2 : 


3 





cfxt/cfOt 


(VI-1-42) 



Figure ¥1-1-9. Ratio 
of Friction Coeff¬ 
icient on a Plate 
with Consideration 
of Dissociation to 
its Value in the 
Absence of Dissocia¬ 
tion. 

(105 4Ee 4 < 103; 0 < Mfi < 4; 

0,04 < 2" wl /7’ 6 <i,0) 


h —Ofi T" *wi) + "g" l 'S 5 

*2 : - ( 3*6 + f’wl) + 30 ^8 • 


In (VI-1-40), Uj is defined as the 
viscosity at enthalpy i 1 . 

M ixed Boundary Layer /332 

Transition point. Critical Reynolds 
number. In addressing ourselves to cal¬ 
culation of the boundary layer, we must 
analyze the nature of that layer on a 
plate and establish whether it is lami¬ 
nar, mixed, or purely turbulent. If the 
boundary layer is mixed, it is necessary 
to determine the position of the transi¬ 
tion point x^_ (Fig. VI-1-10). 

Strictly speaking, the transition 
from the laminar to the turbulent bound¬ 
ary layer takes place gradually, but it 
is still possible to mark the beginning 
and end of the transition region clearly. 




Figure VI-1-10. Mixed Figure VI-1-11. Variation 

Boundary Layer on Plate. of Friction-Drag Coeffi¬ 

cient in Incompressible 

We may therefore speak of crit- Flow as a Function of Re x - 

leal Reynolds numbers, one of 
which corresponds to the begin¬ 
ning of the transition and the other to its end. 


The minimum critical Reynolds number, below which all vi¬ 
brations damp out in a laminar boundary layer, corresponds to 
the beginning of the transition region. Figure VI-1-11, which 
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shows the variation of friction-drag coefficient in an incompres¬ 
sible flow as a function of Re = V-x/v., indicates that the mini- 

x o 6 

mum critical number is approximately 10 6 . 

The minimum is followed by a sharp, almost stepwise in¬ 
crease in the local friction coefficient, which reaches a maxi¬ 
mum value, corresponding to the boundary of the transition region 
and the maximum critical Reynolds number, of about 5*10 6 . The 
turbulent boundary layer will be stable to the right of this 
boundary. 

Experimental data indicate that the presence of a laminar 
segment and a transition region does not influence the develop¬ 
ment of the turbulent boundary layer beyond the transition point. 
Beyond that point, therefore, we can use relationships derived on 
the assumption that the flow in the boundary layer is fully turbu¬ 
lent . 


The position of the transition point on the surface of a 
body depends on many factors, principal among which are the tur¬ 
bulence of the flow, the condition of the surface, the tempera¬ 
ture factor, and Mg. 

Below we shall examine the transition point corresponding to 
a critical Reynolds number defined as the mean between its values 
for the beginning and end of the transition. 

Thus, the scheme adopted here corresponds to an infinitesi¬ 
mally small transition region. 

The influence of turbulence in an incompressible fluid on Re^ 

at the transition point is illustrated in Pig. VI-1-12 [the degree 
of turbulence, which is plotted against the axis of abscissas, is 
measured in percent and is equal to ( 1 /V) x V(V'-i) (if 2 / l/VX w' 2 )- 100, 
where u', v', and w' are the pulsation velocity components and 
V is the average flow velocity]. 

With increasing Mg, the influence of turbulence on Re cr di- 7333 

minishes, and the effect can be disregarded for M» > 4-5 (Fig. 

VI-1-13). 6 

The influence of surface condition on Re , which is char- 

O L 

acterized by the parameter A/ 6 * (A is the roughness height and 
6 * is the displacement thickness), is shown in Fig. VI-1-14 for 
various Mg. We note that with increasing Mg, roughness has less 

and less influence on the critical Reynolds number, which can be 
disregarded at > 4-5. 
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Figure VI-1-12. Influence of the Degree of Turbu¬ 
lence in Incompressible Fluid on Reynolds Number 
at the Transition Point. 





too 


Cooling of the washed sur¬ 
face contributes to stabiliza¬ 
tion of the boundary layer and 
raises the critical Re cr> . The 

flow-stability criterion in the 
boundary layer is the tempera¬ 
ture factor T , = T ,/T , which 
wl wl r* 

is the argument of Re cr / 

/(Re cr } T =1 ln Flg * 
wl 


Figure VI-1-13. Influence of 
Degree of Turbulence on Crit¬ 
ical Reynolds Number at Var¬ 
ious Mg (According to Van 
Dreest). 


cal Reynolds number. 


When the surface is cooled, 
the boundary-layer displacement 
thickness becomes smaller, so 
that when a certain 6* < A is 
reached, the cooling effect will 
be reduced owing to the influ¬ 
ence of roughness on the criti- 


The data of Fig. VI-1-15 were used to plot a universal curve 
(Fig. VI-1-16) that characterizes Re /(Re ) as a function 

CP CPf-p 

wl 

of the parameter (T wl - 1)/M|, which includes, as we see, the 
temperature factor and Mg. 

Analysis of the data given here indicates that the effect of 
such factors as degree of turbulence, roughness, and wall cooling 
on the laminar-to-turbulent transition of the boundary layer de¬ 
creases with increasing Mg. 
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Theoretical and experimental data on the critical Reynolds 
numbers can be used to construct diagrams that define regions of 
stable laminar boundary layers. One such diagram is shown in 
Pig. VI-1-17, where the regions inside curves 1 and 2 correspond 
to a stable laminary boundary layer observed in plate experi¬ 
ments . 


Having determined the 
transition point, we can 
calculate the boundary-layer 
parameters separately for 
the pure laminar and pure 
turbulent regions. Beyond 
point T (see Pig. VI-1-10), 
however, the relationships 
for calculating the turbu- i 
lent boundary layer cannot 
be applied directly, since 
the layer begins not at zero 
thickness, but at a certain 
finite thickness. To elimi¬ 
nate this mismatch, it is 
necessary to find a conven¬ 
tional origin of the turbu¬ 
lent boundary layer, which is 
defined in Pig. VI-1-10 by 
point O'. One of the two 
following schemes can be used for this purpose. 

In the first, it is assumed that the distance Ax to point O', 
which is the origin of a conventional plate with a completely 
turbulent layer, must be such as to ensure a turbulent-boundary- 
layer thickness 6^ at the transition point equal to the thickness 

of the boundary layer at length x^. At low velocities, this gives 

the condition 


A t x t Re" 1 /? = J 2 Ax ReXl /5 , (VI -1- 4 3) 


where A = 5.8; A 2 = 0.37; the Reynolds numbers 


Rfer 


\W< s 







w* 




\ 









0 12 3 


Figure VI-1-14. Influence of Sur¬ 
face Condition on Critical Rey¬ 
nolds Number. 


R®x t cr 


v 6 x t 
v& ’ 


R^Ax — 




Here the critical Reynolds number Re can be found from 

x t cr 

the data given above. At the same time, determining parameters 
can be used to take approximate account of the effect of high 
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Figure VI-1-15. Influence 
of Temperature Factor 
T 


wl 


= T w ^/T r on the Ratio 


Re /(Re ) : 

er cr Fp , 

vil~ x 


1) Van 


Dreest, Mg = 3 . 65 ; 3) Van 
Dreest, Mg = 2.7; 2) Jane, 
= 3.0; 4) Browning, 

Mg = 1.85; 5) Zanesskiy, 

Mg = I. 67 . 


Figure VI-1-16. Experiment¬ 
al Curve Characterizing 
Variation of Re c -^/(Re )_ 

T wl =1 

as a Function of the Param- 
eter (T wl - 1)/M*. 


velocities. For this purpose, 
the Reynolds-number expressions 
can be written in the form 


Re, 


ra»t . 

v* * 


Re A v = 


V 6 bx 


V* 


where Re x for the incompressible boundary layer can be assumed 

equal to (2-5) • 10 6 . Since the coordinate x^_ is known, we can 
find Ax. 

It is assumed in the second scheme that the momentum 
thicknesses 6 ** rather than the boundary-layer thicknesses 
are the same for the laminar and turbulent layers at 
the transition point, and Ax is calculated from this condi¬ 
tion. The working formula will be similar to (VI-1-43), 
with the difference that the coefficients Ai and Az must 
be assumed equal to O .808 and 0.036, respectively. In the 
second scheme, the values for Ax will be somewhat larger than 
in the first. It can be assumed that the mean between the Ax 
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Figure VI-1-17. De¬ 
termination of Re¬ 
gion of Stable Lami¬ 
nar Boundary Layer. 

1) plate (tunnel); 

2) plate (flight; 

3) cone (flight). 


values given by these two schemes will 
be a better approximation of reality.. 

When we have found O', we can pro¬ 
ceed to calculate the boundary-layer 
thicknesses, the tangential-stress dis¬ 
tribution, and the local coefficients 
of friction, using, if necessary, rela¬ 
tionships that incorporate determining 
parameters. 

The average friction coefficient 

for a plate of length x washed by a 

w 

mixed boundary layer is determined in 

accordance with Fig. VI-1-10 by the 

formula /336 


*flc '-</uc '77 + c'ft.u T —Cft.ic 


(VI-1-44) 


where x ’ = x = x, + Ax. 
w t 

The Reynolds number for the first coefficient c . is com- 

f 1. ic 

puted from length x^., that for the second coefficient c^_ from 
length x*, and that for the third coefficient c" . from length 

11/ * 1C 

Ax. 


Friction on a Plate Set at an Angle of Attack 

Let us consider a plate in a supersonic flow with an attached 
compression shock. The friction is calculated separately for each 
side with the condition that the flows over the top and bottom are 
independent. One of them arises as a constant-velocity flow be¬ 
hind an oblique compression shock, and the other also with con¬ 
stant velocity as an expansion flow behind a simple shock. 

The relationships given above are therefore used to deter¬ 
mine the local and average friction coefficients. Here, the 
parameters calculated by compression-shock and Prandtl-Meyer ex¬ 
pansion-flow theories on the upper and lower surfaces of the 
plate are given. 

In the general case, the calculation can be performed by the 
determining-enthalpy method. The frictional forces acting on the 
lower and upper plate surfaces are respectively equal to 


R 


fl 


C fl q l x w ; 


R 


fu 


= c fuW 
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Figure VI-1-18. Ratio 
q of Velocity Heads 
on Lower (Solid Lines) 
and Upper (Dashed 
Lines) Surfaces of 
Plate to the Velocity 
Head qoo = pJ^/2. 


where q 1 = PjV^/2, q u = P u V*/2 are the 

velocity heads; c^, ^ and c^ u are the 

average friction coefficients on 
the bottom and top, respectively. 

The total friction of a plate in¬ 
clined at an angle a is 


Ra — Rf i + -fl/ u .= 2cj a qx w (VI —1—45) 


where q = p^Vg/2, and the coefficient 

Cy.-4 (VI-1-46) 

where 


9i 




In the case of a zero attack angle, R^ a _ 0 = 2d f a=s o qx w* 
Consequently, 


where 


ft fa _ c la _ /. _ ftqi'4-frgu 
ft fa — 0 c Ja=o “ 2 


(VI-1-47) 


kal 


c ) l. 

c fa—0 




7, _ c t U _ 

/c “ u ~ 27—7 
c /<x=0 


(VI-1-48) 


Figure VI-1-18 shows the ratios of the velocity heads q-^ and 

q„, and Fig. VI-1-19 the values of the coefficients k , and k 

0 al au 

for laminar and turbulent boundary layers. 

Figure VI-1-20 shows diagrams for the resultant k^ plotted 
for i wl = i ^/i = 0.2 at the wall. 

Figure VI-1-21 shows the friction coefficient as a func¬ 
tion of transition-point coordinates for various and Re = 10 6 
and 10 7 . As follows from. Fig. VI-1-21, this dependence weakens 
with increasing and decreasing Re. 


/338 


451 


/337 



Figure VI-1-19- Coefficients k^ on Lower 
Surface (Solid Lines) and k au on Upper Sur¬ 
face (Dashed Lines), a) turbulent layer; 
b) laminar layer. Enthalpy ratio at wall 



Figure VI-1-20. Over-All Values of Coeffi¬ 
cient k for a Plate. Solid Lines Represent 
Altitude H = 0 km. Dashed Lines H = 60 km. 
a) turbulent layer; b_). laminar layer. En¬ 
thalpy ratio at wall i , = 0.2. 
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Figure VI-1-21. Influence of Transition Point 
on Friction Coefficients at Very High Velo¬ 
cities . 


§VI-2. HEAT TRANSFER ON A FLAT PLATE 
Incompressible Flow 


The heat transfer from an incompressible boundary layer to 
a flat wall can be characterized at any point by the local Stan¬ 
ton number, defined in accordance with Formulas (IV-8-38) and 
(VI-1-7) in the form 


St x = -nr- fzx ~~ 4-C Re"/ 2x . 


(VI-2-1) 


The average Stanton number over the length of the plate is 


Stav = Y Z?Ren ^— 


VI-2-2) 


The values of the coefficients C and D and the exponent n 
are given in Table VI-1-1. 

For a laminar boundary layer, the local and average values 
of the parameter f 2 (f 2x and f 2av ) respectively) are the same 

and are calculated by the formula f = f = Pr -2 / 3 . For a 

turbulent boundary layer, the values of f and f can be as- 

J J 5 2 x 2 av 

sumed the same as for the laminar layer, although f should be 

^ X 
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calculated by (IV-8-38') and f„ by (IV- 8 - 38 ") for greater ac- 
curacy. 

Influence of High Velocities 

Formulas (VI-2-1) and (VI-2-2) are applicable for calculation 
of heat flows not only at low speeds, but also at high speeds when 
compressibility has a substantial influence and the parameters on 
which heat transfer depends undergo changes owing to kinetic heat¬ 
ing. 


In this case, heat transfer can be calculated from the deter¬ 
mining enthalpy, using (IV-8-7). In the general case, dissociat¬ 
ing laminar or turbulent boundary'layers can be calculated. 

It Is preferable to determine the specific heat flow from 
the expression 


(7wi — V(, (ir i w i)* 


(VI-2-3) 


Laminar flow. Research has shown that f*._ is best set equal 

" ^ A " 

to 0.437(1.3 + Pr#)/Pr* for laminar flows. Accordingly, the 
Stanton number in (VI-2-3) is 


st: 


7 wl 


VfPb Or t w j) 


= 0.145 


1.3 ; l>r* 
l’r* 



(VI-2-4) 


where C = p*y*/p 5 y fi ; Re x = V^p^x/y^. 

The Nusselt number, calculated from the determining param¬ 
eters, is 


Nu 


* _ 

X — 


?w l C I* X 
^•6 Or *wl) 


= 0.145 (1.3+ Pr*)Vni5r. 


(VI-2-4') 


It follows from these relationships that the variation of 
py through the boundary layer thickness is an important factor 
influencing friction and heat transfer. 

In approximate evaluation of the local Nusselt number, we 
can proceed from experimental data [46], according to which 


Nu.: =- 0.33 (Hoi) - (Pr*) 


0 . 


(VI-2-4") 
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where Re* = V-x/v*. 

X 0 

If we set Pr* constant at 0.7*1, then Nu* = 0.3(Re*) 0,5 . 

X 

When the wall temperature Is below the dissociation limit, 

the specific heat flow q , = a (T - T , ), where 

^wl x r wl * 

a x —0.3~ (Re?) 0 ' 5 . (VI-2-4 ' " ) 

The average Stanton number 

St; v = 0.29/5. (VI-2-5) 


where Re = V f x /v~. 

6 w <S 

The following formula can be used to calculate laminar heat 
flows without taking dissociation into account and with c ^ = 

= const: 


(7V—r wl ) = 0.332 x 

'HwlPwl' 


(VI-2-6) 


where T , = T , /T . 

wl wl' r 

The values of y* and p* are calculated from the temperature 
T*, which, in turn, must be selected with consideration of the 
state of the wall. 

If T w -^ < T^ (wall heated), T* is found from the formula 



_±r 

r 0 -r„i 

4 [ 


=4[( 1 -Tf)(V M Sr 1 + 1 ]’ (VI-2-7) 


where T Q is the stagnation temperature of the oncoming flow. 

If T w -^ >_ T r (wall cooled), we must set T* = T w ^. At low 

flow velocities around the plate, the determining temperature 
T* = T fi . 

Approximate calculation of turbulent heat transfer on a 
plate (after V.M. Iyevlev). The specific heat flow can be 


*155 
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calculated by the formula 


?wl — -hpi-f 6 ? 1 

(VI-2-8) 

A z =-- 0.9.1, [1.1 + 2.58 (1 - Pr) s c 0 07 &]; 

i =, — i & -f B ; 

(VI-2-9) 

(VI-2-10) 


(VI-2-11) 

Pr — . 

(VI-2-12) 


The p x , i 13 and z_ that appear in these relationships are de¬ 
termined with the formulas on pages 444-445- 

An empirical relation [46] for the Nusselt number may be 
used for approximate evaluation of heat transfer: 


N«; -- - 0-029 (Ro.t)°- 8 (l’l*) 0-1 . (V-2-13) 


If we set Pr* = 0.74, then 


N»S -• . 0.020 (Ho*) 08 . (VI-2-14) 


For a cold wall and no dissociation at the wall, the heat 
transfer q wl = ct x (T r - T wl ), where 

cc*- 0,020 ~ (He*) 0 ' 8 . (VI-2-15) 


For a plate at an angle of attack, the heat transfer is deter¬ 
mined separately for each side and the results are added. This 
calculation involves determination of the parameters of an in- 
viscid disturbed flow. The inviscid parameters are determined 
according to compression-shock theory for the supersonic flow 
with an attached shock, and by the Prandtl-Meyer theory on the 
side on which no shock forms. 
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Heat Transfer on a Plate Set Perpendic ular to the Oncoming Flow 
(Laminar Boundary Layer) 


Let us examine the heat flow to a plate whose angle of attack 
Is a = 90° (see Fig. V-7-5). In this case, a detached curvilinear 
shock wave forms ahead of the plate. In view of the severe flow 
stagnation behind the shock, the boundary layer around the plate 
can be regarded as laminar over the entire surface. 

On the assumptions that the wall is vigorously cooled and 
the ratio pu = py/p w ^u w ^ = 1, the specific heat flow at thermo- 

dynamic equilibrium is calculated by (IV-8-42) and (IV-8-46). 
Setting ( 1 )^ = o)J, k = 0, x = y in these formulas, we obtain the 

following working relationships [47]: 


where 


q c =- 0.47 Pi- 2 -' 3 (fW /2 VH\F (y), 


(VI-2-16) 


F(y) 


VI LiJjL [C Pa V « 

2 p'o ^co L J Pi 


(VI-2-17) 


The value of the function F(y) can be found with the extrapo¬ 
lation formulas (V-7-38) .and (V-7-39)* which are used to compute 
the pressure Pg/pJ and velocity V^/V^ ratios. According to 

(V-7-39), the pressure ratio 


P6 

Pa 




2-fin 


Introducing the value of p^/pj and the V^/V^ determined by 
(V-7-39), we obtain 


F (y) ■■ 


V^-JA^F ( y)b-U2 t 


where 


VH 2 - 6 0 ) h(y) 


(VI-2-18) 




(VI-2-20) 


457 


i 


At the point of total stagnation /3j4l 

/i(0) 4(2-*o);/*(«)- [j(2-6 n )] ,/2 . (VI-2-21) 


Applying (VI-2-20), we obtain the following expression for 

F(0): 

( 0 )=- JiS% Y or /■’ (0),: , (VI-2-20 ' ) 


sinc_e (4/3)<5 0 = ^ according to (V-7-^0). The values_ of f x (y) and 
f 2 (y) will be as follows at the edge of the plate (y = 1): 


/,(!)- 3./.G(l-26 0 ); 1.79(1 - 1.2S 0 ) ,/2 . (VI-2-21') 

Dropping small quantities of order 6*, 


F{ 1) 1.2 (1 — 1.156 0 ) F (0), (VI-2-20") 


where F(0) is determined with (VI-2-20'). 

The density and the dynamic viscosity coefficient y g in 
(VI-2-16) are generally variable over the span of the plate. 

Their values can be determined as follows. First the en¬ 
tropy SJ is determined from i 0 and pj for the total-stagnation 
point; this can be done by reference to tables or diagrams of 
the thermodynamic functions that take dissociation and ioniza¬ 
tion into account for the general case. Then, assuming the flow 
along the wall to be isentropic, the local density and the 
temperature T^ are found from the local pressure p^ and the 

entropy SJ. Viscosity can be determined, for example, by the 
Sutherland formula from T^. 

Calculations indicate that the changes in density and vis¬ 
cosity coefficient from their values at the total stagnation 
point are small and of the order of 6*. 

Hence the parameters p^ and y^ can be assumed, correct to 

<5g, to be constant, and equal to the respective values pj and yj 

at the total-stagnation point. Pr can also be assumed constant 
and equal to its value at the same total-stagnation point. 
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Thus x the 
function F(y). 


change in heat transfer will be determined by the 
For an arbitrary point 


Qco F( 0 ) ’ 


(VI-2-22) 


where q c0 is the heat transfer at the critical point, which is 
equal to 


q c0 - 0.47 Pi- 2 ' 3 (pX) l,2 PK 2 i r • 


(VI-2-23) 


At hypersonic velocities, the stagnation enthalpy can be 
determined by the formula i = 0.5V^. 

It follows_ from (VI-2-20") that the heat flow at the edge 
of the plate (y = 1) is 


<7c- 1.2^0(1-1.158,,). 


(VI-2-24) 


Depending on 6 , q may be larger or smaller than at the 
total-stagnation point. 

Instead of the dimensional variable, we can use the dimen¬ 
sionless heat-transfer number 


Rc,I /2 St, -0.47 Pi ' 2 :t ( ( f- J£) 1/2 F (y), (VI-2-25 ) 


where Re, = V p b/y ; St =a/(pVc)=q/pVi). 

b °° r <» oo 5 x x 00 °° p H c p °° 00 r 

To determine the dimensionless heat-transfer number at the 
critical point, the function F(y) In (VI-2-25) must be set equal 
to F(0) (VI-2-20*). Thus, the ratio of the Stanton coefficients 
for an arbitrary point and the total-stagnation point will be 
analogous to (VI-2-22), i.e., equal to F(y)/F(0). 

Heat tr ansfer on an inclined plate . The method of heat 
transfer calculation set forth above pertains to the case in 
which the flow strikes the plate at an angle of attack a = 90°. At 
deviation of the flow from this direction, i.e., for a < 90°, 
we may assume that the spanwise distribution of the heat flows 
will be determined by the same relationships as for a = 90 °, in 
which V^ is replaced by the component V to sin a°. 
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Accordingly, the heat transfer at the critical point for 
a < 90 is 


(?co ((?co)a-90?in 5/2 a. 


(VI-2-26) 


For the dimensionless heat-transfer number at the critical 
point, we obtain 


RcJ 2 (St)o =-■ [Rc 6 /2 (St) o ] a=90 sin 5 / 2 a. (VI-2-27) 


Formula (VI-2-22) is used to calculate the spanwise dis¬ 
tribution of heat transfer on the inclined plate. 

Average heat t ransfer. We determine the average specific 
heat flow by integrating over the surface: 


?wi= l i‘ d y- 
0 


Substituting the value for q from (VI-2-16) and the func- 
tion F(y) in the form of (VI-2-20) in the integrand, we obtain 


9av = 1.13(1—0.756 0 )? c0 ‘ 


(VI-2-28) 


Depending on the density ratio, the average heat flow on the 
plate may be greater or smaller than the value at the total-stagna¬ 
tion point. For example, for <5 0 = 0.2, q = 0.96q 0 , and for 

dv U 

6 0 = 0.05 we obtain q ay = l.O9q c0 . 

Influence of diffusion. The following result has been ob¬ 
tained experimentally for the parameter of total specific heat 
flow at the stagnation point in the presence of diffusion [59]: 


Xu 

ynS 


0.54Pr°- 


f Pwl Pwl\ 

-o.*r 

\ P0P0 / 

L 


[l'+ (Le 0 - 52 — 



(VI-2-29) 


This relationship takes account of the variation of pp over 
the thickness of the boundary layer and is suitable for wall tem¬ 
peratures not in excess of the stagnation temperature. 

The specific heat flow is determined by the relationships 


M60 



Nu =-- 


70 Fp)„i7 

?-wl ( l r — 'wl) ’ 


Re 


Pwl7 2 

; f wi 


\ dy }o 


(VI-2-30) 


To find the heat-flow distribution on a plate with considera¬ 
tion of diffusion, we may start with the hypothesis that the in¬ 
fluence of the Lewis-Semenov number will be the same at various 
points as at the total-stagnation point. Thus ■ we can use formula 
(VI-2-22), which is applicable for a strongly cooled surface and 
does not take account of the velocity gradient. To allow for 
this effect, we can use the relation 


_7_ __ F (tj)_ P *i 
7o P„i„ ’ 


(VI-2-31) 


in which the ratio g’ n /g' nn is determined by the empirical for¬ 
mula wl wl 


fsk -. 0.82 (1 0.0!)l>B ,/ ‘) l-'lsL 

f-’wio ' ‘ — "wlO 


(VI-2-32) 


The coefficient 


P ~ 2 


il In Vf, 


'o 

is d 1 n x 


2 ^ 
^SP6 


l (PsVsiiy)~g(p b vi) 


(VI-2-33) 


§VI-3• FRICTION AND HEAT TRANSFER ON WINGS OF FINITE THICKNESS 
Wing wit h Sharp Leading Edge 

In examining the boundary layer around a flat plate, we as¬ 
sumed the velocity to be constant along the x-axis outside the 
boundary layer. The pressure would therefore also be constant, 
and the pressure gradient dp/dx =0. In contrast to the case of 
the straight wall, the velocity at the outer boundary of the 
boundary layer on a curved surface is a variable that depends 
on the x-coordinate. At this boundary, the pressure will vary 
along the x-axis, so that the pressure gradient dp/dx / 0 and 
this must be taken into account in calculating the boundary 
layer. 

Let us consider the influence of the pressure gradient on 
laminar friction. The results to be given below are based on 
the assumptions that Pr = 1 and the dynamic viscosity coeffi¬ 
cient is proportional to temperature. Research has shown that 
for constant heat capacities, these assumptions introduce a 
small error into the calculated boundary-layer parameters. 
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To determine flow in the boundary layer, we can use the equa¬ 
tions of motion (III-2-11), continuity (III-2-21), and energy 
(111-2-47), provided that the flow under consideration is plane 
two-dimensional. Moreover, the last term in the right member of 
(III-2-47) is set equal to zero, and the stagnation enthalpy i 0 
is replaced by the stagnation temperature T 0 = T + V*/(2e ). 

X p 

The equation system is converted to Dorodnitsin variables, 
which take the form 


where 



JET— - -£ 

Po V 2i 0 / ’ Po T Po 


The dynamic viscosity coefficient, which appears in the 
equation of motion, is determined from the expression 


Ji 

(■o 





(VI-3-1) 


where, according to (III-1-5) or (III-1-6), X is determined by 


x --- f 1 ~ 1 or x ,/-"L Z?_i_LLL 
1 7 »f V Tg r wl | iu 


(VI-3-2) 


provided that the wall temperature is given. 

As a result of the transformation, the equation system as¬ 
sumes a form similar to the system for an incompressible fluid. 
It is solved with boundary conditions at the wall (T = T n , V = 

W1 X 

= V y = 0) and at the layer boundary [ (9V x /3n ) n = (S = 0], where 6 is 
the value of the variable n at the layer boundary. 

The parabolic relationship V x = a^ + a 2 n 2 + a 3 n 3 + ... is 

taken as the law of velocity variation across the section of the 
boundary layer. The local frictional stress 


fdV x \ _ 

P 

T 0 , 

fdVx\ 

l dy )y--=o 

Mwi ’ 
Po 

r w i 1 

l d )] /n=o 
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Figure VI-3-1. Values of 
c„ /Re for Various Pro- 
xl 

files as Calculated by 

(VI-3-3)• 


Without setting the solu¬ 
tion forth in detail, we pre¬ 
sent the basic results. The 
local friction coefficient 



0 0.25 0.50 0.75 - x=^r 

0 


Figure VI-3-2. Values of 
c„ /Re for a Parabolic 
xl 

Wall with the Equation y = 
= 0.05x 2 for Various 
(Moo “ 3.0). 


2twi = _2 ,/■ XwiAa x (5r CT -M) -j 

Pal'a 3 / Re k (x) L 3 r 6 (1 — 1'6/2 i 0 ) -I’ 


(VI-3-3-) 


where is calculated by one of the formulas of (VI-3-2), in 
which T wl is replaced by ; T wl /T o ; Re - V 6 b/v 6 ; V fi = Vg/V^; 
V' =■= dV„/dx. The coefficient 


where 



.V 

§ / (Fa) dx, 

0 


(Vi-3-4) 


?+ST wl k 2+iT wl 

/(Fa) = F— -(l-g) W 3 * 

Setting V^ = 0 and k(x) = x in (VI-3-3), we obtain the for¬ 
mula for the friction coefficient on a flat plate on which the 
pressure gradient is zero. 
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A s an example, (VI-3-3) was used to calculate values of 
c f /Re for a parabolic profile with the equation y/b = 

1 x 

= 0.12(x/b)(l - x/b), a parabolic wall with the equation y/b = 

= 0.05(x/b) 2 , and a plate at temperature T ^ = 1 (heat-insulated 

wall) set in a flow with = 3. It follows from the calculated 
results, which are presented in Fig. VI-3-1, that the presence 
of a negative pressure gradient increases friction, while a posi¬ 
tive gradient lowers it vis-a-vis the plate (V£ = 0). 




Figure VI-3-4. Coordi¬ 
nate of Detachment 
Point for Velocity Vary¬ 
ing Linearly on Profile 
(Vg = 1 - x) and Heat- 

Insulated Wall. 


Figure VI-3-3. Values of 
c„ /Re for a Parabolic 
xl 

Profile with the Equation 
y = 0^_12x (1 - x) at Var- 
ious T <M„ = 3.0). 


friction with a positive pressure 
does in its absence (plate). As 
pressure gradient (Fig. VI-3-3)* 
different segments of the profile 
file with a cooled wall, friction 
smaller on peripheral segments. 


Figures VI-3-2 and VI-3-3 
show curves plotted by (VI-3-3) 
and characterizing the simul¬ 
taneous effects of wall tempera¬ 
ture and pressure gradient. 
Cooling the wall increases 
gradient (Fig. VI-3-2) as it 
for the effect of a negative 
it is different in nature for 
At the beginning of the pro- 
becomes greater, but it is 


Setting the local coefficient of friction (VI-3-3) equal to 
zero, we can determine the separation-point coordinate of a lami¬ 
nar boundary layer. More exact studies indicate that this coor¬ 
dinate is best determined from the equation 


V&k (a) _ = _ 1.2 _ 

V 6 (1 ~Vli2i 0 ) ~ 5f wl ;- l ' 


(VI-3-5) 
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Figure VI-3-4 shows results_calculated by (VI-3-5) for the 
separation-point coordinate x = x sep for the conditions that 

velocity varies linearly along the profile = 1 - x and the 


wall is heat-insulated (T , 

wl 


1 ). 


Approximate calculation of friction and heat transfer on 
profile. This calculation is based on use of solutions for a 
compressible boundary layer with no gradient, i.e., on the use 
of the corresponding relationships obtained for a flat plate. 


The method set forth below gives satisfactory results for 
slightly curved contours, flow over which is characterized by 
small longitudinal pressure gradients that have almost no influ¬ 
ence on the velocity profile. The effect of a pressure gradient 
can be taken into account by appropriate selection of the effec¬ 
tive length in determination of the Reynolds number. 


In the method, the contour of the sharpened profile, which 
is in flow with an attacked shock wave, is broken up into a ser¬ 
ies of small rectilinear segments. Thus, the calculation scheme 
examines a unit-span wing profile that consists of a set of short 
plates (Fig. VI-3-5). 


Mach waves 



Figure VI-3-5. Diagram of 
Supersonic Flow Around Pro¬ 
file with Straight Walls 
and Attached Shock Wave. 



Figure VI-3-6. Illustrat¬ 
ing Calculation of Fric¬ 
tion and Heat Transfer 
on Profile. 


The inviscid-flow parameters 
are determined at the start of 
the calculation. The compression- 
shock and Prandtl-Meyer theories can be used here. It is assumed 
that the "inviscid" parameters are constants on each plate (face). 


We shall examine two variations of the method, one of which 
is based on the assumption of equal layer thicknesses at the 
transition from one plate to another, while the other assumes 
equal momentum thicknesses. 
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Hypothesis of equal boundary-layer thicknesses . Friction 
can be calculated by 7 the universal formulas for both laminar 
and turbulent boundary layers. The "seventh-root" law is used 
for the turbulent layer. 

Considering face 1 on the upper surface, where the free (in- 
viscid) flow parameters are known, we can find Re = p 1 V 1 x 1 /y 1 
from the face length x x and the values of p x , V x , and p . 

A friction coefficient that may be - regarded as an aver¬ 
age for the face is found from the formulas for a plate, using 
determining parameters with consideration of the boundary-layer 
structure or using the diagrams in Figs^ VI-1-4 and VI-1-5 as 
functions of M x and the enthalpy ratio • The quantity 

(C-Re -n ) 1 , is found from Figs. VI-1-4 and VI-1-5, and this is 

followed by calculation of the coefficient 


c/i — [Cj Re ”) 4 Re" 


Passing to face 2 (Fig. VI-3-6), we assume that the thick¬ 
ness of the boundary layer at the beginning of this face is the 
same as that at the end of face 1. But a layer of this thickness 
at the beginning of face 2 can be regarded as a result of flow 
over a virtual plate of length x = x, = x . at M . The length 

x of the virtual added segment can be found from the condition 

Si 

indicated above - equality of the boundary-layer thicknesses —, 
i.e., from the expression 


ReJ — x a2 Re" 2 , 


where the Reynolds numbers Re x and Re &2 are calculated from the 

local velocities V, and V „ = V„, the lengths x. and x , and, in 

l a 2 2 1 az’ 

the general case, from the determining values of the kinematic 

viscosity coefficients v? and v* = v*. 

a 2 2 

The average coefficient of friction on length x , which 

V 2 

corresponds to the friction , will be 

Cj v 2 =- (Cf R6 -?, )v2 RPv2. 

Since the friction coefficient c„ „ = (c„Re -n ) Re 11 

fa 2 f az az 

on the virtual segment of length x &2 , which is acted upon by 
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friction X „, the friction on face 2 is 
a2’ 

Xj2 r Jl ( C / v2 X v2 — C i a2 x a2) — C /2Q2 X 2‘ 

Remembering that (c^Re n ) &2 = (c^Re n ) V2 = (c^Re n ) 2 » we 
obtain for the coefficient of friction on face 2 

cjz (c, ne-») a [\K 2 1) - Ro 2 2 ff]. 

Accordingly, for any ith segment, 

Cfi - (c, Re-”), [Re’;, -!• l) - Re"., . (VI-3-6 ) 

Here the total length of the virtual element x ^ + x^, 

where the length x^ is determined by the recurrent equation sys¬ 
tem 


x ai R^ai " x v, i — 1 ROv, i — 1 » 


(VI-3-7) 


in which the Reynolds numbers are generally calculated from the 
determining parameters. 

Having thus calculated the coefficients of friction and the 
corresponding forces on the lower surface, an analogous calcula¬ 
tion is made for the top. Summing, we find the profile friction 

.v 

X f = 2 X /t cos 0,. 

i=l 


where the are the friction forces on the lower and upper 

faces; the 0^ are the inclination angles of the faces to vector 
V^; :L is the number of the face; N is the total number of faces 
on the bottom and top. 

The general expression for the friction on any given face is 

X f i — (c/ Re-' 1 ) i -< 7 £-(Re” i .r vi — Re n at x al ), 
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where the velocity head q^ = p^V?/2 is determined from the corre¬ 
sponding inviscid parameters on the face under consideration. 

The Stanton number can be calculated and the specific heat 
flow determined from the known coefficients of friction on the 
local plates, using the Reynolds analogy. 

Hypothesis of equal momentum thicknesses . As in the preced¬ 
ing case, calculations can be made with this hypothesis for both 
laminar and turbulent boundary layers. We assume here that the 
boundary layer is undissociated, the specific heats are constant, 
and the compressibility effect on the coefficient of friction man! 
fests in its dependence only on Mach number. 

For face 1, the coefficient of friction is determined as for 
an ordinary plate from Re x = V 1 x 1 /v 1 and M x . On transition to 
the second segment, the virtual additional length x , which 

takes account of the prior history of boundary-layer development, 
must be known in order to determine the Reynolds number from the 
parameters on this segment. This length is calculated from the 
hypothesis that the momentum thickness remains unchanged at the 
boundary between the first and second segments. Accordingly, 


(P^i) 


k: [ S "4 - ^ LI 


where the left member is (1/2)(c^x) x , and the right member 

(1/2)(c f x) a2 . We may therefore write the following expression 

for determination of length x with consideration of c„. and c~ 

° a2 fi fa2 

as functions of compressibility: 


! n 


r(<y/r/ic)iT ,+1 . 

f (Pa'Psl'a)i I n H 

L (<y/«y ic )a J 

L (pa'p.l’ah J ' 


where n is determined in accordance with the type of boundary 
layer from Table VI-1-1. 

The c„/c_ . ratios for the first and second segments are 

X I 1C 

determined as functions of the corresponding M x and M 2 on these 
segments, using (VI-1-18) for a laminar boundary layer and 
(VI-1-19)-(VI-1-21) for a turbulent layer. 

For an arbitrary ith segment, the virtual length is deter¬ 
mined from the condition 
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(VI-3-8) 


TM- 


Xai __ r iff <7 ic v-t ■I ? 

i i-i 

r ()'o f>,sr 6 )vxl. M+t 

i I * a i -i U‘7 4 7 ic ) i j 


L J 


If we assume that the turbulent-layer velocity profile var¬ 
ies in accordance with the more general "kth-root" law, then 
(VI-3-8) assumes the form 

t-i-3 2 

- - Tai r(< 7 ‘7 ■' 1 r (u,-, p.-jl ’.tf-i l' :+< (VI-3-9 ) 

n-ri -pli-i L (v.‘7ic)i -I L J 


Having determined the virtual plate lengths x^, we can go 

on to calculate the friction coefficients and forces on the i 
face. 


The friction coefficient on the first face is 

C/i = (C/ic)l 


For the second segment 

^ (“cTir) 2 l (C/ ic ^ v2 hf!r +1 ) ~ (C/ic)a 2 ^f]’ 


where (c„ . ) and (c„ . ) are determined by the incompres- 

f 1C V2 f ic a2 

sible-fluid formulas and for Reynolds numbers calculated re¬ 
spectively from lengths x v2 and x &2 and from the second-segment 
parameters. v 2 

For an arbitrary ith segment, 

= + (VI-3-10) 

Knowing the Reynolds numbers Re^ = V^p^x.^. anc ^ the values 

of (x . + x.)/x., we can determine the boundary-layer thicknesses 

cl 1 1 1 

at the end of each face. 

Having determined the friction coefficients, we can calcu¬ 
late the specific heat transfer with consideration of the pres¬ 
sure gradient on a curved surface. 
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For this purpose, we can use Formulas (VI-2-1) and (VI-2-2), 
which proceed from the Reynolds analogy. 

Heat Transf er on Blunt Wing Surfa ce 

The total-stagnation point. The leading edge may have a 
flat blunting. In this case, the heat flow at the total-stagna¬ 
tion point is calculated by (VI-2-23) for a flat plate in hyper¬ 
sonic flow. 

For a total-stagnation point on a blunted curvilinear nose 
surface, the thermodynamic-equilibrium heat transfer must be cal¬ 
culated by (IV-8-47) and (IV-8-48). Assuming e = 0 in these for¬ 
mulas, we obtain 


q ■ q c0 ■- 0.47 Pi-2'3 V(>y o li r . 


(VI-3-11) 


Here the velocity gradient A is determined at very large 
Mach numbers from the expression 


A 




(A-mML)' 1 ]. 


(VI-3-12) 


At moderate supersonic speeds, A can be obtained from the 7349 

Newton formula for the velocity distribution 


/*k b \ _„ 2%, rSJM_-1 )mL r^lfJ k--±(k -1)Mi -.2 -j '“'v' 2 (vi-3-13) 

\ ,)* 211 b l. (/,••: 1)M:„ L 1 2 2AMt(/. -- 1) J i 


Formulas (VI-2-29) and (VI-2-30) can be used to calculate 
heat transfer with consideration of diffusion and the variation 
of py across the boundary layer, and for arbitrary T 

If the wing is swept, the heat transfer at the leading-edge 
critical point will be smaller than for a straight wing. The 
decrease in heat transfer can be estimated from the diagram in 
Fig. VI-3-7. 


Distribution of heat flow over nose surface. At hypersonic 
velocities of flow past a nose with a strongly cooled surface, 
and with the condition that the product py remain unchanged across 
the layer, the distribution of equilibrium heat flow is calculated 
by (IV-8-47), in which the function F(x) is determined by 
(IV-8-48). If e = 0; ojg = cj ' , it assumes the form 
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~X±0 

ct-x-0 



F(x) 


3/2 _p_ 

2 Po 


ts 


jlIa 

/>0 ^ 00 



-i/2 


(VI-3-14) 


According to the improved Newtonian 
formula, the pressure on the curvilinear 
nose surface 


p 

-A- = cos- ri 
Po 1 


A" 00 M c 


-sin 2 t), 


(vi-3-15) 


Figure VI-3-7. In¬ 
fluence of Wing 
Sweep on Heat 
Transfer at Lead¬ 
ing-Edge Total- 
Stagnation Point. 


where n is the angle between the tangent 
to the contour and the direction of the 
radius of curvature. 

The local-velocity distribution 



k 2 -t 




1/2 


(VI-3-16) 


For a curvilinear contour of arbitrary shape, the function 
F(x) is found by numerical integration. 

In the particular case in which the contour is an arc of a 
circle with a certain radius , the determination of heat trans¬ 
fer can be simplified by using a linear law of velocity variation 
instead of (VI-3-16): 


■KT- (VI-3-16.) 

Rjd<f> must be substituted for dx in (VI-S-l^O • As a result 

of simple transposition, we obtain for the ratios of the heat 
flows at an arbitrary point and at the total-stagnation point 

— -(cos 2 (p-|—sin 2 (p) D~ l/S (q>),. (VI-3-17) 

where the function 

D (<p) — 2 (1 --~r) | sin <p (2(f coscp—sin «p) (l-1^-) . (VI-3-18) 
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In the limit as </> -* 0, the ratio Q c /Q c0 +1J at the end of 
the nose, where <j> = tt/ 2, this ratio q c /q c0 = 1-8/kJYI*. 

At moderate supersonic velocities, the heat-transfer dis- /350 

tribution over a flat contour can be calculated approximately 
by the expression 


q - A IV - 3 I5i\ - 1 |'(vT-s (i r — / wl ), 


(VI-3-19) 


where A = 0.57 and 0.042 for laminar and turbulent flows, respec¬ 
tively, and n = 2 and 5, respectively. The enthalpy difference 
can be calculated with consideration of some heating 

'V —' w r c p I (TV — C)> (VI-3—20) 

7 >i 

where c r V is the heat capacity calculated as the average for the 
C 

temperature range T^ - T^. 

The Reynolds number is determined from the expression Re = 

= p^VgX/iJg. 

In addition to cases of supersonic flow. Formula (VI-3-19) 
can be used for subsonic flows, when heat transfer is found to 
be relatively minor. With increasing velocity, the temperature 
in the boundary layer rises, and this must be taken into con¬ 
sideration in calculating heat transfer. For this purpose, 
(VI-3-19) must be converted to determining parameters. 

In performing the calculations, it must be remembered that 
the flow will always be laminar near the critical point. The 
boundary of the laminar region is determined by the critical 
Reynolds number, which is usually established by experiment. 

Influence of diffusion and wall h eatin g. If we assume that 
the influence of diffusion at an arbitrary surface point is the 
same as at the total-stagnation point and take an arbitrary wall 
temperature (wall not necessarily strongly cooled), the ratio of 
heat flows is 


9 __ PaMa^a _ £ w i (yj _ 3 _ 2 1) 

?0 K27p'iq ( dV 6 /dxJ 0 Co ’ 


where x is determined from (IV-8-42) and the ratio S^/g^jo 
(VI-2-32). The specific heat flow q 0 at the total-stagnation 
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point is calculated by (VI-2-30). 


Influence of sweep . For a wing with a leading edge rounded 
with a certain radius and with a sweep angle x> the heat trans¬ 
fer at the stagnation point or its average value for the blunted 
edge surface can be determined according to [55] by the formula 

?/. = ?-/=o-cos‘/3 x . (VI-3-22) 


§VI-4. WALL TEMPERATURE 
Steady-State Heating 

Equilibrium radiation temperature of wall in the absence of 
internal cooling. In the absence of internal cooling, radiative 
flow to the wall, and the miscellaneous heat leakages, the equi¬ 
librium temperature is determined from (IV-8-30). Figure IV-8-6 
shows the variation of this temperature as a function of T^ and 

a/e. However, this diagram cannot be used to determine T w ^ =* T e , 

since T p and a are unknown and are themselves determined in the 

course of solving (IV-8-30) simultaneously with the temperature 


Solution is by the method of successive approximations, us- /351 
ing the appropriate relationships for friction and heat trans¬ 
fer. M^, altitude and angleiof attack are given and are used to 
find the distribution of the "inviscld" flow variables on the 
wing surface. 



Figure VI-4-1. Nature of Dis¬ 
tribution of Equilibrium 
Radiation Temperature over 
Surface of Profile. I) Lami¬ 
nar layer; II) turbulent 
layer; III) transition region. 


To find the equilibrium 
temperature at a given point 
on the surface, the temperature 
T * T» + r(V?/2), where r * 

* /Pr (laminar boundary layer) 
or r = VPr (turbulent boundary 
layer) is determined as 
the first approximation. Then 
several values of the tempera¬ 
ture T ,, which must be some- 
wl 

what lower than T r , are assigned. 

The difference q wl * 

= a (T - T -, ) - eaT 4 -, is found 
x r wl wl 

for each T and a curve of q wl 
as a function of T w ^ is plotted. 
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Setting q wl = 0, we determine the equilibrium temperature = 

= T e on the diagram. From the condition of equal convective and 

radiant heat flows, we can improve the heat-transfer coefficient 

a and the coefficient of friction on the basis of T , = T . 
x wl e 

The recovery temperature can be improved from the equilib¬ 
rium temperature thus found by determining the second-approxima¬ 
tion recovery coefficient r and then repeating calculation of 
the temperature T g . 

T n can be obtained by direct numerical calculations. In 
this case, it is necessary to know at least two values Q wll and 
q w i 2 , the first of which is positive, while the second is nega¬ 
tive. Knowing the temperatures T and T wl2 that correspond to 
them and using linear interpolation, we find the value T w ^ = T g 
that corresponds to q ^ = 0: 


T e 


= T, 


wll 1 *7wll 


rwi2-r w n 

^wi 1 '^wl 2 


(VI-4-1) 


The equilibrium temperature must be calculated with con¬ 
sideration of the presence of a mixed boundary layer on the 
washed surface, using the appropriate relationships to determine 
the friction and heat-transfer variables. In connection with 
this, the critical Reynolds numbers must be found and the transi¬ 
tion points determined. 


At high speeds, the equilibrium temperature and the other 
parameters associated with its determination are calculated by 
the determining-enthalpy (temperature) method. 

By way of illustration, the diagram of Fig. VI-4-1 presents 
results of an equilibrium-temperature calculation for a para¬ 
bolic profile at a supersonic flow velocity. The calculation 
was performed without consideratio n of the longitudina l pre ssure 
gradient for fixed values of r = /0. 71 = 0.84 and r = Vo.71 = 0.89 
and Pr = 0.71. 


In constructing diagrams similar to Fig. VI-4-1, it is neces¬ 
sary to remember the transitional region, in whose neighborhood 
the heat flows vary along a certain curve. There may be no breaks 
on the curve, since longitudinal heat flows arise in reality and 
equalize the temperatures. 


Equilibrium temperature of internally cooled wall. 

consider a case in which a certain amount of heat q„ is 

^cs 


Let 


us 
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withdrawn from the wall with some sort of cooling system in the 
absence of an inflow of external radiant heat. With steady- 
state heat transfer, the heat-balance equation will be q Q - q gm - 

- q cs = 0 ° r 


<rKr-f(T;-r wl ), 


(VI-4-2) 


where is the reduced recovery temperature, determined from the 
condition = T^Cl - q cs /(“ x T r )3• 

Since the specific heat flow q„ 0 is usually given, the prob- 

c s 

lem of determining the equilibrium wall radiation temperature T^ 

is solved in principle in the same way as in the absence of cool¬ 
ing. The difference is that the reduced value is determined 

instead of the recovery temperature. 

We see from (VI-4-2) that the equilibrium wall temperature 
T , = T is lowered by cooling. 

W _L 0 

From the value found for T ^ we can determine the outside 

T glc and inside T^ n wall temperatures on the assumption that the 

insulation (if present) and the skin are heated to the tempera¬ 
ture corresponding to steady heat exchange and, consequently, 
that the same amount of heat passes through them: 




(VI-4-3) 


which depends on the thermal conductivity coefficients of the in¬ 
sulation and skin materials. If we assume that they are constant 
integration over the integration thickness (in this case ex 

ternal) and the skin thickness 6 ^ gives 


T Bk 


fwl 


lnml. 
i insl 


, T^ = T, k 


?CS&Bk 

i.k • 


(VI-4-4) 


Nonstea dv Heating 

In the case of nonsteady heating, the wall temperature 
varies in time. If we take thin-walled metal skins with high 
thermal conductivity, we can disregard the effect of the thick¬ 
ness temperature gradient on heating and assume that the wall is 
heated instantaneously. Equation (VI-8-29), in which we may 
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assume for simplicity that only the outer surface emits, should 
be used to calculate wall temperature. 


In integrating differential equation (VI-8-29), a certain 
initial temperature is assigned; it might be, for example, the 
equilibrium radiation temperature established in motion of the 
body at constant speed and altitude. This motion preceeds the 
point in time at which the nonsteady process begins (acceleration 
or deceleration of the vehicle). 

Having assigned an arbitrary time interval At and knowing 
the corresponding to t + At from the trajectory calculation, 
we can determine the inviscid-flow parameters and the values of 
a lx and T x at a certain point on the surface for steady heat 

transfer. The derivative 


(^f ),=(«!* [TVi-fwii] + ear‘ 11 } (cy6). k . (VI-4-5) 


is determined in first approximation from these data, and then 
the wall temperature is improved: 

f, w i2 - AT + T wl i - t At + T wll . 



Figure VI-4-2. Skin Tem¬ 
perature for Variable 
Flight Speed. 1) adia¬ 
batic wall temperature 

T ; 2) actual skin tem- 
r 

perature. 


The values of a,, T , and 

T n . are determined in second ap- 
wl 2 

proximation for this temperature, 
and then the derivative (VI-4-5) 
and, finally, the temperature T w -^ 3 

are found. Here, if the time in¬ 
terval is taken small enough, we 
can stop at the first approxima¬ 
tion in calculating the derivative 
of (VI-4-5). 

Figure VI-4-2 shows a typical 
time variation of the temperature 
of a thin wall at a certain point 
on the surface of a body moving in 
flow first with acceleration (up 
to time x = 20 s, as the diagram 
shows), and then with deceleration. 
Calculations indicate that the 
skin temperature lags behind the 
rise in the adiabatic wall tempera¬ 
ture and that we have a thermal 
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inertia governed by the heat capacity of the skin. 

In the case of flight at high altitudes, where aerodynamic 
heating can be disregarded, the equation for the nonsteady thin- 
skin temperature will be 


dTwi, _ sty r / fj 1 \_ rp± ”| 

Si (ey) S k L \ ea j wl J ’ 


(VI-4-5') 


where is the radiant flux supplied to the surface. 

In the general case of variable q , the equation given above 
is solved by numerical integration. 

At moderate flight speeds in the dense atmosphere, the radi¬ 
ant heat flow into the environment may be neglected. Disregard¬ 
ing also the radiant energy supplied to the wall and assuming 
that the amount of heat absorbed by the thin skin is equal to 
the amount of heat transmitted to it by the boundary layer, we 
can write 


(cy8) sk dT. jA =a(T T — f wl ) dt. 


Remembering that ( c Y<S) sk , a, and T p are weak functions of 

time, and assuming these parameters constant, we find after in¬ 
tegration with the initial conditions t = 0, T ^ = T Q 


T* = T r -(T r -T 9 )er*, 


(VI-4-6) 


where t = - at/(cy<5) , . 

The above scheme for calculation of nonsteady heat transfer 
is not applicable to materials with low thermal conductivities 
(protective coatings) or to thick metal skins, which are char¬ 
acterized by heating that is nonuniform over their thickness, 
with the result that the outer surface may be substantially hotter 
than the inner surface. Calculation of the temperature distribu¬ 
tion through the thickness of such a skin is discussed in [11], 
which also submits a method of determining theirequired thickness 
of the heat-insulating coating. 

Wall Tempe rature in the Presence of Solar Heating 

At high altitudes (of the order of 100-150 km and up), the 
aerodynamic heat flow is insignificant by comparison with the 
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amount of radiant energy. Disregarding dissipation of heat along 
the surface, we may assume that the heat-balance equation for the 
steady process takes the form 


1 B + «e + - W 


In practice, the thermal emission from the earth and the / 35 4 

solar energy reflected from it can be disregarded. Accord¬ 

ingly, q s = q em and, consequently. 


?wl - 




(VI-4-7) 


from which we see that the maximum temperature will_occur at 

\p * 0. In practice, we can use the constant value q = 0.332 

s 

kcal/m 2 *s, to which the wall temperature 

*Vi = 395 (-£■) 1,4 (VI-4-7 ' ) 


corresponds. 

For a rotating spherical vehicle, the averaged surface tem¬ 
perature is 


r av .=2S0(i) 1/< . (VI-4-8) 


SVI-5. WING LEADING EDGE BLUNTNESS FOR MAXIMUM REDUCTION OF 
HEAT-FLOWS 

The effect of bluntness is, manifested in smaller local Re, so 
that the point of the turbulent transition of a laminar boundary 
layer is shifted and, as a result, friction and the heat flows 
are reduced. This decrease will be largest when the bluntness 
shifts the transition point to the trailing edge.. Consequently, 
the degree of bluntness must be so large that the Reynolds number 
on the outer edge of the boundary layer will approach the 
value of this number computed from the lower velocity V^ of high- 

entropy inviscid flow for the entire laminar-flow segment. The 
position of the transition point is determined by the critical 
Reynolds number Re cr , which is computed for the velocity V^. 

Hence the bluntness must be sufficient for the flow, which has 
been retarded in the high-entropy "inviscid" layer covering the 
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boundary layer, to have the necessary velocity V^ at the end of 
the body. 

Research [50] has shown that the streamline passing through 
the"sonic" point with coordinate y^ on a separated shock wave 

(see Pig. IV-10-1) may be taken as the upper boundary of this 
layer. The gas flow across a section of area y s *l will be P^V^y^. 

The same amount will pass through a layer of smaller Re that has 
a certain thickness A corresponding to an arbitrary section of 
the body at coordinate x. Consequently, P^V^yg * p^V^A, from 

which the "inviscid"-layer thickness is 


A __ PocV am 

y < ~ p#^« * 


(VI-5-1) 


where and V^ are the density and velocity in the particular 

section, respectively, as calculated for inviscid flow over the 
surface with, consideration of the effect of bluntness . In determin¬ 
ing these parameters, we can start from the condition that the 
pressure established at a certain distance from the blunt nose 
is the same as that for a sharp body. Curves or tables of the 
thermodynamic functions of air are used in calculating "inviscid" 
parameters with dissociation taken into account. Knowing the 
pressure and the calculated average entropy S 0 (between the apex 
of the wave and the "sonic" point or, in simplified calculations, 
the value of S 0 behind the normal part of the shock), we use 
these tables to find the density p$ and enthalpy it in a given /355 
section. Then V^ is calculated from the equation i 0 ■ i^ + 0.5V^. 

The velocity and density of the gas in flow sections remote from 
the nose can be calculated for constant heat capacities by the 
respective formulas 


n 


(i.|-±=!ms)} 1 ~~ MS; 


Pa __ Po Po 
Peso Poo Po 




1 

k-{ 1 


where the local Mach number 


m *“T=T 



(VI-5-2) 


(VI-5-3) 


(VI-5-4) 
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Figure VI-5-1. Local Mach 
Number on Surface of Blunt 
Wedge. 



The values of M calculated 
by this formula for a blunt wedge 
appear in Fig. VI-5-1. The stag¬ 
nation pressure pj is determined 
to refine the calculations as the 
mean between the corresponding 
values at points B and S (see Fig. 
IV-10-1), of which the former is 
situated directly behind the nor¬ 
mal part of the shock, while the 
latter is on the curvilinear seg¬ 
ment and is "sonic." 

Knowing the parameters pg 

and Vg and the coordinate y s of 

the "sonic" point on the shock wave, 
ness of the "inviscid" layer. 


Figure VI-5-2. Ratio 
of Thickness A of "In¬ 
viscid" Layer on Blunt 
Wedge to Coordinate of 
"Sonic" Point on Spheri¬ 
cal Nose (The Solid 
Curve was Computed for 
the Exact Value of y g / 

/y„ , the Dashed Curve 
r 

for y g /y g = 0 . 5 ). 


we can determine the thick- 


Figure VI-5-2 presents the results of a calculation by this 
method to determine A, referred to the coordinate y g of the 

r 

"sonic" point on a spherically blunted wedge. 


A ^ ys PqcKqc (VI-5-5) 

y Sr vs T Pa^« 

To calculate the required bluntness (y g ), we set up the con- 

r 

dition that the thickness of the boundary layer at the transition 
point must be equal to the thickness of the low-velocity layer. 
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can be determined 


Consequently, the conditions from which y~ 
will be r 


61 


ys 




or 



(VI-5-6) 


It follows from the second formula (VI-5-6) that if A/y 0 *\> 1 

r 

the "sonic-point" coordinate yg 6^. To determine the laminar- 

r 

layer thickness at the transition point on the surface of a blunt 
wedge, we can use the corresponding relation for a flat plate 
with the condition that the parameters appearing in it are the 
same as on a blunt wedge. The laminar-layer thickness at the 
transition point is 



• r >-S (HO. 


(VI-5-7) 


where is the distance to the transition point. 

The critical Reynolds number can be calculated from the 
determining parameters for a blunt wedge, i.e.,(Re* r ) wg = 

= (V 5 x t p*/y*) . Since the critical Reynolds number is assumed 

to be known, we can determine the length of the laminar segment 


x t 


( 


1 3 p* / we * 


and then the thickness of the boundary layer at the transition 
point: 


fit —*t 



(VI-5-8) 


The required bluntness becomes smaller if we consider the 
influence of the conventional displacement thickness, which in¬ 
creases the effective wedge thickness and, consequently, the 
thickness of the inviscid layer of diminished Reynolds numbers. 
Accordingly, the coordinate of the "sonic" point is 

y Sl -(*!-**) (VI - 5 - 9) 
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/ If we assume that 6* * 0.1255^ (the conventional thickness, 

$ 1 

like the layer thickness, is calculated in the general case from 

the determining parameters on the blunt wedge), then 


= 6* = 0.87561. (VI-5-10) 
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Part Three 

BODY AERODYNAMICS 
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Chapter VII 


/359 


AERODYNAMIC COEFFICIENTS AT SUBSONIC 
AND TRANSONIC SPEEDS 


§VII-1. SUBSONIC SPEEDS 


Friction drag. The flat-plate relationships can be used 
in simplified calculations of body friction drag. The results 
must be regarded as highly approximate, since they do not take 
account of the spatial nature of the flow and the shape of the 
washed surface. 



Figure VII-1-1. Influ¬ 
ence of Compressibility 
on the Critical Reynolds 

Number Re of a Solid 
cr 

of Revolution. 


If c x p is the friction-drag 

coefficient of a plate whose length 
is equal to the length of the body, 
the friction drag; force X- = 

= c xf qS sde’ where S sde is the area 
of the side of the body. 

The boundary layer around a 
body is mixed under real condi¬ 
tions: it is laminar on the for¬ 
ward section and turbulent on the 
rest. Accordingly, the average 
body drag coefficient calculated 
for the midships section is 


C x j C x f b 


•S mid 


C xf 1 


S 1 , $ 1 

~c r c xf i c 

mid ° mid 


(VII-1-1) 


where c”^, b and c^ 1 are the turbulent-friction coefficients of 

the plate; the former is found from the Reynolds number calculated 
for the length of the body, and the latter from the Reynolds 
number calculated for the laminar length; c^ f 1 is the average 

laminar friction coefficient of a plate whose length is equal 
to that of the laminar layer on the body. The quantities S sde 

and are, respectively, the total lateral area of the body and 

the part of this area that corresponds to the length of the lami¬ 
nar layer. 
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In the general case, the laminar-segment length depends on 
the shape of the body, M w , the wall temperature, and the rough¬ 
ness of the wall surface. In the simplest case, that of an abso¬ 
lutely smooth surface in incompressible flow in the presence of 
a negative pressure gradient, the critical Reynolds number for 
an elongated body may be set equal to R e cr = 10 6 . The diagrams 

in Fig. VII-1-1 permit inferences as to the effect of compressi¬ 
bility on the critical Reynolds number of a solid of revolution. 

Data pertaining to plane two-dimensional flows may be used 

to evaluate Re if it is remembered that the actual Re for 
cr cr 

bodies are somewhat larger. Below we shall set forth more de¬ 
tailed data on critical Reynolds numbers for bodies. 

Pressure drag. At subsonic speeds, the pressure distribu¬ 
tion, which must be known to calculate the corresponding drag 
components, can be found dependably enough only by experiment. 
Here, studies have shown that the difference between the pres¬ 
sures in incompressible and subsonic compressible flows is small 
for elongated bodies. 



Figure VII-1-2. Critical 

Mach Number M of Solid 
°°cr 

of Revolution. 




Figure VII-1-3. Pressure 
Distribution over a 
Sphere. 1) potential 
flow; 2) Re > Re cr> ; 3) 

Re < Re 

cr 


The pressure coefficient p for 
a subcritical Mach number can be 
found by use of the pressure-coeffi¬ 
cient values p^ c for an incompressi¬ 
ble flow and the conversion formula 


Figure VII-1-4. Drag of 
Solids of Revolution. 


p=/? ic (1 — ML) -0 ’ 5 . 


(VII-1-2) 
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The diagram in Pig. VII-1-2 can be used for approximate 
evaluation of the critical Mach number. For a strongly curved 
surface, the pressure distribution depends on the Reynolds num¬ 
bers — subcritical or supercritical — of the flow. This is seen 
from Fig. VII-1-3, which shows the pressure distribution over a 
sphere. 

The coefficient of the nose drag that arises from pressure 
and friction on the front of the body (profile drag) is deter¬ 
mined by the empirical formula [26] 


c xpi ^k s c xf , (VII-1-3) 


in which the shape factor 


k a = 1.86 —0.175X, + 0.01X1. 


(VII-1-4) 


The parameter X s is known as the reduced aspect ratio and 
is determined by the expression 




(VII-1-5) 


The friction drag coefficient c xf referred to the midship 

section is calculated with consideration of compressibility and 
as a function of the nature of the flow in the boundary layer. 


Total drag. It should be regarded as the sum of the nose 
(profile) and wake drags (see §XIV-2). Experimental data on 
total-drag coefficients for certain solids of revolution in in¬ 
compressible flow are shown in Fig. VII-1-4 [16]. According to 
these data, the friction drag coefficient 


(vii-i-6) 

Compressibility influences the drag of bodies in high-velocity 
flow. At subcritical Mach numbers, however, this effect, as we 
see from the experimental data in Fig. VII-1-5, is small and is 
usually manifested in a slight increase in the drag coefficient. 

Body drag depends substantially on the shape of the nose sec¬ 
tion (Fig. VII-1-6). The following empirical relation for the 
drag coefficient of an elongated solid of revolution with a flat 
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Figure VII-1-6. Influence of 
Nose-Section Shape of Solid 
of Revolution on Frontal-Drag 
Coefficient. I) circle; II) 
ellipse. 


nose corresponds to the experi¬ 
mental data in Fig. VII-1-6 [16] 
(mode 1 1): 

\f 2 

= 0.5 + 0.045 (l H- -£-) ■ (VII-1-7) 


Figure VII 1-5. Transi- Flight tests of spherical 

tion Point (a). Drag (b) missiles have shown that up to 
and Reynolds Number (c) M < 0 .5 , the total drag coeffi- 

for Solid of Revolution eient can be assumed constant at 

(d) at Various M^; 1) c =0.4923 ([72], No. 4, 1945). 

transition point. x 

Normal force, moment. Re¬ 
search has shown that at subsonic 
speeds, the normal force and moment of slender bodies can be 
determined from the same relationships as in the case of super- 7362 
sonic flow. The normal-force and moment coefficients can be 
calculated by Formulas (XI-3-31) and (XI-3-40), which take ac¬ 
count of flow separation as it influences the aerodynamic char¬ 
acteristics . 

§VII-2. TRANSONIC SPEEDS 
Similarity of Tran sonic Flows 

Equation of symmetrical transonic flow. The linearized 
equations of motion of a gas are not applicable in the case of 
transonic flow velocities around a solid of revolution, even if 
it is slender. This becomes understandable when we remember that 
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the difference between the squared velocities a 2 - V 2 was re- 

placed by the approximate value a 2 — in linearization of the 
equations. This substitution is not admissible under transonic 
speed conditions. In fact-, the difference a 2 — V 2 in the lin¬ 
earized flow, which is equal to a^ — — V^V^Ck + 1) can be re¬ 

placed by the approximate expression a^ — because the term 
V^V^Ck + 1) is small by comparison with a^ — V^. 

At the same time, under transonic-flow conditions, when the 
flow velocity is near sonic, the quantity V’V (k + 1), which is 

X 00 

determined by the additional disturbance-velocity component V^, 

will be commensurate with the difference a^ — and, consequently, 
linearization of the equations is impossible. Although the basic 
equations cannot be linearized, they can nevertheless be simpli¬ 
fied with certain assumptions. Simplified equations that have 
been derived [43] facilitate investigation of transonic symmetri¬ 
cal flows substantially. 

Let us consider the equation for the velocity potential of a 
steady symmetrical transonic flow, as derived by simplifying 
(III-2-22). 

Let us define the disturbance potential <t>' by the relation¬ 
ships 


a<p' 

dx 


— 9* -— Vx * t 



(VII-2-1) 


The disturbance potential corresponds to a type of flow 
around a slender solid of revolution in which the local velocity 
differs little from the critical velocity a* and, consequently, 
the derivative 3<f>V9x is small. 

The potential <f> 1 must obviously satisfy the conditions "at 
infinity" : 


(tU.- 0 - mi-2-2) 


Introducing the potential 4> ’ into (III-2-22) and remember¬ 
ing that the square of can be disregarded at near-sonic 

velocities V , we obtain the differential equation for the poten¬ 
tial of steady transonic flow: 


* 4-1 


. . <Pr 

‘F«9«+?S9r'Pr* i - 9rr — 


(VII-2-3) 
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This equation is nonlinear in <j> ’ ; it is more complex than 
the linearized equation, but at the same time simpler than the 
general equation (III-2-22) for velocity potential. 

Law of flow similarity. The similarity law for transonic 
flows around solids of revolution with different slenderness 
ratios but similar thickness distributions (for example, coni¬ 
cal and parabolic) is derived by supplementing the simplified 
equation (VII-2-3) with boundary conditions (VII-2-2) and the 
nonseparating-flow conditions 


<lr IV = 'K 
dz ~ (q. a* ‘ 


(VII-2-4) 


Substituting dr/dx = s(x/x b )/A^ for the derivative dr/dx in 

(VII-2-4), where s(x/x b ) is a certain function that characterizes 

the slope of the generatrix and A, = x./d . , is the slenderness 

b b mid 

ratio of the body, we obtain 


*-£•(£)• (YII - 2 - 5) 


Relation (VII-2-5) indicates that the order of magnitude of 
the potential on the body's surface is <j>' ^ ra*/A b . On the basis 

of this evaluation, we can introduce the affine variables Z, and n, 
which are related by 


* b S; n. (VII- 2-6 ) 


and represent the potential <j>' in the form 


c f '=* b a*!^(g, (VII - 2—7) 

where T = (k + l)/2 takes account of the influence of the gas 
properties, defined by the ratio of specific heats, on flow 
similarity and A ro = V^/a* is the relative velocity of the on¬ 
coming flow. 

Introduction of the multiplier 1 - A is dictated by the 
infinity condition, and the function F(£,n) is subject to deter¬ 
mination . 
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After conversion to the new variables and simplification 
(certain terms are small enough to be dropped), Eq. (VII-2-3) 
will be 


OK dF a * F PF , i dF 

di 9i\ ’ (VII-2-8) 

where 

K = x , l^Xoo (VII-2-9) 

For given values of the parameter K, Eq. (VII-2-8) describes 
a whole class of flows around solids of revolution with large 
slenderness ratios and the same thickness distribution. Thus, 
the parameter K expresses the law of similarity for flows at 
transonic velocity. Here, similarity must be understood in the 
sense that the flows are described by the same form of (VII-2-8). 

Pressure and drag coefficients. We first find a general 
formula for the pressure coefficient. For this purpose, we use 
the relation 


’ = Po (l 




\/2 

9 max 


(VII-2-10) 


and substitute V* therein by the approximate expression 


^ = («*)’ +2^. 

Here, (a*) 2 is defined as follows in terms of the oncoming- 
flow velocity in accordance with the "infinity" condition <J>' = 

= V - a*: 

00 


(a *) 2 = n-2F M <f 

where <p' is calculated from (VII-2-2). 

T x°° 

Expanding our expression in series and keeping only two 
terms, 


P -/'* 


■ !'> ('I A 


— Ism) 


1 

y ™ — — p.x<f 


'7 
r t 
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whence the pressure coefficient 







(VII-2-11) 


We then find the axial velocity component 

v * - «* ~jr - «* ( 1 - ^T-if ) + v - (VII-2-12 ) 

Applying the approximate relation 1 - V /a* = (1 - X )/r, 
and (VII-2-5) and (VII-2-12), we can bring (VII-2-11) to the form 


P- T?P( K, 6), 

A b 


(VII-2-13) 


where the function 


P(K, S)=»-2K(l +4|-)-**(£) (VII-2-14) 


depends only on the similarity parameter K for a given point 
with the dimensionless coordinate £. 

We now find a general expression for the pressure drag coef¬ 
ficient. For this purpose, we substitute the coefficient p de¬ 
fined by (VII-2-13) Into (1-3-14). As a result, 

c xp = -^D(K)„ (VII-2-15) 


where D(K) is a function of the similarity parameter K and is 
determined from the expression 


i 

z> = 4 $ k b P (K, ^)Ft g ptf*. (VII- 2 - 16 ) 


The relationships found for the coefficients p and c x ^ indi¬ 
date that at a given K, transonic flows around solids of revolu¬ 
tion are simpler in the sense that X/?p and \?c are the same. 

b r b xp 

Thus , K is the basic parameter characterizing transonic 
flows. Hence the law of flow similarity with respect to the 
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parameter K can be used as a basis for experimental and theoreti¬ 
cal study of the transonic aerodynamic characteristics of bodies. 

A relation for the parameter K that differs slightly from (VII-2-9 
may be used: 


(ML-DM, 
ML(*-l) ; 


(VII-2-17) 


which reflects similarity more exactly. 

A more rigorous approach leads us to the conclusion that 
the similarity laws are somewhat more complex than (VII-2-13) and 
(VII-2-15), namely: 


P « i E (Me, A b , ft, I); (VII-2-18) 

A b 

:-C( K, *),’ (VII-2-19) 


where B, C, E, and G are certain functions. 



The variables on which they depend 
are indicated in (VII-2-18) and 
(VII-2-19). 

According to these formulas, 
similarity_will pertain not to the 
functions pA, 2 and c but to the 

D Xp D 

products respectively. 


{p—E)),l; (c xp ~G))S b . 


Figure VI-2-1. Illu¬ 
strating Conversion of 
Pressure Coefficient 
for a Parabolic Solid 

of Revolution. - 

experiment;-ac¬ 

cording to Formula 
(VII-2-18) . 


Sharp slender body with curvilinear 
generatrix. Research has shown that 
for a family of affinely similar slen¬ 
der sharp solids of revolution, the 
second term in (VII-2-18) takes the 
form 


E= —A-5'(i)ln[-^-(* + l) ,/2 ]. (VII-2-20) 


Together with (VII-2-18), Formula (VII-2-20) enables us to 
generalize isolated experimental data for a given M ro and a giyen 
model with a given slenderness ratio for various values of A^ • 
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Figure VII-2-1 shows, for example, an experimental pressure 
distribution for M m = 1 around a parabolic solid of revolution 
with a slenderness ratio = 6. Using this distribution and the 

value X^ = 6, the functions B(£) were calculated at each point 

with a given coordinate £ = x/x^ with the aid of similarity rule 

(VII-2-18). Then, using the same Formula (VII-2-18) and having 
values of the function B(£) for X^ = 6, the pressure coefficients 

were calculated at the corresponding points on a more slender 
solid of revolution with X^ = 8.5. The results are in good agree¬ 
ment with experimental data [ 16 ]. 

Introducing Expression (VII-2-18) for p into (1-3-14), we 
can obtain the following similarity law for the drag coefficient: 


C XP - 


4 C (K) 
•n X* 

b 


1 UV' (jTb)] 2 

2n iS mid 


i» r^(A'+i) i/2 T, 

L A b j 


(VII-2-21) 


from which the function G that appears in (VII-2-19) can be found. 


Similarity law (VII-2-21) is simplified if the body's base 
section coincides with its midships section or if it terminates 
in a sharp tail, since the derivative of the cross-sectional area 
S'(x b ) = 0 in either case. 

The relationships given above as reflecting the similarity 
law are applicable for in the neighborhood of unity; the cal¬ 
culated results are in good agreement with experimental data for 
sonic or slightly supersonic flows. 



Slender sharp cone with cylindri¬ 
cal tail section. A peculiarity of 
flow around such a body at transonic 
or sonic velocity is that the velocity 
of sound is always established at the 
point of the angle. Hence the pressure 
at this point can be calculated in ad¬ 
vance. At other points on the cone, 
the flow variables are found theoretic¬ 
ally by solving (VII-2-8) or experi¬ 
mentally . 


Figure VII-2-2. Pres¬ 
sure Coefficient on 
Sharp Cone (M o = 1). 


This solution results in the fol¬ 
lowing relationship, which we can use 
to compute the pressure coefficient 
for M = 1: 

CO 
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(VII-2-22) 


where 


K 


■ 2 hi (fS c t) ) In .1 — B, 


8^1-s) for0< - £< i . 

(A- l-l)Pi ’ ' 2 1-5 Ioru< §<y , 

A + "(f-i ( • 5==1 for 0 <S< 1 - 


(VII-2-23) 


Figure VII-2-2 shows a curve computed by (VII-2-22) for a 
cone with B c = 7°. It agrees closely with experiment. 

Using available data — theoretical or experimental — obtained 
for conditions characterized by specific values of and 3 c , and 

knowing the similarity rule (VII-2-22), we can calculate the dis¬ 
tribution of pressure around a family of slender cones. This dis¬ 
tribution will correspond to flow around conical bodies at var¬ 
ious M^, but with the parameter K remaining constant. 

A similarity rule similar to (VII-2-22) can also be obtained 
for M / 1. For this purpose, we use Formulas (VII-2-18)- 
(VII-2-20). Since S(x) = -rrxB^; S"(x) = 2 ttB 2 ; A^ = 0.5/3. for 

a cone, the pressure coefficient (VII-2-18) will be 

p = A&B (K, l) - 2p 2 In (ipcMc (k + l)*/2j. (VII-2-24) 


The drag-coefficient expression that corresponds to (VII-2-21) is 

c xp ~ C (K) — 2f5c In [iPcMoo (k -|- 1) ,/2 ]. (VII-2-25) 


For = 1, (VII-2-24) and (VII-2-25) simplify, since the 
parameter K = 0. In particular, the expression by which we can 
determine the drag coefficient will be 


(c xp U^-i =- - p 2 c (1.09 + 4 In pc). (VII-2-26) 


When M differs from unity and we have a slender body, we 
can use instead of the general formula (VII-2-25) the more con¬ 
crete relationship 


—pi (1.09 — 8K + 41n p c ). 


(VII-2-27) 
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Application of this formula is limited to values of the 
parameter K that satisfy the inequality 


— 1 

K = --€ i. 


(VII-2-28) 


Total Drag_ of V ariou s Solids of Revolution_at Transonic Speeds 

Experimental data [1 6 ] on the nose drag of a sharp solid of 
revolution with a tail are given in Fig. VII-2-3. These data in¬ 
dicate that the drag coefficient rises sharply beginning at = 

= 0.8 and reaches a maximum at approximately M m = 1.1. 



Figure VII-2-3. Drag 
Coefficient of Bomb. 


( Cx p)iA<ei 



Figure VII-2-4. Drag 
Experimental data [16] on the of Conical Nose Sec- 

drag of sharp conical and ogival tions at M m = 1 (Ex¬ 

nose sections at the speed of sound periment). 

(M = 1) are given in Figs. VII-2-4 
and VII-2-5, respectively. 


Nose blunting causes an increase in drag in both sub- and 
supersonic zones, but the increase in drag on passage through 
the transonic region is less sharp than for pointed bodies. 

This is evident from Figs. VII-2-6 and VII-2-7, which pre¬ 
sent the results of experiments for a sphere and a flat-faced 
cylinder, respectively. Drag increases by a factor of two for 
the sphere and about 2.3 for the cylinder, while the correspond¬ 
ing factor for the sharp body (Fig. VII-2-3) is greater than 7* 


The following conclusions can be drawn from analysis of 
these and other experimental data: 


1) the frontal-drag coefficient reaches its maximum c 

x max 

at M m somewhat larger than unity and lying in a range whose ap¬ 
proximate limits are = 1.1 and M ro = 1.5; 
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2) the shape of the body's nose section has the dominant in- 
fluence on Cjc nax - 

These conclusions can be used as a practical guide in ap¬ 
proximate evaluation of the maximum value of the frontal drag 
coefficient. The experimental curve shown in Fig. VII-2-8 and 

representing c as a function of the nose slenderness ratio 

x max 

^mid can be usec ^ f° r the same purpose. This relation can be 
represented by the interpolation formula 

j | ^ 

°x li.il x ' I- 0.01 1A m id . (VII-2-29 ) 




Figure VII-2-6. Front¬ 
al Drag Coefficient of 
Sphere (Experimental 
Data). 


Figure VII-2-5. Drag 
of Ogival Nose Sec¬ 
tions at M =1 (Ex- 
. \ 00 
periment). 


mines the smallest value of the 

This slenderness ratio is that 
tion drag is largest as regards 
balance of forces that compose 


The second term on the right 
in this formula is an estimate of 
the friction drag coefficient. 

The optimum slenderness 

ratio of the nose section, which, 

according to (VII-2-29), deter- 

coefficient c , is nine, 

x max’ 

f a very slender body whose fric- 
specific weight in the over-all 
otal drag. 


Analysis of theoretical and experimental data on flow around 
a hemisphere at various velocities, including transonic veloci¬ 
ties, has established that the pressure drag coefficient can be 
calculated by the formula [ 16 ] 


c xp - 0/S —“ arctgJl.Cl (1,2 — M»)]. 


(VII-2-30) 
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Figure VII-2-7. Drag of 
Cylindrical Solid of 
Revolution with Flat Face. 

A) drag of nose section; 

B) wake drag; C) fric¬ 
tion drag. 


ficient at the critical point 



Figure VII-2-8. Maximum 
Value of Drag Coefficient 
for Solids of Revolution 
(1.1 < < 1.5). B) fric¬ 

tional drag. 


This "arc-tangent" law 
can also be applied to calcu¬ 
lation of the pressure coef- 
of a sphere: 
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Po 1.35- - 1 r nicfg|1.0fi(l (VII-2-31) 


Formulas (VII-2-30) and (VII-2-31) give satisfactory results 
both for transonic speeds, including = 1, and for a broader 
range extending from = 0 to H m of the order of 7-8. 

Calculation of drag of sharp bodies based on the principle 
of "steady" local Mach number. It is assumed in accordance with 
this principle that the derivative (SM/SM^)^ _ 1 = 0, i.e., the 

oo 

local M, does not vary and remains "frozen" as the oncoming-flow 
passes through unity. 

The range of Moo in which the distribution of local M is 
"frozen" is relatively narrow. Thus, for example, for a cone 
with the angle £> c = 25 °, this range is 0.9-1.1, and for £> c = 7° > 

the M^ range from 0.99-1.01. 

Using the principle of "steady" local M, we can derive a 
relationship by which we can calculate the drag of a sharp nose 
section at transonic speeds. Let us assume that we know the 
local M distribution. Then the corresponding velocity is 

V 2 / M y. 2-Hfr —1 )mL (VII-2-32) 

V'L V. M.v / 2- r (k~ 1)M2 ’ 
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and the pressure coefficient 


/> = 


2 


AM" 




I 2 

I' 2 

max 




(VII-2-33) 


Applying this relationship for the pressure coefficient and 
Expression (VII-2-32), we find after appropriate substitution 
into (1-3-14) a relationship by which we can compute the drag of 
a conical nose section: 




L .tp ■ 


A-Mi 


(VII-2-34) 


Expanding the expression in square brackets in series and 

dropping terms containing the second and higher powers of the 

difference M - 1, we obtain 
00 9 


L xp ■ 


AM* 


{[ 


1 + 


A-|-1 




Setting = 1, we find from this expression a formula that 
defines the drag in sonic flight: 


M»-~f{i[W^5+r]“' # - 1 }• (vii-2-36) 


If we now assume in accordance with the steady Mach number 
principle that the local M is invariant with respect to M ra around 
unity, the integral in (VII-2-35) can be substituted in accord¬ 
ance with (VII-2-36). The result is a formula for the drag coef¬ 
ficient at transonic speeds: 


c 


xp 


(A r 1) M^ 




- (-M» —1) 
(*-H)M*.‘ * 


(VII-2-37) 


where the values of ( c X p )jy[ =]_ can be determined for conical and 

ogival nose sections from the experimental curves in Figs. 
VII-2-4 and VII-2-5 [16]. 


With the relationships for c , we can find the slope of 

xp 

the drag curve at the point corresponding to = 1. Differen¬ 

tiating c x p with respect to and setting = 1, we obtain 
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Figure VII-2-9. c xp 

of Conical Nose Sec¬ 
tions as Functions 
of . - experi¬ 
ment; - extrapo¬ 

lation . 



Figure VII-2-10. Drag of 
Ogival Nose Sections at 
Trans- and Supersonic 
Speeds. 



Figure VII-2-11. Func¬ 
tion Defining Wave 
Drag of Solid of Revo¬ 
lution at Transonic 
Speeds. 


drag-coefficient calculation f 

slope of the c curve at M = 
^ xp 00 


( dc *p \ i r, < c .vi>)m.-.i "I 

U.'WjM K =i - L 1 — -■> ]■ 

(VII-2-38) 


It has been established 
in tests with cones that rough 
estimation of (c xp ) M _ ^ by ex¬ 
trapolation of the drag curve con¬ 
structed for < 1 gives good 
results In determination of the 
slope of c xp for M^. 

Figures VII-2-9 and VII-2-10 
present experimental data on the 
drag of a cone and an ogival nose 
section at transonic speeds. 

These data are in satisfactory 
agreement with the results of a 
r the transonic range and the 
1 . 


According to wind-tunnel measurements on solid-of-revolution 
models with curved nose and tail sections, the wave drag coeffi¬ 
cient is 


C.x w — 



(VII-2-39) 
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where X _ = X + X,, + AX P is the effective slenderness ratio, 
ex n t x o 

which is equal to the sum of the slenderness ratios of the nose 

X and tail X,, sections of the body and a certain quantity AX C 
n v± '~ J 

that takes account of the influence of the intermediate cylinder 

on the flow over the forward and aft segments of the surface. The 

quantity AX C is usually set equal to three. The function D(K) is 

found from the diagram of Fig. VTI-2-11 as a function of the param 
eter 


K =--Xef (ML — !)• 


(VII-2-40) 


Normal force and center of pressure. It has been estab¬ 
lished by observation that the coefficient of normal force of a 
slender solid of revolution in the neighborhood of the speed of 
sound may reach a maximum value 25 - 35 ? greater than the value 
of the coefficient c^ at subsonic speeds. 

This conclusion may be il¬ 
lustrated with the data in Fig. 
VII-2-12, which indicate c^/ot as 

a function of for small attack 
angles of the order of a = 0-3°. 
According to these data, the ratio 
c^/a reaches its maximum at = 

= 1.0, where it is about 35? 
larger than the c^/a correspond¬ 
ing to = 0.4. 

The moment also Increases 
with increasing normal force. As 
a result, the center of pressure 
position may undergo practically 
no change. This is seen in Fig. VII-2-12, which shows the re¬ 
sults of measurement of the center of pressure coefficient of a 
cylindrical body with a parabolic nose section. The registered 
change in this coefficient on passage through the speed of sound 
is only about 2?. 

A similar picture is also observed in experimental studies 
of flow around cones. It is known that the center of pressure 
coefficient of a cone is about 0.667 at supersonic speeds. At 
subsonic speeds, experiment indicates that it is, for example, 
smaller for a cone with a semivertex angle g c = 15 °, i.e., the 

center of pressure is located nearer the point. On passage 
through the speed of sound, the center of pressure coefficient 
of a cone increases insignificantly, reaching 0.65 at = 1.0. 



Figure VII-2-12. Variation 

of c. T /a and c of Solid 
N c. p 

of Revolution with Para¬ 
bolic Generatrix. 
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In bodies formed by combining a nose cone and cylindrical 
tail section, experimental data indicate that the cylindrical 
segment bordering directly on the cone shifts the center of pres¬ 
sure toward the base of the cone. This effect is observed both 
at subsonic speeds and during passage through the speed of sound. 
The size of the shift depends on the length of the cylindrical 
segment bordering on the cone. However, this effect manifests 
in practice only up to certain values of the relative length of 
the cylindrical segment. 


For slender cones, the increase in the center of pressure 
coefficient, in the range of = 0.7-1-2 owing to the influence 
of a cylindrical section of 0.5d mi ^ approximate length, is 5-7% - 

At a cylindrical-section length ,of 0.75d m ^, this increase 

reaches 7-13%, and c is found to be close to its maximum. At 

c • p 

a further increase in cylinder length, the center of pressure 
position undergoes practically no change. 


To obtain an idea of the variation of the center of pressure 
coefficient for an entire body consisting of a cone and a cylin¬ 
der, it is necessary to consider the lifting capacity not only 
of the nose section, but also that of the cylindrical part. The 
presence of this part results in an additional rearward shift of 
the center of pressure. 


When the body has a parabolic nose section, the center of 
pressure remains virtually stationary during passage through the 
speed of sound. 
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Chapter VIII 
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THE CONE IN SUPERSONIC FLOW 


§VIII-1. AXISYMMETRIC SUPERSONIC FLOW PAST A CONE 


Equation System 

Let us consider a sharp circular cone with a half-angle 3 

at the vertex in an axial supersonic flow. The problem is to cal¬ 
culate the flow of gas between this cone and the compression shock 
that forms ahead of it and has the shape of a conical surface. 

It is also necessary here to determine the inclination angle 0 

s 

of the conical-shock generatrix (Fig. VIII-1-1). For this pur¬ 
pose, we shall examine the equation system applying to a case of 
flow in which the gas undergoes physicochemical changes behind 
the shock under the influence of high temperatures. 



Figure VIII-1-1. Diagram 
of Supersonic Gas Flow 
Around a Sharp Cone. 1) 
compression shock. 


can then obtain the first two 


Let us assume that thermo¬ 
dynamic equilibrium is established 
in the disturbed region. Let us 
assume further that the solution 
sought for the cone must have the 
property that the gas variables 
remain constant on the surface of 
any intermediate cone (including 

cones with angles 0=0 and 0 = 

s 

= 3 ) and change on passage from 

one surface to the other. The flow 
that corresponds to this solution 
is said to be conical . With con¬ 
sideration of this property, the 
partial derivative of any variable 
with respect to the r-coordinate 
(Fig. VIII-1-1) is zero, and we 
system equations from (III-2-8): 


Wr _y. 
dO ~ Vr> ’ 


(VIII-1-1) 
(VIII-1-2) 


According to the number of unknown parameters to be deter¬ 
mined, it is necessary to add the continuity equation (III-2-17) 
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to these two equations, written in the form 


2f>V r -j- V Q Q -[- p -^2- + ()V 0 clg 0 =0, (VIII-1-3) 


and also the equation 


P (May) s P ^ 

Ps lUv Ps r s 


(VIII-1-4) 


which is derived from the equation of state (III-2-52), and the 
energy equation 


v* . , n (viii-i-5) 

t s + ~r • 


In these equations, the subscript s_ identifies the param¬ 
eters immediately behind the compression shock. The general re¬ 
lationships (III-4-6)-(111-4-9) for calculating of the enthalpy, 
entropy, average molecular weight, and the speed of sound must 
also be included in this system. 

Constant Heat Capacities 


Let us examine the solution for the particular case in which 
there is no dissociation and the specific heats do not change on 
passage through the shock wave. 



Figure VIII-1-2. Illustrat¬ 
ing Determination of Bound¬ 
ary Conditions on Compres¬ 
sion Shock Around a Sharp 
Cone. 


simultaneous solution of these 


For this case, the system 
consists of (VIII-1-1) and the 
equation 


']?0_ 

M 


[-lV:.lg<) ! V, (V 


(VIII-1-6) 


obtained by combining (VIII-1-2) 
and (VIII-1-3) with consideration 
of the fact that dp/d8 = a 2 (dp/d0), 
where the square of the speed of 
sound a 2 = [(k - D/2](V 2 ax -V 2 ). 

The distribution of the velo¬ 
cities V^ and V Q can be found by 

two differential equations. This 


373 


503 



is sufficient for complete solution of the problem, since the 
remaining gasdynamic variables (pressure, temperature, etc.) can 
be found from the velocities by the Bernoulli equation. 

Numerical integration of the differential equations to find 
and V 0 uses the following boundary conditions on the cone and 

the shock. The condition on the cone is that on its surface the 
normal velocity component V 0 = 0, i.e., dV^/de = V Q = 0 for 

e = 3 C (see Fig. VIII-1-1). 

Applying Eq. (111-4-34) for the shock polar, we can obtain 
the condition on the compression shock: 

l S°==—xrf (1-n.) (VsrFse)' 1 , (VIII-1-7 ) 


where 


Vs r — F" B t/Vjj 


v*/v„ 


V and V _ are the radial and normal components, respectively, 

Sx S u 

of the velocity on the compression shock. 

The equation was derived with consideration of the fact that 
(Fig. VIII-1-2) 


i'.r=-F. r »= r„cose.. (viii-i-8) 


The calculations begin with calculation of the parameters 

and V a and the speed of sound a behind the shock for a given 

angle 0 from the known oncoming-flow velocity. Then, knowing 

these boundary conditions, we find the parameters on a series of 
intermediate conical surfaces by successive numerical integra¬ 
tion. The calculations are broken off when the boundary condi¬ 
tions on the cone are satisfied: the corresponding angle 0 equal 
to the cone angle 3 , the value of V = V equal to the total 

relative velocity on its surface. 

The calculations can also be performed in reverse order, by /374 
assigning the conditions on the cone (angle 3 , velocity V ). 

The gas variables and the inclination angle of the shock that 
forms ahead of the particular cone are the results. 

Solution in Taylor-series form. The Taylor-series expan¬ 
sion can be used for numerical calculation of flow past a cone. 


504 



Let us present the expression for the radial velocity component, 
referred to its maximum value, in the form of such a series: 


f r Lc I V c r (0 -- P c ) -f- 



(VIII-1-9) 


where the v£ n ^ are the values of the derivatives d n V r /d0 n on the 
cone surface. 

These derivatives are determined from the known velocity on 

the cone, with the first derivative V* equal to zero, since 

__ c r ~ 

the normal velocity component on it V c g = V’ * 0. For the 
second derivative, we obtain from (VTII-1-6) 

v;, [K r (ii!_ 2 )-f?;c g o] (i-4£), (vm-i-io) 

where a = a/V 

max 

If we consider the surface of the cone, 9 = 3 , V * V , 

~~ ~ ,, c rc 

V' = V' = 0 and, consequently, V" = -2V . 

■i C x* C x* C 

The third and higher derivatives are determined by succes¬ 
sive differentiation of (VIII-1-6). Series (VIII-1-9) can then 
be written 

-fT- = 1 - h 2 -|- a 3 h a - <iji* + ..., (VIII-1-11) 


where k = 0 - 3 , and the coefficients a 3 and a 4 are given for k 
= 1.4 by the relationships 


«3 


3 ’ 



( 3 


Ctg 2 p c + 


201? \ 
i-n ' 


(VIII-l-12) 


Differentiating (VIII-1-11) with respect to 0, we find the 
series representing the normal velocity component 


^2/*T3rt 3 /i2-4a 4 /**+... . (VIII-1-13) 
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With Formulas (VIII-1-11) and (VIII-1-13), we can calculate 
the velocity components near the cone and then successively (step¬ 
wise) determine the velocity components on intermediate conical 
surfaces. The series 


Vrh V’rA-l (VIII-1-14 ) 

is used for this purpose; here, V^ h is the radial velocity com¬ 
ponent at the conical surface with generatrix inclination angle 
0 + h; V rh j is the same component on the next intermediate 

cone with angle 0; V^ h _ 1 is the value of the first derivative on 
the same cone. 

In practical calculations, it is better to take the mean 

Vrh-l ■ V(Jh-l -- —£ (VOh -f- Fo/,-i). 

By analogy with (VIII-1-14), we can write an expression for 
the derivative: 


rh - 


v'm-, -\ hv; h _ l + ... 


(VIII-l-15) 


Here the first and second derivatives in the right member 
are found with (VIII-1-6). Formula (VIII-1-15) enables us to 
compute the normal velocity component on an intermediate conical 
surface: 


V Qh . (VIII-1-16) 


The basic operation in performing these calculations is to 
use (VIII-1-10) to determine the second derivative on the preced¬ 
ing conical surface. 

As the calculations move from one surface to another, they 
terminate when the angle 0 obtained by adding 0 c and all given 

intervals h = A0 is found to be equal to the 0=0 calculated by 

(VIII-1-7). This figure determines the shock inclination angle 

and the values V = V , V = V will be the radial and normal 

x* s r y so 

velocity components behind it, respectively. Having determined 

the component V and the angle 0 from (VIII-1-8), we can find 
S x s 

the oncoming-flow velocity. 
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Figure VIII-1-3. Illustrating Determina¬ 
tion of Gas Variables Around a Cone. 


Tables, diagrams, approximate formulas. It is shown in [4] 
that in supersonic flow over a cone, the gasdynamic variables are 
functions of M m , $ c , and the coordinate 5 * (r - B)/(W - B), where 

B and W are the respective distances from the axis to the surface 
of the cone and to the shock wave (Fig. VIII-1-3). 

The results of numerical calculations of axisymmetric flow 
around cones are presented in Appendix No. 1 (Tables VIII-1-1 and 
VIII-2-2). 

Table VIII-1-1 gives values of the gasdynamic functions V x , 
V^, and p, which are dimensionless and referred to the follow¬ 
ing qualtities: the axial and radial velocity components (in 
cylindrical coordinates) are referred to the critical speed of 
sound a*, the density to p^, and the pressure to p^a* 2 . The same 
table gives W , which is equal to the slope of the shock wave with 

respect to the cone axis. 

Table VIII-2-2 presents values of the wave drag coefficient 

c tt = C T 5 f° r a cone, as ' calculated from the data of Table 
X w rip 

VIII-1-1. The quantity c is equal to the pressure coefficient 
on the cone. 

The formulas to be used In calculating the flow variables 
from tabular data (subscript t_) are V x = V x ^.a*, V r = V^ ^a*, 

P = P r P OT a* 2 , p = P t P DO , where a* 2 = [2/(k + l)]a* + [ (k - 1)/ 

/(k + l]v£. The slope of the intermediate-cone generatrix is 
found from the given coordinate £ with the formula tan 0 = r/x = 

= tan 8 c + £(W x - tan 0 C ). 

The temperature, pressure, and density can be determined 
from the known velocity by Formulas (111-3-4), which are more 
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conveniently presented in the form 


/376 


(£-)*N Vo; (VIII-1-17) 

where V 2 = (V 2 + V 2 )/V 2 ; the parameter v 0 = pj/p 0 is the ratio 

3T* x max 

of the stagnation pressure behind and in front of the shock and 
is determined as a function of and 6 g by Formula (III-4-33). 


TABLE VIII-1-2. MINIMUM VALUES OF M ra FOR WHICH CONI¬ 
CAL FLOW IS POSSIBLE (THEORETICAL DATA) 


K 

5 

7,5 

10 

12.5 

15 

17.5 

20 

^00 min 

1.0129 

1.0204 

1.0528 

1.0828 

1.1193 

1.1622 

1.2115 


22.5 

25 ‘ 

30 

35 


40 

1.2673 

1.3301 

1.1820 

1.0814 


1.9582 


On the basis of calculation processing, we can recommend the 
following approximate formulas for calculating the pressure 
coefficient and the compression-shock inclination angle: 


Pc = c vw -- ; (0.001G-l-0.002M- 2 ) (p c )‘-7; 
MvSinOs- 1 —cosP c -|- (l + ML sin 2 ^) 1 ^ , 


(VIII-1-18) 

(VIII-1-19) 


where 3 c is the cone angle in degrees. 

In practice, this formula is used for calculations in a 
broad range of 3 and with errors as small as 5%• The per¬ 
missible lower limits for 3 and M are determined by the values 

c °° 

at which the flow between the cone and the shock remains super¬ 
sonic. The error of Expression (VIII-1-19) increases with in¬ 
creasing M^ and 3 c as the effect of dissociation becomes signifi¬ 
cant (M b > 10-15, 3 C > 30-40°). 
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Studies have shown that the speed of sound varies so weakly 
in the disturbed region that it may be assumed constant and equal 
to the corresponding value directly behind the shock. Calcula¬ 
tions carried out on this assumption have shown good results. 

For example, at M = 3 and 0 = 25°11', the error in deter- 

S 

mining the cone angle by comparison with the exact theory was 
0.08$, and the error of the velocity on its surface was about 0.2% 

The cone-flow calculations give satisfactory results as long 
as conical flow is preserved between the cone and the compression 
shock. The smallest at which conical flow is possible accord¬ 
ing to theory are given in Table VIII-1-2. 

Hypersonic velocities. A comparatively simple approximate 
solution of the problem of a cone flow at very high can be found 
from the expressions for the velocity components in the form of 
Taylor series. 

At these velocities, the shock makes a rather close approach 
to the surface of the cone and the angle difference 0 - 3 be- 

SC 

comes so small that the following relationships can be written 
for the flow velocity components on the compression shock by use 
of Series (VIII-1-11) and (VIII-1-13): 


F s r - f c [l - (0 S Pc)*-;-4-(°.- fi e ) s ct(?p e - ...] ; 


; (0b.«-P c ) (0 S -- pc) 2 cigp c 


(VIII-1-20) 
(VIII-1-21) 


These relationships can be used to calculate the inclination 
angle of the compression shock. For this purpose, we write the 
flowrate equation (111-4-3) in the form 


Ho 

V’sO 



ML sin 2 0 S (i 


— — M 2 

■i 



(VIII-1-22) 


Since the oncoming-flow velocity component normal to the com¬ 
pression shock is V. = V M sin 0 g , (VIII-1-22) is transformed with 

consideration of (VIII-1-8) to 


= —7— ML sin 20 s (l -|- — .j-- ML sin 2 0 a ) ‘ . (VIII-1-22’) 

Vs 0 4 ' ) 


If we are considering flow at very high velocities with the 

condition that the shock inclination angle 0 and the difference 

s 

0_ - are small, we can derive the following formula from 
s c 
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(VIII-1-20), (VIII-1-21), and (VIII-1-22') for the compression- 
shock inclination angle: 


K 0 =—J-K,+ |/(-j± 5-) 2k ; + te^3- . (VIII-1-23) 


where 


K 0 = M^e s ; Iv, = M*p c . 


We see from (VIII-1-23) that K 0 will be the same for all 
cones with different relationships between the angle 3 C and 

provided that constancy of K x is observed. 


Let us find expressions for determining the parameters 
on the cone and its wave drag. For this purpose, we use the 
= (P c /P s ) (Pg/Pco) where Pg/p^ is found from 


relation P c /p 


(111-4-25) and the value of P c /P s with the aid of the adiabatic 
equation P c /P s = (a c /a g ) 2k/(k_1) . 

For the speeds of sound on the cone and the shock, we have 
the formulas 


k~i 


(Ffna* - ny, ai = [FU - (Fi 0 + F| r )l, 


on the basis of which 



— 1 


H 1 -!- 


»’lo 


l ir 


2LV 


(VIII-1-24) 


where V and V are determined with (VIII-1-20) and (VIII-1-21). 

SI* St/ 

Calculating the speed of sound a with (III-1-26), remember- 

s 

ing that the ahead of the shock are very large and certain 
simplifications can be adopted, and determining the pressure p 

s 

from (III-4-25), we obtain a formula for the pressure on the cone: 


Pc 

Poo 


2k 

k r 1 


(KJ— 1) + (K 0 —K,) 2 


;.-k 0 (fe- j-h 
2 {-(/.—i) kg 


I- 1 . 


(VIII-1-25) 


With this formula, it is easy to calculate the pressure coef¬ 
ficient on the cone, p c = (2/kM^) (p c /p oo - 1), which is equal to 

its wave drag coefficient. 
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The drag function is determined from the pressure coeffi¬ 
cient : 




t-X 


.Mi 


7 , ‘t ! (Ku K ,) 2 


2 (7c'-1) K3 
2 ! (A i) Kj 


(VIII-1-26) 


Actually, this formula determines the drag function only as 
it depends on the single parameter K x , because K 0 depends in turn 
on this parameter, as we see from (VIII-1-23). 

Thus, flows around cones at very high are found to be 
similar in the sense that if the similarity parameters K x are 
the same, the drag functions will also be the same. 

Formula (VTII-1-26) is inconvenient to use, since it is 
necessary to determine the intermediate parameter K 0 . In prac¬ 
tice, the approximating relation 

: 5! Kr ' J ) (VIII-l-27) 


is more convenient; for k * 1.4, it takes the form 


PcMt nv w Mv=2.0;iJKr(l i-O.lttKf 3 ' 2 ). (VIII-l-27 1 ) 


It follows from the very derivation of (VIII-1-23) and 
(VIII-1-26) that they will be more exact the larger and, con¬ 
sequently, the closer the compression shock is_ to the surface 
of the slender cone. Those values of c^ = P c that correspond 

to values of the parameter Kj >> 1 agree better with the exact 
theory and with experiment. 

Limiting case . In the limiting case when -*■ °°, Formula 
(VIII-1-23) for the compression shock inclination assumes the 
form 


(viii-i-28) 


The corresponding value for the pressure coefficient is ob¬ 
tained from (VIII-1-26) in the form 


Pc 


k- r l 


0 2 .-i-(0 2 .-P 2 c) 


7c-1 ’ 


(VIII-1-29) 
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or, applying (VIII-1-28) 


Pc = 


2 l k - 1 )( fe: -7) R2 
8)2 P c 


(VIII-1-30) 


By comparing this expression with (VI-7-3), in which cos 2 n 
is replaced by the squared cone angle 3* in the case of a slender 

cone, we see that the difference between them is in the values of 
the coefficient of 3*. Obviously, Formula (VIII-1-30), which 

takes account of the peculiarities of flow around the cone, is 
more exact than (IV-7-3)- Formula (VIII-1-30) agrees with 
(IV-7-3) if we set K = 1. 

Formula (VIII-1-30) can be extended to cones of arbitrary 
thickness, for which the pressure coefficient 

Pc (VIII-1-30') 


This formula is known as the improved Newton formula for 
the cone . 

Evaluation of disturbances in flow around a s len der cone . 

The relationships derived'above can be used to evaluate the dis¬ 
turbances that arise in the flow around a cone at very high 
velocities. First we determine the velocity on the cone from 
(VIII-1-20). Setting = V ro (l - 0.53*), we find 

v c -- [i -: ( o s -3e) 2 — £]. (vm-i-31) 

This expression implies that the vertical velocity compo¬ 
nent V = V sin 3 ^ V 3 , and the horizontal component V = 

I? c c C C X 

= V cos 3 ^ V . 

c c c 

Thus, the axial disturbance-velocity component, which is 

equal to V [(0 - 3 ) 2 - 0.53 2 ], will be an order smaller than 

^ oo s c c 

the vertical component. Consequently, the process in which the 
gas is compressed in flow around the cone is governed basically 
by the displacement of air particles across the flow, while the 
nature of the flow in the longitudinal direction is subject to 
very minor changes. Disregarding this velocity change, i.e., 
setting the longitudinal component equal to the oncoming-flow 
velocity, we assume that the particle-displacement process takes 
place only in the plane normal to the cone axis. This process 
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is one of the particular examples of application of the law of 
plane sections. 

If we examine the extreme case to which shock angles 0 = 

s 

= 1.0933 correspond with k = 1.4, then the limiting values of 

the disturbance velocity on the cone will be V c = V^Cl - 0.53*). 

Consequently, the longitudinal disturbance can be evaluated by 
- 0.5V g 2 . 

As we see, this quantity is determined by a square-law de¬ 
pendence on the small parameter 3*. Here the reciprocal of cone 

slenderness ratio, i.e., 1/A , which represents its thickness 

ratio, can be taken as the small parameter instead of the angle. 

If we introduce the symbol t for the small parameter of the 
general case, the longitudinal disturbance at an arbitrary point 
in the flow is evaluated on the basis of the disturbance estimate 
obtained for the conditions on the cone by the quantity V^t 2 , and 
the transverse disturbance by V x. 

Expression (VIII-1-27) can be used to evaluate the pressure 
disturbances; we find from it_ that the pressure coefficient on 
the cone is of the order of p c ^ 3 2 , and, consequently, the abso¬ 
lute pressure is estimated at p Q ^ PeJ^^c ' On the basis of this 

estimate, the pressure at any point in the flow around the cone 
can be evaluated by p ^ Poo^t 2 , which, as we see, will be con¬ 
siderably higher than the free-stream pressure. 

As for density, we can proceed from (111-4-24) to evaluate 
the disturbances. Since we are concerned with very high veloci¬ 
ties, when = K 0 >> 1, we can conclude that the density in 

the disturbed flow is approximately an order higher than in the 
undisturbed stream. Thus, the disturbances are also found to be 
larger in respect to density. 

In spite of the large pressure and density disturbances, it 
has nevertheless been possible, as we noted, to simplify the prob¬ 
lem of very-high-velocity flow around cones and to obtain quite 
simple working relationships. This has been made possible by the 
smallness of the velocity disturbances. 

It should be noted here that the disturbance estimates ex¬ 
amined above can be extended to the case of flow around any slen¬ 
der body with an arbitrary generatrix. Thus, solution of the 
problem of flow around such a slender body at high supersonic 
velocity can be simplified mathematically as in the case of a 
cone. 
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Influence of Dissociation and Io nization 

Some of the system equations, namely, (VIII-1-1), (VIII-1-4)- 
(VIII-1-6) are used in their original form in calculating flow 
with consideration of changes in air composition. The difference 
consists in the use of more general relationships for determina¬ 
tion of the speed of sound, enthalpy, entropy, and average mole¬ 
cular weight. The calculation begins with determination of the 

gas variables behind an oblique shock for a given angle 0 and 

s 

known values of p Bj T^, V m . Then Eqs. (VIII-1-1) and (VIII-1-6) 

are used to calculate the first derivatives for the conditions 
at the shock, the velocity components and V are calculated, 

and the enthalpy difference i - i on the next conical surface 

s 

with angle 0 - A0 is found. Assuming that the flow behind the 

s 



Figure VIII-1-4. Pres¬ 
sure on Cone with Dis¬ 
sociation Taken into 
Account. T * 222°K; 

= 23.5.“ 



shock is isentropic throughout the 

region and that its entropy S = 

S * const, we can use the entropy 
s 

diagram or tables to determine the 
pressure on this surface from the 
known i and S. The speed of sound, average molecular weight, and 
density are determined from the values found for T and £. Then 
we shift to the next intermediate conical surface for analogous 
calculations, and so forth. The process is broken off when the 
normal velocity component is found to be zero on one of these 
surfaces. The variables obtained will pertain to the surfaces 
of the cone. 


Figure VIII-1-5. Tem¬ 
perature on Cone with 
Dissociation Taken into 
Account. T = 222°K; 

CO 3 

M =10. 

oo 
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As we see, these param¬ 
eters depend on the tempera¬ 
ture and pressure of the on¬ 
coming flow, while in the ab¬ 
sence of dissociation in the 
case of flow of a heated gas 
with variable heat capacity, 
they depended on and not 
on p B . Certain results from 
calculation of the variables 
of flow over a cone at high 
speeds are presented in Figs. 
VIII-1-4 through VIII-1-6. 

These parameters vary in the 
same manner in the presence 
of dissociation and ioniza¬ 
tion as they do directly be¬ 
hind the shock. For example, 
the pressure change is found 
to be just as small. As for 
temperature and density, they vary quite substantially. This 
variation is greater the thicker the cone. 

If the cone angles are small, these parameters on the cone 
are only slightly affected by physicochemical transformations even 
at rather high speeds. For example, calculations indicate that /38l 
at M m = 24, density undergoes almost no change with altitude up 
to 0 c = 15°, and up to $ c = 35° at = 10 (Fig. VIII-1-6). Thus, 

the range of angles within which high temperatures have no mani¬ 
fest influence broadens with decreasing speed. The same effect 
is observed with decreasing altitude. 

Thickening the cone causes more intensive heating and, conse¬ 
quently, dissociation and ionization, which may have a substantial 
influence on the flow variables. By way of illustration. Fig. 

VIII-1-7 shows this effect on the variation of shock inclination 
angle in front of a 40-degree cone. The shock inclination angle 
becomes smaller than at constant heat capacities (k = 1.4). Fig¬ 
ure VIII-1-7 also shows the variation of 0 as calculated for a 

s 

hypothetical ideal gas with a specific-heats ratio k = 1.2. We see 
that at very high velocities, the hypothetical-gas scheme gives 
satisfactory results. It follows that the disturbed-flow vari¬ 
ables for a cone at these velocities are determined basically 
by the physicochemical properties of the gas heated behind the 
shock wave, and primarily by the ratio of specific heats. 

The above pertains to such variables as density, tempera¬ 
ture, and shock angle. As for pressure, we have noted that it 
undergoes practically no change from the ideal-gas values. It 
depends almost entirely on the oncoming-flow conditions. Here 
the maximum excess pressure cannot exceed p V 2 . On the other 

CO 00 



Figure VIII-1-6. Density on 
Cone with Dissociation Taken 
into Account. T = 222°K; M = 
= 10 . 
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Figure VIII-1-7. Var¬ 
iation of Compression- 
Shock Inclination 
Angle Ahead of Cone. 

- real gas; - 

ideal gas. 


P °/Pco 



Figure VIII-1-8. Pres¬ 
sure on Cone in Dis¬ 
sociated Gas. o) H = 0 
km; □) H = 30 km; A) H 
= 60 km; the solid and 
dashed lines represent 
ideal gases with con¬ 
stant heat capacities. 


hand, calculations made with the fictitious specific-heats ratio 
k = 1.2 give lower pressure values, as we see from Fig. VIII-1-8. 


Studies of flow of a real gas around a cone can be simpli¬ 
fied if the speed of sound is assumed constant behind the shock. 

It was indicated above that at constant heat capacities, this 
assumption leads to Insignificant deviations from the exact re¬ 
sults . 

Numerical integration of (VIII-1-6) with a = a = const has 

o 

shown that the accuracy of the calculation is higher in the pre¬ 
sence of dissociation. For example, for standard conditions (T M = 

= 288°K, p m = lkg/cm 2 = 9-807*10* N/m 2 ) in front of a shock with 

the angle 0 = 14° and M m = 14, the error in determining $ is 

s c 

0.06%, and the velocity error 0.002%. 

Given constant sonic velocity, the problem consists basic¬ 
ally in determining the velocities on intermediate conical sur¬ 
faces. As for such variables as enthalpy, pressure, density, 
and temperature, they can be calculated independently even after 
the velocity field has been found. 

At very high velocities, the flow calculation is simplified /382 
by the fact that owing to the proximity of the shock to the cone 
and, consequently, the small thickness of the disturbed flow re¬ 
gion, the derivative dV e /d9 can be assumed constant in this re¬ 
gion and equal to its value directly behind the shock, while the 
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derivative dV^/dO is equal to 0.5V g g, i.e., the mean between the 
values on the shock and cone. 

The angle of flow over the cone and the velocity on it can 
be determined directly with these premises: 


Pc :0 S I AO 1; IV l""cr :1V —O,5 F sO |A0|, (VIII-1-32) 

where |A0| = V sQ (dV Q /d0)~ 1 . 

Solution w ith constant density . At very high flow veloci¬ 
ties around a cone, the shock layer'is found to be quite thin, 
with the result that pressure varies little in it and density 
can be assumed practically constant along a streamline. Thus, 
the value p = p m /p = p 1 /p 2 directly behind the shock will deter¬ 
mine density on the cone. 

Solution of the equations of motion of a gas around a cone 
gives an approximate relation for the pressure coefficient [59]: 

p c - = 2 sin 2 p c ((1 — 0.25p) cos 2 (0 S —p c )] _1 . (VIII-1-33) 


_Calculations indicate that this formula gives good results 
for p of approximately 0.1 and smaller. 

To calculate the pressure coefficient by (VIII-1-33)it is 

necessary to know the shock angles 0 , the density ratio p at the 

s 

given oncoming-flow parameters, and the cone angle 3 c - The cal¬ 
culations may proceed as follows. Assigning p", determine the 
angle of the attached shock from the formula of hypersonic flow 
around a cone: 


tg 0 B-(-|) 2 /(t,), (VIII-1-34) 

where 

tin) = 2i] (l yr^rf)- 1 ; n=(4) ,/2 (l-|)- 1 tg Pc . (VIII-1-35) 

The values of n vary from 0 to 0.5, and the corresponding 
values of the function f(rj) from 0 to 1. From the angle dif¬ 
ference 0 - B , we calculate cos 2 (0 - 3 ). Here we can as- 
SC sc 

sume cos (0 - B ) ~ 1 for small values of 0 - 3 • 

sc sc 
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The enthalpy i 2 and pressure p 2 are calculated from (III-4-14) 
and (III-4-12), respectively, and then the known i 2 and p 2 are 
used with the thermodynamic tables to find p and the angle 0 

and the pressure coefficient are improved. 

The calculations are simplified if an empirical relation¬ 
ship is used to determine the shock inclination angle- ahead of 
the cone ([70], No. 12, 1964): 


lOlMcc sin Os = 39 - Ig p„ -j- 0.5 (206lg p*>) M« sin 0 C , (VIII-1- 36 ) 


where p^ is the atmospheric pressure in kg/cm 2 . 

With M sin 6 >6 this formula is accurate to about 1 %. 

oo S 

Calculations by (VIII-1-34)-(VIII-1-36) do not require reference 
to thermodynamic function tables. The known M^, 0 c , and are 

used with (VIII-1-36) to determine 0 , and then (VIII-1-34) and 

s 

CVTII-1-35) are used in one or two approximations to find p; then 
P c is calculated by (VIII-1-33). 

Example. Calculate the flow around a sharp cone with the 

angle 0 = 45° with the condition that = 20 and the free- 

c 

stream parameters correspond to an altitude H = 5 km. Refer- 7383 

ring to the standard-atmosphere tables, we find for these param¬ 
eters 


p,io p j •*— 0.06 


kg 


T&--T j n 255.7*; — ----- 320.5 


ice- r 2 

P*~fr- 0.0733 -U- 


For convenience in subsequent calculations, we use (VIII-1-35) 
to reduce (VIII-1-34) to the form 


ig 0 * 






(VIII-1-37) 


We determine the enthalpy and pressure behind the compres¬ 
sion shock from the equalities 


' 2 — 'if qp 0 — P 2 ); P2--P1 j^l--fcij-. 

As our first approximation, we take p = 0.108 and find for 
this value 
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Ig 0.-1.1298 (6. = /,8=20'). 


Consequently, considering that V nl = sin 0 g and i x - e T^ 
the enthalpy 


i 2 —1002.255.7-:- 


20 s 320.52 sin 2 48 , 29' 


(1 — 0.1032) ^1.387-102 o. 2 /* 2 


and the pressure 


P2 — 5.5- 10 4 j^l-f 1.4 


20 2 320.5 2 sin 2 'i8 c 29' 
320.5 2 


(1 — 0 . 


108)] 


= 3 .Gi7S - lO' 1 kg/m 2 . 


From the i-p diagram [13], we determine P 2 _“ 0.67 kg'sVni 1 *, 
and then calculate the corresponding parameter p = 0.1095* 

The second approximation gives 0 = 48°32’. 

s 

With these values of p and 0 , (VIII-1-33) gives the pres- 

S 

sure coefficient on the cone: 


p c -2-0.7072 2 [(l— 0.25-0.1095 j cos 2 (48=32' —15°)] ‘ 1.032. 


With Formula (VIII-1-36), we find for the assigned flow con¬ 
ditions 


sin 0 B =-- 10^20 I 39-1 ? (206—lg 0.56) 20 sin 45°J = 

= 0.7^56 and 0 = 48°13'* 

s 


To find the density, we use (VTII-1-34), which is trans¬ 
formed to 



(VIII-l- 38 ) 


After a series of approximations, we find p = 0.1. The 
pressure coefficient corresponding to this value is practically 
the same as the value obtained above. 
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Self-similar solutions. It is shown in [4] that the solu¬ 
tion of the problem of flow around a circular cone in the pre¬ 
sence of chemical reactions is self-similar with regard to the 
parameter £ = (r - B)/(W - B) (see Fig. VIII-1-3). At a given 
flight speed, the gasdynamic variables at a point with coordinate 
£ depend on the cone angle 3 C and the pressure, density, and tem¬ 
perature of the oncoming flow. 

Table VIII-1-3 compares the results of calculation of flow 

around a cone with 6 = 20° at H = 15 and 20, respectively, for 

c 00 

cases in which chemical reactions are taken into account and the 
air does not undergo physicochemical changes (k = 1.4). These 
tables give the dimensionless variables V x /a*, V^/a*, p/p^a* , 

p/p , calculated for the free-stream conditions * 15 for a* - 
= 1962 m/s, p a* 2 = O.1567 atm (0.1537-10 5 N/m 2 ) and at M m * 20 
for a* - 2604°°m/s, p^a* 2 - 0.2759 atm (0.2706*10® N/m 2 ). The 
values T = 250°, p^ = 0.292’ICT 2 atm (0.2864*10 3 N/m 2 ), p^ * 

* 0.412‘To -2 kg/m 3 correspond approximately to atmospheric con¬ 
ditions at the 40-km altitude. 

Solution by means of series [18] . We present the solutions 
for the component V and Vq [see Fig. (VIII-1-1)] in the form of 

the series 1 

V T r= A a -\- AJf y A 2 II 2 -|- A 3 IP -f ..(VIII-1-39) 
-V e *=Ay-' r A 2 II-\~\A 3 W+:.., (VIII-1-40) 


where H * 9„ - 0. 

s 

To determine the coefficient A^, we shall use equation sys¬ 
tem (VIII-1-1)-(VIII-1-5 ) and boundary conditions. On the shock 
surface 

V r — V ar \ -^ = F S0 ; 

-£r--V.r~{V t0 ctg0.+ 7. r j(l 

on the surface of the body in the flow 


lie V 1 . 
al ) ' 


(VlII-l-41) 
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TABLE VIII-1-3. GASDYNAMIC PARAMETERS ON CIRCULAR CONE 
WITH SEMIVERTEX ANGLE g =* 20° , CALCULATED WITH CONSIDER¬ 
ATION OP CHEMICAL REACTIONS AND FOR k = 1.4 = const 


=-■= 1.4 


2.121 

0.772 

0.739 

5.727 

2.127 

0.756 

0.737 

5.718 

2.133 

0.741 

0.733 

5.692 

2.139 

0.726 

0.725 

5.649 

2.145 

0.711 

0.714 

5.591 

2.151 

0.696 

0.701 

5.516 


0.407 


In accordance with the boundary conditions /385 


Aq — "V j r “■ Voo cos 

A i ==• — Vao; 

A 2 [V s0 Ctg 0 8 + R. r ) (1 - - l |l) _ 1 ; 

11 c 


where H c = 9 S “ 9 C - 

H q is found by solving the equation 


Il c - 2d, (l 11%) [2d 0 -d 2 (l --f) ]~‘. (VIII-1-45) 


(VIII-1-43) 
(VIII-1-44) 
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The coefficient A n is determined from the given shock angle 

0 and the values of V „ and a calculated for this shock with 
s s0 s 

consideration of dissociation. The A n are used to determine the 
flow field around the cone with the angle $ = 0 - H corre- 

CSC 

sponding to the given 0 . 

s 

Influence of Nonequilibrium 

We have examined two cases of inviscid flow around a cone. 

In one of them, the heat capacities were constant, and in the 
other equilibrium dissociation and ionization occurred in the 
zone between the wave and the body. These two cases may be re¬ 
garded as extremes and on the boundaries of the range within 
which nonequilibrium gas flows obtain in the disturbed region. 

The first case is characterized by the chemical and physical 
properties of the gas remaining the same in the disturbed region 
as directly behind the shock wave, with the passage across the 
wave effected at constant heat capacities. Thus, the gas is re¬ 
garded as "frozen" throughout the disturbed region. This extreme 
state is characterized by the absence of energy-level excitation. 
It may be assumed as a further approximation that the vibrational 
degrees of freedom arrive at equilibrium directly behind the wave 
front and then remain "frozen." If we consider a gas consisting 
entirely of diatomic molecules, the exponent for the "frozen" 
state k = 9/7. 


The other case has the peculiarity that the dissociating gas 
is at equilibrium throughout the disturbed region, including the 
zone directly behind the shock front. Research has shown that 
there are differences in the flow-variable values in the two ex¬ 
treme cases. In "frozen" flow, for example, the shock angle and 
the temperature at the surface are greater than the corresponding 
values in an equilibrium dissociating flow, while the density and 
pressure on the other hand, are smaller. Here the "frozen" flow 
can be examined with unexcited or excited vibrational levels. 

If the temperatures are not high enough for dissociation to 
develop, the limiting cases will be characterized on the one hand 
by "frozen" flow with constant heat capacities and, on the other, 
by flow with vibrational levels excited throughout the entire re¬ 
gion. Thus, the second limiting case will be characterized, de¬ 
pending on temperature, by equilibrium excitation of vibrations 
or by equilibrium dissociation. 

If the first extreme case is regarded as "frozen" flow at 
very high temperatures, this premise is found to be better justi¬ 
fied when the vibration relaxation time is smaller than that of 
dissociation relaxation. The two limiting cases are regarded as 
conical flows. The intermediate nonequilibrium flow is not 
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conical. Understandably, investigation of the flow variables is 
a more complex problem. 



It can be assumed for tenta¬ 
tive evaluation that they change 
from the values at the nose for 
"frozen" flow to the equilibrium 
values at the end of the relaxation 
length, i.e., where the equilib¬ 
rium degree of dissociation (or 
vibrational equilibrium) is at¬ 
tained. Figure VIII-1-9 shows a 
diagram of this effect. The un¬ 
broken curves correspond to a 
case that approaches the equilib¬ 
rium case 1 over almost the en¬ 
tire region, while the dashed 
curves correspond to the "frozen" 
case 2. Here the first case is 
more probable at low altitudes and 
the second at high altitudes. 


Figure VIII-1-9. Nonequi¬ 
librium Parameters on 
Cone. 


If follows from this qualita¬ 
tive evaluation that nonequilibrium 
flows affect aerodynamic character¬ 
istics. For example, drag is found 
to be greater than in the "frozen" 
case and smaller than in the equilibrium case. However, the dif¬ 
ference is small. If, however, we consider the influence of non- 
equilibrium on lift, it may be found to be more substantial. 


§VIII-2. CONE AT ANGLE OF ATTACK 


Certain Resul ts from Calcula tion of Supersonic Conical Flows 

Let us examine the results obtained by a scientific team 
headed by Prof. K.I. Babenko [4] in a calculation of supersonic 
conical flows by the method of finite differences. The solution 
of the problem of flow around an infinite cone at an angleof attack 
is self-similar. The corresponding gasdynamic variables depend 
only on two variables, which represent certain combinations of 
the initial variables. The angle y and the variable £ = (r - B)/ 
/(w - B) may be taken as these variables. 

Tables VIII-2-1 and VIII-2-2 present the results of a calcu¬ 
lation of supersonic flow of an ideal gas with a constant ratio 
of specific heats k * 1.4 around a cone (see Appendix No. 1). The 
flow fields shown in Table VIII-2-1 were calculated in the cylin¬ 
drical coordinate system x, r, $ (■& — n/2 — y),' with the = 0 (y = tt) 
half-plane on the windward side (see Fig. VIII-1-3). 
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M^, the cone angles 3 c and the attack angles a were taken as 

the parameters, while the independent variables were and E, = 

= (r - B)/(W - B). The values of the velocity components V , V , 

V^ were referred to the critical speed of sound a*, the density 

to p , and the pressure to p a* 2 . For each value of i?, Table 
VIII-2-1 gives the value of $ = 3W/8x, which is equal to the 

tangent of the angle between the x-axis and the shock-wave gene¬ 
ratrix in the corresponding meridional plane. 




0 0.2 <24 OB 08 <£ 


0 0.2. 0.0 as 08 ?<*• 


Figure VIII-2-1. Pressure and Density Around a 
Cone as a Function of the £-Coordinate. 
a) l) = 5; e c » 30 °; a = 5°; 2) = 5; 

3 c = 15°, a = 10°; b)l) M ot = 7, 3 C = 30°, a = 5°; 

(t?= 0.90°; 180°); 2) = 7, S c = 30°, a = 15° 

(d = 0 . 90 ° ; 180°). 


Values of the aerodynamic coefficients in the body coordi¬ 
nate system, calculated by the formulas 


= (VIII-2-1) 


are given in Table VIII-2-2. The same table lists values of the 

moment coefficient in . 

zp 

The wave-drag c and lift c coefficients are determined 
x w y p 

in the wind system by the conversion formulas 




Cx w ~ c Rp COS 'Z -r Cxp si n a; 
c yp — c Xp cos a — c„ p sin a. 


The formulas V x = V^a* (the other components and V^ are 
found similarly), p = P = p^p^a* 2 should be used to cal¬ 

culate the flow variables from the tabular data (with subscript 

t) . 


The distance r from the cone axis for given x, £, is deter¬ 
mined by the formula r/x = tan 3 + £(W - tan 3-T. 

C X o 

Analysis of Calculated. Results for Flo w Around Cones 

The data given in Table VIII-2-1 permit certain general con¬ 
clusions regarding nonaxisymmetric flow around circular cones and 
bring out certain characteristic features of conical flow. 

Form of shock waves. The shock waves, whose traces in the 
transverse plane may differ markedly from circular, are classi¬ 
fied into two types on the basis of shape. The first type is 
characterized by a smaller distance from the wave to the cone on 
the windward side (# = 0) than on the leeward ($ = 180°) side. 

The second type, which is observed at large cone angles and M m , 
is characterized by a smaller distance on the leeward side. Thus, 
we can find specific values of 3 C and and the corresponding 

angles # other than 0 and n at which the wave is farthest from the 
cone surface. Usually, the greatest distance to the shock cor¬ 
responds to # = l80°. 

Gas variables as functions of C-coordinate . At small angles of 
attack, this relation is nearly linear, derivating from linearity 
with increasing a. 

The gas density, like the pressure, is usually higher near 
the surface of the cone than at a distance from it (Fig. VIII-2-1) 
At large a, however, density increases in certain meridional 
planes right up to the shock wave. 

The gas variables (except for pressure) may differ sharply 
on the cone surface (£ = 0) from their values at the £ of the 
next point (E, = 0.05); this is explained by the difference be¬ 
tween the entropy function p/p^- on the cone and at the nearby 
point. 

Variation of gasdynamic functions with angle This depen¬ 
dence is essentially nonlinear, with the gas parameters varying 
more sharply with decreasing & the larger the attack angle. The 
velocity component V^ has a distinct maximum, which is reached 

for small a at a value of near 90°. With increasing and 
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Figure VIII-2-2. Pressure and Density Around 
Cone as 'Functions of Angle £. a) M m = 3, g 

= 30 °, a = 5°; b) 1) M m = 7, 3 C = 30°, a = 15°; 

2) = 3, B c = 30°, a = 5°. 





Figure VIII-2-3. Pressure 
as a Function of M at 


= 25°, a = 10‘ 


Solid 


Line Represents Surface 
of Cone, Dashed Line Sur¬ 
face of Shock Wave. 


decreasing difference - a, the 

maximum is shifted toward larger 
angles #. Figure VIII-2-2 is a 
graphical representation of pres¬ 
sure and density as functions of 
the angle d. 

Variation of gas variables 
as functions of M ro . All gasdy- 
namic functions vary monotonically 
with Mach number and their deriva¬ 
tives decrease in absolute value. 

Regardless of the angle t?, 
the circumferential velocity com¬ 
ponent decreases on the cone, but 
increases with increasing di¬ 
rectly behind the shock. 

The nature of the pressure 
variation changes substantially 
with changing angle t? and depends 
weakly on 5 (Fig. VIII-2-3). 

Influence of cone angle 0 C 
and attack angle a. The gasdy- 


namic functions depend essentially nonlinearly on g . Here the 





Figure VIII-2-4. Pressure and Density as Func¬ 
tions of Cone Angle: Solid Line Represents Cone 
Surface, Dashed Line Shock Surface (M =5, 
a = 5) • 



Figure VIII-2-5. Pressure and Density as Func¬ 
tions of Cone Attack Angle a at M = 7, - 20°, 

oo C 

- 5 = 0,-5 = 0.5,-5 = 1. 


behavior of each gasdynamic function with respect to B (except 
for V d ) depends weakly on 5 and . The decreases with in¬ 
creasing B on the cone, but increases behind the shock wave. 




At small angles of attack (a < 5°) we may assume in approxima¬ 
tion that the gasdynamlc functions depend linearly on a. The 
relationship becomes nonlinear at large a. The behavior of the 
gasdynamlc functions with varying a is little affected by the 
coordinate £» but depends substantially on the ^-coordinate. 

Figures VIII-2-4 and VIII-2-5 present curves characterizing 
pressure and density as functions of B c and a, respectively. 

Kopal's Tables 

Certain data on supersonic flow around circular cones were 
obtained by Z. Kopal and published in the form of special tables 
([62] —[64] ). The tabular data were obtained using Stone's solu¬ 
tion for the conical-flow equations. Later, A. Ferri pointed out 
an error allowed in Stone's solution and proposed a simple way to 
improve this solution. 

Let us examine certain working relationships used to deter¬ 
mine the aerodynamic coefficients of a circular cone with the aid 
of Kopal's tables. 

The axial-force coefficient 


c itp 





2 (aSj*’(*-l) 


-l4] -|-*'v},VIII-2-2) 


and the normal-force coefficient 


Cxp 



(VIII-2-3) 


The coefficients Kp, K p 2 J x c > d, are listed in Table VIII-2-3. 

The functions j>. V%/V mi , x , ( a") 2 Ff„ ax are calculated accordingly 

from the flow velocity V° and the speed of sound a 0 on the cone 

c c 

in flow at a_zero attack angle. For symmetrical flow around the 
cone, K d = irp°/8. 

The inclination angle of the shock generatrix is 

0 =-= Q£ — aecos y- r a 2 [(!« + M 2 cos 2y -|-v et Spc (1 - -cos 2y)J , (VIII-2-4 ) 

where y , y , and e are found from Table VIII-2-3 and 0° is the 

s 

generatrix angle of the compression shock ahead of the cone at 
a = 0. 
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TABLE VIII-2-3 • VALUES OP COEFFICIENTS NEEDED TO CALCULATE 
FLOW VARIABLES FOR SUPERSONIC FLOW AROUND A CONE AT AN 
ANGLE OF ATTACK (k = 1. Ui ) * 


v.° 

«° s 

M co 

i k d 

i 

*.v 

8 

K D2 

MO 

■ M2 

d 

1 X 

c 






Pc— 10 ° 





0.40 ' 

| *'*$.053 

1.0901 

0.07243 

0.7151 

0.0SS4 

0.2S 

0.25 

0.03 

0 

—0.1406 

0.45 

| 55.162 

1,2330 

0.057S4 

0.7195 

0.0753 

0.53 

0.14 

0.06 

0 

—0.1523 

0.50 

4(3.369 

1.4028 

0.05113 

0.71SS 

O.OSS6 

0.91 

0.15 

0.10 

0 

—0.1635 

0.53 i 

39,70S 

1.5956 

0.046C6 

0.7171 

0.1140 

1,43 

0.23 

0.16 

0.0001 

—0.1737 

0.00 

1 34.452 

1.S1G5 

0.04318 

0.7152 

0.1508 

2.11 

0.33 

0.24 

0.0002 

—0.1825 

0.65 ! 

30.091 

2.0750 

0.04028 

0.7138 

0.2001 

3.04 

0.43 

0.34 

0.0008 

—0.1898 

0.70 1 

1 26.303 

2.3S69 

0.03772 

0.7132 

0.2630 

4.30 

0.53 

0.44 

0.0027. 

—0.1951 

0.75 i 

23.101 

2.7794 

0.03539 

0.7139 

0.3408 

6.10 

0.61 

0.55 

0.0089 

—0.1983 

o.so : 

20.1 Si 

3.3041 

0.03319 

0.7168 

0.4354 

8.68 

0.66 

0.66 

0.0295 

—0.1990 

0. So 1 

17.518 

4.0748 

0.03101 

0.7224 

0.5495 

12.34 

0.71 

0.77 

0.1011 

—0.1971 

0.95 ! 

12.5C6 

9.0999 


0.7518 

0.S791 






0.97 | 

•11.5(38 

15.146 


0.7650 

0.9S15 

i 



1 



Pc = «° 


0.40 

61.679 

1.1916 

0.12292 

0.6682 

0.2337 

0.37 

0.48 

0.09 

0.0004 

—0.2101 

0.45 

51.757 

1.3382 

0.10428 

0.6731 

0.2408 

0.64 

0.39 

0.15 

0.0007 

—0.2217 

O.50 

44.559 

1.5144 

0.09362 

0.6752 

0.2772 

1.04 

0.41 

0.21 

0.0016 

—0.2327 

0.55 

39.013 

1.7178 

0.0SG14 

0.6769 

0.3287 

1.57 

0.45 

0.28 

0.0038 

—0.2423 

0.60 

3 5.020 

1.9541 

0.08034 

0.6793 

0.3899 

2.26 

0.48 

0.34 

0.0091 

—0.2503 

0.65 

30.959 

2.2345 

0.07557 

0.6827 

0.4585 

3.13 

0.50 

0.40 

0.0214 

—0.2566 

0.70 

27.854 

2.5787 

0.07148 

0.6874 

0.5331 

4.16 

0.48 

0.45 

0.0492 

—0.2614 

0.75 

25.163 

3.0217 

0.06785 

0.6933 

0.6130 

5.33 

0.42 

0.51 

0.1113 

—0.2651 

0.80 

0.85 

0.95 

22.784 

20.639 

16.805 

3.6345 

4,5010 

16.855 

0.06455 

0.7009 

0.7107 

0.741G 

0.6992 

0.7939 

1.0309 

6.31 

0.32 

0.57 

0.2521 

—0,2684 


p c --20° 


0.35 

68.507 

1.2175 

0.21723 

0.6152 

0.4748 

1.34 

2.66 

0.04 

0.0042 

—0.2761 

0.40 

58.043 

1.3144 

0.17594 

0.6238 

0.4251 

0.75 

0.72 

0.11 

0.0046 

—0.2786 

O. i5 

7,0.281 

1.4672 

0.15498 

0.6297 

0.4444 

0.69 

0.55 

0.17 

0.0079 

—0.2873 

0.7,0 

44.424 

1.6531 

0.14162 

0.6348 

0.4880 

1.05 

0.50 

0.22 

0.0152 

—0.2967 

O.. 

89.835 

1.8714 

0.13199 

0.6401 

0.5422 

1.50 

0.47 

0.27 

0.0301 

—0.3057 

0.60 

36.124 

2.1297 

0.1265(1 

0.6459 

0.6017 

2.01 

0.43 

0.31 

0.0587 

-0.3141 

0.65 

33.045 

2.4431 

0.11841 

0.6524 

0.6642 

2.50 

0.37 

0.35 

0.1120 

-0.3222 

0.70 

80.435 

2.8387 

0.11325 

0.6596 

0.7288 

2.82 

0.29 

0.40 

0.2099 

—0.3305 

0.7.5 

28.180 

3.3694 


0.6675 

0.7952 






0.85 

21.433 

5.5457 


0.6862 

0.9375 






0.90 

22.834 

9.5928 


0.6978 

1.0161 







Special interest attaches to shock-surface generatrices that 
lie in the vertical plane of symmetry (y = 0 and tt). The in¬ 
clination angles of these generatrices 


O 7 " 0 = 0„ -f ae + a? (u 0 — n 2 ); 


0 V n = 0S — cce o? (j.i 0 — jx 2 + e ctg (5 C ), (VIII-2-5 ) 


where a is the attack angle in radians and in absolute value. 


The first relationship in (VIII-2-5) pertains to a generatrix 
lying on the downwind (y = 0) side and the second to a generatrix 
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on the windward side (y = tt). 

Approximate Calculation of Flow at High Velocities 

The "tangent-surface" method can be used for this calculation 
of pressure on a circular cone in the presence of an attack angle. 
The local tangent cone constructed about the generatrix on which 
the pressure is sought is taken as the tangent surface. The local- 
cone angle is 


Pc = Pc — a cosy -f 


O 2 

2 


ctg|3 c sin 2 y. 


(VIII-2-6) 


The value of this angle is used with the appropriate for¬ 
mulas, tables and diagrams to find the pressure and other param¬ 
eters of symmetrical flow around the cone, which are assumed to 
be equal to their values on the generatrix of the actual conical 
surface. The pressure coefficient is determined in this manner, 
for example, as a function of the angle y for given M , a, and 

V 


For the limiting case M m -*■ °° the pressure coefficient can 

be calculated by combining the "tangent-cone" and Newton methods. 

Formula (VIII-1-30) is used here with the angle £' instead of 3 . 

c c 
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Chapter IX 
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APPLICATION OF DIFFERENCE METHODS TO CALCULATE 
FLOW AROUND BODIES WITH CURVED GENERATRICES 


§IX-1. CALCULATION OP AXISYMMETRIC SUPERSONIC PLOW AROUND A SHARP 
SOLID OF REVOLUTION BY THE METHOD OP CHARACTERISTICS [17] 

Potential flow. Potential flow around a sharp solid of 
revolution at zero angle of attack (Pig. IX-l-l)is calculated by 
the system of difference equations for the characteristics 
(IV-l-25)-(IV-l-28) with the condition that e = 1. 

The calculation usually starts with determination of the 
conical flow around the sharp tip, which can be replaced by a 
cone in a small neighborhood of the nose (the cone boundary is 
point K in Fig. IX-1-1). As a result, the velocities and the 
angles to, y, and 3 are determined on the generatrices OD and OA 
and other intermediate conical surfaces (including the cone gene- 
tratix OK and the shock generatrix OS). Here the angles 0 of 
the intermediate cones are selected arbitrarily, but such that 
the interval A0 will be small enough to ensure the required ac¬ 
curacy . 

As the calculations are performed, it is helpful to con¬ 
struct the net of characteristics shown in Pig. IX-1-1. First, 
element KD of the first-family characteristic is plotted, using 
as data the angles y^ and 3^, which are known at point K. The 

terminal D of the element is the point at which it intersects the 
next generatrix OD. Its coordinates x^ and r^ are found by simul¬ 
taneous solution of the equations 


r K — r D --= {x K — x D ) tg (P K + y K ); r D = x D tg Q D . 


The coordinates of the remaining points on the first-family 
characteristic, which is the boundary of the conical flow, are 
found similarly; to obtain more accurate data, the coordinates 
can be calculated from the mean values of angles 3 and y between 
the neighboring points K and D, D and A, and so forth. 

In addition to the coordinates at each point on this char¬ 
acteristic, including the point S where it intersects the shock, 
the magnitudes and directions of the velocities and M and the 
angles m, y, and 3 will be known. The problem now reduces to 
finding the velocity field in the region between the characteristic 
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and the generatrix of the body. 


The parameters are first calculated at point B, which lies 
at the intersection of the body’s generatrix and element DB of 
the second-family characteristic. Then, using the velocity found 
for point B and the parameters at point A, which are known from 
the solution of the cone problem, the parameters are calculated 
for point C, which lies at the intersection of element AC of the 
second-family characteristic and element BC of the first-family 
characteristic. During the calculations, the angles 3 and cu are 
determined, and u> is used to find M and the angle y; these cal¬ 
culations can be performed with the aid of Table IV-1-1. Similar 
calculations determine the parameters at all other points of the 
second row, including point N. The subsequent calculation in¬ 
volves finding the gas variables at the intersection point of 
the characteristic element drawn through point N with the shock. 
Here, the shock inclination at the intersection point must also 
be calculated. In practice, the characteristic is drawn not from 
point M but from point F, which lies between points N and S, in 
order to obtain a better approximation. In this construction of 
the characteristic, that element next to the shock becomes quite 
small. 



The coordinates of point P and 
the other parameters corresponding to 
it (M, o>, y, g) are calculated from 
the known values for points S and N 
by linear interpolation. Equations 
can then be written for element FH 
of the first-family characteristic of 
the physical plane, as well as for 
the element of the corresponding char¬ 
acteristic of the same family in the 
hodograph plane. 


Solving the equation for the 
characteristic in the x, r-plane 
simultaneously with the equation of 
the rectilinear shock generatrix, we 
find the coordinate of point H in 
first approximation. To determine 
the velocity at this point, it is neces 
sary to consider the conditions on the 
shock as well as the conditions on the characteristic, since point 
H is also on the shock surface. Characteristic PH, which extends 
to the shock, is by nature an expansion wave that arises on the 
surface of the body. On encountering the compression shock, this 
wave decreases in intensity and, consequently, in its inclination, 
the angle of which must be determined. 


Figure IX-1-1. Diagram 
for Calculation of 
Flow Around Solid of 
Revolution by the 
Method of Characteris¬ 
tics . 


One of the unknown parameters 
tor inclination angle 3 H , which is 


at point H is the 
determined by the 


velocity vec- 
increment 
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Let us as- 


A3 p in the angle 3 along element PH : 3 H = 
sume that the angle 3 changes by A3 F along 
increment in M equal to AM ft = (dM/d3) ft A3 


F 


A3 p + 
shock 
will 


this change. 


element SH. An 
correspond to 


If we assume that the flow deflection behind the shock at 
point S is the same as at F, i.e., that it is determined by the 
angle 3 „j we can calculate the corresponcing M Q from this deflec- 

r o 

tion and then find M at H in first approximation: 


M h = 



(IX-1-2) 


The derivative (dM/d3) R that appears in (IX-1-2) can be 

p p 

calculated by compression-shock theory, using the formula 


dM dM 


- % = - ■ 11 [<=■«'(»■ -1w (w,~ 1 )+ M ’ s ' m ' < e >- m w. («•) ] •< IX - 1_3 > 


The two derivatives in the right side of this expression are 
in turn determined by the formulas 


d 

dps 


(£-)"2ctge.£(i 


k — l P; \ l l% . 
*+1 Pi / dP,’ 


d0 3 __ _ J> 2 _ r cos 2 (0 C -Pc) 
dp., ” PI L cos 2 0 8 ‘ 


-g—2cos*(0.-p.)(l 


•k-1 p 2 \-l-l 

■ * 1 p J J * 


(IX-1-4) 
(IX-1-5) 


Then the change in M on passage along the characteristic 
from point F to point H, i.e., AM^ = - M^, is determined. For 

this purpose. Expression (IX-1-2) is substituted in the above for 
My, with the result 


AM* = 



(IX-1-6) 


Passing from M to the angle m, we obtain 
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iV'ij.- 


(\p 

\ dp I Pj.- f 


- WjTt 


(IX-1-7) 


where 
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(IX-1-8) 


du) 

7/p' 


*<M) 


j/M 

</p 


and the function g(M) is determined in turn by the expression 


A' (M) = Vil'-l [M (l + “i 1 AP) ]~‘ 


(IX-1-9) 



x 

d mid 


Figure IX-1-2. Distri¬ 
bution of Pressure 
Coefficient on Sur¬ 
face of Parabolic 
Nose Section, as Cal¬ 
culated by the Method 
of Characteristics. 


(IX-1-6), we find 



Figure IX-1-3. Wave Drag 
Coefficients of Parabolic 
Nose Section as Calculated 
by Method of Characteris¬ 
tics . 


Referring Eq. (IV-1-26) 
for the first-family character¬ 
istic to element FH and solv¬ 
ing it simultaneously with 




(IX-1-10) 

(IX-1-11) 


From Aoj_, we can calculate the angle to„ at point H and then 
r n 

find M^ and the Mach angle y^. The angle 3^ = A3 p + 3 F is cal¬ 
culated for the same point and used to improve the shock inclin¬ 
ation angle. It will be smaller than for the conical shock, and 
the decrease, as we have noted, will be due to the decline in 
shock intensity. 

Terminating the calculation for point H, we proceed with 
calculations for the next row of points, and so forth. The 
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result Is determination of a velocity (M) field for flow around a 
sharp solid of revolution with any generatrix assigned in the 
form of a smooth curve. 

Other parameters, namely temperature, density, and pressure, 
can be found from the values of M at the intersections of the 
characteristics with the body’s generatrix. For example, at 
point B 


i 






(IX-1-12) 


where T 0 , p 0 , and p Q are the parameters of the isentropically 
frozen flow and are determined by the formulas 



k — 1 


M 2 • 

oc » 


Po 

Poo 



(IX-1-13) 


The coefficient v = pj/p 0 , which is the ratio of the stag¬ 
nation pressures after and before the shock, can be found by 
(111-4-33) as a function of and the angle @ s of the conical 

shock at the point. The absolute value found for the pressure 
is used to calculate the pressure coefficient p B = (1/kM^)[(Pg/ 

/Po) (Po/Poo) ~ 1]. The pressure-coefficient distribution calcu¬ 
lated by the method of characteristics for a parabolic solid of 
revolution with a slenderness ratio A. ^ = 3.8 for H m = 2, 3, and 

3.92 is shown in Fig. IX-1-2. Figure IX-1-3 presents data on the 
wave-drag coefficient obtained from the known pressure distribu¬ 
tion around bodies of the same parabolic shape (after Frankl'). 

Rotational flow. With increasing of supersonic flow, the 
intensity of the curved shock in front of a solid of revolution 
increases to the extent that it becomes necessary to take account 
of the rotational nature of the flow. In this case, the equa¬ 
tion system (IV-1-19)-(IV-l-22) should be used for the character¬ 
istics, since it enables us to solve differential equation 
(III-2-35) numerically for the stream function and thus to cal¬ 
culate the rotational flow in the zone between the shock and the 
solid of revolution. 

In the example of flow around a solid of revolution with a 
conical element (see Fig. IX-1-1), rotational flow will be ob¬ 
served behind the shock beginning at a point S at the end of its 
conical segment. The lower boundary of the vortical region coin¬ 
cides with the second-family characteristic SG emanating from the 
same point. The flow on the segment bounded by this characteris¬ 
tic and the conical shock will be potential. Consequently, the 
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velocity field is calculated here by the method of characteris¬ 
tics for potential flow. 

In the zone above curve SG, it is necessary to proceed from 
the theory of characteristics as it applies to vortical motion. 

As an example, let us calculate the velocity at point H (see Pig. 
IX-1-1), which lies on the curvilinear branch of the compression 
shock. 

We must first find (1/pJ)ApJ/An, which takes account of the 
change in stagnation pressure on passage from point F to point H, 
assuming that this change will be the same as along the curved 
shock segment SH. Here the stagnation pressure pj s at point S 

will be determined with (111-4-33) from the values of and the 
conical-shock angle. 

Assuming further that the deviation of the flow behind the 
compression shock at point H is equal to the velocity vector in¬ 
clination at point P } we find the shock inclination angle 0 „ 

S IT 

and then compute the stagnation pressure p’^. 

We now determine the distance along the normal to the char¬ 
acteristic between point P and H: 


A,i = (f//) sin n, = sin n, (IX-1-14) 

and the stagnation-pressure change on this segment: 

l Apq = l Pqh-p'os (IX-1-15) 

Pof A n Pos A n 


Since point H lies on the compression shock. Condition 
(IX-1-6) on the shock must be considered along with the equation 
for the first-family characteristics in order to find the flow 
variables in the compression shock. Thus, to find the angle in¬ 
crement Ag_, we arrive at an expression similar to (IX-1-10), 
r 

differing from it in having a term governed by the vortex effect: 


a P- = [(^f) p -T' K-% + 


*U — I 

~r~ h ~ 


rn~ .rj.-Apo 

P»l- k An 1 


). (IX-1-16) 


Then, using (IX-l-ll), we can calculate the increment Aco„, 

r 

the angle to^, and Mjj. Having then determined the angle = Ag^ + 
+ g_, we find the shock inclination angle 0 u at point H from the 

x 1 Sil 
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values of this angle and M^. We can then improve the stagnation- 
pressure ratio for this point. 



Figure IX-1-4. Pressure 
Distribution Around Solids 
of Revolution with Para¬ 
bolic Nose Section (a * 0). 
1) with consideration of 
vortical motion behind 
shock; 2) for potential 
motion behind shock. 


We then pass to calculation 
of the parameters at the next 
point I (see Fig. IX-1-1); this 
is done in the same way as for 
point C of the earlier example 
(see Fig. IV-1-5). The relation¬ 
ships given in this example will 
be valid if they are converted 
from the nomenclature for points 
A, B, and C to the corresponding 
nomenclature for points H, N, and I. 

Thus, the coordinates of 
points H, I, ..., L of the second- 
family characteristic are deter¬ 
mined step by step, along with 
the gasdynamic variables at these 
points. The velocity and other 
variables at point R on the con¬ 
tour of the body can be determined 
from the values found for point L. 
Here, the geometrical coordinates 
of the former point are calculated 
by simultaneous solution of the 
equations of the body's generatrix 
and the line drawn through point L 
at an angle Also among 


the known parameters is the velocity 
vector inclination angle at point R, 
where it is equal to the inclination angle of the tangent to the 
contour. Further, we know the stagnation pressure p' , which will 

on 

be the same as at points K, B, ...» G, which belong to the same 
streamline. We can therefore find the change in stagnation pres¬ 
sure along characteristic LR: 


(^■^■k == (^)' 1 l< x «-^ s ini 1 x.r[(^-) Ii -(|2-) B ]cos(P t -^).(IX-l-17) 


We then apply the equation of the second-family characteris¬ 
tic to find 


A<o l — 


-Apr 


*R — *L 
rL 


m L - 


xr — x l 
kr z 


( 1 &Pi \ 

\ P't An )l ‘ 


(IX-1-18) 
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Since the increment AB-^ in this expression is assumed to be 

known and equal to AB R = B R - B R , we can calculate the difference 

Aw R , the angle w R = Aw R + <jo r at point R, and M R , as well as the 

pressure and other parameters with consideration of the rotational 
nature of the flow. 

As we have noted, this effect is substantial at high velo¬ 
cities. Calculations have shown that, for example, for a para¬ 
bolic nose with a slenderness ratio X ^ = 5 at the value Kj = 

= = 1 for which = 5, the wave drag increased by only 

5% over its value in potential flow as a result of the vortex ef¬ 
fect. At the same time, it increased by more than 25$ at K x = 4 
(M = 20). The effect of increasing drag is explained from the 
physical standpoint by the fact that more of the flow's kinetic 
energy is expended irreversibly on formation of the vortices. 

Figure IX-1-4 shows the pressure distributions found by the 
method of characteristics for two bodies with parabolic nose sec¬ 
tions with the condition that the parameter K = tan 3 0 = 

= M^/X ^ = 2. The rise in pressure over that of the potential 

flow can be seen in the diagram. This must be taken into ac¬ 
count in practical cases beginning at about K x = 1.2-1.5. For 
smaller values of this parameter, the vortex effect can be dis¬ 
regarded. 



Figure IX-1-5. Pressure Distribution over Surfaces 
of Parabolic Solids of Revolution. 


The diagram of Fig. IX-1-4 confirms the effect of the simi¬ 
larity law with respect to parameter K not only for cones, but 
also for affinely similar solids of revolution with curvilinear 
generatrices, such as bodies of parabolic shape. We see that 
the flows around two different bodies with the same K are char¬ 
acterized by the same pressure-function curve. 
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Figure IX-1-6. Range 
of Application of 
Similarity Law for 
Ogival Bodies (Simi¬ 
larity is Doubtful 
in the Shaded Re¬ 
gion) . 


The range of application 
of the similarity law can be 
broadened by using experiment¬ 
al or theoretical data for 
various K x . By way of-illu¬ 
stration, Fig. IX-1-5 shows 
such data as obtained by the 
method of characteristics for 
slender cylindrical bodies 
with parabolic nose sections 
for K =1 and 0.5. 


a) 



Figure XI-1-7. Diagrams for 
Determination of Pressure 
on Surfaces of Bodies with 
Ogival Nose Sections, a) 
for nose section; b) for 
cylindrical section. 


below which the similarity 
This value is es- 
of the similarity 


There is a limiting value of K 
law for the curvilinear nose does not apply, 
tablished from analysis of the possible use 
law for a conical point (Fig. IX-1-6). 
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In accordance with the limits of applicability of the simi¬ 
larity law, which are established by the diagram in Fig. IX-1-6, 
calculations were carried out by the method of characteristics 
to determine the pressure distributions about slender cylindri¬ 
cal solids of revolution with parabolic (or ogival) nose sections. 
The results of these calculations are presented in generalized 
form in Fig. IX-1-7. 


The wave drag coefficient 
pressure over the surface. As 
were obtained by the method of 


can be obtained by integrating the 
a result of reduction of data that 
characteristics and improved 
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experimentally, the following relationship was found for the wave 
drag coefficient of ogival nose sections with semivertex angles 
10° £ 3 _<45° at in the range 1.5 £ £ 3.5- 


Pc 


[■- 


19 « = 


-16 


mid' 

rT(M*£isy>.£: 


» 


(IX-1-19) 


where p c is the pressure coefficient at the cone vertex and 

is the slenderness ratio of the solid of revolution as determined 
by (II-1-2) or from the expression = l/[2 tan (0.53 Q )]. 

Pressure on cylindrical section at very high flow veloci¬ 
ties. The method of characteristics was used to calculate the 
flow past cylindrical surfaces of bodies with ogival and conical 
nose sections for velocities corresponding to = 20. The re¬ 
sults indicate that the conical head produces larger changes in 
the pressure on the cylinder. 

Results obtained by the following empirical formula are in 
good agreement with pressures calculated by the method of char¬ 
acteristics : 


-XL = 0.55 ~ O.OBl/ktMJ, 

P CO 



(IX-1-20) 


where c is the drag coefficient of the nose section and x is 
x w — 

distance measured from the point at which the nose section meets 

the cylinder. 

The compression-shock generatrix is approximated satisfac¬ 
torily by 


r s 

J’mid, 




0.46 


(IX—1-21) 


Relationships (IX-1-20) and (IX-1-21) are valid for 0.4 < 

< A . . < 4 and x > 4d ... 
mid mid 


The "local cone" method. The results of flow calculation 
by the method of characteristics are to a certain extent stan¬ 
dard and are used as a criterion in evaluating data obtained by 
the various approximate methods. A comparison shows that the 
"local-cone" (or "tangential-cone") method (see §IV-7) gives 
results that come especially close to the method of characteris¬ 
tics in calculation of flows around sharp solids of revolution 
with unbroken generatrices. 
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The satisfactory agreement of the results indicates that 
the "local-cone" method makes it possible, in some degree, to 
take the vortex effect that occurs behind a curvilinear shock 
wave into consideration. 

If the "equal-pressure" hypothesis is used in the "local- 
cone" method, the pressure at a given point of the generatrix is 
determined as the pressure on a cone with a semi-vertex angle 
equal to the inclination angle of the tangent. With the "equal- 
velocity" hypothesis, the pressure should be calculated by For¬ 
mula (IV-7-17) and the pressure coefficient from (IV-7-18). 

Curves characterizing the_ 

variation of the coefficient p 

*v 

as a function of tan 3p and tan 3 
are shown for the two values M = 

oo 

= 2 and 5 in Figs. IX-1-8 and 
IX-1-9. Knowing_the distribution 
of the pressure p , we can deter¬ 
mine the corresponding wave drag 
coefficient c . At the same 

X W • V 

time, its value can be calculated 
in approximation by using (IV-7-18) 
which relates the coefficients p v 

and p with one another. The cor- 
P 

responding working relationship 
is obtained by application of 
(1-3-1**) and (IV-7-18): 

1 

ciw.v-2 l fp p vi 2 - ( ^in rd~r, (IX-1-22) 

0 L M J 

where r = r/r, 

bse 

This formula determines the 
drag coefficient referred to the 
base-section area of the secant 
body with radius r^ ge , which may differ from the radius of the 

midships section of the tangent nose section. Formula (IX-1-22) 
can be_ simplified if we consider cases of flow in which the func¬ 
tion v varies little along the solid of_revolution. With this 
condition, it becomes possible to take v and v - 1 out from under 
the integral sign as the corresponding average values, and For¬ 
mula (IX-1-22) becomes 



Figure IX-1-8. Diagram of 
Pressure Distribution about 
a Solid of Revolution as 
Constructed on the Basis 
of the "Equal-Pressures" 
and "Equal-Velocities" 
Hypotheses (H m = 2). 


htw.p v a v p 


!(Vav-l) 

kM 2 


(IX-1-23) 
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where c' 


x w.p 


is the drag coefficient referred to the base-section 


area irr^ ge and calculated on the equal-pressure hypothesis. This 
coefficient is determined by (1-3-14), in which we must set p = p 


Calculations by (IX-1-23) are made up to values of v in the 
interval 0.8 <_ v <_ 1. If this condition is not satisfied, it is 
necessary to use the general formula (IX-1-22). In this case, 
however, the calculation can also be simplified. Studies have 
shown that the distribution of the function v along a parabolic 
or ogival nose section can be approximated by the equation 


v — v 0 -j- (1 — V 0 ) (1 — X 2 ), 


(IX-1-24) 


where x = x/x 


mid' 


It has also been established that the pressure coefficient p 


can be estimated from the expression 


p P ’ 


p c (1 - x) 


4 7 


where p 


is the pressure coefficient at the tip of the solid of revolution. 
With these approximate relationships. Formula (IX-1-22) becomes 
after calculation of the integral 


fv, 


hvw.p — 0.6( 


,7 'bse (1 — v«) (1 — 0.552r bse -] • 0.0G8r b se - 


- 0 . 


lS0r» ie )p s -h^] 


(IX-1-25) 


where 


r, 

bse 
For a 


= r /r* 

bse 7 mid* 

nose section with 


r, 

bse 


r .., this formula becomes 
mid 5 


„-c Jc .. P -0.667(0.327pe + ^)(i-v 0 ). (IX-1-26) 


Here the coefficients c and c refer to the area 

( 2 X W . V X W. p 

mid' 

For a parabolic nose section, the coefficient 


Cxw.p. = 0.4l5p c . (IX-1-27) 

If its value is referred to the area tit? of some arbitrary 
cross section, then s 
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Figure IX-1-9. Diagram of Pres¬ 
sure Distribution Around a 
Solid of Revolution as Con¬ 
structed on the "Equal Pres¬ 
sures" and "Equal Velocities" 
Hypotheses (M o = 5). 


on M ot for the 
pression for 


ciw.p = Pc (1 — 0/i9r bse 0,0o6r£, e — O.lolrL.). 

(IX-1-28) 

Comparison with the 
method of characteristics and 
experimental data indicates 
that Formula (IX-1-26) can be 
used for M m in the range 2 < 
c £ (6-7) and the slender¬ 
ness ratios satisfying the in¬ 
equality £ (2-2.2). These 

are the slenderness ratios of 
rather thick solids of revolu¬ 
tion. Formula (IX-1-27) gives 
results on the high side for 
these conditions. For example, 
for a parabolic head with the 
slenderness ratio = 2, 

the c calculated by this for- 
x w 

mula for M = 2 is almost twice 

oo 

that obtained by the method of 
characteristics. Formula 
(IX-1-27) gives more satis¬ 
factory results by substitu¬ 
ting the parameter dependent 
The corresponding ex- 


numerical coefficient 0.415. 
the wave drag coefficient is 


0.08 fl.v'4-}»*.)/>«. ( IX-1-29 ) 

'.:i+\u ’ 

and is applicable for slenderness ratios £ 2.5 and the range 

1 . 5 < < 6 . 

SIX-2. THE NET-POINT METHOD 

Experiment and theory indicate that it is necessary to take 
account not only of the vortical nature of the flow at high M^, 
but also such factors as the boundary layer and the various ef¬ 
fects observed in it (compressibility, dissociation, heat trans¬ 
fer between the wall and the gas). Vibrational excitation and 
air dissociation, which may occur at very high flow velocities 
owing to the substantial temperature rise in the inviscid flow 
region between the shock wave and the surface of the body, are 
also of substantial influence. 
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This region can be calculated by the method of characteris¬ 
tics when the gas undergoes physicochemical changes. The equa¬ 
tion system (IV-1-29)-(IV-l-32) for the characteristics, written 
in finite differences, should be used. The fundamental scheme 
of the calculation is the same as for a flow with constant heat 
capacities. There will be a difference in the calculations of 
the conical flow around the tip and in determination of the gas 
variables in the rest of the flow, which must be performed with 
consideration of dissociation and ionization of the gas. Tables 
or diagrams of the equilibrium thermodynamic functions of air at 
high temperatures may be used. 

In Reference [4], the difference method known as the net- 
point method was used to calculate flow around bodies with con¬ 
sideration of equilibrium chemical reactions between the compo¬ 
nents of air and ionization reactions; with it, the ordinary equa¬ 
tions of gasdynamics and the equations of chemical kinetics were 
solved jointly. The flow variables and thermodynamic functions 
were determined for dissociating and ionizing air whose original 
composition by volume was placed at 78 . 08 $ nitrogen, 20.95^ oxy¬ 
gen, and 0.97% argon. Let us examine certain results of these 
calculations. 

Axisymmetric flow. The solids of revolution for which the 
calculations were made had a nose cone that met the basic cone 
or cylinder on a fourth-order curve. The calculated results given 
in the tables (see Appendix No. 1) and diagrams were obtained for 
= 15 and 20, a temperature T^ = 250°K, and a pressure p M = 

=°°0.292*10 2 atm (0.2864 *10 3 N/m 2 ). For Moo = 15 the value a* = 

= 1962 m/s, p a* 2 = 0.1567 atm (0.1537'10 3 N/m 2 ), and for M = 

= 20-a* = 260? m/s, p^a# 2 = 0.2759 atm (0.2706-10 5 N/m 2 ). ¥he 
density of the oncoming flow was set equal to p^ = 0.4l2*10 -5 g/cm 

The gasdynamic functions, which are given for certain values 
of x and £, are the axial and radial velocity components V x and 

referred to a*, the pressure referred to p^a* 2 , and the param¬ 
eter p, which is the ratio of the density to p^. The value x = 1 
corresponds to the length of the nose cone to the point at which 
it meets the transitional curve. Table IX-2-1 (see Appendix No. 

1) presents the gasdynamic functions of flow around a body with a 

nose cone (B = 40°) and a base cone (g - 20° and 10°) at M = 
c c 

= 20 and 15. Table IX-2-2 (see Appendix No. 1) presents the re¬ 
sults of flow calculation for a body consisting of a nose cone 
with a semivertex angle g c = 40° fitted to a cylinder at = 20, 

with consideration of equilibrium chemical reactions, and with 
k = 1.4. The studies indicate that downstream, the layer of high 
function gradients becomes thicker and is "squeezed" directly 
against the wall, while the flow regions of conical nature be¬ 
come larger. At a nose distance of the order of x = 20-30, the 
gasdynamic functions for £ = 0.05 are close to their values in the 
conical flow. 
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Figure IX-2-1. Variation of Pressure on Surface 
of Body (Solid Lines) and on Surface of Shock 
Wave (Dashed Lines). 


T°K 



Figure IX-2-2. Variation of 
Temperature on Surface of Body 
(Solid Lines) and on Surface 
of Shock Wave (Dashed Lines). 


In the region of rapid 
flow expansion, the influ¬ 
ence of equilibrium chemical 
reactions is felt most strongly 
in the density and pressure. 

Unsymmetrical flow. 

Table IX-2-3 (see Appendix 
No. 1) presents the results 
of a calculation of the var¬ 
iables V x , V r , V^, and p 

for a = 5° and = 20 for a 
body consisting of a nose 
cone with a semivertex angle 
of 46.9° and a cylindrical 
tail. The values of V , V , 

X 

V^ are referred to a*, jo to 

p^a* 2 , and p to the free- 
stream density p OT . 


The gasdynamic functions 

are given for a series of values of tf = (tt/2) - X, x> and £• The 
x-eoordinate is dimensionless and referred to the nose-cone length, 
while the variable E, is determined from the expression 


I 


r — tt 
If— b 


|cl)-!-(l — <I>) 


l 

w—u J 


(IX-2-1) 
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where $ = $(x,£) is a certain function whose values are given in 
Table IX-2-4 (see Appendix No. 1). 

From the data of this table, we can convert from the i - 
coordinate to g for 1.4 < x < 2.4 by the formula 


s- 2£{[<I) 2 + 4 (1 + (IX-2-2) 


For x < 1.4 and x > 2.4, the value of 5 = £. 

Figures IX-2-1 and IX-2-2 present diagrams constructed from 
the results of calculation of the air pressure and temperature with 
consideration of the equilibrium chemical reactions at = 20 /403 

for a body consisting of two cones (the forward cone is sharp). 

A very strong variation of pressure and density occurs on the 
segment from x = 1 to x = 2, especially on the surface of the 
body (5 = 0). The changes are also quite substantial, but 
smoother, directly behind the shock wave (£ =1). At the sur¬ 
face of the body at x > 3, the gasdynamic functions, like the 
values of the thermodynamic parameters, practically cease to de¬ 
pend on x. The same effect is observed behind the shock wave at 
x > 15. 

§IX-3. INFLUENCE OF ATTACK ANGLE ON FRONTAL DRAG 

Experimental studies have shown that the frontal drag coef¬ 
ficients of sharp solids of revolution vary in accordance with 
the formula 


c x = C x o (1 + BZ), 


(IX-3-1) 


in which c is the frontal drag coefficient at zero angle of 
attack ; Xo 


2 — sin 2 (a/2); 


e is a certain coefficient that depends basically on the shape of 
the solid of revolution. 

For example, e -87 for a sharp-nosed 12.7-mm bullet in the 
range 1.5 £ M m £ 2.2, and e - 80 for a 20-mm projectile in the 
same Mach-number range. 

Relation (IX-3-1) was confirmed after reduction of the re¬ 
sults of experimental firings at velocities above 450 m/s and 
values of 0 £ z £0.1 (0 <_ a £ 37°). At lower speeds, it was 
found that the linear relation does not apply and the more 
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general relation 


c x = C x o (1 + fliZ -I- a 2 s 2 + ...) 


(IX-3-2) 


should be used; here, depending on flow conditions, it is neces¬ 
sary to include terms in the second and even higher powers of 

z. 


The formulas given above for the frontal-drag coefficient 
pertain to the case of rather large attack angles. If, on the 
other hand, the attack angles are small (of the order of 0-5°), 
we may start approximate calculations with Expression (1-2-5), 
which gives c x = c R + c^|a| for small attack angles. Experi¬ 
mental and theoretical studies have shown that the axial-force 
coefficient in this formula varies insignificantly as a function 
of attack angle. For example, it was established by wind-tunnel 
tests that as the attack angle was changed from 0 to 5° a the 
C R of a model in the form of a cylinder with a conical nose rose 

by approximately 2-2.5?. In first approximation, therefore, the 
axial-force coefficient may be assumed constant and equal to the 
corresponding value c Rq for zero attack angle. Then the working 

formula for the drag coefficient is simplified: 


c x — Cro + Cjv | a |. 


(IX-3-3) 


According to this formula, calculation of c x for an unsym- 

metrical flow involves preliminary calculation of the axial- 
force coefficient for a = 0 and of the normal-force coefficient 
for the given attack angle. 
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Chapter X 
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HYPERSONIC VELOCITIES 


§X-1. FLOW AROUND SLENDER BODIES AT VERY HIGH SPEEDS 
The Equation System 

Simplification of the equations. Solution of the hypersonic- 
flow problem for slender solids of revolution is based on sim¬ 
plified aerodynamic equations derived for small velocity distur¬ 
bances . 


Simplification of the equations 
differs substantially from lineariza¬ 
tion of the equations for small M^, 
although linearization is also brought 
about on the basis of the small-dis¬ 
turbance hypothesis. Since the are 
small, simplification (linearization) 
is obtained by dropping terms contain¬ 
ing the first and higher powers of the 
disturbances, i.e., having the respec¬ 
tive orders t, t 2 , etc. (for example, 

M x < 1, M 2 t 2 << 1). 

oo * oo ' 

The flow pattern corresponding to 
this case appears in Fig. X-l-1. A 
feature of this flow linearization is 
that the thickness of the body is small by comparison with the 
distance between the body and the shock. 

At very high velocities, on the other hand, the shock comes 
very close to the body (Fig. X-l-1), whose influence on the dis¬ 
turbed flow is stronger than in the linearized flow. 

Although the disturbances are small, the product M^x may be 
of the order of unity. In this case, terms in the first power of 
the disturbance may not be disregarded if they contain the param¬ 
eter M^x, since they are of the same order as the other terms in 
the equation. Simplification is obtained by dropping terms of 
order x 2 and higher if the small parameter x appears independently 
and not together with M ro . 

Despite the simplifications, the system of flow equations 
remains nonlinear and, consequently, nonlinearity is an essential 
property of the equations for gas flows with large M ro . 



Figure X-l-1. Position 
of Compression Shock 
at Moderate (1) and 
Very High (2) M^. 
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Let us transform the equations of symmetrical steady flow 
([71], No. 3, 195^). For this purpose, we shall introduce the 
dimensionless coordinates E, and r), defined by the conditions 


•2' ^ r — Tj’bT]. (X-l-1) 


Since x << 1 (by the hypothesis of small thickness of the 
body), r << x, and this corresponds to the conclusion drawn above 
as to the existence of a thin supersonic layer in which all flow 
parameters change at very high flow speeds around the body. Re¬ 
lations (X-l-1) are affine transformation formulas. 

Similarly, we may write in accordance with the estimates 
made earlier of the changes in velocity, pressure, and density 
in conical flow 


I'.,- r\|l . i'll Q-- 1|)I; Vr Ihri-',, (*, ']); 

p p.J<W\ 1 '/> (1, > 1 ); n |K(.(c, 1]), 


(X-l-2) 
(X-l-3) 


where V^, , p, p are the new dimensionless variables on which 

the actual velocity, pressure, and density depend. 



Figure X-l-2. Illustrat¬ 
ing Law of "Plane Sec¬ 
tions." 1) undisturbed gas 
particles; 2) disturbed 
particles; 3) shock wave; 
4) path of piston; 5) 
path of shock wave; 6) 
piston. 


tion at hypersonic velocities 


Substituting Expressions (X-l-1) 
-(X-l-3) into the equations of 
motion (III-2-5) and continuity 
(III-2-15) for the case of steady 
symmetrical flow, together with 
the entropy-conservation condi¬ 
tion (111-2-54), and dropping terms 
of the order of x 2 by comparison 
with unity, we obtain 


,ll 'n , y ' n ji _ = 1 <)p 

"‘if ~ r ir <»>r " "p <>n ’ 

0/1 , p'4) „ 

r 0,) i -Tf - U; 



(X-l-4) 

(X-l-5) 

(X-l-6) 


These equations, which form 
the basis of small-disturbance 
theory, are used in investigating 
isentropic (nonpotential) flow 
around slender solids of revolu- 
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Law of plane sections. The essence of this law is that a 
body moving at very high speed causes only transverse displace¬ 
ment of air particles. This motion of the gas arises when it 
is displaced by a flat cylindrical piston. Consequently, we can 
draw an analogy between plane nonsteady motion of a gas behind 
an expanding piston and steady flow around a cone. 

Suppose that at time t = 0, a piston (Pig. X-l-2) starts in 
motion instantaneously at an initial velocity V, setting up ahead 
of itself a plane cylindrical shock wave whose front advances at 
velocity D. The distances R = Vt and R = Dt covered by the piston 
and shock wave, respectively, are represented in the (R, t) plane 
by a straight line to which the generatrices of the cone and com¬ 
pression shock correspond in the physical (r, x) plane. Thus, 
nonsteady plane flow behind a uniformly expanding piston corre¬ 
sponds to stationary flow around a cone. 

When this analogy is used, the physical coordinate is found 
to be similar to the time t. If the piston expands nonuniformly 
in accordance with some arbitrary law R(t), the traces of the 
piston and shock-front motions are mapped in the (R, t) plane by 
curves to which the curvilinear generatrices of the solid of 
revolution and the shock will correspond in the (r, x) plane 
(Fig. X-l-2). 

Consequently, the nonsteady plane gas flow behind a non- /407 

uniformly expanding piston is analogous to steady flow around 
a body with a curvilinear generatrix. This is the generalized 
law of plane sections, which, as we see, proceeds directly from 
the analogy with piston motion. In flow calculation by this 
law, the flow variables are obtained accurate to x 2 by compari¬ 
son with unity. 

The law of plane sections, which is represented schematically 
in Fig. X-l-2, becomes more palpable if we examine the uninverted 
system consisting of a stationary medium and moving body. From 
this medium, we isolate a layer of particles in a certain section 
perpendicular to the direction of motion. Then an observer in 
this section will see that the body, in its motion through the 
layer of particles, moves them aside, forcing particle displace¬ 
ment only in the given plane section. We can now understand that 
the surface of the body, which is a moving boundary through which 
gas particles cannot pass, acts as a piston. 

If the generatrix of this body is assigned with an equation 
r = f(x), we can interpret time as t = x/V^ to find the relation 
for the variation of piston radius in the form R = f(tV oo ) that 
corresponds to this equation. Differentiating with respect to 
t, we find the piston's expansion rate = 9R/3t. 

If we are concerned with flow around a cone, then r = x$ c , 
and, consequently, R = t and V r = dR/dt = . This last 
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expression permits the conclusion that the similarity law for 
flows at very high velocities proceeds directly from the law of 
plane sections. 

Actually, the disturbed particle velocity on the cone sur¬ 
face, which coincides in the equivalent piston problem with the 
rate of piston expansion, will be the same if the product V^B 

is preserved. Then steady flows around the cone (or the equiva¬ 
lent nonsteady gas motions at a flat cylindrical piston) will 
differ at different values of and $ c only in the linear scale. 

Since conical bodies are affinely similar, it is obvious that 
analogous conclusions can be extended to other affine-similar 
bodies, including bodies with parabolic generatrices. 

Boundary conditions. The solutions of (X-l-4)-(X-l-6) must 
satisfy boundary conditions at the surface of the body and in the 
undisturbed stream. 

If the equation r = Tb(x) of the solid-of-revolution genera¬ 
trix is known, the condition at the boundary of the body is 
written 

" b ' {l) for & (5); (x-i-7) 


and the undisturbed-stream conditions 


Vi->0, V„->0; p-HA-MLx*)- 1 ; p->l as £-*oo. (X-l-8) 

In addition, conditions on the compression shock, whose sur¬ 
face may be described by an equation r = ts(x), must also_be 
satisfied. For example, the condition that the function must 

satisfy can be determined from (111-4-2) for an oblique shock. 

For this purpose, a formula is found from the above relation¬ 
ship for the variation of the normal velocity component on passage 
across the shock. Then, remembering that V = V = V sin 0 : 

V = V t tan (0 g - B g ), and that the M x = are so large that we 

may assume V = V cos 0 - V and substitute the angles for the 

X 00 S 00 

sine and tangent, we obtain 


Vxn.-r.vt o.--P.) 2 /, \ \ 

a- !-i ( k*7 • 
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We note at once that V 0 in this expression is the radial 

00 s 

velocity component V r immediately behind the shock. We replace 
this component with its value 


V, - IIoTK 


V.yO.>-'n 

(d 


where, according to the equation of the shock generatrix r * ts(x) 
the small parameter 


rfr r<ft (jn-t _ 0. 
Jx L dx J s' (d 


Then, introducing K fl = M co 0 g and substituting the new variable 
§ for x, we obtain 


_k?-_ 

1 H'o 


s’ (5). 


(X-l-9) 


_The conditions on the compression shock for the functions p 
and p are obtained from (111-4-24) and (III-4-25), by replacing 
Pj/Pj in the former by the expression 


Pz 

Pi 




which is obtained from the conditions 


dr 

_ dx _ 9, 

^ ds (x) s' (x) ’ 
dx 

Kq = Moo0,i 


and substituting in the latter 


P2. 

Pi 


p 

Poo 


p- 


Then, converting from x to the variable we find after element¬ 
ary manipulation 
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p 


(X-l-10) 


2 *K*-(*-l) 
k(k- r l) K* 


[s'a)] 2 , 


P- 2-{-(/: — 1) K* • 


Solution of Eqs. (X-l-4)-(X-l-6) for a given surface shape 
of a sharp solid of revolution and a given gives the gas 
variables in the region of disturbed flow between this surface 
and the compression shock. The shape of the compression-shock 
surface is found simultaneously by solving these equations. 

Equation for the stream function. Solution of problems of 
flow around solids of revolution with curvilinear generatrices 
requires consideration of the change in entropy behind the shock 
on passage from one streamline to another. 

To make this solution easier, the equations described above 
are transformed to the stream function which is defined by 
(III-2-33). 

/409 

If we convert in these relationships to the variables £ and 
ri, including V o , t 3 and , which are constant for given condi¬ 
tions, in the value of the stream function ip = ¥, we obtain in 
the subject case of small disturbances 


<Vl' 


'1V--~- = >ip; mv- 


O'V 

Ol 


•np^T,, 


(X-l-ll) 


whence it follows that 


*V 


v. 



(X-l-12) 


To transform (X-l-4)-(X-l-6) to the variable Y, we present 
the derivative 8p/3ri in the form 


d , ~"ii\ otSi f. . 7 it » dp do 

~ ~Hn ( 03 P ) = TV P /C( ° P 


dp 
dr\ d>t 


3r\ 


d(ii 

d'V 


0t\ v 


-J- /if.Op 


h — I 


'Ip 
dr | 


(X-l-13) 


where m = p/p k is a function that depends on the change in entropy 
on passage from one streamline to another and is consequently 
determined by the function ¥. 

_Denoting the derivative du/df by and substituting (X-l-10) 
for p, we obtain the stream-function equation 
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iir&+l r , w . _ 

- 2^**, + [*<» ( Y„ n - -^) + ] . (X-l-14) 


The pressure in our nomenclature is 


p = ap k = co 



(X-l-15) 


Plow Calculation 


Let us consider the solution of (X-l-14) for the stream func¬ 
tion, which enables us to calculate the gas variables in the 
neighborhood of the point. 



Figure X-l-3. Working 
Diagram of Plow Around' 
a Cone. 1) compression 
shock; 2) cone. The 
arrows indicate the 
directions in which the 
angles are measured. 


The procedure of the solution is 
as follows. First, the solution is 
found for flow past a conical point 
with the angle $ . In this case, the 

solution is exact. Then, consider¬ 
ing a small neighborhood of the curvi¬ 
linear surface and correcting the 
stream function for flow around a 
cone, we find a new solution for the 
same Eq. (X-l-14), which will take 
account, in first approximation, of 
the effect of surface curvature near 
the nose on the stream function. The 
solution of the problem can then be 
obtained in a second approximation. 


Solution of Eq. (X-l-14) for a 
cone (Fig. X-l-3). Flow around a cone is characterized by con¬ 
stant entropy throughout the region behind the compression shock 
Hence the derivative u)' in (X-l-14) is zero. By virtue of the 
conical character of the flow, the stream function 


TG, n)-17(0). 


(X-l-16) 


where 6 is the relative angle of the intermediate conical surface 

defined by the condition 0 = r/(0 x) = n/C. 

s 

The shock inclination angle 0 is to be regarded as the small 

S 

parameter previously denoted by t. 

Introducing Expression (X-l-16) into (X-l-14), we obtain the 
ordinary nonlinear differential equation 
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(X-l-17) 


'./ 7 " -VUT 




in " 41 

O' 1 



where f’ and f" are the first and second derivatives with respect 
to 0, respectively; uj 0 is the ratio p/p^ behind the compression 
shock, which is constant for given conditions. This ratio is de¬ 
termined in the following form from (III-4-24) and (III-4-25): 


c/.k; _ \) p (/.---1)Kg-ife 

i<\k . h kj L (fr :'ij i<s J • 


(X-l-18) 


The solution of (X-l-17) must satisfy the boundary conditions 
on the compression shock, which are obtained from (X-l-10), (X-l-11), 
(X-l-16) and (X-l-18). For example, the conditions for the func¬ 
tion f(9) and its derivative f'(0) are found as follows. First 
general expressions f'(0) and f(0) are determined. For this 
purpose, (X-l-10) and (X-l-11) are used to calculate the deriva¬ 
tive ’F = £f'(0 ) = rip, from which f'(0) = (ri/^)p is found. 

The function f(0) is found from (X-l-10), (X-l-12), and 
(X-l-16) in the form 

f( 0 ) -.±?'( 0 ) -7 o) — p (0 — F„). (X-l-19 ) 


If we now set 0=1 in the expressions obtained for 
f(0) and use (X-l-12) for and p, we can arrive at the 
ing conditions on the compression shock: 


f'(0) and 
follow- 


/'( 1 ) 


(/>-'- 1)K* 
2 (k 


1) K} ’ 


/ 0 ) = 


2 • 


(X-l-20) 


The nonseparation condition requires that the stream func¬ 
tions be zero on the surface of the body. If the equation of 
the cone generatrix is assigned in the form r = 0 bx, this con- 

dition will be f(b) = 0. 

Equation (X-l-17) is integrated numerically for the given 
boundary conditions. It is convenient to extend this integra¬ 
tion from the conditions on the compression shock to those on 

the cone surface. The resulting value g = b0 will be the angle 

c s 

of the cone in flow around which a compression shock with angle 
0 g corresponding to the given parameter K 0 is formed. 

In addition to the angle B , the value of the derivative f' 
is found on the surface of the cone, so that we can calculate the 
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pressure coefficient 


Pc_ 

PI 


2 (Pc —Poe) 
A-K ip x 


r fa 


1 1 

L** 

{ b ) 

1 

i_ 


(X-l-21) 


where K, = M 3 . 

1 oo c 

The results found by the method of small disturbances agree 
closely with the exact theory. 

Consideration of the effect of curvature in firstiapproximation. 

Let us assume that the generatrices of the solid of revolution and 
the compression shock are represented by the respective equations 

r - Qo^bx-', y cx ~) ’ r ~ °« ( x i y^ 2 ) ’ (X-l-22) 


where 0 O is the compression shock inclination angle at the point 
(Fig. X-l-4). 


In solving (X-l-17) for the case of a curvilinear surface, 
the conditions for the functions ¥ and to immediately behind the 
compression shock are determined by relationships found from 
(X-l-10), (X-l-11), and (X-l-18). These conditions will depend 
on the local shock inclination. 

Since we are examining a small 
neighborhood of the nose, we can 
simplify determination of the condi¬ 
tions on the shock for ¥ and to, by 
using the series expansion of the func¬ 
tions under consideration in this neigh¬ 
borhood in the parameter K = which 

is calculated from the local shock in¬ 
clination. The parameter K 0 , a constant 
for the conditions, calculated from the 
shock angle 0 0 at the point (x = r = 0) 
will be K n = M 0.. 

0 oo 0 

The conditions for the stream func¬ 
tion directly behind the compression 
shock will be determined in terms of the 
conditions for its derivatives 'V ^ and 

V 

We shall consider how the condition for the derivative 
is found, remembering that the condition on the shock will be 



Figure X-l-4. Nomen¬ 
clature for Angles 
of Inclination of 
Tangent to Genera¬ 
trix of Solid of 
Revolution (1) and 
Generatrix of Com¬ 
pression Shock (2). 
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found similarly for the other derivative ¥ . First, we note that 
Expressions (X-l-9)-(X-l-11) indicate that the function V^ de¬ 
pends on the parameter K. Expanding this function in series in 
the parameter K in the neighborhood of the point and breaking 
the expansion off at two terms, we find 

oy.. 


K—K 0 


(K-K 0 ). 


(X-l-23) 


Here the value of the function ¥^(K 0 ) is determined with 
(X-l-9)-(X-l-11)• Since 


s' (6) 


J_ dr K 

0 O dx ~ K 0 ’ 


the function 4* 


5 


takes the form 


2 K 2 — 1 K 

i-,-1 11 2 T K 2 (As— 1 ) K 0 ' 


(X-l-24) 


Setting K = K Q in the above, we find ¥ (K„). 

To find the derivative 3f r /3KI, it is necessary to dif 

c, —IV 0 

ferentiate (X-l-24) with respect to K and set K = K„ in the re¬ 
sulting expression. 

Then the difference 


K - K 0 -- .M, (^ - 0o) - -Moo (0, - 0 O ) = K 0 !cl 

is determined from (X-l-22) for the shock generatrix. 

With consideration of expressions found from the function 
V^ and its derivative with respect to K with K = K 0 , and the dif¬ 
ference K — K 0 , the condition for the derivative ¥j. on the com¬ 
pression shock will be ^ 




_2 (Kg—1) f , 
2 --(A— 1)KJ \ l 


(A—1) Kj - (A- - p 5) K g — 2 , t 
(K3-l)l2,-(fc-t)K41 


(X-l-25) 


The condition for the derivative T is 

n 


found similarly: 
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« joj ji k § ri _±__ _. i 

*2 :-(*-») Ki L 1 n 2-r(A— l)Kg /f *J ■ 


(X-l-26) 


The condition for the function w will be 


<o -- 




2AK; — (/■•--1) r2 --(t : -1) Kn'< f, 
A-(A i 1) Kr, L (A ; i)”Kf 'J X 1 


_4 (A—1) A (K5- 

|2AKj —(A—1)) |2 | - (A—~1) Kj 


l) 2 


/rl} .(X-l-27) 


As in the cone problem, it is necessary to assign the form 
of the sought solution (stream function). Let us assume that this 
solution is basically determined by the value of the stream func¬ 
tion for a cone at the point of a body with a generatrix inclined 
at an angle 3p = 0 o b, and assume that curvature can be allowed 
for in first approximation by a linear correction. Accordingly, 
the solution will be sought in the form 


'i r (!■ 1|) 1-/(0 )-/fsV(0). (X-l-28) 


where g(0) is a certain function that takes account of generatrix 
curvature. 

Obviously, this solution must also satisfy a condition on the 
conical shock surface at the point, which can be defined, assuming 
g(0) = 0 and f(0) = 0.5, in the form ¥ = 0.5o 2 = 0.55 2 . 

The entropy function aj('F) is determined by the stream func¬ 
tion and can be represented in series form, keeping only the 
second term: 


w ('l f ) - <!)„ (l -]- co Jc ]^2 V), 
where w 0 is given by (X-l-18) and 

-iA (A— 1) (Kg — l) 2 

1 [2AKj — (A — 1)] [2-;-(A—i) Kjj • 


(X-l-29) 


(X-l-30) 


Introducing (X-l-28) and (X-l-29) into (X-l-14) and grouping 
terms in equal powers of E,, we obtain two equations. One of them 
is a nonlinear equation for the function f(0) and is identical with 
(X-l-17) for a cone, while the other is a linear equation for the 
function g(0) and has the form 


Dg" = A + Bg + Cg\ 


(X-l-31) 
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where g' and g" are the first and second total derivatives of the 
function g(0) with respect to 0. 

The coefficients in the last equation are 


•/■)]; 


B = 12//’; C » fa),[^±1 -(H 1 ) f ] - 8//'; 


U'\k+l 


(X-l-32) 


Differential equation (X-l-31) can be integrated numerically. 
Here, the conditions on the shock that the functions g(0) and 
g’(0) found from this equation must satisfy are obtained with 
the aid of (X-l-25), (X-l-26), (X-l-28) for 0=1: 


*(!> = 
R' (!)==-!< 


2+(*-l)Kg ’ 

(fe —1) K*-|-2 (2fc4-3) 


(X-l-33) 


In the numerical calculations, the assigned parameters may 
be the values of Kj that were taken in calculating flow around 
the cone. The integration proceeds stepwise from the known con¬ 
ditions on the compression shock, using the same intervals as in 
the cone problem. The result is the function g_ and its deriva¬ 
tive g' for each value of the angle 0, including 0 = b, which 
corresponds to the conditions on the conical nose section. 

After the functions f_ and g_ and their derivatives have been 
determined, we can find the shape of the compression shock and 
calculate the pressure in first approximation. 

As we see from (X-l-22), the shape of the compression shock 
is determined by the coefficient A, which is equal to the ratio 
of the shock curvature to the curvature of the body's generatrix. 
This coefficient is found from (X-l-28) with the condition that 
the stream function on the surface is zero: 


} V% (X-l-34) 

2g(6) ' 

The pressure will be equal to its value on the cone plus a 
certain correction that is linear with respect to x and depends 
on the initial pressure gradient 
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Figure X-l-5. Coefficient 
£ as a Function of K x . 

- asymptotic value as 

K : -*■ °°; 1) compression 
shock; 2) solid of revolu¬ 
tion. 


Qp 

Oz 


irm h ~g'fb) a rr 

Mlo6 h_1 PJ 8(b) P P ’ 


(X-l-35) 


Figure X-l-6. Initial 
Pressure Gradient as 
a Function of Similarity 
Criterion Kj. 1) ac¬ 
cording to small-dis¬ 
turbance theory; 2) by 
method of conical flows 
and expansion flows; 

3 ) by method of "local" 
cones ("equal pressure" 
hypothesis). 


where the parameter can be re¬ 
garded for practical purposes as the generatrix curvature at the 
point of a sufficiently slender body. 


The results of integration of (X-l-31) are presented in the 
diagrams of Figs. X-l-5 and X-l-6 and in Table X-l-1. The re¬ 
sults for the coefficient £ can be approximated by 


{ = 0.959 — 0.515K;-* Ki1-1 ' 5 . 


(X-l-36) 


The initial pressure gradient can be approximated by the 
formula 


—= 4.929 - 0.429K? 3/2 

<1 (Ppi?pz) 


- 0.645 (Kj-IJK -2 . 


(X-l-37) 


Both formulas give satisfactory approximations in the inter¬ 
val 0.5 <_ K x <_ 00 . 

The pressure-distribution calculation starts from the formula 
obtained by series expansion in powers of the small parameter x, 
with the series limited to the linear term: 


— , Op 

=Pc+-£^ 


or />=»Pc 


m; 


dp 


o (Mpd 


(X-1-38) 
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where p 
r c 

The 

written 


is the pressure 

curvature R" is 
P 

in the form 


coefficient on the conical nose, 
found from the generatrix equation 


r --- P p .r 4- -L Hp. r*. 


(X-l-39) 


The shape of the compression-shock surface generatrix is 
determined by (X-l-22), which can be written somewhat differ¬ 
ently, namely: 


r- <) p .r i- R" p x\ 


(X-l-22') 


TABLE X-l-1. RESULTS OP CALCULATION OF FUNCTIONS g(b), 
g'(b). Si AND THE INITIAL PRESSURE GRADIENT 


K, 

1 

j a- (to 

A" W 

i 

1 i 71 

p D tq <>x 

b 

0.3765 

5.1 TO 

—8.502 

0.0426 

5.532 

0.6599 

1.800 

-3.040 

0.2346 

4.662 

1.150 

1.573 

—4.073 

0.5106 

4.514 

2.939 

2.101 

—6.S20 

0.S039 

4.684 

3.9SS 

2.487 

—8.G38 

O.S921 

4.802 

CO 

2.931 

— 10.76 

0.9586 

4.929 



Figure X-l-7. Nature of 
Variation of Derivative 

3 2 p/3(R"x) 2 as a Function 
P 

of K .-asymptotic 

value as K x 


As an example, let us find the 
shape of the compression-shock curve 
and the pressure distribution in the 
neighborhood of the tip of a solid 
of revolution with a parabolic gene¬ 
ratrix. 

From the equation of the para¬ 
bola, we can find the cone angle 
gp * & nd the generatrix curva¬ 

ture at point x = r = 0: 


jr=—= 

° dx 2 


(^tnid.^mid.) X - 


Then the shock-generatrix equa¬ 
tion will be written 
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r ~ X ( 2 K° lx ) ■ 


We use (X-l- 38 ) to determine the form of the pressure-distri¬ 
bution curve. Substituting the value R" = g /x . , found for 

0 P P mid 

the curvature, 

p _ Pc dp - 

Pp Pp a(p p /?;z) 

It is quickly noted that the specific form of the compres¬ 
sion shock and the value of the pressure coefficient at a particu¬ 
lar point on a given body are determined only by the parameter 
Ki = MJJ , since the parameter K 0 and the coefficient J L are in 

turn functions of it. 

Second approximation. The second-approximation solution of 
the flow problem involves finding an expression for the stream 
function that is more exact thatn (X-l-28). Analysis of the re¬ 
sults of this solution indicates that for slender sharp nose sec¬ 
tions, the pressure coefficient can be calculated in the second 
approximation by the formula 


p=- {.rt'vY 


Jl±- + R'n; — x+~ 

(/f P ) 2 d (RpHpx) l 


(niy- 


0-p 


d (7f P x)2 


(X-l-iJO) 


in which p /(R') 2 = p /3 2 and 3p/8(R*R"x) are determined by 
cp cp PP 

(X-l-21) and (X-l-35) and the approximating expressions (VIII-1- 
27') and (X-l-37)* The relation for the second derivative 

3 2 p/8(R"x) 2 given in Pig. X-l-7 can be determined with the for- 
P 

mula 


<** /> 

0 (PpX)2 


13,7 — (Kj /2 


uOKJ ' 2 — b) Ki' 2 , 


(X-l-41) 


which gives satisfactory results for Ki in the interval 1 £ K x <_ “ 
when the coefficient b = 22.5 and in the interval 0.5 £ K x < 1 
when b = 19.2. 

Here, determination of the second derivative with (X-l-41) 
enables us to calculate the pressure distribution in a somewhat 
broader range. However, this calculation does not give a complete 
picture of the pressure distribution over the entire surface of 
the body. 
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To complement the results obtained by the theory of small 
disturbances, let us examine certain approximate methods for cal¬ 
culation of flow around bodies. 

§X-2. USE OP APPROXIMATE METHODS TO CALCULATE PLOW AROUND SOLIDS 
OF REVOLUTION AT VERY HIGH SPEEDS 

"Local Cone" Method 

Symmetrical flow. We shall examine a variation of this 
method based on the equal-pressure hypothesis. Consequently, 
Formula (XIII-1-27') can be used to calculate the pressure dis¬ 
tribution around a solid of revolution with arbitrary generatrix 
if the parameter K x in that formula is determined from the local 
cone angle g. 

For a slender solid of revolution with a parabolic_ genera¬ 
trix and a local tangent inclination angle g = g (1 - x), we ob- 

tain the distribution-curve equation 


-4—2.091 [(1— *) 2 + 0.143K.r 3/2 (l— *) 1/2 ], (X-2-1) 

Pp 

where K. = M g is determined from the local-cone angle at the 
point. ^ 

Interest attaches to comparison of the first derivatives of 
the pressure coefficient at the point found with (X-2-1) and by 
the theory of small disturbances, e.g., from (X-l-37)* Calculat¬ 
ing the derivative with (X-2-1), we find 


— 4.182(1 u-0.03(5 Kf 372 ). (X-2-2 ) 

The diagram in Fig. X-l-6 shows the variation of the initial pres¬ 
sure gradient calculated by this formula and the corresponding 
results from the theory of small disturbances. We see that the 
accuracy of the calculation by the local-cone method decreases 
with increasing parameter K x . 

Comparing the pressures in the neighborhood of the point as 
computed by the small-disturbance theory and the "local-cone" 
method, we may conclude that a certain exaggeration of the pres¬ 
sure is inherent to the latter method, although the difference in 
the results is small. 

The same conclusion can also naturally be drawn for the wave 
drag coefficient. An approximate relation for this coefficient 
can be obtained by introducing (X-2-1) into (1-3-1^) and 
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integrating. We obtain as a result 


/4l6 


<' xw 


0.097 -I 


0.2i3Kf 3/z 


(X-2-3) 



Figure X-2-1. Construc¬ 
tion of "Local Cone." 


If we use another variation of 
the "local-cone" method based on the 
equal-velocity hypothesis, a compari¬ 
son shows that the pressures obtained 
are strikingly low for large M^. 

Consideration of variable heat 
capacity effect. Let us examine a 
particular case of hypersonic flow 
around a slender solid of revolution 
in which an ideal gas has a fixed 
isentropic exponent k 2 < k^ behind 
the shock wave. The pressure on the 
local cone can be calculated by the 
formula [59] 


^ (1 -0.25'p)- 1 -, (X-2-4) 

where K x = M^B > 1; p" = p ro /p 2 << 1; r is the radial coordinate of 
a point on the body; R is the generatrix radius of curvature at 
that point. Thus, this formula takes account of the surface curva¬ 
ture . 


Flow at an angle of attack. Applied to calculated unsymmetric 
flow around a solid of revolution with an arbitrary generatrix, 
the "local cone" method consists in the following. It is assumed 
that a line tangent to the body contour at a certain point on the 
surface (Fig. X-2-1) is simultaneously the generatrix of a cone 
around which the undisturbed stream moves symmetrically. The 
angle of this "local cone" can be determined from the expression 


Pc = p —- CC cos y - 7 - ~ctg p sin 2 y, 


(X-2-5) 


where B is the angle between the tangent to the generatrix and the 
axis of the body. 

If the parameters are determined on this cone for a = 0, they 
will be, in accordance with the notion of the "local cone" method, 
precisely the parameters that characterize the real flow at the 
particular surface point and the given attack angle. 
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Calculations and a comparison with experimental data indicate 
that for of the order of 3-4 or lower and small attack angles, 
it is necessary to use the equal-velocity hypothesis in the "local- 
cone" method to calculate the variables on the surfaces of sharp 
solids of revolution with moderate nose-section slenderness ratios. 
Using the velocity obtained on the basis of this hypothesis, the 
pressure and density are calculated with consideration of the en¬ 
tropy of the filament flowing in the particular meridional plane 
across the compression shock directly at the tip. 

The equal-pressure hypothesis gives better results at high 
velocities. The velocity and density are calculated with con¬ 
sideration of the same entropy from the pressure found on the 
basis of this hypothesis . 

Application of the "local cone" method is limited to .points 

at which the tangents to the surface are parallel to the oncoming 

flow. Obviously, the "local-cone" angles are zero in this case. 

Here, the values of the corresponding inclination angles of these 

tangents to the body axis can be obtained from the condition 

0 =0. Indeed, setting 0 = 0, we find from (X-2-5) that 

c c 

(3 cc co.s y - - ■— cI(3 sin 2 y. (X—2 —6 ) 

At the surface points whose positions are determined by these 
angles, the pressure will be equal, according to the equal-pressure 
hypothesis, to the static free-stream pressure. If, on the other 
hand, the calculation is based on the other hypothesis — that of 
equal velocities — the velocity will remain the same as that of 
the undisturbed flow at the same point. 

However, the "local cone" method can also be used to evalu¬ 
ate flow variables outside of this boundary, in the so-called 
"shadow" zone. For this purpose, it is necessary to examine an 
arbitrary "local cone" with a "negative" angle 0 c computed by 

the same Formula (X-2-5). 

Then the pressure coefficient found for the absolute value 
of 0 c must be regarded as negative for the given point of the 

"shadow" zone. 

Method Combin i ng Conical and Expansion Flows 

Axisymmetric flow. The content of the method of conical and 
expansion flows was. set forth in §IV-7. The working formula for 
the pressure coefficient is 
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Pp 


( ] Aiq) [ 1 2 Ms ( pi ) (Pp ~ P) ] 


2k 


2 

AK? 


(x-2-7) 


where K, = M 3 : M and p are the Mach number M and the pressure 
1 00 p s s _ 

directly behind the compression shock at the point; p c is the 
pressure coefficient on the conical nose. 

M = M 2 is found from (III-4-29) or (111-4-38), and the pres- 
s 

sure p = p 2 is determined with Formula (111-4-36). The pressure 
s 

coefficient p c and the absolute pressure p Q on the conical nose 
are calculated from (VIII-1-27). 


Let us illustrate application of this formula with the spe¬ 
cific example of a symmetrical flow around a sharp solid of 
revolution with a conical-nose angle 3p = 0.2 with the condition 

that M ro = 10 (K x = 2). 


First of all, we find M = M 2 on the conical nose. For this 

s 

purpose, setting K = 1.4, we first use Formula (VIII-1-23) to 
determine K 0 = M 0 = 2.38. We then use (III-4-29) to compute 

M 2 = 6.73* At very large M^, the pressures p g and p c differ only 

slightly, so that we may set (p_/p_) 1 - 1 in (X-2-7), thus 

s c 

assuming that M is approximately equal to the M on the conical 
s c 

nose. For a given value of K x = 2, we use (X-l-21) to determine 

p /3 2 = 2.2 on the conical nose. We calculate the pressure at the 
c p r 

point where the tangent inclination 3 = 0.1. In this case, the 

flow is deflected, starting at the apex, through an angle A3 = 

=3 -3=0.1. Introducing the resulting data into (X-2-7), we 

P — n . 

find p/3 = 0.543 for the selected point. If we take a more remote 

F - n 

point for which 3=0, then p/3p = -0.085. The corresponding M 
calculated by (IV-7-14) will be 7.83 and 9.27. 


A comparison (see Fig. X-l-6) indicates that the initial in¬ 
clination of the pressure distribution curve calculated by combin¬ 
ing conical and expansion flows agrees more closely with the re¬ 
sults of small-disturbance theory than with the "local-cone" 
method. The results of a calculation by the method of character¬ 
istics confirm this. 


The axial-force coefficient is calculated from the pressure 
distribution using (1-3-14'). 
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For a given shape of the solid of revolutionj the drag coef¬ 
ficient is presented in general form as the function 


Cup -- fit (Kj)/Mio, 

I 


where K, = M 3 . 

1 00 p 

By way of example, let us consider a solid of revolution with 
a parabolic generatrix whose equation in dimensionless form is r = 

= x(2 - x). Introducing r and the value of p from (X-2-7) into 
the integrand of (1-3-14') and integrating from zero to 1 (numeri¬ 
cally or graphically), we can determine c^ as a function of K x 

and M 2 . Calculations indicate that c D M 2 is an increasing func- 

°° np 00 

tion of the parameter = M^g . For the value = 2 chosen for 

the above example, c R pM^ = 2.86, and for K x = 3, this quantity 

c Rp M °° = 6*09. Specific values of c Rp for a body with a given 

slenderness ratio X . , = l/g D correspond to a definite IVI , which 

can be calculated from the condition = ^X^^. For example, 

for X m ^^ = 3, = 6; the corresponding value of c R p = 2.86/36 = 

= 0.079. This method can be used to calculate flow around bodies 
with consideration of the change in the properties of the gas be¬ 
hind the shock at very high temperatures. For this purpose, as 
we noted in our investigation of flow around profiles, we can start 
with "frozen" flow behind the shock and a gas with a constant ex¬ 
ponent k^ determined for the conditions directly behind the shock. 

Instead of k, it is necessary to use k 2 in the corresponding 
formulas of the method of characteristics. 

Evaluation of flow parameters for tapering body tail section. 

M can be evaluated on this section in the same way as on the nose 
section. 

Let us assume that the tail section of a solid of revolution 
is tapered and has an arbitrary shape with a smooth contour. Since 
the inclination angle g^ Q f the generatrix of this section is known 
at each point, the flow rotation angle can be determined rrom the 
conditions on the nose. It is Ag = gp - g^. Here the angle g^ 

is negative. Suppose, for example, that gt.= -0.1. Then Ag = 

= 0.2 - (-0.1) = 0.3 and, consequently, M is 11.4 at the point 
under_consideration according to (IV-7-14). Using (IV-7-15), we 
find p/g 2 = -0.293. As we see, the taper has resulted in increased 

Jr 

expansion. 
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Having thus computed the pressure distribution, we can apply 
-2 

J"bse 

the formula = to calculate the added wave drag due to the 

i 

tail section. If the tail in our example has the form of a trun¬ 
cated cone with the angle = -0_. 1 and the pressure coefficient 
is constant over its surface at p = -0.2933*> then 

x'' 

Cxi, = 0.293{Jp(1 — S b „). (X-2-8 ) 


The deficiencies of the method, of which we spoke in §IV-7, 
render the calculation inaccurate for the flows around the nose 
and especially the tail section of a solid of revolution, where 
the deviation from the true picture may be more substantial. If 
we consider an intermediate cylindrical section, the method has, 
by its very content, no way of reflecting, even approximately, 
the possible pattern of the flow around it. Hence it can be used 
only for rough calculation of the parameters of flow around the 
body. 


Nonaxisymmetric flow. As applied to nonaxisymmetric flow 
around a sharp solid of revolution, the method consists in taking 
M and other parameters on the nose in each meridional plane from 
the solution of the problem of flow around a cone at an attack 
angle, and calculating the flow behind the nose in the correspond¬ 
ing meridional plane as the two-dimensional supersonic expansion 
flow known as Prandtl-Meyer flow. 

In solving the problem of nonaxisymmetric flow around a cone 
we find the M 2 on the cone for a selected angle y, and find the 
corresponding angle m 2 from (IV-1-17) or Table IV-1-1. There¬ 
after, the calculation is the same as for the symmetrical case, 
i.e., the total rotation angle oj, understood as the sum of the 
rotation angle w 2 and the local (or absolute) deflection angle 
a - 0, is found, and the local M is determined from Table IV-1-1 

for the value = co 2 + (g p - g). Knowing the local Mach number, 

we can calculate the absolute pressure and the pressure coeffi¬ 
cient. A formula similar to (X-2-7) can be used at very high 
M to calculate the pressure distribution around thin sharp solids 
of revolution: 


p _ r Pc 
(Pp ) 2 L (Pp ) 2 



*—l 
2 



1 — 



"2 

A- (K.;p • 


(X-2-9) 


where the parameter K', which is equal to M g', is determined from 

1 oo p . 

the "local cone" angle at the point, g' = g - a cos y, for the 

P P 
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a) 



Figure X-2-2. Distribution of 
Pressure Coefficient over Sur¬ 
face of Ogival Solid of Revolu¬ 
tion. a) a = 5°; b) a = 15 °. 
generatrices: 1) downwind; 2) 
crosswind; 3) upwind. 


given meridional-plane angle 
y. M q and the pressure coef¬ 
ficient p are determined 
c 

from the parameter KJ for 
the "local cone." Formula 
(VIII-1-27) is used to cal¬ 
culate p . M may be assumed 
c c 

equal to the M g directly be¬ 
hind the shock, which can be 
calculated by (111-4-38) from 
the parameter 

which, in turn, is found from 
(VIII-1-23) for K' = M S'. 

p 

By using (X-2-9) for /420 
given body shape, M , and a, 
we find the distribution of 
the pressure coefficient over 
the surface of the_ body, i.e., 
the function p = p(x,y). The 
data obtained are the more 
accurate the larger M m and 
the values of the similarity 
parameter K x * M oo // ^mid’ 
is evident from Fig. X-2-2, 



Figure X-2-3. Normal Force 
Coefficient of Ogival Nose 
Section as a Function of 
Attack Angle, M ro = 5.05. 
o) experiment; -) cal¬ 

culation. 


which presents the results 
of studies of the pressure distribu¬ 
tions around ogival nose sections 
with fineness ratios X ^ = 3 

and 5 for M =5.05 and attack 
angles a = ? and 15°. Closer 
approximation of theory to experi¬ 
ment is observed for the larger 
parameter value K = 1.68, i.e., 
for a body with = 3. For a 

nose section with X = 5(K, = 

mid i 

= 1.01), an approximate calcula¬ 
tion gives values on the top of 
the body that are somewhat lower 
than the experimental results. 


This effect is observed at prac¬ 


tically all values of Kj > 1, 

although the accuracy of the calculation falls off as the simi¬ 
larity parameter becomes smaller. If this parameter is smaller 
than unity, the rule is that approximate calculations are unac¬ 
ceptable. 
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We may also conclude from comparison of the data that the 
approximate method gives better results as the angle of attack 
becomes smaller. Here the deviation of the theoretical pressure 
distribution from experiment at large a is explained by the vis¬ 
cosity of the transverse flow, especially on the top of the body 
— an effect not taken into account by the approximate theory. 

This effect increases with increasing M^. 

The aerodynamic coefficients for nonaxisymmetric flow around 
the body are determined from the established pressure distribu¬ 
tion with the aid of (1-3-14), (1-4-11), and (1-5-8) by numeri¬ 
cal or graphical integration. Here, the second term in (1-5-8) 
for the moment coefficient can be disregarded in view of the small 
thickness of the body. Calculations of the axial-force coeffi¬ 
cient by (1-3-14) indicate that because of the small attack angles 
c^p is practically no different at a ^ 0 from the corresponding 

value at a = 0, so that c D 2 c . 

5 Rp x w 

Calculations of the normal-force and moment coefficients in¬ 
dicate that for a given body shape, the expressions for them can 
be written in the general case in the respective forms 


c.vp --- /.V ( ^ , Kj) and m tp . /.m ( ^ , K i) M<w • 


For a parabolic generatrix r = x(2 - x), the values found 

for C M are as follows: 
n 00 



0. G 

1.0 

1 

2.5 

4.0 

a 'fjp ^ 



- - 

1 


0 

0 

0 

0 

0 

0 

0.2 

0.393 

O.Oi 10 

0.793 

1.00 

1.30 

0.6 

1.22 

1.79 

2.42 

3.30 

4.74 

1.0 

2.46 

3,32 

4.33 

5.79 

8.20 


The calculated normal-force coefficients are compared with 
experimental figures in Fig. X-2-3. As we see, the agreement 
of the results is satisfactory. However, better agreement be¬ 
tween theory and experiment is observed for the larger value of 
the similarity parameter. 

The studies indicate that for hypersonic flow around slender 
sharp bodies with parabolic ogival generatrices, the center of 
pressure coefficient can be calculated by the approximate formula 


c 


c.p 


.r c.p 
^mid 



(X-2-10) 
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where K, = M 3 • 

1 00 p 

This formula gives satisfactory results for K x <_ 0.5-0.6. 
Knowing the center of pressure coefficient, we can use the for¬ 
mula m = x c. T to find the coefficient of the moment about 
zp c.p Np 

the nose of the body. 

§X-3. THE NEWTON METHOD 
Pressure 


In this method, pressure is calculated by (IV-7-2), in which 
the values of cos 2 n and cos 2 n* are determined with (IV-7-4). 

Since we are concerned with a solid of revolution, (IV-7-2) 
becomes 


P 


( sin |5 cos a — sin « cos p cosy 
sinPpCOsa — sin a cos p p cos y / ’ 


(X-3-1) 


where p* is the pressure coefficient on a conical nose and is 
calculated by the ordinary theory' of supersonic nonaxisymmetric 
flow around a cone and, for given values of the angle 3 and M o , 

ir 

is a function of the angles a and y. 

In the case of zero attack angle (X-3-1) simplifies: 


- sin 2 P 

P = P 


(X-3-2) 


where p* no longer depends on a and y and is constant for given 
axisymmetric-flow conditions. 

When the velocities are so high that pressure practically 

ceases to depend on the parameter p*/cos 2 n* in (X-3-1) can 

be replaced by p(k) = p /sin 2 ri , which is determined from 

c c 

(VIII-1-30*-) in the form 


"m 2(fc - l)(A---7) 

P (>')-- - W — 


(X-3-3) 


We may therefore write 


p - p (/.") (sin |5 cos a — sin a cos f> cos y)-. 


(X-3-4) 
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Coefficient of Axial Force 


Introducing (X-3-1) into (1-3-14), we find a relation for the 
axial-force coefficient: 


c ni> 






(x-3-5) 


where 
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•UVc) 


P ;>* (yin |H cos ct 

ti ('■ill)’ i a 


— sin a cos |’i cr« y)- 

? in a vo< [Hpi-os yj- 


<!)'■ 


(X-3-6) 



Figure X-3-1. Formation of "Shaded" Region 
in Flow Around a Solid of Revolution at an 
Attack Angle. 


When (X-3-4) is used, 

.1 

— i* 

■' (y c ) P (/•') \ (■'•" I' 1 l ' ( >*« — si ii a cos p cos y)- dy 

^ C 


and after integration 


•l(Vc) Vc) (cos'C<sin J 0 : -J-.-iivncos-p) 

M V e (sin 2v. sin 2p —sin 2 a cos 5 pcos y c )J . (X-3-7) 


The limits of integration y and x f (or, in dimensional form, 

G C 

x' c ) depend on the geometrical shape of the body and the attack 

angle. To establish them, it is necessary to start from the fea¬ 
ture of "Newtonian flow" around the body, which, as we have noted. 
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consists in the formation of a certain "shaded" zone on its 
surface in which particle collisions do not occur. 


The boundary of this region (Fig. X-3-1) is determined by 
a curve on and everywhere behind which the pressure is zero. 

Hence the values of the limits y and x' (or the corresponding 

C G 

coordinate r ) are defined as functions of the position of the 

c 

boundary of the "shaded" region. In accordance with (IV-7-10), 
the angle y c is found from the condition tan 3/tan a = cos y c or, 

for small a and 3, from the condition 3/ot = cos y . 

In calculating x ' Q , which is the distance from the tip to 

the most remote point at which the pressure is zero, we proceed 
from the condition 3 = -a. Accordingly, the equation for x' Q (or 

r ) bee ome s 
c 



(X — 3— 8) 


Two possible cases of flow must be kept in mind in calculat¬ 
ing the limits. In the first, the attack angle a is smaller than 
the cone angle 3 p at the point of the body (see Fig. X-3-1). In 

this case, as long as the present value of the generatrix inclina¬ 
tion angle 3 is greater than or equal to a, the limit y c = 0. 

When 3 becomes smaller than the attack angle, y c will be greater 

than zero. For example, at 3 - 0, the angle y c = tt/ 2, and in the 

case of 3 = -a, y = ir. 

G 

Obviously, y c = tt/2 is always the case for a cylinder, since 

3=0. The form of the function A(y ) represented by (X-3-7) is 

simplified substantially for these two values of 3- With 3=0, 

Y c = w/2, for example. Formula (X-3-7) assumes the form A(y Q ) = 

= Vjjptk) sin z a,while in the case 3 = -a, = ir, A(y c ) = 0. 

The limit x^ is determined by the position of the point on 

the lower generatrix where the "shaded" zone begins. Here, 
as we see from Fig. X-3-1, x' c differs from the total length of 

the body in the general case. 

With a << 3 , a small "shaded" zone forms on a curvilinear 

r-' 

nose section, and we may assume in approximation that x^ = 

and x’ = 1. Since y = 0 in this case, 
c c 
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"Shaded** zone 



Figure X-3-2. Formation of Figure X-3-3. Diagram of Flow 

"Shaded" Zone (Crosshatched) Around Solid of Revolution 

on Solid of Revolution at with a = 0. 

a > 3 o . 

.1 (V c ) ; - :t/7(/i) (cos 2 asin 8 P-i-Y?in 2 acos 2 p] . (X-3-9 ) 

Consequently, 

1 

cnp *- '-midP (/*') § (cos a asin s P-f-ysin 2 acos a pJ rigfidx. (X-3-10) 

u 

Let us assume_that_ we have a given parabolic nose section 
with the equation r = x(2 - x). For it, tan 3 = tan 3 p (l - x), 

where tan 3 p = !/Y mid and sin 2 3 = tan 2 3/(1 + tan 2 3). After 

appropriate substitution in (X-3-10) and calculation of the 
integral, we can determine c Rp . 

The distinctive feature of the second case is that the attack 

angle is larger than or equal to the angle of the cone at the 

tip (Fig. X-3-2). In this case, if a = 3 , the value y =0 ob- 

P c 

viously corresponds to the tip position. A "blanketed" region in 
which y c > 0 everywhere begins immediately behind it. This re¬ 
gion, as is indicated on Fig. X-3-2, extends to the base, so that 

the coordinate x' = x . 

c c 

The pressure coefficient p* on the nose cone can be deter¬ 
mined by the "local cone" method in either case. 

At zero angle of attack, the function A(y ) = (irp*/sin 2 3 )sin 2 3 

c p 

in Expression (X-3-5)» so that the formula for the axial-force 
coefficient, which is equal to the coefficient of wave drag, as¬ 
sumes the form 

i 

cup == l sin 2 fr dr. (X-3-11) 
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In this formula, the upper limit r = 1 of the integral is 
determined by the fact that the "shaded" zone (Pig. X-3-3) 
begins where the body has its largest cross section. Consider¬ 
ing a parabolic body for which tan 3 = tan 3 Vl— r, and substi- 
^ P 

tuting sin 3 accordingly, we obtain after integration 

Cn P = '- -£c [ 1 + 2XU ~ 2X ^ d ^ + X "«> ln ^r^-l • (X- 3-12 ) 

Sill-pp L Amid J 


When >2, this formula can be presented in a simpler 

form: 


{ ' nr ( l ' xL ) 


(X-3-13) 



Figure X-3-4. Axial Force Coef¬ 
ficient for Parabolic Nose Sec¬ 
tion as a Function of Attack 
Angle. 


as large as for a conical nose, 
for example, that at k = 1.4, c 
varies as a 



Figure X-3-5* "Shaded". Zone 
on Cone. 


If the solid of revolu¬ 
tion is slender, then y . . - 
L 'mid 

V3 p and c Rp - p*/3. 

Thus, the drag coeffi¬ 
cient of a parabolic nose 
section is found to be half 
Setting p* = p:(k)B p , we find, 

=0.6973*. Figure X-3-4 shows 


how c„ 

Rp 

with p(k) = 2 


Rp ' ' P 

function of a for a parabolic nose section 


Axial force coefficient of a cone. Since 3 = 3 Q * const for 
a cone, it follows that the function A(y c ) defined by (X-3-6) will 
be constant. Hence 


C Bp : 


'l(Yc) 


(X-3-14) 


/424 


575 





If the cone angle is larger than the angle of attack, as 

corresponds to the first case, there is no "shaded" zone, the 

angle y =0, and, consequently A(y ) = A(0) (see X-3-9) s where 
c c 

6 * g . For a slender cone 

M( Vc )-^A (O)^xp(k) (p* + £). (X-3-15) 


If the cone angle is smaller than the attack angle (second 
case considered above), a "shaded" zone forms on top (Fig. 
X-3-5) and the function A(y c ) must be determined by (X-3-7). 

At zero angle of attack, the axial-force coefficient c Rp = c x w 
p(k) sin 2 3 c , which gives 2.091 sin 2 3 Q for k = 1.4. 

To take account of the Mach number, we can use the approxi¬ 
mate relation 


Pc = c np --- p (k) (sin p c + —F===j-) sin P„. (X-3-16) 


Influence of flow expansion in the "shaded" zone. Up to 

this point, we have been concerned with a pure "Newtonian flow," 
In which the pressure coefficient for the "shaded" zone was 
assumed equal to zero. The axial force coefficient in this ex¬ 
treme case is determined by (X-3-5). 

In fact, at a deviation from the extreme case, when the 
remain finite though very large, c^ will differ from the value 

obtained from (X-3-5)- One of the reasons is that this formula 
does not consider the influence of expansion in the "shaded" 
zone. * 

The results can be improved If the axial force coefficient 
is evaluated by the more general expression 


0(/> — TP' - \ § P r 'g P dx dy, (X-3-17 ) 

mid g 

which takes account of the "shaded" region's influence. 

For convenience, let us present this coefficient as a sum of 
two components: 

c /; ii ~ c h>i ■ 'i Acjip, (X — 3—18) 
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where c D is the axial force coefficient that arises as a result 
up s 

of stagnation and Ac R p is the additional coefficient due to expan¬ 
sion in the "shaded" zone. 

The value of c R ^ g is calculated by (X-3-17)j and Ac Rp from 
the expression 

r cVc 

5 § PerVgfrdxdy, (X-3-19) 

mid r X 
*c U 


which derives from extending the integration into the "shaded" 
zone in determining the axial force coefficient. In this expres¬ 
sion, the lower limit x' is equal to the distance from the tip to 

the beginning of the "shaded" zone on the top of the body. 

The pressure coefficient p g in this 'zone is determined by the 
formula p = (2/kM 2 )(p /p - 1) and will obviously be variable in 
the general case. 

For approximate evaluation of the influence of the "sha¬ 
ded" zone, the pressure coefficient is assumed constant at all 

points and equal to p = - 2/(kM 2 ). Here we proceed from the 

0 00 

assumption that a vacuum forms in the "shaded" zone at very 
high speeds (p g * 0). Then 




(X-3-20) 


In the case of a cone, for example, integration is extended 

from 0 to x when a "shaded":zone forms: as a result, 
c 


Sc Rp 


-2 y c 
*M*. * ’ 


(X-3-21) 


i.e., the over-all axial force Is somewhat smaller. If no blank¬ 
eting occurs (y = 0), the additional negative axial force dis¬ 
appears. 

On solids of revolution with curvilinear generatrices, the 

"shaded" zone covers the entire tail section at zero attack 

angle. Then, since x* = x = x..,y =ir, 

° c c mid* 'c * 
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Ac 


^ C np ' (1 ~~ r bse) 


(X-3-22) 


so that the axial force becomes somewhat larger. 

Shape of Nose Section with Minimum Drag 

Application of the Newton formula. The Newton formula p = 
* p V^> sin 2 8 can be used to determine the shape of the genera¬ 
trix of a solid of revolution with minimum drag at very high 
speeds. For this purpose, bearing Formula (1-3-14) and p = 

» p^V^Cdr/ds) 2 in mind, we write an expression for the drag in 
symmetrical flow: 


■■ 2j\d 



(X-3-23) 


The problem is to determine the generatrix equation r = f(x) 
to which the minimum of function corresponds. In solving this 

problem, we can assume ([72], 1962, No. 1), that the drag minimum 
is determined for constant lateral area S and volume W of the 
body, i.e., 


* x 

S ■■■■-- 2.i ^ r <!s -- const; IF --x ^ r 2 dx — const. (X-3-24) 


The solution of this isoparametric variational problem re¬ 
duces to investigation of the functional 


i [ r (-2f) 3 -' L ^ r +v s ^-]* 


or 


SK’Sr) +V+V 2 j/i -(-J-) 2 ]ds, 


for its unconditional extremum; here, X x and X 2 are certain con¬ 
stants known as Lagrangian multipliers. 

Writing the Euler equation for the last functional, 

J_( 9F (X-3-25) 

dt \ dr' ) dr 
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where r' 


dr/ds and 


'('••£)~'(£)*+V+V/*-(£)'• 


(x-3-26) 


we obtain the equation which the minimizing function must satisfy. 
After substitution of Expression (X-3-26) into (X-3-25), apply¬ 
ing 3P/8s =0, this equation assumes the form 


The constants X x and X 2 can be determined from the condition 

that for r = 0 the derivative (dr/ds) n = sin g n . and for r = r ., 

0 mid 

this derivative is zero. As a result, the equation of the minimiz 
ing function becomes 


(*)*- (x - 3 - 27) 


We take the local slope u = dr/ds as the parameter in this 
equation. Then the equation itself gives an expression for the 
coordinate r of points on the generatrix: 


'midi 



(X-3-27') 


The equation for the x-coordinate is 


dr. 

dr 



(X-3-28) 


Let us integrate this equation, applying (X-3-27'), in the 
range from r = r . , x - x to current values of r and x. We 

obtain mia c “ 


l dx - l ~Vi-u*dr, 

■ T c r mid 


from which 


A 27 
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(X-3-29) 
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’ 4id 


| *c/ r mid 

Figure X-3-6. Family of 
Generatrices for Bodies 
of Minimum Drag. 


hLd Onid 



0 10 30 50 .70 f s 

Figure X-3-7. Parameters of 
Minimum-Drag Nose Sections. 


From this, setting x 
of the nose section: 


0 and u = sin B , we find the length 
P 


3 r m id 
' lc C .sin fip 


(X-3-30) 


Equations (X-3-27) and (X-3-29) present the generatrices of 
minimum-drag solids of revolution in parametric form. A family 
of such generatrices, constructed for various values of the angle 
B , is shown in Fig. X-3-6. The generatrix of the minimum-drag 

body is approximated satisfactorily by a curve with the equation 


r _ / x \ 3/4 

'mid \ *^mid / 


(X-3-31) 


Using the parametric equations of the minimizing curve, we 
can obtain expressions for the drag, lateral area, and volume of 
the solid of revolution. Introducing (X-3-27’) into (X-3-23), we 
find 


R,=■ 4r sin ‘ Pp (y ~T sin2 Pp ) ’ 


(X-3-32) 


from which the drag coefficient 







TABLE X-3-la. WAVE DRAG OP OPTIMUM-SHAPE NOSE SECTIONS 


Parameter 


d . , 
mid 


X mid 


r!, 

mid 


sde 


x w 


X mid 5 d mid 


S , , d . , 
sde 5 mid 


W, , d . , 
b 5 mid 


d mid 


d . , 
mid 


mid 


mid 

S 


0.598 


sde 


mid 


4.5 


W,. 


d 2 . . 
mid 


d mid /x mid 


1.67 


0.222 


d 2 . , 
mid 

’sde 

d 3 . . 
mid 

W, 


1.091x d .. 0.288A ?. 

mid 5 mid mid 


sde 

Vi 


6.05 


d .. 
mid 


0.340A"? , 
mid 


0.564A”? . 
mid 


W, , x . , 
b 5 mid 


VL 


1.60 


x. 


mid 


mid 


1.60 




x 


mid 


. 3.28/W.x 
* b mid 


0..321A-? . 
mid 


W, , S , 
b 5 sde 




5 - 33c 


sde 


0 . 098 - 


sde 


5.44 




S3 

sde 


sde 


°-3°7^d 


Note: Column 1 contains given geometrical parameters of the nose section; Columns 

2-5 contain the calculated geometrical parameters of the optimum solid of revolu¬ 
tion; Column 6 lists calculated values of the minimum wave drag coefficient. 




(X-3-33) 


C Rp 


2R P 


9 . 


10 


sin 



1 



The formulas for calculation of lateral area and volume are 




Our*. 


70 sin 


1— (14+ 5 sin 2 P p ); W = 


(7 -f 2 sin 1 p p ). 


(X-3-34) 


Figure X-3-7 shows how the values of minimum drag vary with 
the nose tip angle g . The same figure shows curves character¬ 
izing the variation of the dimensionless quantities x G / r mi( j» 
^/ r mid* an< ^ ^ //r mid‘ ^ hese curves, and the diagrams in Fig. X-3-6, 

indicate that the generatrix shapes come very close to the ogival 
curve. At the same time, we discern a tendency toward lengths 
exceeding that of the ogival head for a given g , and to more pro- 

nounced taper of the forward section. 


TABLE X-3-lb. SHAPE OF OPTIMUM-NOSE-SECTION GENERATRIX 


Given 

Parameters 

Coordinates 


of Transition 
Point £ 0 = x 0 / 

/x mid" d » ' 

- d « /d mid 

Equation of First Genera¬ 
trix Segment 



• r 'mid» ^mid 

50 = 0.6, Ho —0.736 

JL-| r J _'\ 3/4 

% V so / 

^sde» f ^mid 

50 — 0.701, rjo'--0.76 

JL = _L 

60 lo 

^ mid 

50 = 0.802, Ho = 0.778 

JL- (J \ 3/2 
m> ' so / 

^ b» “^mid 

50 = 0.383, Ho = 0.617 

S • * (n)—* <0) 

lo M>lo)-ft( 0 ) ’ 



where A^h) = ——-—---— 

2.7.3 — | y l )] 2 ( 1 — H 2 > 



-F(.p, /.-) ;-f3£0 P , A) 



rp arccos 10.7.3 -)-V An 2 (1 — 1 |-)| X 



X [2.73— J.’ 1h 2 (1 — H*)]” 1 ; A —-0,696 

*^sde 

£ 0 .--= 0.463, no = 0.637 

-L [ l _ ( 1 _ r,) 2/3 j ( 1 _ ( | _ no) 2/3 j_x 


Note : The functions F and E are incomplete elliptic 
integrals of the first and second kinds, respectively. 
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Use of the Busemann formula. The optimum shapes found for 
the nose sections are somewhat different if they are determined 
by ‘ the' Busemann formula (IV-7-19 ). Solution of the variational 
problem ([68], I960, No. 6; 1963 , No. 3; [70], 1963, No. 1) leads 
us to the conclusion that the generatrix of the minimum-drag nose 
section consists of two successive curve branches. On the first, 
the excess pressure is always positive, while on the second it is 
zero. 


Tables X-3-1, a and b, present the results of solution of 
six problems in which the minimum wave-drag coefficient and the 
generatrix equation of the corresponding nose section were deter¬ 
mined. The initial conditions were the nose-section length x . 

the midships-section diameter the volume , and the lateral 

area S s ^ e , assigned pairwise in various combinations. The rela¬ 
tive coordinates 5 0 = x o/ x ml( j, n 0 = d o/d mid of the points of 

transition of the first branch of the curve into the second were 
determined for each given combination of parameters. The genera¬ 
trix equation on the second segment is found to be the same in 
each case. 




i/3 


(X-3-35) 


where 1 < £ = x/x .. < £ . 

— mid — ^0 

Normal-Force Coefficient 

Solid of revolution with arbitrary generatrix. The working 
relation for the normal-force coefficient is obtained after sub¬ 
stitution of (X-3-1) for the pressure coefficient into (1-4-11): 


c -vp= ^ 9 - \ B (Vc)rdx, (X- 3 - 36 ) 

ar mld t) 


where the function 


5 CVc)= ^ 

Vc 

and the upper limit x* is the distance from the tip to the most 

distant point on the surface of the body beyond which the "sha¬ 
ded" zone begins. 


p* (sin (3 cos a — sin a cos P cos y) a cos y 
(sin P P cos a— sin a cos P p cos y) 2 * ’ 


(X-3-37) 
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If Formula (X-3-4) is used for the pressure coefficient, we 
can calculate the integral of (X-3-37) and find the function B(y) 
in explicit form: 


B (y c ) = — P (A') (rt — Vc) shi 2a sin 2p + 

+ sin y c £cos 2 a sin 2 P — ^ sin 2a sin 2(5 cos y c -j- y sin 2 a cos 2 P (cos 2 y c -f 2) J| . 


(X-3-38) 


The limit x' c is calculated in accordance with the possible 
working cases presented above. 

Expression (X-3-38) for the function B(y ) is greatly sim¬ 
plified for the first of these cases. It was stated above that 
as long as the condition a £ 0 is satisfied, y * 0 and, conse- 

quently, 


B (y c ) = B (0) =. —j .-r p (/,) sin 2a sin 2p. 

But when the present value of the angle 3 becomes smaller than a, 

we have y >0. In particular, if 3 31 0, then y = tt/ 2 and 
c c 

B (y c ) = B (.m 2) - — y sin 2 a cos 2 p p (A). 

If 3 * -a, then y c = tt and B(y Q ) = B(ir) = 0. 

For our case with a <_ 3 , we can disregard the "shaded" /430 

zone; then ^ 


c.vj) /> (A) A mid sin 2a ^ sin 2pr dx. 


(X-3-39) 


The function in the integrand depends on the shape of the 
generatrix. In the particular case of a parabolic nose section. 


r-x 


— j • on 2 t" Pi, (1 — x) 

and 


where tan 3 = 1/A . .« 

p mid 
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In the second case, the "sha¬ 
ded" zone, to which values of y c > 

> 0 correspond, begins directly be¬ 
hind the forward point and, conse¬ 
quently, the function B(y ) must be 

calculated from (X-3-38). 


Figure X-3-8. Normal Force 
Coefficient for a Para¬ 
bolic Nose Section as a 
Function of Attack Angle. 


If the attack angles are small, 
the "shaded" zone has negligible 
influence. In this case, by intro¬ 
ducing the expression for B(y c ) = 

= - p(k)ag7r into (X-3-36), we obtain 


c,vp = p (k) a. (X-3-40) 


Figure X-3-8 presents the results of calculation of the normal 
force coefficient by (X-3-36) for a parabolic nose section. 

We note at once that a constant value of the integrand in 
(X- 3 - 36 ) corresponds to a cylindrical segment (x ■> 1) following 
a curvilinear nose section. It follows from (X-3-38) that, since 
B(y c ) = -( 2 / 3 )p(k)sin 2 a the normal force coefficient of the 

cylindrical segment is 


cC p=; ~JLp(k)X c sin 2 a. 


(X-3-41) 


Normal force coefficient of a slender cone. Since the func¬ 
tion B(y ) = const for a cone, (X-3-36) gives 


c,v p — 


B (Yc) 
ntgPc 


(X-3-42) 


Applying (X-3-38) for the function B(y c ), we can present 

(X-3-42) in more concrete form by examining the particular cases 
of flow. 

Since a g in the first case, y =0, B(y ) = B(0) = 
c c c 

= -frp(k) sin 2a sin 23/4, and, consequently. 


1 

c*p — Y p (A") cos 2 p c sin 2a. 


(X-3-43) 
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For small angles a and $ c 

cs p =--p{k) a. (x-3-44) 

From (X-3-^3), we can find the Initial slope of the c^Ca) 
curve, which Is determined by the derivative 

(x - 3 - 45> 


Fora slender cone at small angles of attack and k = 1, this 
last formula gives ^ c Np^^ a ^a=o = which, as will be shown 

below, corresponds exactly to linearized flow. 

We may therefore conclude that the slope of the curve and 
c Np ^ e P ent ^ weakly on throughout the entire range from small 

to very large values of this Mach number. This conclusion is 
confirmed by the results of an exact calculation of (dc Si J<J r j.) a ( ,cos'-p c 
as a function of M for cones with various values of the angle 

*c* 



Figure X-3-9• Initial Slope 
Variation of the Cone Normal 
Force Coefficient Curve as a 
Function of and the Angle 



In Fig. X-3-9, which pre¬ 
sents these results, we also 
see that the influence of 
is also weaker the thicker 
the cone and the larger M^. 

At the same time, a comparison 
shows that the Newton theory 
agrees better with the exact 
data in evaluations of the nor¬ 
mal force coefficient if we 
set k = 1 in the calculation 
of B(y c ). 

In the second case, with 
a > $ c , the quantity y c > 0 and 

B(y c ) must be calculated by 

Formulas (X-3-37) and (X-3-38). 


Influence of flow expansion in the "shaded" zone. To 

evaluate the normal force coefficient with consideration of ex¬ 
pansion in the "shaded" zone, it is necessary to use a more 
general expression instead of (X-3-36): 


/431 
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£.v p — 


c “ 

^ ^ p cos yr dx dy. 


o o 


(X-3-46) 


Here the normal force coefficient can be presented as the 
sum of two components: 


C.Vp — c Sp s -j- Ac.Vp, 


(X- 3 - 47 ) 


where Cjg g is calculated by Formula (X-3-36) from the stagnation 
condition and Ac^ is determined for the "shaded" region with 

(x-3-46). 

Let us examine determination of Ac,, 

Np 

shall assume, as before, that the pressure coefficient p g = 

= (2/kM^) (p e /p oo - 1) is the same everywhere in the "shaded" 
zone. With this in mind, we find after substitution of p g in 
(X-3-46) 


in greater detail. We 


Ac.vp — 




te- 1 ) f f rcos v f/ T^- 


(X-3-48) 


Knowing the shape of the body in the "shaded" zone and the 
boundaries of this zone, we can determine Ac^. For a slender 

cone, for example, the absolute value 




and for a cylinder, for which r = r m . H , y n = tt/2, 

8A C 


\ r | — ^ A C 1 1 _ PeC \ 


(X-3-49) 


(X-3-50) 


The greatest effect of expansion in the "shaded" zone will 
correspond to a total vacuum, i.e., the case in which p g = p gc = 

p p everywhere in this zone and, consequently, p = p = p r = 

= -2/(kM 2 ) . 

CO 

Figure X-3-10 shows the results of a calculation of the 
normal force coefficient of a solid of revolution composed of a 


/K 32 
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cone and a cylinder at a = 5 and 10°, with the corrections calcu¬ 
lated by Formulas (X-3-49) and (X-3-50), and with the pressure 
coefficient p g in the "shaded" zone assumed equal to zero. We 

see that the experimental data fit into the interval between the 
results obtained with and without the corrections. It can also 
be noted that the effect of "shading" also becomes weaker with 
decreasing attack angle. 



Figure X-3-10. Calcula¬ 
tion of Influence of Flow 
Expansion in "Shaded" 

Zone on Normal Force Coef¬ 
ficient According to New¬ 
ton Theory. 1) p e = 0; 2) 
p = -2/kM 2 ; o) experiment. 


Figure X-3-11. Variation of 
3cNp/3x Along Lontitudinal 

Axis. 1) for cone; 2) for 
cylinder according to Newton 
theory; 3) at high super¬ 
sonic speeds; 4) at low 
supersonic speeds. 


It also follows from Fig. X-3-10 that at an angle of a_ttack 
a = 5°, i.e., the same as the cone angle, the experimental curve 
is quite close to the curve found from the "Newtonian stagnation" 
theory without correction. This is explained by the absence of 
a "shaded" zone on the cone and by the weak "shading" ef¬ 
fect on the cylinder. 

Influence of cylindrical section of body on normal force 
coefficient. Calculations and experimental studies indicate that 
this effect depends on the shape of the nose section and on M b . 

Figure X-3-11 shows the distribution curve of the normal 
force coefficient on a cylindrical body section following a coni¬ 
cal nose section. This diagram enables us to evaluate the impor¬ 
tance of the cylindrical section in creating normal force at 
various velocities. 

At relatively low supersonic speeds (M^ = 2-3), the coeffi¬ 
cient of local normal force decreases downstream and vanishes ap¬ 
proximately at a distance of (2-2.5)d^ from the joint between 
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the cylindrical and conical sections. At larger in the range 
3 < < 6, the distribution of the local normal force coeffi¬ 

cient is found to be such as to give it the largest average 
value. 

A further increase in is accompanied by steadily smaller 
changes in the normal force coefficient, and it quite clearly 
tends to a certain constant value determined by the Newtonian- 
theory approximation. 

To establish quantitative characteristics for evaluation of 
the effect of the cylindrical section at large M oo , let us first 
examine certain general considerations pertaining to the varia¬ 
tion of the initial slope of the c^ curve. 

For the body whose shape is represented in Fig. X-3-12, the /433 
normal force coefficient can be presented in the form of the 
general relationship 


-Xp 




(X-3-51) 



Figure X-3-12. Working Dia¬ 
gram for Solid of Revolu¬ 
tion. 1) nose section with 
arbitrary generatrix; 2) cy¬ 
lindrical section; 3) coni¬ 
cal stern; 4) conical nose 
section. 


When the entire 
tion is cylindrical. 


= x c and d bse = 
tionship becomes 


mid 


tail sec- 
i.e., x = 

CL 

this rela- 


c.v„~/(pp, , M«, a) . (X-3-51') 



Figure X-3-13. ( 3c Np / 3a ) a=0 
as a Function of A c for a 
Cylindrical Body with Slender 


Nose Sections: conical 

nose section; - ogival 

nose section; - conical 

and ogival nose sections. 
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If the attack angles are small, Cjj can be regarded as a 

linear function of a and, consequently, the expression for the 
normal-force coefficient will be written in the form Cjj = 

= (3c» T /3a) a, where the derivative 
v Np a=o » 



(X-3-52) 


is a certain function <J> of the variables 3 , x c/ d mid J and 

Examining Formula (X-3-45) and Fig. X-3-9, we may conclude 
that the normal force coefficient varies approximately in propor¬ 
tion to cos 2 3 . However, if we examine slender bodies with 
P 

angles 3 no greater than 10-15°, the influence of the taper 
P 

angle will be slight and we can then assume that 



(X-3-52’) 


This relationship was used as a basis for an experiment with 
two body models with cylindrical tail elements. One of them has 
a conical nose section, and the other an ogival nose. 

The results, which are presented in Fig. X-3-13 [16], indi¬ 
cate that when the length of the cylindrical section becomes of 
the order of 3<3 mld , the slope of the normal force coefficient 

curve is practically the same for both models. 

With a large length ratio of the cylinder, of the order of 
X c = 8-9 and higher, the initial slope of the c^ curve is prac¬ 
tically independent of . 

As the experimental data indicate, the slope of the curve 
decreases with increasing M w , becoming equal at > 8-9 to the 
angle obtained for the cone by the "Newtonian flow" theory. This 
is in agreement with a conclusion that follows from (X-3-41): 

As oo, the cylindrical section does not produce an initial- 

slope component. 

Nonlinear dependence of normal force on-attack angle. If 

the inclination of the normal force coefficient curve is inde¬ 
pendent of attack angle, then we can calculate c^ , for example, 

with the diagram in Fig. X-3-13, from which data are taken for 
the initial derivative, and the linear relationship c N = 

= ( 8G Np / 8 a ) a =o a * 
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Figure X-3-14. Varia¬ 
tion of Normal Force 
Coefficient and its 
Components for a Cy¬ 
lindrical Body with a 
Slender Sharp Nose 
Section (M^ = 4) . 


Figure X-3-15. Variation 

of Ac, t /a 2 as a Function 

Np 

of Cylinder Length Ratio 

and M . 

00 


With increasing attack angle, however, the dependence of the 
normal force coefficient on a deviates from linearity: 


C-Yp 



cc -f- Acjvp, 


(X-3-53) 


where the additional term Ae^ reflects the nonlinearity of the 
normal force coefficient as a function of attack angle. 


Figure X-3-14 shows a graphical interpretation of Formula 
(X-3-53) on the basis of experimental data. As we should expect, 
ACj^p is proportional to a 2 for angles a < 15° , at which the ex¬ 
periments were conducted, i.e., the additional term characterizes 
a square-law relationship. Consequently, the parameter Ac^/a 2 

is independent of attack angle and is obviously determined in the 
general case by the geometrical dimensions of the cylinder and 
the flow velocity, as can be established in concrete terms by ex¬ 
periment. Curves characterizing the variation of Ac^ /a 2 as a 
function of and the relative length of the body's p cylindrical 
section were plotted from the results of studies with attack 
angles a <. 15° (Fig. X-3-15). The same figure shows the limiting 
straight line constructed on the basis of (X-3-41). 
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Having curves of (8c Np /3a) a=0 and c Np /a 2 (see Pigs. X-3-13 

and x-3-15), we can make an approximate evaluation of the normal 
force coefficient for very large M 0 . To do this, it is necessary 
to assign the attack angle and find, for several M^, the values 
of the initial slope of the normal force coefficient curve in 
Pig. X-3-13 and Ac Np in Fig. X-3-15, and then calculate c Np by 

(X-3-53). These values can be used to plot a curve, which is 
then extrapolated so that at M of the order of 15-20 it reaches 
the value determined from the "’Newtonian stagnation" theory (line 
1 in Fig. X-3-10). The extrapolation curve can be used for ap¬ 
proximate evaluation of the normal force coefficient for inter¬ 
mediate M . 

oo 


Influence of tapering tail section of solid of revolution. 

This effect can be evaluated for large by use of the experi¬ 
mental curve (Pig. X-3-16) characterizing_the variation of the 
initial derivative of normal force coefficient as a function of 
base taper and M to . 



Figure X-3-16. Initial 
Slope of Cjjp Curve as a 

Function of for a 
Body with a Tapered 
Tail. 


The experimental curve is a 
graphical representation of the 
function 

/(MJ-A (1 , (X-3-54) 


where A(3c. T /3 a) is the change 
Np a=o ° 

in the initial derivative. Physic¬ 
ally, the curve reflects the ex¬ 
perimentally observed phenomenon 
in which f(M oo ) decreases approxi¬ 
mately linearly with decreasing 

ratio d. /d . , in the range 
bse mid 


0.4 


— ^bse^mid 


< 0 . 1 . 


It has also been established 

by experiment that the shape of the tail-section generatrix is a 
less important factor in the variation of c M than is the base 
taper. ^ 


It follows from analysis of the data in Fig. X-3-16 that the 
tail-taper effect becomes substantial at low speeds. This is 
consistent with the known conclusion of the linearized theory to 
the effect that the normal lift coefficient vanishes at zero 
taper <d bse /d mia - 0). 

As for large M^, we see from Fig. X-3-16 that the stern ef¬ 
fect has already vanished at = 8-9. The same effect occurs in 
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the approximation by the Newton theory when the tail section is 
in a "shaded'" zone; as a result, the attack angle is equal to 
or smaller than the generatrix inclination angle of this part of 
the body. Otherwise a stabilizing effect appears, since the tail 
section leaves the "shaded" zone, forming a stagnation zone. 

Coefficients of Moment and Center of Pressure 


Approximate evaluation of moment coefficient. Substituting 
the expression for the pressure coefficient into (1-5-8), we find 


—a; 


*c 


^ xrB (y c ) dx — § r 2 tgp B (y c ) civ, 


(X-3-55) 


where the function B(y ) is found from (X-3-37) or (X-3-38). If 
the body is slender, the second term in (X-3-55) can be dropped. 

In determining the integral in (X-3-55)* we can use values 
of B(y ) obtained during the preceding calculations of the normal 

force coefficient. The moment coefficient calculated by this 
formula refers to the length x^ of the body. 

The calculation by (X-3-55) with numerical or graphical inte¬ 
gration is expedient only for the nose section. As for the cy¬ 
lindrical section, a formula for determining the moment coeffi- /^36 
cient m^ of the cylinder can be obtained directly by substitut¬ 
ing the expression found above, B(y b ) = -(2/3)p(k) sin 2 a, into 
(X-3-55). Remembering that X mld = X c , r = 1, x = 1 in this 
case, we find 


(«;p)c- X c sin 2 a. (X-3-56) 


Here the characteristic dimension is the length of the cylin¬ 
drical section. The value of the coefficient (m T ) c obtained 

zp 

from this formula corresponds to the moment calculated with re¬ 
spect to a point on the front face of the cylinder. If the mo¬ 
ment of the forces acting on the cylindrical section is calcu¬ 
lated with respect to another point on the face at a distance x, 
the corresponding value of the coefficient, referred to length x„, 
will be L 


sp (/.) * r°- 5r c , . , 

r -A c sura. 




(X-3-57) 
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The appropriate substitution must be made in the denominator 
of (X-3-57) in referring the moment coefficient to any other char¬ 
acteristic length. For example, if the length of the nose section 
or the total length of the body is taken as the characteristic 
dimension, the respective substitutions for are x . d and x^ = 


Taking the dimension corresponding to the total length x b 

for a body with a curvilinear nose-section generatrix and a cy¬ 
lindrical tail and calculating the moment about the tip, we ob¬ 
tain for the moment coefficient 




(X-3-58) 


Adding this figure to the moment coefficient for the nose 
section referred to the total body length, we find the over-all 
coefficient 


m, d =■ m 


% + 


zp' 


(X-3-59) 


Calculation 

be simplified if 
gible influence, 
tion 


of the nose-section moment coefficient m n can 

zp 

we assume that the "shaded" zone has negli- 
In this case, we have for a slender nose sec- 



w b \ 

x c ‘-'mid / 


a. 


(X-3-60) 


where is the volume occupied by the body. 

Coefficient of moment of forces for a cone. Remembering 
that the function B(y c ) is a constant for a cone, we have for 

the moment coefficient 


Wzp rr 


2 B(y c ) 

3 ri tg p c 


(H-tg 2 p c ). 


(X-3-61) 


The function B(y c ) calculated by (X-3-38) is simplified in 

the first case of flow (a£g,y =0), and the moment coeffi- 

c c 

cient 
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(X-3-62) 


m z p 


- P - { $ L ?\n 2ct cos 2 p c (1 -|- tg 2 fi c ). 


In the second case (a > 3 C , y^ > 0) the value of B(y ) 

calculated by the same Formula (X-3-38) retains its more complex 
form and the moment coefficient is found from (X-3-55)* 

Solid of revolution consisting of a cone and a cylinder. It 

is quite easy to obtain an expression for the moment coefficient 
of the forces acting on such a body, since the separate moment 
coefficients are known for the cone and the cylinder. If the 
body length x^ is taken as the characteristic dimension and we /437 

proceed from (X-3-38) for the function B(y c ), then 


nizp 



n (7c) 

:ip (k) 


'BPp 


~A. c sin ! a(l 


(X-3-63) 


When a £ 3^, it is necessary to set B(y c ) = -p(k)ir sin 2a sin 23^/4 
in this formula. 


a) r 

0 






1 r mid 





''C.P 



•E c.p 





3 - mid 







1 . . __ 




Figure X-3-17. Diagrams 
for Calculating Center of 
Pressure Positions for 
Various Bodies. 


Approximate evaluation of cen¬ 
ter of pressure coefficient. Remem¬ 
bering that the center of pressure 
coefficient is equal to the ratio 
of the moment coefficient to the 
normal-force coefficient and apply¬ 
ing Formulas (X-3-36) and (X-3-55), 
we obtain an expression for a slen¬ 
der body that does not take the 
"shaded" zone into account : 

<=.„ - I (Vb) dx({ rB < Yb ) dx\\ (X-3-64) 
o o 


where x’ = x' /x, . 

b b b 

The center of pressure coeffi¬ 
cient can be calculated in each 
specific case by evaluating the 
integrals in (X-3-64). If, however, 

the coefficients m and c. T have 

zp Np 

first been calculated, the value 
of c referred to the body length 


x fe is calculated by the formula c 


= m /c. T 
c.p zp Np. 
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Formulas for approximate evaluation of center of pressure 
coefficient. Approximate relationships other than those ex¬ 
amined above can be recommended for evaluation of the c limit. 

v • P 

One of them can be obtained from Formulas (X-3-40) and (X—3—60): 


C c.p, — 1 


1)1 


(X-3-65) 


This formula should be used for the conditions of flow around 
a slender curvilinear nose section, to which (X-3-40) and (X-3-60) 
correspond; the nose section length x^ = x^^ 

For a solid of revolution with a nearly ogival or parabolic 
generatrix (Fig. X-3-17b), study has shown that the center of pres^ 
sure coefficient can be determined in approximation by the formula 


c 


C.p 



0.07 — 0.75r b ~0.2.r| ) 

1 —• r b-°-~5- r b 


(X-3-66) 


which can be used when a < , and the dimensionless length 0 < 

£ x < (1.1-1.2). Thus, the body under consideration may have 
a short tapering tail. 

If this section is replaced by a cylinder (Fig. X-3~17a), 
the center of pressure coefficient of the resulting body is to 
be calculated by another formula: 


0.73-|-0. (i7aX mld (rg—1) (X-3-67) 

h {1.57-1 l.;daX raid (.r b - 1)] ’ 


In using this formula, it is necessary to observe the con¬ 
ditions a < 3 and x. > 1. 

p b — 

Analyzing (X-3-67), we may conclude, that the center of pres¬ 
sure shifts toward the base as the length of the body increases 
and as x, °° tends to a limiting position c = 0.5* 

D C • p 


We shall use (X-3-64) to determine the cone center of pres¬ 
sure coefficient. Since B(y ) is constant for a cone, it can be 

cancelled. After integration, we find the coefficient value 

c = 2/3. The same value is obtained if we consider the limit- 
c.p 

ing position of the center of pressure for a curvilinear nose sec¬ 
tion of infinitesimally short length, in which case its shape is 


that of a cone. We find from (X- 3 - 67 ) that lim r c 


0.007. If 


'b v 
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K 


a cylinder is attached to the conical nose section, we have for 
the resulting body 


O.lifiiAmid ■! O.SlA c a (>. mld ;-0.5A c ) 
(i ■ j-1 X^ct) Xc 


(X-3-68) 


For X c = 0, i.e., in the absence of a cylindrical section, 

this formula gives c = 0.667 for the pure cone. If, on the 

c • p 

other hand, the cylinder is very long, the center of pressure coef¬ 
ficient tends toward the limit c = 0.5. 

o • p 

Comparing two bodies with the same slenderness ratio and 
conical and parabolic (or ogival) nose sections, we may conclude 
from the results obtained by Formula (X- 3 - 67 ) and (X-3-68) that 
a more rearward position of the center of pressure is character¬ 
istic for the conical body. 

Center of pressure coefficient as a function of M^. Calcu¬ 
lations by the formulas given above yield limits of the center of 
pressure coefficients that are practically identical to those for 
realistic but quite large of the order of 15-20. The center of 
pressure coefficient can be calculated as follows for smaller M ffl . 


Assuming that the given body consists of several elements, 

we use Formula (XI-3-^5) to calculate c^ . The nose-section 

c • p 

coefficient cjjj that appears in it is determined from the diagram 
in Fig. X-3-13 by the formula c^ p = (3c N p/9a) a _ 0 a, and the coef¬ 
ficient c£ p is found from Fig. X-3-15 with the condition that c^ p 
is equal to the correction Ac^ p that takes the influence of the 
cylindrical section into account. 


Finally, the component c^ p for the tail section can be found 

with Fig. X-3-16. It is used to determine A(9c. T /9a) as a func- 

JNp u 0 £2, 

tion of M and of the ratio d, /d . .; then the component c.. = 

00 bse mid* r JNp 

= A(9c. t /9a) a is calculated. 

Np a=o 


According to Formula (XI-3-45), it is necessary to determine 
the center of pressure coordinate for each element. In approxi¬ 
mate calculations, the center of pressure may be assumed to lie 

at a distance x - 0.5x . . for a nose section with a curvilinear 
c.p mid 

generatrix, and at x - 0.667x . , for a conical nose section. 

0 ’ c.p mid 

As for the centers of pressure of the cylindrical and tail sec¬ 
tions, they may be assumed to lie at the centers of these segments 
of the body. 
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The normal-force coefficients and center of pressure coordi¬ 
nates that have been found are used to calculate the sum of their 
products z ( c Np ) 1 (x c>p ) 1J the value of Z(c N ) ± , and then the co¬ 
efficient c Q is determined in accordance with (XI-3-46). 

A curve can be plotted with the values of this coefficient 

calculated for a series of M b . If the curve is extrapolated in 

such a way that it indicates°°the result that follows from the /439 

Newton theory at an of the order of 15-20, it can be used to 

find the c for intermediate M . as well as for larger values, 
c .p 00 

Analysis of the influence of indicates that transition to smaller 
values is accompanied by a decrease in the center of pressure 
coefficient, since the center of pressure moves closer to the 
tip as compared to the limiting case with 00 • 

The increase in the center of pressure coefficient with in¬ 
creasing velocity is due to the fact that, as we see from Pig. 

X-3-11, the stabilizing moment of the cylinder is increased by 
the increasingly large contribution of the positive force. In 
the limiting case with M ra °°, the entire cylindrical section is 
"working". Here the center of pressure is situated quite far 
from the tip. At smaller M B , on the other hand, a significant 
part of the cylinder will be nonlifting. 

Up to of the order of 2-3, normal force is created only 
on a length of about (2-2.5)d In this case, we observe a 

weaker stabilizing effect of the cylindrical section, on the one 
hand because of the smaller normal force and, on the other, be¬ 
cause of the greater forward shift of the center of pressure. It 
may therefore be found that with a given center of gravity posi¬ 
tion, a solid of revolution with a well-developed cylindrical 
section will be statically stable at very high speeds and un¬ 
stable at lower speeds. 

The problems examined above were associated with the deter¬ 
mination, for very large M m , of aerodynamic coefficients that 
depend on the normal pressure distribution over the lateral sur¬ 
face. The over-all values of these coefficients will also depend 
on wake pressure. 

If the "Newtonian stagnation" theory is followed rigorously, 
the wake pressure coefficient must, as we have noted, be set 
equal to zero for «. 

Accordingly, the base section lies in a "shaded" zone, 
and, consequently, has no influence on the aerodynamic coeffi¬ 
cients. But when the coefficients are determined for realistic 
large M^, the Influence of wake pressure can be estimated, as 
was recommended in considering flow expansion in a "shaded" 
zone on the body's lateral surface, i.e., it can be assumed that 
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the pressure behind_the base is zero at large [Mach] numbers and, 
consequently, that P^ se = -2/(kM^). Accordingly, the axial force 

coefficient c Rbs0 = (2/kM*)S bse . 

Application of the Busemann formula. The Busemann formula 
(IV-7-22) should be used.to consider the influence exerted on 
pressure by the centrifugal forces that arise in motion of the 
gas particles along curved trajectories. Setting f(x) = 2irr in 
this formula, we obtain the following expression for the pressure 
coefficient on the surface of a solid of revolution: 

P= ( sin *P —da l cos P '• (X-3-69) 


Formula (IV-7-24) can be used for a slender body. Setting 
v = 2 in this formula, we find 


P 





(X-3-70) 


In the particular case of a slender body with a parabolic 
generatrix 


R — —(imid‘^*mid)* 1 f — J"mld x (2 - T )i P Pp (^ x )i Pp “ ^mld' 
Consequently, setting p* = p b , we obtain 

P Pc[(l~-s)* -j(2~I)]. (X-3-7D 


We see from this expression that the centrifugal forces tend 
to lower the pressure. 

As a result, the curve calculated by (X-3-71) shows signifi¬ 
cant expansion at the end of the body. However, experimental 
data and theoretical analyses by the method of characteristics 
do not confirm these results. In fact, the expansion practically 
vanishes at large M OT and the pressure that is set up is found to 
be very close to that obtained by the improved Newton theory. 

Thus, correcting for centrifugal forces lowers the accuracy 
of the calculation for solids of revolution with convex surfaces. 
Hence the Newton theory should be used for such bodies at k - 1.4 
without consideration of centrifugal forces. On the other hand, 
this theory gives poorer results for concave-surfaced bodies and. 
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as we have noted, the flow calculation requires the Busemann for¬ 
mula. The pressures obtained by the Newton formula are exagger¬ 
ated. This formula may lead to such overstatement when the pres¬ 
sure behind the shock wave and that calculated by the Newton 
theory are the same, so that only the pressure-lowering effect 
of the centrifugal forces remains. This effect will occur as 
M -* °° and k -*■ 1, when the wave coincides with the body’s surface 
at the limit. In flow of hot air (k < 1.4) around convex bodies 
at very high M , therefore, the Busemann formula will become more 
accurate. In the limit with -* 00 and k 1, when the density 
in the layer becomes infinite, the Busemann formula will give ex¬ 
act pressure values. 


Similarity Law for Nonaxisymmetrie Flow 

It was established above that at very high speeds and zero an¬ 
gle of attack, the similarity law for slender solids of revolution 
is determined by the parameter K x = M o B , where the small param- 

r'' 

eter may be the cone angle, the generatrix angle at the tip, 
or the body's thickness ratio. 


For example, the pressure coefficient at an arbitrary point 
on the body's surface is p = B^ftK^x), where f(Kj,x) is a certain 

function of and the dimensionless coordinate of the point. The 
drag coefficient of the same body c x w = B^FCKj), where FU^) is a 

certain function determined by the parameter K x . 


In nonaxisymmetric flow, the aerodynamic coefficients depend 
on attack angle. Let us show that the flows around bodies will 
be similar and, consequently, their aerodynamic coefficients will 
remain the same, if together with a constant parameter K x we have 
the equality K z = a/B . For this purpose, we use Expression 

(X-3-1), in which we express the pressure coefficient p* on the 
slender conical tip in accordance with the "local cone" method 
in the form p* = where <j> p (K A ) is a certain function 

that depends on the parameter K x . If the angle of the "local 
cone" is presented for small attack angles as 0 = B - a cos y, 

C p 

then it is obvious that 


P-- (Pp— acosy) 2 q,p(K,). 


Consequently, 


(£~ K2C0S y ) 2 - 


(X-3-72) 
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Thus, if equality of the parameters K 2 and_K 1 is observed 
for two affinely similar bodies, the values of p/B* will be the 

same at corresponding points on the surface with the same values 
of y and 3/3 . 




Figure X-3-18. Pressure 
Distribution on Surface 
of Cone in Nonsymmetrical 
Flow. 


Substituting our relationship 
(X-3-72) into Formula (1-3-1^), we 
obtain a general expression for the 
axial force coefficient: 


•3?--»»<K i .k 1 ). (X-3-73) 

pp 


To obtain the corresponding 
expression for the normal force co¬ 
efficient, we make a similar sub¬ 
stitution in (1-4-11). Here we 
bear in mind that the coordinate 
r that appears in this formula 
will be an order smaller than x, 
i,e, . r> 'Xi fi x. Inst as r . , v 


, r ^ B p x, just as r mid 


'\'Bx.,orr..'''0x, . 
p mid mid p b 


After 


integration, we arrive at a general 
relationship for the normal force 
coefficient: 


c Np 

Pp 


= <P.v(K 1 , K 2 ). 


(X-3-74) 


Thus, a family 
both the K x and the 
values of c R /B p , c 


of affinely similar bodies in flows for which 
K 2 are the same is characterized by constant 


In the limiting case with •+• 00 (K x °°), only K 2 remains 
as a similarity parameter for the aerodynamic coefficients. This 
is evident, for example, in the example of a cone, for which the 
pressure coefficient 


— p(k) f» ® 

^ = Vi 1 —P7 cos y) • 


and, according to (X-3-14) and (X-3-42), 


CRp 




(x-3-75) 


(X-3-76) 
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The law of similarity with respect to the parameters K x and 
K 2 is quite nicely confirmed by calculations and experimental 
data. These data bring out an important feature: the similarity 
law remains in force even at small values of K x , although it was 
derived on the assumption of large enough so that the condi¬ 
tion K x > 1 would be satisfied for small 8^. 

This is clearly seen in Pig. X-3-18, which presents experi¬ 
mental data on the pressure distribution as a function of attack 
angle on the surfaces of two cones with angles 8 C = 0.166 and 

0.102 for = 2.75 and 4.46. The product M oo 8 c gives the same 

value, K : = 0.455 3 for both bodies. In the experiment, the pres¬ 
sure was measured at points corresponding to the angles y = 0, 

45°j 90°, 135°, and l80°. The function p, /p - 1 found as a re- 

suit of the measurements was plotted for each of the cones and 
a fixed angle y as a function of K 2 . 



Figure X-3-19. Accuracy of Ap¬ 
proximate Methods of Calculat¬ 
ing Wave Drag at Zero Angle of 
Attack as Compared with Method 
of Characteristics. 1) method 
of "local" cones (equal-pres¬ 
sure hypothesis); 2) method of 
"local" cones (equal-velocity 
hypothesis); 3) linearized 
theory; 4) combination of 
conical and expansion flows; 

5) Newtonian theory. 


As we see from this 
diagram, the values of the 
pressure function for cor¬ 
responding points on the two 
cones are determined by 
practically the same curve. 
Some deviation is observed 
at large values of the param¬ 
eter K 2 on the top of the 
cone. This is explained by 
the flow separation that ap¬ 
pears with increasing attack 
angle which is not taken into 
account by the K £ similarity 
law. 

Thus, in using the K 2 
similarity law for practical 
purposes, it must be remem¬ 
bered that it is restricted 
to small attack angles. As 
for the M ot , the K x similarity 
law is practically useful for 
a rather broad range of 
values. 

Estimation of Error of A p¬ 
proximate Methods 


Figure X-3-19 [51] is a 
graphical representation of 

data that enable us to establish, as a function of the similarity 
parameter K x = M^/A . d , the errors of the various approximate 
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methods of calculating flow around ogival nose sections as com¬ 
pared with the method of characteristics. We note that the 
linearized theory (see §XI-2) gives small errors with similarity- 
parameter values smaller than unity. 

In contrast to this method, the accuracy of the Newtonian 
theory, the first "tangent cone" method (equal-pressure hypothe¬ 
sis), and the method that combines conical and expansion theories 
increases with increasing similarity parameter K x . The errors of 
the second "local cone" method, which is based on the hypothesis 
of equal velocities, are smaller than those of the first method 
for similarity parameters not exceeding K x = 1.2. Thus, at 
moderate supersonic speeds, when <_ 1.2, better results are 
obtained when the flow is calculated by the "local cone" method 
based on the equal-velocity hypothesis. When the parameter K > 

> 1.2, preference should be given to the first "tangent cone" 
method, although its accuracy is poorer than that of the combined 
conical-and-expansion-flow method. We see from Pig. X-3-19 that 
the Newtonian theory gives the widest scattering, although the 
range of dispersion narrows with increasing parameter K x . 
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AERODYNAMICS OF SLENDER BODIES IN LINEARIZED FLOW 

§XI-1. APPLICATION OP THE METHOD OP SOURCES 

Equations of linearized flow. The aerodynamic characteris¬ 
tics of slender bodies in linearized flow are investigated with 
Eq. (III-2-31), which reads for steady-state flow conditions 

(1— + f 7 -<Pr = 0. (XI-1-1) 


For symmetrical flow, this equation is simplified: 

(1 — ML) <pLc + <Prr + -p <Pr = 0. (XI-1-2) 

Boundary conditions. Equations (XI-1-1) and (XI-1-2) form 
the theoretical foundation of linearized-flow aerodynamics. By 
solving these equations, we find the disturbance potential <f>’, 
which must satisfy Condition (111-2-58’) at the boundary of the 
body. This condition, which pertains to the general case of flow 
with strong disturbances, can be modified. For-this purpose, we 
find expressions for the oncoming-flow velocity components in 
cylindrical coordinates: 


V xao = v x cos a; V rx = F«. sin acosy; F voo = — Foosin asin y. (XI-1-3) 


Accordingly, the potential function for the oncoming flow is 


<5 c» = (p<» — zVoc cos a -j- rVc c sin a cos y. 


(XI-1-4) 


This expression represents a condition that the disturbed- 
flow velocity potential must satisfy in addition to the body¬ 
boundary condition. A counterpart of this requirement is that 
the solutions for the velocity components must satisfy Conditions 
(XI-1-3) In undisturbed flow. 

If the sought potential function 
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<D = xV x cos a -j- rVco sin a cos y + cp' (z, r, y), (XI-1-5 ) 


then according to Condition (XI-1-4), the added potential 
(x,r,y) in the undisturbed stream must be zero. At the very sur¬ 
face of the body, it must satisfy the nonseparating-flow condi¬ 
tion 


O r _ Voo sin a cosy + qi'(i, r, y) dr 

<px ~ V'oo cosa + cp^. (jr, r, y) ~dx ' 


(XI-1-6) 


This condition is simplified for linearized flow, since, 
setting cos a ~ 1 and sin a ~ a, the sought potential function 
$ (XI-1-5) can be written in the form 


= arFoo + rFoo a cos y + <p' (x, r, y). 


(XI-1-7) 


Calculating the derivatives of the total potential function 
$, we find the disturbed-flow velocity components: 


V x = Fco + <Pxf F r =- aFc cos y -j- qy; F v = — aFoo sin y + . 


(XI-1-8) 


With these relationships in mind, we obtain the nonseparat- 
ing-flow condition (XI-1-6) in the presence of an attack angle: 


+ <P.v ( c, r, y)] ™ ocF<m cos y -f ip,' (,r, r, y). (XI-1-9 ) 

If the flow is axisymmetric (XI-1-9) is simplified: 

l^oo 4- T.v (.»\ r)l ~ - <p,- (*, r). (XI-1-10 ) 

The velocity potential of a linearized flow around a solid 
of revolution at an attack angle can be presented as the sum of 
three components: the free-stream potential (J>oo, the potential' 
<j>I(x,r) of the disturbed axisymmetric flow, and the potential 

from disturbance of symmetry <}>,[ (x,r,y) . 

In linearized-flow theory, <{>[ and <(>£ are regarded as func¬ 
tions that define mutually independent streams. Hence each of 
these functions, as a solution of the equation of motion, must 
satisfy certain boundary conditions. In particular, 4>’ must 
satisfy the axisymmetric-flow condition (XI-1-10). As for the 
potential (f>^, the corresponding condition on the boundary of the 
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body can be obtained from (XI-1-9). For this purpose, we rewrite 
(XI-1-9) as follows: 

(' 7 .v + <p) X + 'f 2x) ™ — CtFco COSy-f (pj r + cp2r, ( XI -1 -11 ) 

where qrj --- dq\'d.r, (flv -= dtp'Jdx etc. 

Applying Equality (XI-1-10), in which <j )' and <j>^ are replaced 
by cjjJ and <P' Zr> respectively, and dropping the lower-order term 
(dr/dx)$’ , we obtain the nonseparating-flow condition from 
(XI-1-11): 


V 2r = —ccPLoCOsy. (XI-1-11*) 

General expressions for the potential function and the pres¬ 
sure. Calculation of the distribution of the gasdynamic vari¬ 
ables around a slender solid of revolution in linearized flow is 
based in the case of steady flow at an angle of attack on differ¬ 
ential equation (XI-1-1) for the disturbance potential ’ . It 
was indicated above that the solution of this equation is sought 
as the sum of the potentials <f> = <f> oo + <J>’+4>’, which apply re¬ 
spectively for the undisturbed stream, axisymmetric flow <j>J(x,r), 
and flow with disturbed symmetry <j>*(x,r,y). 

On the basis of (XI-1-2) and (XI-1-1), we obtain for and 

d>' 
r 2 

(1 - ML) fplxx + <p'lrr + “ = 0; ( XI -1-12 ) 

(1 - ML) <f2xx + f P2rr + TAw + y <P2r = 0. (XI-1-1 3) 


Thus,,the parameters of nonaxisymmetric flow around a solid 
of revolution will be found if we solve two independent problems: 
the problem of flow around the body at zero angle, of attack and the 
problem of the additional flow that arises from disturbance of 
symmetry. Here the solution of the second problem is obtained 
with the solution to the first, and it can be shown that a defi¬ 
nite relation exists between <!> { and 

For this purpose, we differentiate the equation of the axi¬ 
symmetric disturbed flow with respect to r: 


un <>* ( *Pl \ , <> 2 (H\\ -LM 4-if2L-0 

(l - M-)-ypr - f 2 Or ' r r* ~ U ' 
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Comparison of this equation with (XI-1-13) and application 
of boundary condition (XI-1-11') indicates that 

- ~ ^j~ cos y. (XI-1-14 ) 


Consequently, the total disturbance potential for nonaxl- 
symmetric flow is 


<p' -= <p; 


dr 


COS * 


(XI-1-15) 


We have examined the case of steady flow. However, Expres¬ 
sion (XI-1-14) for <f>^ can also be extended to nonsteady flow, as 
we can see if we use the more general equation (III-2-31) as our 
pointi of departure. 

Having determined the total additional potential 4> 1 with 
consideration of the boundary conditions, we calculate the velo¬ 
cities and then the pressures with (111-3-14). Substituting the 
approximate value = V^Cdr/dx) for the radial velocity compo¬ 
nent in accordance with the nonseparating-flow condition and re¬ 
placing V' and V by their expressions in terms of the added po- 
x Y 

tential <j>' , which in this case is a function of the coordinates 
x, r, y and time t_, we find 


+ ir K) 2+ l(T- aF “ sina ) 2 + ^-“r]- (XI-1-16) 


The pressure coefficient can be presented as the sum of two 
components, namely p = p x + p 2 . One of the components, p x , is 
determined from the conditions of longitudinal axisymmetric flow 
with the aid of the formula 



'oo<pi.x ~r 





(XI-l-17) 


while the other, p,, is found from the transverse-flow conditions 
as a function of attack angle: 


p 2 = [Foc<jP2x -i y - aV °° sin ?) 


2 , , ani 

+ <F2l -s— 


]• 


(XI-1-18) 
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If the flow condition is steady, the partial time derivatives 
<j>! and <f>* in these expressions are zero. We can also present 

* U 

the case in which the axisymmetric flow component is steady and 
the pressure coefficient 


Pi= ~ 



*> 



(xi-i-19) 


where the derivative <j>! is a dimensionless quantity referred to 

T r X 


If the transverse flow is nonsteady, the pressure coefficient 
must be calculated by (XI-1-18). If, on the other hand, the trans¬ 
verse flow is also steady, we have 

p, -.= — 2 ( v) . —-v-] , (XI-1-20) 


where the constant V M is included in the value of potential 


Formula (XI-1-18) for p 2 can be simplified if we apply 
(XI-1-14) for 4>2 and Condition (XI-1-1’), which we use to evalu¬ 
ate the ratio <j>^ /r. 


Let us present (XI-1-14) in the form 'fa— - (l.'r)[r(fl»||'<V)]co$y. 

As will be shown (see page 612), the quantity 8<J>J/3r = V lr as 

r -*■ 0 has the structure f(x)/r and, consequently, the product 
rV, as r 0 tends to the limit f(x). We shall use this as a 

point of departure in evaluating the ratio <f>' 2 ^/r. Differentiat¬ 
ing (XI-1-14) with respect to y, we find that for small enough r 
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while differentiation of the r derivative gives the additional 
radial velocity component (also for r 0) : 


V -r~ <r), -j {■>■) cos y. 

By Condition (XI-1-11'), this component is -aV^ cos y on the 
surface of the body. Consequently, the function f(x) = -aV^r 2 , so 
that 4>2y/ r = sin y. After substituting this expression into 
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(XI-1-18) we obtain 


p, — 2 [m Lw-I ^ S -(-isiii 9 Y-l) + «F2«] . (XI-1-21) 

where the derivative is a dimensionless variable referred to 

the squared velocity V*. 

The total pressure coefficient for nonsteady flow at an an¬ 
gle of attack is 

p--=— 2 (^-) 2 -T5r.vCosY + -^-(4sin 2 Y — 1) + T2i] , (XI-1-22) 

where the second derivative <f>J is a dimensionless quantity re¬ 
ferred to the squared velocity V^. 

In steady flow 


p 2 - = — 2[— ^ cos y+ -y-(4 sin 2 Y~ 1)] • (XI-1-23) 


Consequently, the total pressure coefficient is 

— 2 [Yix-i-y (* — (f-i r.x cos y + qp- (4 sin 2 y — 1) ] . (XI-1-24 ) 


where the derivatives 4>J and <j)! in (XI-1-24) depend only on 

X vx 

the variables x and r. 

Substituting this expression into (1-3-14), we note that the 
basic axial-force-coefficient component is independent of attack 
angle and Is determined by the conditions of axisymmetric flow. 

The increment is due to disturbance of symmetry and depends on the 
square of the attack angle. 

The influence of a can be disregarded accurate to terms of the 
second negative order, and it can be assumed that it is sufficient 
to determine the pressure distribution around a solid of revolu¬ 
tion in axisymmetric flow in order to calculate the axial-force 
coefficient. The wave-drag coefficient found as a result of the 
calculation will also be equal to the axial-force coefficient. 

The method of sources. It follows from the relationships ob¬ 
tained above that the problem of linearized flow around a slender 
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body will have been solved if we find the additional velocity 
potential <j> J of the axisymmetric stream. Its value is then used 
directly to calculate the velocity and pressure distributions 
and the wave drag at zero angle of attack. 

Let us use the method of sources to determine <}>'. In this 
method, the added velocity potential is sought with (IV-3-3). 
Setting y • r in this expression and including the minus sign in 
the value of the function f(e), we obtain 


t; 




_ / (f ) __ 

V(x -t ) 2 - (a')»7» ’ 


(XI-1-25) 


where a' = l/\\JL — 1. 

The source-distribution law, i.e., the form of the function 
f(e), must be such that one of the streamlines of the resultant 
flow will coincide with the generatrix of the solid of revolu¬ 
tion when we superimpose the undisturbed stream on the flow from 
these sources. In other words, the potential function must 
satisfy the nonseparating-flow condition. 



Figure XI-1-1. Distribution of 
Supersonic Sources Along Axis of a 
Solid of Revolution. 1) generatrix 
of body; 2) source intensity dis¬ 
tribution curve; 3) streamlines 
from sources; 4) Mach line. 


0 , the 


In using the method 
of sources, it must be 
remembered that in super¬ 
sonic flow, the source 
disturbances are propa¬ 
gated only inside Mach 
cones with their apices 
at the sources. 


At point e =* x 
assumed that there are no disturbances 
the vertex of the body is at point x *= 


Thus, if we take a 
system of sources that 
are continuously dis¬ 
tributed along the axis 
of the body (Fig. XI-1-1), 
the velocity and other 
parameters at any point 
A(x,r) will be determined 
by the disturbances emana¬ 
ting from sources situated 
upstream, beginning at 
point e = x - a’r and ex¬ 
tending to point e * x = 0. 
source intensity is zero, since it is 

at e < 0. This means that 


0 . 


The values of the integration limits in (XI-1-25) will be 
understood on this basis. The form of the f(e) [or f(x)] curve 
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representing the source-distribution law for a slender body with 
arbitrary generatrix is represented in Fig. XI-1-1. This curve 
determines the continuous nature of small disturbances in linear¬ 
ized flow. 

To find general relationships for velocity and pressure, we 
transform (XI-1-25) with the new variable 


s = arch 


x —e 
a'r 


(XI-l-26) 


Remembering that 


ch z 


x — e 


e -- x — a'r ch z; rfe = — a'r sh 2 dz, 


we find by substituting this expression into the integrand in 
(XI-1-25) 


aicl)(.\:/a r r) 

<P(= J / (x - a'r ch 2 ) dz. (XI-1-25') 

a 

We have (XI-1-14) for the disturbance potential in flow at 
an angle of attack. Using it and differentiating (XI-1-25') with 
respect to r, we find 

arch 0/a*r) 

<|\’ a' cos v ^ m (x — a' r ch z) ch z dz> (XI — 1 -2 7 ) 

o 

where m is the derivative of the function f with respect to the 
argument x - a'r cosh z, i.e., m = f(x - a'r cosh z). 

Converting in (XI-1-27) from the variable z_,to the variable 
e = x - a'r cosh z and remembering that m(e) = f(e), we obtain 


a* - a'r 

_'..cosy P >» (e) (j — e) tie (XI-1-27') 

2 r J V(I-e)a — ( a')*r*' 

The integral represents the dipole potential, and the 
function m(e) describes their distribution. Consequently, the 
additional disturbance from the dipoles is equivalent to the dis¬ 
turbance that the body introduces into the stream in nonaxisym- 
metric flow. 
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In substituting axially distributed dipoles for the body, it 
must be remembered that, like the disturbances from the sources, 
those from dipoles are propagated in supersonic flow only down¬ 
stream and within Mach cones. 

§XI-2. AXISYMMETRIC PLOW 

Calculation of Velocity and Pressure 

Differentiating the function <j)J defined by (XI-1-25 1 ) with 
respect to x and r and setting the source intensity at the point 
of the body f(e) = f(0) = 0, we obtain for the velocity compo¬ 
nents 


arch(*/a'r) 

wix = V' x = ^ f (x — a'rchz) dz; 

o 

arch(jc/a'r) 

( (‘It ~V r ~ —a' ^ / (x — a'r ch z) ch z dz. 

o 


(XI-2-1) 

(XI-2-2) 


To use these formulas to calculate the velocity components, 
we must know the function f(e). To determine the form of this 
function, we transform (XI-2-2) to the variable e in accordance 
with the condition (XI-1-26) 


o 

V ^ / (e) (.r—e) tie 

r x J a . r V(i-e)*-(«V)* ‘ 


(XI-2-2 1 ) 


We shall assume that the value of the integral for surface 
points differs little from its limiting value on the axis, i.e., 
as r 0. Accordingly, 


Vr-: 


-j(x). 


(XI-2-3) 


This expression has already been used in determining the 
order of magnitude of rV^ near the axis (page 608). 

Assuming that the component is determined on the surface 

of a very slender body by Expression (XI-2-3) and using the ap¬ 
proximate nonseparating-flow condition ~ dr/dx (which is ob¬ 
tained from the exact relation V /(l + V') with 1 + V 1 = 1), we 

r x x J 

find the equation of the source-distribution curve for such a 
body: 


/Ml 
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(XI—2—^4) 


Differentiating this function with respect to x, we find 
the derivative 

[[^Y + rl Br]' (XI-2-5 ) 


Let us assume that the generatrix is given in the form of a 
parabolic curve: 


/ 

r= 2 e n x n + l . 

n~Q 


(XI-2-6) 


If this 
terms in the 
we arrive at 


expression for r is introduced into (XI-2-5) and the 
resulting relationship are arranged by powers of x, 
the following general form of the derivative: 


m = 


k 


— S d, n x m . 

771=0 


(XI-2-7) 


Expression (XI-2-7) is an approximate one for the derivative 
of the source distribution function in the case of an arbitrary 
solid of revolution, since an approximate nonseparating-flow con¬ 
dition was used in deriving it. To improve this relationship, we 
can introduce into (XI-2-7) the correction factors a 0 and aj, 
which will be determined in the course of solving the problem 
itself. Then, introducing the variable e instead of x, we find 

the function f(e) in the form 


k 

/ (e) = — (a 0 t« i 2 d mS m ) . 

m= 1 


(XI-2-8) 


Now let us substitute Expression (XI-2-8), setting e = 

= x - a'r cosh z, in Eq. (XI-2-2) for the derivative f(e). As a 
result of simple manipulation, we obtain for the radial velocity 
component 

V, = a'(«„*? +(XI-2-9) 


where 


arch u 


i° = ^ ch z dz; 


arch u k 

r]= ^ 2 d m (x — a'rchz) m chzd: 

0 m— 1 


U 


x 

a'r 


(XI-2-10) 
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A similar relation can be found for the axial velocity com¬ 
ponent. For this purpose, we introduce Expression (XI-2-8) for 

the derivative f into (XI-2-1), with the result that 

— = (XI-2-11) 


where 

archu archu fc 

i® — ^ dz\ ^ 2 d m (x-a'rchz) m dz. (XI-2-12) 

o 0 >n=l 

It is easily seen that in Expressions (XI-2-10) and (XI-2-12) 
we must evaluate integrals of the form 

arclm 

In - jj (ch zyjz, (XI-2-13) 

0 

and that if we limit ourselves to k = 3, each of Eqs. (XI-2-9) 
and (XI-2-11) contains functions i£ and i£, whose values are 

determined from the expressions 

I ly ' T ' " Tjt 

i'r u-/ i —-2u.f 2 -r F 3 ‘, ir «;'/(— 3u~I s -|- 'Sul 3 
; ( ' / o j 'v Uf 0 f \\ 

<x - U'lo -2/// 1 -i-7 a ; t'l: U 3 I 0 — Sll-Ii -j- ouI 2 

It proceeds from (XI-2-13) and (XI-2-14) that the functions 
i£ and i£ depend only on the parameter u. These functions, cal¬ 
culated for values of the parameter u from 1 to 12.2, are given in 
Table XI-2-1. 


h\ 

h- 


(XI-2-14) 


To determine the coefficients a 0 and a x , it is better to use 
the nonseparating-flow condition 


dr _ V T _ a' (i7 0 i?-[- g|ii) _ 
dx 1 — «^) 1 


(XI-2-15) 


Let us refer this condition to a conical forward element of 
a solid of revolution. Then, remembering that k = m = 1 and, con¬ 
sequently, ri = iJj = 0, we obtain 

»• -"(£)„[ (-£).«>• + “' («)•]■'. (XI-2-16) 
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where (i£) 0 and (i£) 0 are determined from Expressions (XI-2-10) 

and (XI-2-12) with the condition that the parameter u = u 0 = 

= l/(a'$o) on the point of the cone (x = r = 0). Consequently, 


(i?)o = V“l — 1» (jJ)o = arch u 0 . 


(XI-2-17) 


The coefficient a 0 is assumed constant for the entire body. 
Coefficient a x is calculated each time on the basis of the non- 
separating-flow condition (XI-2-15) for the particular surface 
point: 


[-£■ -(■£■] (“ ,t »+■£ i|5 ) 


(xi-2-18) 


The values of the functions i° and i 0 and of n and ib are 

x r 

found for the u at the same point. 

Substituting the values found for the coefficients a 0 and a 1 
into Formulas (XI-2-9) and (XI-2-11), we can determine the added 
velocity components. Then, using (XI-1-19), we calculate the 
pressure coefficient. 

By way of illustration, let us consider application of this 
method to calculation of flow around a solid of revolution with a 
parabolic generatrix of the form r = x(2 - x). In this case, 

/(e)- («-4)] • (XI-2-19) 


k 

Comparing (XI-2-19) and (XI-2-8), we see that 2 d m e. m -■ e-s 3 /2. 

7/1= 1 

Assuming further that the variable e = x - a’r cosh z in (XI-2-19), 

we obtain on substituting f in the integrands of the functions n 
(XI-2-10) and \p (XI-1-12) the following expressions for these 
functions: 


il - m 





(XI-2-20) 


where m = ~—, r = -—-— . 

mid r mid 

The functions i^ and i^ are found from the parameter u or 
with Formulas (XI-2-10) and (XI-2-12), or from Table XI-2-1. 
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TABLE XI-2-1. VALUES OF THE FUNCTIONS ij(u) and i£(u) 



• 0 

.1 

.2 

3 

.0 

.1 

,2 


u 

** 

** 


% x 

V 

V 

V 

V 

1.0 

0 

0 

0 

0 

0 

0 

o 

0 

1.1 

0.4435 

0.0298 

0.0019 

0.0001 

0.4582 

0.0303 

0.002G 

0.I' : "J4 

1.2 

0.6223 

0.0838 

0.0149 

0.0071 

0.6633 

0.0356 

0.0109 

0.0015 

1.3 

0.7567 

0.1527 

0.0392 

0.0095 

0.8312 

0.1250 

0.0383 

U.0O5C 

1.4 

0.8673 

0.2342 

0.0753 

0.0254 

0.9804 

0.2526 

0.0794 

U.O201 

1.0 

1.047 

0.4205 

0.2H68 

0.2412 

1.249 

0.4756 

0.2230 

n. 1 12 /, 

1.8 

1.177 

0.6690 

0.4875 

0.4631 

1.450 

0.7166 

0.4137 

<».2 G'»9 

2.0 

1.317 

0.9024 

0.7314 

0.6332 

1.732 

1.073 

0.8296 

0.6950 

2.2 

1.426 

1.177 

1.146 

1.260 

1.960 

1.443 

1.332 

1.348 

2.4 

1.522 

1.472 

1.675 

2.030 

2.182 

1.857 

1.990 

2.320 

2.6 

1.610 

1.785 

2.326 

3.230 

2.400 

2.316 

2.823 

3. 77f> 

2.8 

1.690 

2.116 

3.107 

4.854 

2.615 

2.816 

3.846 

5.946 

3.0 

1.763 

2.461 

4.022 

7.584 

2.828 

3.361 

5.080 

■ 8.422 

3.2 

1.831 

2.820 

5.076 

9.701 

3.040 

3.948 

6.543 

11.90 

3.4 

1.895 

3.193 

6.278 

13.09 

3.250 

4.578 

8.247 

16.32 

3.6 

1.954 

3.578 

7.634 1 

17.28 

3.458 

5.247 

10.21 

21.84 

3.8 

2.011 

3.975 

9.148 

22.29 

3.666 

5.955 

12.45 

28.63 

4.0 

2.064 

4.382 

10.81 

28.28 

3.873 

6.714 

14.98 

36.84 

4.2 

2.114 

4.800 

12.65 

37.31 

4.079 

7.509 

17.82 

46.59 

4.4 

2.162 

5.227 

14.65 

43.46 

4.2S6 

S.34S 

21.00 

53.31 

4.6 

2.208 

5.665 

16.84 

52.94 

4.490 

9.223 

24.51 

71.98 

4.8 

2.251 

6.111 

19.19 

63.76 

4.694 

10.14 

28.37 

Si . 74 

5.0 

2.293 

6.565 

21.72 

75.99 

4.899 

11.10 

32.63 

108.1 

5.2 

2.333 

7.028 

24.44 

89.85 

5.103 

12.10 

37.26 

127.0 

5.4 

2.371 

7.498 

27.35 

105.5 

5.306 

13.14 

42.30 

150.9 

5.6 

2.408 

7.976 

30.44 

122.7 

5.510 

14.22 

47.78 

177.9 

5.8 

2.444 

8.462 

33.73 

141.9 

5.713 

15.35 

53.70 

20S.3 

6.0 

2.478 

8.953 

37.21 

163.2 

5.916 

16.51 

60.07 

212.4 

6.2 

2.511 

9.452 

40.89 

186.5 

6.119 

17.71 

66.91 

280.3 

6.4 

. 2.544 

9.958 

44.77 

212,3 

6.322 

18.96 

74.25 

322.8 

6.6 

2.575 

10.47 

48.86 

240.4 

6.524 

20.24 

82, OS 

369.8 

6.8 

2.605 

10.99 

53.17 

271.1 

6.726 

21.56 

90.44 

421.4 

7.0 

2.634 

11.51 

57.66 

304.2 

6.928 

22.93 

99.34 

47S.4 

7.2 

2.663 

12.04 

62.37 

340.2 

7.130 

24.34 

108.8 

540.7 

7.4 

2.690 

12.58 

67.29 

379.1 

7.332 

25.78 

118.8 

60S. 8 

7,6 

2.717 

13.12 

72.43 

421.0 

7.534 

27.27 

129.4 

683.4 

7.8 

2.744 

13.66 

77.78 

406.2 

7.736 

28.SO 

140.6 

764.9 

8.0 

2,769 

14.22 

83.37 

514.5 

7.937 

30.36 

152.5 

852,2 

8.2 

2.794 

14.49 

89.17 

566.3 

8.13S 

31.97 

165.2 

947.8 

8.4 

2.818 

15.33 

95. IS 

621.4 

8.341 

33.62 

178.1 

1050.4 

8.6 

2.842 

15.90 

101.4 

680.7 

8.540 

35.30 

191.8 

1101,4 

8.8 

2.865 

16.47 

107.9 

743.3 

8,743 

37.04 

206.3 

12 a '.6 

9.0 

2.SS8 

17.05 

114.6 

S10.0 

8.944 

3S.S0 

221.4 

14»'9.0 

9.4 

2.932 

18.21 

128.7 

955.8 

9.3 IS 

42.47 

253.6 

1691.5 

9.8 

2.974 

19.39 

143.7 

1119.1 

9.751 

46.29 

289.5 


10.2 

3.014 

20.59 ' 

159.7 

1301.3 

10.15 

50.26 

328.0 

2389.8 

10.6 

3.052 

21.80 

176.7 

1503.4 

10.53 

54.40 

369.8 

2807.8 

11.0 

3.0S9 

23.03 

194.7 

1726.4 

10.95 

58.68 

415.0 

3277.7 

11.4 

3,126 

24.27 

213.5 

1969.6 

11.36 

63.19 

464.0 

3808.3 

11.8 

3.160 

25.53 

233.4 

223S.2 

11.76 

67. SO 

516.4 

430 5 . 4 

12.2 

3.194 

26.80 

254.4 

2530,8 

12,16 

72,59 

572.4 

5047.2 
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The values found for ri and ip enable us to determine the 
coefficient a 1 for a given point and then to use it to find the 
disturbance velocity component V' = <j)J . The pressure coefficient 

can be computed by substituting the latter into (XI-1-19). It 
must be remembered here that the pressure coefficient component 
Ap = -(dr/dx) 2 can be found in advance if we know the shape of_the 
body. For example, for a parabolic nose section Ap x = -g 2 (l - x) 2 . 



This method can be used for approxi¬ 
mate calculation of flow around solids 
of revolution that represent .combina¬ 
tions of elements. For example, we 
might consider a body consisting of a 
nose section and a cylindrical part. 

A tapering tail surface element or a 
segment with any other shape may be 
attached at the rear. 


Figure XI-2-1. Pres¬ 
sure on Surface of 
Body with Parabolic 
Nose and Tail Sec¬ 
tions. 1) by method 
of characteristics; 

2) linearized theory; 

3) "local cone" 
method. 


Figure XI-2-1 shows the pressure 
distribution calculated for the cylin¬ 
drical and tail segments of a solid of 
revolution for = 1.5* As we see, 
the pressure increases downstream along 
the cylindrical section beginning at the 
end of the nose section, while the flow 
around the tapering tail section is ac¬ 
companied by a drop in pressure over 
most of its length. 

For comparison. Fig. XI-2-1 also 
shows curves calculated by the method 
of characteristics and by the "local 
cone" method. 


Flow around the cylindrical section 
is characterized by recovery of the pres¬ 
sure to atmospheric; this takes place 
almost entirely on a length of slightly 
measured from the end of the nose section. 
The pressure decrease on the tapering tail section does not con¬ 
tinue over its entire length. We see some pressure increase in 
the vicinity of the base section or the point of the tail. 


more than two diameters 


The accuracy of this method of calculating linearized flow 
increases with increasing taper. It may become unnecessary to 
introduce the correction factors a 0 and a 1 into (XI-2-7) for very 
slender bodies. In this case, it is necessary to proceed from 

(XI-2-4), which can be rewritten / (x) — dS J^- = —S' (x)/2n, where S(x) = 

= irr 2 is the current value of the slender body's cross-sectional 
area. Then 
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/(*) = 


1 d^S (x) 
2n rfx 2 


■y" (x.) 

2n • 


(XI-2-21) 


Converting in this expression to the variable e, substitut¬ 
ing 'e = x - a'r cosh z, and then substituting the value found for 
the derivative f(e) under the integral in (XI-2-11), we obtain 


arcti u 

V'x~ — ^ S" (x~a'rzhz)dz. (XI-2-22) 

o 

If the shape of the body is given, we can find the function 
S, determine its second derivative S", and then evaluate the inte¬ 
gral of (XI-2-22); this will enable us to calculate the additional 
velocity component. 

Suppose, for example, that we have a given parabolic nose 
section whose generatrix equation is 


r • (.r'2/.-ni, d) (2 ■ 


Consequently, the cross-sectional area and the second deriva¬ 
tive of the function S will be, respectively (with e substituted 
for x), 


S{*) 




S>.) 


2:t 

14 "' 

^mid 


(> 



;(XI-2-23) 


Substituting x - a’r cosh z for e in the expression for the 
second derivative and substituting it into the integrand of 
(XI-1-22), we obtain on integration 


where 



(XI-2-24) 


arch u 


Qj == ^ S" (x — a'r ch z) dz = ( 


. 


6ii ’ 


3 x"il 


) 


A difference in the results of the above two methods can be 
brought out by comparing, for example, the axial velocity compo¬ 
nents on the point of a cone. In the first method [Formula 
(XI-2-11)] and in the second (XI-2-24), these components are de¬ 
fined by the respective relationships 


Vi- -P p (i2)o [?„(&)„ + «' (i?)ol- 


V’ = 


(‘Do 


r- 

A mid 


-P*(f*)o- (XI-2-24') 
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It is easily seen that the second expression can be obtained 
from the first if the cone is very slender. In fact, the term 
3 (i°) in the square brackets is of higher negative order in this 

p X u 

case and can be disregarded. As for the remaining term, it is re¬ 
duced to the form a'(i°)„ ~ 8 -1 at small 8 . 

r o p p 

Formulas (XI-2-24') enable us to estimate the order of magni 
tude of the disturbance in a flow around a slender cone. As we see 
the added disturbance velocity component is of the order of the 
square of the small cone angle. In the general case of an arbi¬ 
trary generatrix, this component is of the order of x 2 . According 
to the nonseparating-flow condition, the radial disturbance velo¬ 
city component is = dr/dx and consequently of the order of x. 

Thus, the disturbances in the longitudinal direction are an order 
smaller than those in the transverse direction. For this reason, 
terms containing the squares of the disturbances in the transverse 
direction were retained in (XI-1-19) for the pressure. 

Similarity law for pressure function and drag coefficient. 

Let us examine the pressure-coefficient relation 

— Q* / dr \ 2 

p=: ir-br) • (xi-2-25) 


We see from (XI-2-24) that the function depends for a 
given point with coordinate x on the parameter u = x/(a’r) and 
the slenderness ratio which, in turn, determines the point 

angle 8p (8 = 1/A.^^). The parameter u can be presented in gene¬ 

ral form as u = u 0 h(x), where, e.g., the function h(x) = 2(2 - x) 
for a parabolic generatrix. 

On the basis of the above, the pressure coefficient in gene¬ 
ral form is 


/>- Pp/V (w 0 , x). 


(XI-2-26) 


where N is a certain function of the parameter u and the dimension¬ 
less coordinate x. 

Applying (1-3-14), we find a general relation for the wave 
drag coefficient: 


Cxw — PpD (it o), 


(XI-2-27) 


where D is a certain function of the parameter u 0 . 
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Figure XI-2-2. Region of 
Possible Application of 
Similarity Law for Conical 
Nose Sections (Similarity 
is Doubtful in the Shaded 
Area). 


Formulas (XI-2-26) and (XI-2-27) 
permit the following inference as to 
similarity of flows around solids of 
revolution. If these flows are 
characterized b^ equal parameters 

the ratios p/B 2 will be the same 


u 


o J 


at corresponding points; this fol¬ 
lows directly from (XI-2-26). It 
follows from another formula 
(XI-2-27) that solids of revolution 
in gasdynamically similar flows 
experience axial forces such that 

the ratios c /B 2 will be the same 
x w p 

for these bodies. Thus, the flow- 
similarity criterion in this case 
is the parameter 


u 0 = (a'p p )- 1 = (p p yll!^l)- 1 . (XI-2-28) 


Relation (XI-2-26) can be presented in a somewhat different 
f orm for cases in which the are quite large and we can set 
/M‘ - 1 - M ffl . For this purpose, we introduce the similarity param¬ 
eter K x = M ooA mld = M oo P p* Multiplying (XI-2-26) by M 2 and apply¬ 
ing the expression for the similarity parameter, we obtain a rela¬ 
tion for the pressure function: 


-E -1 = iV 1 (K 1I *). 


(XI-2-29) 


Thus, the pressure function at a given point x depends only 

on the similarity parameter K x = M^B . 

P 

The law of similarity in this parameter is confirmed by a 
calculation of the pressure distribution by the method of char¬ 
acteristics. Satisfactory results are obtained only for K x smaller 
than unity. 

The law of similarity in the parameter K x (or u 0 ) is found to 

be doubtful for certain combinations of M and fineness ratio 

00 

\nid' 


Physically, this occurs on deviation of the real from the 
linearized flow for thick bodies with small slenderness ratios or 
at very large M^. To preserve the linearized nature of the flow, it 
is necessary to taper the body more strongly as the M increase. 
Here, as follows from (XI-2-24), the inequality u fl > 1 must be ob¬ 
served. 
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that if a solid 


It follows from the expression u Q = (a'g ) 1 

of revolution is sufficiently slender, i.e., its slenderness ratio 
is large, the condition > 1 must be satisfied to preserve the 
inequality u 0 > 1. If, however, -*■ 1 (XI-2-28) indicates that 
the absolute value of the disturbance velocity becomes infinite, 
and this is physically impossible. Thus, the theory of linearized 
flows and their si milarity laws are applicable when the two in¬ 
equalities - 1 and > 1 are observed simultaneously. 

The regions of possible application of linearized-flow theory 
and the corresponding similarity laws are shown in Pig. IX-1-6 
(for an ogival nose section) and Pig. XI-2-2 (for a cone), where 
the shaded region corresponds to doubtful similarity. Accordingly, /455 
it is not recommended that calculations be made for small fine¬ 
ness ratios < 2 and moderate M^. In practical cases, the 

selected should be at least 1.3-1.5. 

If in Figs. IX-1-6 and XI-2-2 we draw K x = const lines cor¬ 
responding to parameter values smaller than unity, for which simi¬ 
larity gives satisfactory results, we can find the corresponding 
nose-section slenderness ratio from these lines for a given M . 

Similarity in parameter K : also defines similarity for the 

wave drag function M 2 c 

oo x w 

Multiplying both sides of (XI-2-27) by M^, we obtain a gene¬ 
ral expression for this function: M 2 c = H(kT). 

^ oo x w v 1 ' 

T he Wave Drag Coefficient 

Wave drag of a slender cone. The relation found for the addi¬ 
tional axial disturbance velocity component on a cone, (XI-2-24), 

can be used to determine the pressure 
coefficient on it and, consequently, 
its coefficient of wave drag. 


In accordance with (XI-1-19), we 

find 


Pc = c xw = 2 (^) c -4 — P 2 c, (XI-2-30) 


where 


M = [(Oc.-H«'/P c ) (i'r)cl" 1 ; 

(i°) and (i°) are the functions calcu- 

X G V C 

lated from Expressions (XI-2-17) after 
substituting the parameter u Q =*(a'g ) 1 . 



Figure XI-2-3. Wave Drag 
Coefficient for a Sharp 

Cone. - exact theory; 

-linearized theory. 
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This formula can be simplified slightly for values of u 0 > 3: 


Pc = c xw = p? (4.606 lg2u 0 — l). 


(XI-2-31) 


A comparison of the results of calculation of the wave drag 
coefficient by (XI-2-30) and by the exact theory is given in Pig. 
XI-2-3. Up to large M , the agreement is good for slender cones. 
A substantial discrepancy appears between the results for mode¬ 
rate and thicker cones, as we see from Fig. XI-2-3 in the ex¬ 
ample of the cone with = 20°. Obviously, the flow around this 

cone deviated substantially from the linearized flow. In using 
the flow calculation methods set forth above, therefore, it is 
necessary to hold strictly to the indicated rules for determining 
the permissible M OT and angles 6 for which the linearized flow is 
not disturbed. 

Wave drag of solids of revolution composed of conical ele¬ 
ments. Figure XI-2-4 shows several possible schemes of solids of 
revolution that incorporate individual conical elements. In the 
general case, it is necessary to know the pressure distribution 
over the surface of the bodies in order to calculate their wave- 
drag coefficients. Figure XI-2-5 presents experimental data on 
this distribution for = 2, as obtained by wind-tunnel tests on 
a model solid of revolution consisting of a conical nose section, 
a cylindrical part, and a truncated tail cone. Calculation by 
the linearized theory gives about the same results. 

Calculation of the flow around the tail segment encounters 
certain difficulties owing to the fact that, strictly speaking, 
this flow can be calculated if the flow parameters have been 
found on the section of the surface in front of the tail and in¬ 
cluding the cylindrical section. 

This complete calculation can be performed either by the 
linearized theory or by the method of characteristics. However, 
it requires a great deal of time. At the same time, there is 
a practical need for simple method of approximate determination 
of the flow parameters on the stern, and pressure in particular; 
this would enable us to find the component of total drag and take 
the influence of the tail section into consideration. 

For this purpose, we can use (VIII-1-18), which, as we have 
noted, gives an almost exact value of the wave drag coefficient 
for a nose cone. Here, as we see from (XI-2-5), the actual value 
of the pressure coefficient on a conical stern element is found 
to be smaller than that obtained by Formula (VIII-1-18). Hence 
the pressure distribution found by this formula must be regarded 
as an approximate evaluation of the true picture. Use of Formula 
(VIII-1-18) enables us to find a comparatively simple but very 
close approximate relation for the wave-drag coefficients of 
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Figure XI-2-4. Shapes 
of Solids of Revolu¬ 
tion. 


solids of revolution that con¬ 
sist of conical elements. 


Figure XI-2-5. Pressure 
Distribution Curves for a 
Body Composed of Conical 

Elements. - experiment; 

- according to cone 

formula• 


Let us assume that p and p 2 are the respective coefficients 
of pressure on_the forward and aft cones, and that the dimension¬ 
less quantity S bse defines the tail taper, which is equal to 

Sfcse ’ S b se /S mid * (a bse /d mid >2 - ™ en - applylng U-S-l 1 !), we 
obtain 


**w = a + M1—? bse ). (XI-2-32) 


Here the first term gives the nose-cone drag c = p x , while the 

A W — 

second gives the tail (stern) drag c TT = p 2 (l - S. ). 

X W Uoc 

Replacing p x and p, in Formula (XI-2-32) by their expressions 
according to (VIII-1-18), we find 


c xw = 0.002 (0.8 + M-J) KM'- 7 + (M 1 -7 i (1 ~S b se), 


(XI-2-33) 


where B and B are the angles of the nose and tail cones in 
pi p 2 

degrees. 

The part of the drag 


c“ 1 0.002 (0.8 !- ML 2 ) (p p2 )’ - 7 (1 - S bse ) 


(XI-2-34) 
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Figure XI-2-6. Curves for Determination of Wave Drag 
Coefficients of Conical Tail Sections. 


belonging to the tail element can be separated from the expres¬ 
sion in the right member of this formula. This part can be de- 
determined by using the results given in Fig. XI-2-6. Some of 
these results were obtained from the linearized theory, and others 
by a more exact theory with a second approximation and all results 
found for conical tail sections on the assumption that they are 
quite far from the nose. In this case, pressure recovers fully 
in front of the tail section, so that the velocity is equal to 
its value for the oncoming flow. 

In calculations using the curves in Fig. XI-2-6, the slender¬ 
ness ratio of the tail section is first determined from the known 
data by the formula X^ = or from the expression = 

= (1 - S^se)(23° z ) -1 , followed by calculation of the parameter 

(M 2 - 1) 1 / 2 (2X, 1 ) 1 . The product ^Ic^ X 2 is found for this 
00 tl x w st 

s t 

parameter from the diagram and used to determine c. 

Calculations made with the data in Fig. XI-2-6 indicate that 
it gives better results than Formula (XI-2-3*0 if the approxi¬ 
mating relationship 


c 


tl 

xw 


‘ - 0.002 (0.8 + M~ 2 ) (P; 2 ) 1 - 7 Vi - S bse . 


(XI-2-35) 


is used. 

Then, adding the nose-cone drag 
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c; w - 0.002 (0.8+ M^) (Po',)'- 7 . 


(XI-2-36) 


to this component, we obtain a formula for the total drag coef¬ 
ficient : 


c 


xw C 


n 

xw 



(XI-2-37) 


If the angles 0 and 0 of the nose and tail cones are 
pi P2 

equal, (XI-2-37) becomes 


c xw - 0.002 (0.8 Nil?) (pp,)*' 7 (1 \-Vl _ 5 bs «). 

The tail section may expand instead of tapering, 
latter case, the base section is larger than the midships sec¬ 
tion. As a result, the drag coefficient of the solid of revolu¬ 
tion becomes even larger. Here the drag will be larger the 
larger the taper angle and slenderness ratio of the tail cone. 


(XI-2-38) 
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Figure XI-2-7* Diagrams (a and b) for Determina¬ 
tion of Pressure and Wave Drag of Expanding Body 
Section (c) (1.5 < M < 3-5; 5° < P < 20°). 

Curves 1, 2, 3, 4, and 5 Correspond to r/r 0 Ratios 
of 1.25, 1.5, 1.75, 2, and 3; c is Referred to 

X w 

the Maximum Area of the Expanding Part. 
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Investigation of the drag component produced by an expanded 
tail cone is a complex problem. It is simpler if the taper angle 
is small. In this case, the method of characteristics could be 
used. If, on the other hand, the angles are large, only experi¬ 
mental investigation gives reliable enough results. 

However, the method of "local cones" can be used for rough 
estimation of the flow-variable values, on the assumption that 
the gas moves at the free-stream velocity in front of an expand¬ 
ing conical stern. 


In this method, drag is determined as a part of the drag of 
the full cone with the same generatrix inclination angle. Conse¬ 
quently, the wave drag coefficient of a conical stern will de¬ 
pend on the tail-cone slenderness ratio = x^/d^^ (° r on the 

taper angle 3 p2 ), \ se > and M cc- 


Figure XI-2-7, a and b ([70] a 1963, No. 4l) presents diagrams 

with which the pressure and the coefficient c^l can be deter- 
• j x w 

mined. 


Wave drag of a slender solid of revolution with an arbitrary 
generatrix. The general case of calculation of the wave-drag 
coefficient requires calculation of the pressure distribution 
followed by application of (1-3-14). 

This general method enables us to obtain the necessary re¬ 
sults with sufficient accuracy for an arbitrary solid of revolu¬ 
tion, for which possible shapes are shown in Fig. XI-2-8. 

At the same time, as in the case of flow calculations for 
solids of revolution composed of conical elements, we can consider 
approximate relationships by which we can evaluate the wave-drag 
coefficient comparatively easily for arbitrary solids of revolu¬ 
tion . 


Nose sections of various shapes . We see from Fig. XI-2-8 
that the nose sections have a dual role. They may be indepen¬ 
dent vehicles (Fig. XI-2-8, models Nos. 1 and 2) or component 
forward elements of solids of revolution (Fig. XI-2-8, models 
Nos. 3-6). In the latter case, the nose-section drag is part of 
the total drag of the body as a whole. 

The flow around the nose section can be calculated by the 
"local-cone" method, using Formula (XI-2-31). 

For a slender nose section with a parabolic generatrix and a 
local inclination angle g = g p (l - x) of the tangent at an arbi¬ 
trary point, the approximate relation for pressure takes the form 
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Figure XI-2-8. Certain Shapes 
of Bodies with Arbitrary 
Generatrices. 


— 2KJ (1 x) 2 ]n X (XX —2 —39) 

x{2[K 1 (l-*)r}-K*(l-*)*, 

where K 1 = M^gp. 

The wave drag coefficient 
of the nose section can be 
calculated by this relation¬ 
ship, using (1-3-14'): 

MLc xw = K; (A In ~ . (XI-2-40) 


In using this formula, it 
must be remembered that it was 
derived for the complete nose 
section (Fig. XI-2-8, Model No. 
2). A similar relationship is 
easily obtained for the trun¬ 
cated nose section (Fig. XI-2-8 
Model No. 1). 


In addition to (XI-2-40), 
the wave drag of a slender 
parabolic or ogival nose sec¬ 
tion can be calculated by the somewhat more general expressions 
(XI-1-26) and (XI-1-27). However, the latter formula gives over¬ 
stated values of the wave drag coefficient for the full nose sec¬ 
tion. Better results are obtained if 0.332 is used instead of 
the coefficient 0.415: 


w " °-332 p c , 


(XI-2-41) 


Tapere d tail section . The distribution around a tapered 
tail section can be calculated by the method of characteristics. 
Here, if the cylindrical section is long enough, the calculation 
begins from the joint between the cylinder and the stern, where 
the local velocity can be set equal to the free-stream value. 

The results obtained on this assumption indicated that the 
pressure coefficient at a certain point on the surface of the 
tail element depends on tan g and the coordinate ratio r/x. The 
angle g defines the inclination of the tangent to the generatrix 
at a particular point to the axis of the body, while the coordi¬ 
nate x is equal to the distance from this point to the intersec¬ 
tion of the Mach line drawn through the origin of the tail sec¬ 
tion with the axis of the body. Curves characterizing the 
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variation of the pressure coefficient on the tail section as a 
function of the parameters tan B and r/x are given in Fig. XI-2-9 
for various M o . 





Figure XI-2-9. Curves Characterizing Varia¬ 
tion of Pressure Coefficient on Stern Sur¬ 
face at Various M^. 


The added drag coefficient c^ 1 that results from the influ- 
& x w 

ence of the stern can be calculated from the pressure distribution. 
Such data, obtained for a tail element made in the form of a para¬ 
bolic solid of revolution, appear in Fig. XI-2-10. 

It is clear from these diagrams that c^"*" depends on the 

X w 


stern slenderness ratio A 


tl 


= x,-,/d . , (x, , is the length of the 
tl mid tl 
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i am ibi n ■■■ 


A 


tail segment), the base taper S, , and M . Here, the diagrams 

d s e 

themselves reflect the law of variation of 4X 3 c as a func- 

_ _ tl x w 

tion of the parameters (2X, , ) _ 1 /M" 2 - 1 and S, . We can easily 

tl 00 bse 

satisfy ourselves that the latter parameter depends on the slen¬ 
derness ratio X.^ of the real tail section and the ratio X^^ = 

= tan 1 3 02 = °f a certain virtual parabolic solid ob¬ 

tained by grafting the tail section to the full nose seetion_, as 
shown in Pig. XI-2-9. The corresponding relationships for S. „ 

D S 0 


has the form S 


bse 


= (1 - 


X? n /X 2 . ,) 2 
tl mid 


Figure XI-2-11 presents curves calculated by the method of 
characteristics for determination of the wave drag of an expand¬ 
ing parabolic tail section. 


In addition to the method of characteristics, the "local cone" 
method can be used for approximate evaluation of the influence of 
the stern on wave drag. 


Let us consider application of this method for a tail sec¬ 
tion made in the form of a parabolic solid with taper S bse . We 

shall assume that the fineness ratio of the virtual nose sec¬ 
tion constructed on the basis of the given tail element is 

and that the corresponding angle of the cone at the point is 3 pz 

(Fig. XI-2-8, Models Nos. 3, 4, and 6). Then if p is the (nega- 

tive) pressure coefficient on the tail cone, we find with (1-3-14) 
that 


c 

XW 


1 

= § Pc2 dr*. 


s 


bse 


(XI-2-42) 


Substituting p from (VIII-1-18) into this formula with 3 = 
_ C 2 

= 57*33 (1- x) substituted for 3 and then improving the resulting 
p c 

relationship by use of the characteristic-method data, we obtain 
the approximate formula 


. =0.4p C 2 [1 — 2.41Sbse (1-0.495^ +0.0565 bse -0.151S b 3 f e )], (XI-2-43) 


where p is the pressure 
r C2 * 


coefficient on a cone with angle 



Applying (XI-2-43) and Expression (XI-2-41), we obtain for 
the total wave-drag coefficient of a body with parabolic nose and 
tail sections: 
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Figure XI-2-11. Illustrating 
Calculation of Wave Drag of 
Expanding Parabolic Tail Sec¬ 
tion. = Jl^/D. 


ffx- = 0.332^1 + 0.4^ [1-2.415^ (1 - 

0.49S££ + 0.056S bse -0.151®], 

(XI-2-44) 


where p is the pressure 

C 1 

coefficient calculated for a 
cone with angle 3 

Pi 


When the body's stern is 
a cone with base taper S bse , 

the total wave drag coeffi¬ 
cient is calculated by the 
simpler formula 


Figure XI-2-10. Drag of Tapering 
Tail Section with Parabolic Gene¬ 
ratrix. X tl = x tl /x mld (Diagrams 

Obtained by the Method of Char-r 
acteristics) . 


c X w — 0.332/? c i + Pc2 v 1 — S bse , 

(XI-2-45) 

where p is found from the 
*c 2 

known angle 3 of the coni¬ 
cal element. 


Very Slender Body 

The relationships presented above for wave drag pertained to 
slender bodies for which the flow parameters depend more or less 
substantially on here, the investigations showed that this 

dependence becomes°°weaker as the body becomes more slender. In 
the theoretical limiting case with r -*■ 0, supersonic disturbed 
flow will no longer depend on compressibility. In practice, this 
corresponds to a very slender body with a large slenderness ratio. 
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The above limiting case is examined in aerodynamics in a special 
department known as the "aerodynamics of slender bodies." 

According to this theory, the relation for the wave-drag 
coefficient is found from the general expression (IV-5-30). Its 
specific form depends on the shape of the slender body. 

Body tapered at both ends. For such a body. S' (1) = 0. 
Moreover, the last term in (IV-4-30) is also zero, since the con¬ 
tour C over which the integral is evaluated shrinks to a point. 
Hence the wave-drag coefficient is 


2VV- 1 -“ \ \ S"(x)S-’(c)ln\x-l\dxdl (XI-2-46) 

V'-’mid ^' l,:> inid *3 d 
0 0 


The same relationship will also obtain when a = 0 and the 
body has a cylindrical base. In fact, the derivative S'(l) = 0 
in this case. In addition, the radial velocity component 9<f> 0 /9v 
also vanishes at the end of the body by the nonseparating-flow 
condition. Hence the second and third terms, on the right side 
of (IV-4-30) are zero, and the drag coefficient formula assumes 
the form (XI-2-46). 

Nonaxisymmetric body with circular base. Attack angle a = 

= 0. For a body lacking axial symmetry in the general case but 
having a circular base, the drag formula (IV-4-30) can be pre¬ 
sented in a more concrete form. For this purpose, we write an 
expression for the function dr/dx, determined for points of the 
base section, in series form [51]: 


(-£•)„," I • (XI-2-117) 

717=0 


where the f are certain dimensionless quantities. 

2m 

Calculating the derivative (3<f> /9r) by (IV-4-7) and re- 

X “ 1 

membering that (9<J> 0 /9r) _ = (dr/dx>. _ , we find the coefficients 

x-i )X— i 2lt 

A and B and then determine the integral (£ To (<?To/<2 v ) dr — ^ y a (dq 0 ldr) r 0 dQ 
n n «j ^ 

c 0 

Introducing the value found for the integral into (VI-4-30), we 
find for the wave-drag coefficient 
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1 


1 1 


9*?niid 

1 


2 n ^nud 


J l ln|^-||5''(x),S"(|)Jxdi + 


o o 


■S' (1) 


2n5 m id 


J In (1 - 1) S' (?) di¬ 


ll 


2^S mid 

a r 2 

*2m r bse 


[5"(l)] 2 ln. 


afbse 


(XI-2-48) 


■Solid ^ 2m 
m=l 


For an axisymmetric solid of revolution. Formula (XI-2-48) is 
simplified, since the last term vanishes. In its simplified form, 
the formula determines the drag of a body whose tail section tapers 
in the general case. At the end of such a body, the derivative 
S'(1) = 0. 

Shape of Solid of Revolution with Minimum Wave Drag 

Total drag can be minimized for certain conditions (flight 
speeds, attack angle, volume and length of body, etc.) by appro¬ 
priate adaptation of the shape of the body. We shall consider 
bodies offering minimum wave drag: optimum nose sections obtained 
in the aerodynamic theory of the slender body for zero attack 
angle. The shapes of these nose sections are found by calculat¬ 
ing the function (XI-2-46), which determines wave drag. 

Body symmetrical about center point of axis, with zero cross- /464 
sectional area at the ends. This body, which has come to be known 
as the Sears-Haak body [51], has a minimum wave drag of 


(XI-2-49) 


for an assigned body volume. The distribution of area along the 
axis is given by the formulas 


4 ’ < u > ” Sr rfl ' : ' 0; s (tt) “ Smld " i 


lOIFb 

3vfXe ’ 


(XI-2-50) 


where the angle 0 is related to the x-coordinate by 


X --- -J- .1‘ e (1 -p COS0). 


(XI-2-51) 


We see 
responds to 


sponds to 0 
= x e /2 (the 


from this relation that the forward point (x = 0) cor¬ 
an angle 0 = ir, while the end point (x = x ) corre- 

= 0. For the center point with its coordinate x = 
point of largest cross section), 0 = ir/2. 
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Karman derived 


Optimum nose section with base section 

the shape of the optimum nose section. It gives minimum wave drag 
for given body length x g and. base-section area S(x g ) m ^bse ^ 

S*(x ) = 0 at the end point. For this body, therefore, SCx^) * 

= S. = S ... The drag coefficient of this nose section is 
bse mid 


'^mld i 


(XI-2-52) 


The distribution of areas along the axis is given by the 
equation 

S (x) — ( rt — 0 + - j-'sin20) , (XI-2-53) 

where S . , = 2W, /x and the angle 0 is related to x by (XI-2-51). 
mid b e — 

In contrast to the Sears-Haak body, for which an angle 0 = it/2 

corresponds to the maximum-section point (x = x g /2), the Karman 

nose section has 0=0 corresponding to this cross section (x = 


Equation (XI-2-53) describes the generatrix of a slightly 
blunted slender solid of revolution. Despite the blunting, the 
drag nevertheless remains very small, since the tail sections of 
the body are situated in a zone of reduced pressure owing to the 
nose effect. 

The drag of bodies of optimum shape shows little dependence 
on flow conditions. This means that if, for example, a Karman 
nose section is placed in a flow at very high velocity, its shape 
will remain close to optimum even under these conditions. Thus, 
the optimum nose-section shape from the standpoint of minimum drag 
under a given set of conditions depends little on the law used in 
calculating the pressure distribution. 

§XI-3. FLOW AROUND SOLIDS OF REVOLUTION AT AN ANGLE OF ATTACK 
P ressure Distribution in Nonaxlsymmetric Flow 

Basic relationships. The nonaxisymmetric-flow problem re¬ 
duces to determination of the added pressure coefficient p 2 that 
appears as a result of disturbance of flow symmetry. This pres¬ 
sure depends on the disturbance potential <j)’ in transverse flow, 
which is the integral of differential equation (XI-1-13) and can 
be expressed in general form by (XI-1-1^_) . _The total pressure 
coefficient in nonaxlsymmetric flow is p = p ; + p 2 , where Pi 
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I 

depends only on the variables x and r, but p 2 also depends on the 
variable y. 

In the linearized flow, the normal-force coefficient Is 
determined in accordance with (1-4-11) as 

1 n 

Cxp ~ § r fix ^ P-, cos ydy. ( XI - 3 -1 ) 

a o 


Thus, the normal-force coefficient depends only on the non- 
axisymmetric-flow conditions. To evaluate this coefficient, it 
is necessary to find the distribution of the coefficient p 2 , cal¬ 
culation of which requires calculation of the added potential <p!> 
defined by (XI-1-27) or (XI-1-27'). 

The nonseparating-flow condition (XI-1-11') must be attached 
to the equation for <p ^. Including the constant V m in the values 
of the added axial V' and radial V’ disturbance-velocity compo- 

nents for simplicity and differentiating (XI-1-27) with respect 
to first x and then r, we find 


arch u 

cp 2 * — V' x — oJ cos y ^ m (x — a/r ch z) ch r dz; 
a 

archu 

<p 2 r ” V' r = — (a ') 2 c°s y ^ rn (x — a'rch z) ch 2 z dz, 

o 


where the derivative 

tn--=m’ (e) | e=;(: _ a . rch2 


Equating the right members of (XI-3-3) and (XI-1-11’), we ob¬ 
tain the equation 


archu 

a ~ (a') 2 J in (x — a'r ch z) ch 2 z dz (XI-3-4) 

« 

for determination of the function m(e). 

On the basis of our expression (XI-3-2) for the additional 
axial velocity component, we find the pressure coefficient 

arch u 

/> 2 — 2a'cos y § m(x — aVch z)ch z dz — a- (4sin 2 y— 1). (XI-3-5) 

« 


(XI-3-2) 

(XI-3-3) 
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As we see, a quadratic term has appeared in this expression; 
it enables us to improve the pressure-coefficient value. If the 
attack angles are very small, this term can be disregarded; then 

archu 

p 2 — —2a'cosy ^ m (x — a'r cli z) eli s dz. (XI-3-6) 

u 


Calculation of flow variables. We shall examine a calcula¬ 
tion method based on the law of dipole distribution along the 
axis of a very slender body as the first approximation. The form 
of the function m(x) that corresponds to this law can be found 
from (XI-3-4) if we set e = x - a'r cosh z in it: 


f • =sntr 8 - (XI-3-7 ) 

J V (i —C) 2 — (a'r)* 


For a very slender body (r very small), ar 2 can be assumed 
equal in first approximation to its value for r -*■ 0. Then 

«r- ^ m ((••) (.r -f) ch. Setting u * x - e, dv - m de and integrating by 

<• 

parts, remembering that m(0) * 0 at the tip, we obtain ^ m (e) de <zr-. 

o 

From this we find the law of dipole distribution along the axis of 
a very slender body: m = 2ar(dr/dx). It is interesting to note 
that this law is of the same type as the law of source distribu¬ 
tion . 


The relationship given above for the function m can be used 
to calculate flow around other than very slender bodies in much 
the same way as was done in §XI-2 in connection with use of the 
first approximation for the source distribution function f of the 
symmetrical case. As an illustration, let us consider a specific 
case of flow around a body with a parabolic generatrix. 

Bearing in mind the expression obtained for the function m, 
we find the derivative m(e). Correcting the distribution law thus 
found for this derivative by introducing the constant coefficients 
a 0 and a t , we obtain 

/7i (e) (e — J . (XI-3-8) 


Converting in this equation from e to the variable z_ and in¬ 
cluding the constant a' in the coefficients a 0 and a x . 


/466 


635 



(XI-3-9) 


in (x--a'r ch ;) - • a {«„ ; «, (11 — ch z) m [1 — 0.5 in (u — ch z)]}. 


Introducing this expression for the function m into (XI-3-4), 
we obtain the nonseparating-flow condition by integrating: 


Or —0.5mfr) —(a')- 1 . (XI-3-10 ) 


Prom this we can find the two coefficients a 0 and a x . To 
determine the former, it is necessary to refer Condition (XI-3-10) 
to the point of the cone (x = e = 0); the second coefficient is 
found from the same condition written for an arbitrary surface 
point. The result is 


«0 = [^' (;?)<>r l ; «i=-'[(a') _1 — « 0 /rI Ur — 0.5/re/?)- 1 . (XI-3-11) 

In Expressions (XI-3-10) and (XI-3-11), j^ is a certain func¬ 
tion that depends only on the parameter u = x/(a*r). In particu¬ 
lar cases, the function (j^) 0 depends on the parameter u = u 0 = 

= (a’Sp) -1 at the point of the cone. 

To obtain a relationship for the additional axial disturbance' 
velocity component in transverse flow, we introduce (XI-3-9) into 
(XI-3-2) and integrate: 


= - a cos y 



(XI-3-12) 


where j is a certain function of the same parameter u. 

The functions and introduced here are analogous to the 

Jl X 

i 11 and l examined in our study of axisymmetric flow. 

X* X 

If we are concerned with the somewhat more general case of 
assignment of the derivative m(e), as in the form of a third- 
degree parabola [a term in e 3 appears in (XI-3-8)], substituting 
it into (XI-3-2) and (XI-3-3) leads us to relationships that in¬ 
corporate the functions: 


n- 


h-, a * 

, 1 * 1 , 

-2 «h-\ 

r 

n 

; u :> I , — 


3 /( 1 .,- 

h\ 


i n r- Jr 

ul 2 -- 

n - 

u-I z 

3///, ; 

7: 

n ■ 

U 3 J. Z - 


■ill I j 

h. 



(XI-3-13) 
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where the I are functions representing integrals of the form 
(XI-2-13). n We might point out that the functions j^ repeat the 

corresponding functions i n that were introduced in the axisym- 

metric case. Values of the other functions defined by (XI-3-13) 

have been computed for various parameters u and are presented in 
Table XI-3-1. In using this table, as for Table XI-2-1 for axi- 
symmetric flow, it must be remembered that they were drawn up for 
u ranging from 1 to 12.2. If necessary, when it is found in the 
course of the calculation that the values of u are not covered by 
the table, the corresponding values of the functions i n and j n 
must be calculated by Formulas (XI-2-14) and (XI-3-13) to supple¬ 
ment the table. This may become necessary in investigating flows 
around long slender solids at small M . 

As we see, determination of the additional velocity component 
for given a and cos y by Formula (XI-3-12) necessitates calcula¬ 
tion of the values of the functions j n and and the parameter m 
at the point under consideration, as well as (j°) 0 for the cone 
at the tip. 

Having found this component, we can use (XI-1-23) to compute 
the additional pressure coefficient: 


Pt 


- 2a cos v (4 sin* y - 1), 


(XI-3-14) 


where the ratio vy(a cos y) is independent of a cos y and is deter¬ 
mined from (XI-3-12). 

This method of calculating nonaxisymmetric flow can be sim¬ 
plified. For this purpose, we shall use results from the theory 
of flow around slender bodies. In determining the law of dipole 
distribution with this theory, e.g.. In the form of (XI-3-8), it 
Is unnecessary to correct with the coefficients a 0 and a x . 

For a very slender solid of revolution, the function m can 
be presented in the form m = (a/7r)S'(x) and its derivative as 
m = (a/ir)S" (x) . Accordingly, the added axial velocity component 
is 


arch u 

V' x —cosy l S" (.v — a'rch s) ch z dz. (XI-3-15) 

o 

As an example, let us consider application of this relation 
for calculation of flow around a solid of revolution with a 
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TABLE XI-3-1. VALUES OF THE FUNCTIONS j£(u)* 



; 

i .o 

-i 

.9 

,3 

H 

l . 

J r 

} r 


1 

it 

0 

0 

0 

1 . 1 

u. 1736 

0.3090.10-* 
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4409 
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33S0 
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2740 

2.6 

3025 
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3579 

4536 

2.S 
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4039 

5024 
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3.0 

0.5124-10 

0.5001-10 

0.6827-10 

0.1086-10* 

3.2 

5780 

6092 

9040 

1538 

3.4 

6472 

7316 

0.1172-10* 
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3.6 
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S6S2 
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2954 

3.S 

7966 

0.1020-10* 

1868 

3959 
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0.8778-10 

0.1187-10* 

0.2309-10* 

0.5209-10* 

4.2 

9623 
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2821 

6745 

4.4 

0.1051-10* 

1573 

3409 
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4.6 
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1792 
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4.S 

1239 

2030 

4S44 

1330 

5.0 
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0.1669-10* 
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6678 

2040 

5.4 
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2S65 
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2974 

5.S 

1779 
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0.1032-10* 

3552 

6.0 

0.1S99-10* 

0.3S99-10* 

0.1180-10* 

0.4214-10* 

6.2 

2022 

4291 

1344 

4971 

6.4 

2150 

4708 

1524 

5831 

6.6 

2282 

5151 

1721 

6803 

6.8 

2417 

5621 

1936 

7899 

7.0 

0.2556-10* 

0.61 IS-10* 

0.2171-10* 

0.9130-10* 

7.2 

2700 

6644 

2426 

0.1051-10* 

7.4 
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7.6 
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3002 

1.376 

7.8 
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3326 
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0.3313-10* 
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0.3674-10* 
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;8.2 
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9723 

4049 

1997 

■3.4 
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0.5842-10* 

0.3189-10* 

9.4 
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6935 

3950 
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4927 
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4855 
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5327 
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5747 
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0.1112.10* 

7154 

11.0 

0.6177-10* 
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0.1026-10* 
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2837 

1698 
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7578 
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parabolic generatrix. For this body, the second derivative S" 
is given by (XI-2-23). Substituting it into the integrand of 
(XI-3-15), we obtain 

F.;. - cosY« 2 , (XI-3-16) 

where 

arch u 

«a= l *"(•» 

u 

The above methods can be used to evaluate velocity and, con¬ 
sequently, pressure on the cylindrical and tail sections of a 
body. Here the tail section must taper or expand slightly to 
preserve the linearized character of the flow. 

Law of flow similarity. According to (XI-3-16), the func¬ 
tion V^/(a cos y) at a given point depends on u. It was shown 

in §XI-2 that this parameter is determined in turn by its value 
u 0 on the_cone at the tip and by a certain function h of the 
variable x, i.e., u = u„h(x). Consequently, if we take into ac¬ 
count that the function depends on the same parameter u 0 , 

we can write the following general expression for the added pres¬ 
sure coefficient in accordance with (XI-3-16): 


p 2 ~ - 2*ppG (v 0 , x) cos v - a* (4 sin 2 Y - 1), (XI-3-18 ) 


where G is a certain function that depends on u 0 for a given sur¬ 
face point. 

Let us examine cases in which M ro is large and the solid of 
revolution has a parabolic generatrix, so that its slenderness 
ratio = l/3 0 . Then, multiplying (XI-3-18) by M^, we find 

1 - ctXmidK \B t (K„ X) cos Y - (vA mid ) 2 KJ (4 sin 2 V - 1), (XI-3-19 ) 


a'r ch z) ch z dz 


nid 


( 2 /? 


(>.r;' 




\ 

«* ) ’ 


(XI-3-17) 


where Bj is a certain function defined at a given point by the 
parameter K x = . 

Denoting the parameter by K , we write (XI-3-19) in 

general form: 


P2 

Pi 


i=B(K lt K 2) x, y). 


(XI-3-20) 
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We see from this expression that the pressure function at a 
given point depends on Kj and K 2 , which are the similarity param¬ 
eters of flows around slender solids of revolution at an angle 
of attack. 

In accordance with (1-4-11) and (1-5-8), the normal-force 
and moment coefficients will depend on the same parameters: 


ML-e.vp — E (K ( , K 2 ); Mlm zp = F (K u K 2 ), 


(XI-3-21) 


where E and F are certain functions of the parameters K x and K 2 . 
Normal-Force Coefficient 

Solid of revolution with arbitrary generatrix. If we know 
the distribution of the additional coefficient p 2 in nonaxisym- 
metric flow, we can calculate the normal-force coefficient. We 
use Formula (1-4-11) for this purpose. Remembering that 


a 

^ (4 sin 2 y — 1) cos y dy — 0, 
o 


we obtain 


c -yp 


: ^Inid ® 


' K - - - r 

-r dx; x = —— . 

a cos v i m id 


(XI-3-22) 


For the particular case of a parabolic-generatrix solid of 
revolution, this formula can be transformed to 


D 

c .Vp ~ ^’mid ^ ^ 


a cos y 


(XI-3-23) 


where t = x 2 [l - (x/3)]. 

Practical interest attaches to study of the function 
V’/(a cos y) as it varies along the body. This function deter- 

mines the element of normal-force coefficient referred to a unit 
length of the body, in accordance with the formula 


I I dcxp j 

a v OS y ''^-mid Jx r 


(XI-3-24) 


We see from Fig. XI-3-1 that the normal force coefficient 
element vanishes at a length of approximately 2d . H measured from 
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Figure XI-3-1. Variation of Func¬ 
tion V'/(ot cos y) Along Composite 

Solid of Revolution. 


the end of the nose section, and 
then acquires increasing negative 
values on the tail section with 
the approach to the base. In prac¬ 
tice, the cylindrical center sec¬ 
tion of the body has little in¬ 
fluence on normal force. As for the t 
may be substantial when the length and 
large. 


Figure XI-3-2. Variation 
of Normal Force Coeffi¬ 
cient as a Function of 
Attack Angle for Two 
Solids of Revolution. 

M = 5.05; solid line 
from Formula (XI-3-25); 
oo) experimental data 


for 

for 


mid 

Snid 


= 5; 
= 3- 


□) s ame 


ail section, its influence 
taper are sufficiently 


Studies have shown that the normal force coefficients of 
slender bodies are practically independent of and slenderness 
ratio at small angles of attack. For example, Fig. XI-3-2 shows 
that the coefficients c^ p are practically the same for two solids 

of revolution with slenderness ratios X ^ = 3 to 5 up to attack 

angles of the order of 4-5° at M ra = 5.05 3 although a trend to 
increasing normal force coefficient values is observed with in¬ 
creasing slenderness ratios. 


The data given in Fig. XI-3-2 indicate a nearly linear de¬ 
pendence of the coefficient c M on attack angle, of the approxi¬ 
mate form p 


c X p = 2a. 


(XI-3-25) 


It is remarkable that the linearized theory for very slender 
solids of revolution gives this value of the normal-force coeffi¬ 
cient. To demonstrate this, it is necessary to find the pressure 
coefficient distribution in the extreme case of an infinitesi¬ 
mally slender body, i.e., for r •> 0. This limiting case is ex¬ 
amined, as we have noted, in slender-body aerodynamics. Accord¬ 
ing to this theory, the pressure coefficient can be found by con¬ 
verting in (XI-3-5) to the variable e = x - a’r cosh z and finding 
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the limit of p 2 as r 0. Calculation of the limit gives 
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Ih -■= -~2- m - a 2 (4sin* y - 1). (XI-3-26 ) 

Since the function m = 2ar(dr/dx), the added pressure coef¬ 
ficient in this case will be 


p, = -iacosy-g— a*(4sin* T -l). (XI-3-27) 

If we introduce this expression into (XI-3-1), evaluation of 
the integral yields the relation 


C.Vp 


2aS, 


bs et 


(XI-3-28) 


which agrees with (XI-3-25) in the absence of tail taper (S, 

- 1). DSS 


Thus, slender-body aerodynamics establishes the same linear¬ 
ity of the normal-force coefficient as a function of attack angle 
that was observed previously in experiments. Physically, this 
theory also reflects correctly the effect of tail-section shape, 
which consists in diminishing c^ in the presence of stern taper 


(S 


bse 


< 1 ). 


It should be noted here that the same experimental studies 
indicate that for real bodies other than very slender ones, c^ 

is proportional to the relative base diameter d, rather than 

to the taper . However, while bearing this in mind, we shall 

use the theoretical result (XI-3-28) in the material that follows. 
Studies have shown that Formula (XI-3-25) can be used for approxi¬ 
mate evaluation of the normal force coefficients of comparatively 
short slender solids of revolution with slenderness ratios of the 
order of 3-5. 


Most interesting for practical problems is determination of 
the normal-force coefficient for solids of revolution that repre¬ 
sent', in the general case, a combination of a nose section with a 
certain shape, an intermediate cylinder, and a tail section. If 
the body has a cylindrical stern, its basic lifting element will 
be the nose section; hence the normal force coefficient will 
change when its geometry is changed. 

Experiments have shown that the normal force coefficient in¬ 
creases, for example, with increasing slenderness ratio of the 
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nose section. It must be noted, however, that the change in the 
normal force coefficient is small for a small change in the geo¬ 
metry of a sufficiently tapered nose section. 

The dependence of this coefficient on tapered-nose shape for 
bodies with equal relative cylindrical-section lengths was also 
tested experimentally. It was found that, for example, for a 
body with a parabolic nose section, the normal force coefficient 
is somewhat greater than for a body with a conical nose section 
with the same slenderness ratio. 

It was established that this relationship is also affected 
by the nose section’s effect on flow over the adjacent cylindrical 
section. For example, an additional negative normal force may be 
created by this effect on a cylinder length of 2-3d ^ in the case 

of a parabolic or ogival nose section at small M m . 

For a conical nose section, on the other hand, an additional 
positive normal force arises on the same length, as we see clearly 
in Fig. XI-3-3. This force appears on the cylinder because a 
positive excess pressure is created on the bottom and a negative 
one on the top. 

It is easily seen that the pressure drop practically vani¬ 
shes at a section situated at a distance of about 3h m ^ d . Here 

the lifting part of the cylinder creates an additional normal 
force larger than in the case in which the cylinder is preceded 
by a parabolic nose. Moreover, this additional force is so small 
in the latter case that it can be disregarded in practice. At 
the same time, it may be advisable to take it into account for a 
body with a conical nose. 

Starting with the above and using available experimental 
data, we can find the normal-force coefficient by Formula 
(XI-3-25) as it depends on pressure for cylindrical bodies with 
parabolic or ogival noses. We find that the calculation can be 
performed in the same way for bodies with nose cones. The agree¬ 
ment between the coefficients is probably due to masking of the 
increase in the cone normal force that results from the cylin¬ 
drical segment next to the nose section by the decrease as com¬ 
pared with the parabolic nose. 

If a cylindrical body terminates in a tail section of some 
shape other than cylindrical, the redistribution of pressure on it 
gives rise to an additional normal-force component. This compo¬ 
nent reduces the over-all normal force if the tail is tapered 
(S bse < 1} and increases it if it expands. In either case, ex¬ 
perimental studies indicate that the normal force of the body 
together with its tail section can be evaluated approximately by 
Formula (XI-3-28), which does not take account of the dependence 
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Figure XI-3-3- Pressure 
Distribution over Cone 
and Adjacent Cylindrical 
Segment (Experiment). 
Generatrices: a) upper; 
b) side; c) lower. 


of c. T on M 
Np ° 


although research has 


established that this dependence, 
although weak, does exist. Here we 
observe a tendency to a slight in¬ 
crease in c. T _ with increasing M . 

Influence of flow separation. 

The normal-force evaluation given 
above does not take flow separation 
into account. While this is justi¬ 
fied for short bodies, the flow 
around which is practically nonsepa¬ 
rating, it must be taken into ac¬ 
count in evaluating normal force for 
long bodies, for which it is ob¬ 
served in transverse flow of a vis¬ 
cous medium around a body at velocity 
V sin a (Fig. XI-3-4). 


For a surface element of length 
dx (Fig. XI-3-4), the additional 
normal force governed by separation 
is 


dX, = c f 2r dx - dc.x f 


-Tr 1 
mt/ mid * 


where c_ is a certain coefficient determined by the flow conditions 
in the boundary layer. 

Accordingly, 


dcsj -- c 


2 


~— sin 2 a dx. 

r mid 


Integrating in the range from x^ e to x, , we obtain 
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„ v b 

2 .‘-in-a r- , 
c.v/ - c , \ n/,v; 

' 'mi d 7 


(XI-3-29) 


the coordinate x sg is equal to the distance to the cross section 
on the cylinder where flow separation begins. 

Studies have shown that this distance is not constant and 
depends on attack angle, M^, Reynolds number, and the shape of 
the body. Figure XI-3-5 shows an approximate curve of x as a 

S G 
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Figure XI-3-4. Influence 
of Normal Velocity Com¬ 
ponent V m sin a on Flow 
Around Solid of Revolu¬ 
tion. 



function of attack angle at = 

= 2 for an ogival-nosed cylin¬ 
der. It is readily seen that 
x se > x mid in the S eneral case, 
and that a trend to initial formation of vortices and separation 
in the transitional zone between the ogival part and the cylinder 
is observed with increasing attack angle. We may assume for ten¬ 
tative calculations that the beginning of separation coincides 

with the beginning of the cylindrical section, i.e., take x = 

s s 

= x mid as the lower limit in (XI-3-29). Data similar to the plot 
in Fig. XI-3-5 should be used to correct the calculated results. 


Figure XI-3-5* Distance to 
Boundary-Layer Separation 
Region on Lee Side of Solid 
of Revolution. 


In the presence of a tail section, it is unnecessary to evalu¬ 
ate the integral in (XI-3-29). In this case, it is quite permis¬ 
sible to substitute a cylinder with the slenderness ratio = 

= for 1 the stern. Accordingly, 


Cx/ -■ 


c i(*c 


sm-a, 


(XI-3-30) 


where X r = (x - x . - x.,)/d . . is the slenderness ratio of the 

^ o mi a til miQ 

body’s cylindrical part. 

At small angles of attack 


c -v/ ~ c — (Xc + A t i) a 2 . 


(XI-3-30’) 


Experimental studies have shown that the coefficient c_ de¬ 
pends on whether the boundary layer is turbulent of laminar. For 
laminar flow in the range of Reynolds numbers Re = V^d ^/v ftcom 

2• 10 4 to 2 • 10 5 , c_ Is approximately 1.2. Lacking other data, this 
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value can be used for other Re in approximate calculations. For 
turbulent flow, we may assume c - 0.3-0.4. With the additional 
normal force taken into account, the over-all normal-force coef¬ 
ficient becomes 


r.v - 2«S bse -i- c ~ (X c | X t ,) a*. (XI-3-31) 
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Figure XI-3-6. Coefficients of Normal 
Force and Center of Pressure for Tapered 
Solid of Revolution. Total Slenderness 
Ratio of Body 21, Nose-Section Slender- 
ness X mid * 4.75. - slender-body 

theory; - with boundary-layer separa¬ 

tion in transverse flow considered; o) 
experiment at M = 2. 


Figure XI-3-6 presents experimental data, which are compared /475 
with the results of calculation by slender-body theory (XI-3-28) 
and by (XI-3-31)> which takes separation into account. The normal 
force determined from slender-body theory acts only on the expand¬ 
ing part of the body in front of the separation region, while 
viscous transverse forces act behind this region. As the attack 
angle increases, these forces increase in proportion to a 2 , while 
the normal force computed by slender-body theory increases in 
proportion to a. Formula (XI-3-31) gives results that agree 
satisfactorily with experiment. 

Figure XI-3-7 presents certain experimental results on the 
coefficient c N for cylindrical bodies with conical and ogival 

nose sections. 
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Figure XI-3-7. Variation of c„ and c for 

N c .p 

Cylindrical Bodies with Conical and Ogival 
Nose Sections. The numerals 1, 2, 3, 4 on 
the curves correspond to those on the diagram 
of the body and represent reference lengths. 


Normal-force coefficient of slender cone. To calculate 
coefficient, it is necessary to know the distribution of the 
tional pressure coefficient. To find it, let us use Expressi 
(XI-3-14) and (XI-3-16), which we combine to obtain 


Pz ----- - Jn— cos v — a* (4 sin 2 y - 1), 


(XI-3 


where the subscript c_ replaces the 0. 

Substituting the value of p 2 into (XI-3-1), we find 

. „ a Wc 
a'Pc (/?)c ‘ 

For a very slender cone (3 -* 0), we can find c M 

this formula. c 


(XI-3 


this 

addi- 

ons 


-32) 


-33) 


2a from 





Coefficient of Mo ment of Forces 

Solid of revolution of arbitrary shape. Leaving aside the 
influence of separation, we shall assume that the moment coeffi¬ 
cient depends on the distribution of the added pressure and on 
the position of the reduction point about which the moment is 
calculated. We shall also assume that this point is the tip of 
the body. 

The moment coefficient is determined by Expression (1-5-8), 
which gives m referred to the total body length . At the 

same time, we can obtain a relation for the moment coefficient 

m' referred to any other characteristic length, such as the nose- 
zp 

section length x m ^. The relation to be used for this purpose is 


m,, — b 


ZJ, x mid • 


(Xi- 3 - 34 ) 


An expression for the moment coefficient referred to the 
total body length can be obtained from (1-5-8) by applying 
(XI-1-24) for p 2 : 


"hi 






D 

- [ —£ 
.1 a cos 


cos v 


x dx . 


(XI-3-35) 


In the particular case of a parabolic generatrix, this for¬ 
mula can be written somewhat differently: 


■tt; 


"mid. 




x b 


\- 

a cos y 


(XI-3-35') 


where £ = x 3 (2/3 - x/4). 

To calculate the moment coefficient with Formula (XI-3-35')> 
it is first necessary to find values of V^./(ot cos y) as a function 

of £ and then to integrate numerically or graphically (Fig. 

XI-3-8). 

Moment coefficient of cone. Applying (XI-3-32) for the 
additional pressure coefficient on a cone, we can obtain a for¬ 
mula for the moment coefficient from (XI-3-35): 


}>hp-- - 


2 * _<■>%_ 
3 ct i/J‘.)c 


(XI-3-36) 
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Figure XI-3-8. Graphi¬ 
cal Determination of 
Moment Coefficient. 


Moment coefficient of very 
slender solids of revolution. By 

introducing (XI-3-27) into For¬ 
mula (1-5-8), we obtain 


Figure XI-3-9. Angle De¬ 
rivative of Moment Coef¬ 
ficient of Slender Cone. 
1) exact theory; 2) cal¬ 
culation by method of 
sources; 3) by slender- 
body theory. 


-' £ (Sb.e—, 


(XI-3-37) 


where is the volume of the solid of revolution and W c = x b s mic j 

is the volume of a cylinder whose base is equal to the largest 
cross section area and whose height is equal to the length of 
the body. 

If the moment is determined with respect to a point situ¬ 
ated at a distance x from the nose, 

c .g 




(XI-3-37 1 ) 


For real slender solids of revolution. Formula (XI-3-37) is 
valid only as far as the order of magnitude of the moment coeffi¬ 
cient. More satisfactory results are obtained by this formula 
for slender bodies of arbitrary shape without tail taper. It 
also gives a fair approximation for slender conical nose sections. 
For example, for a cone with S, =1 and W, /W p = 1/2, the value 

D S 0 DU 

of m = -1.33a is close to the rather good value -1.27a obtained 
zp 

for m from (XI-3-36) at M ot = 1.87 for a cone with the angle 

3 C = 0.1. 


The data given in Fig. XI-3-9 also indicate that the results 

of a calculation of the derivative m“ = 9m /9a by Formula 

zp zp' J 

(XI-3-37) for the same cone are in good agreement with the exact 
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theory. We see from the results of the exact-theory calculation 

that the derivative m a is almost independent of M for slender 

zp °° 

cones. 

Influence of separation. Plow separation on the top of the 
washed surface results in the appearance of an additional pitch¬ 
ing moment. The element of this moment (Fig. XI-3-10) is 


dM zj — — x dN t — — c 1 -r,- xrx ax ■ 


jrt 

1 Poc ' OO 5 
uYt% z f 


whence 
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m zf 


2 

n 


c .sin 2 a 
r mid 


\ rx d r . 
"Sind, 


(XI-3-38) 



Figure XI-3-10. Illustrat¬ 
ing Determination of Fric¬ 
tion Moment. 


If the body has a short tail 
section, this part can be replaced 
by a cylinder in calculating the 
moment coefficient from the forces 
due to flow separation, and then 
the formula can be simplified for 
small attack angles: 


m.f —c 

«T 


(*»“% ! )' 7A (XI-3-39) 


The total moment coefficient 
is the sum of the component due to 
pressure, which is determined by 
(XI-3-37)} and the component that appears at flow separation and 
calculated from (XI-3-39 ), i.e.. 


m. 


~ 2a ( 5 b.e-Ti£) + 4 C “* • 


(XI-3-40) 


This formula gives better results for a cylindrical body with 
a conical nose section than for the same body when it has a taper¬ 
ing or expanding tail section. 

Data more reliable than those of Formula (XI-3-40) can be ob¬ 
tained by experiment. 

If the coefficient of normal force and center of pressure 
are determined first, the moment coefficient 
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(Xl-3-41) 


m 


z 


c..c 
N c .p 


C enter of Pressure Coefficient 

Cone and solid of revolution of arbitrary shape. It follows 
from Formulas (1-4-11) that the center of pressure of a slender 
cone at small attack angles is situated in the absence of a vis¬ 
cosity effect at 2/3 of its length, so that c = 2/3. In prac- 

o * p 

tice, the influence of viscosity on the coefficient is negligible. 

For a solid of revolution of arbitrary shape, the center of 
pressure coefficient is determined by (1-4-11) or (1-5-8) if we 
consider only the pressure distribution. In linearized flow, 
this coefficient is 


*b , • Tb r- 

f C —?— } <?.r] f-?—- rx ,lx. 

L J a cosy -I J a cos y 


(XI-3-42) 


This formula does not take account of separation, and is 
therefore suitable for bodies with comparatively short cylindri¬ 
cal sections. 

The function V'/(a cos y) and, consequently, the center of 

X 

pressure coefficient are independent of attack angle. For slen¬ 
der solids of revolution with parabolic generatrices and slender¬ 
ness ratios ranging up to about 5, c can be calculated by the 
approximate formula C 'P 

Cc.p --=!•-10 =(11 j u 0 ) x , (xi- 3 - 43 ) 


where u 0 = (a 1 3 ) 1 . 

P 

The center of pressure coefficient calculated by this for¬ 
mula is referred to the length of the nose section, i.e., c c = 

= x /x and corresponds to the linearized-flow conditions. The 

Cap 

dimensionless variable x in (XI-3-43) is determined by the ratio 
x = x / x m q d and must satisfy the condition (1.1-1.15) x >_ 0 

(Fig. XI-3-11). 


We see from (XI-3-43) that the center of pressure coeffi¬ 
cient is a weak function of M^. With increasing M^, the center 
of pressure shifts slightly toward the base of the body. This 
is because the expansion at the end of the nose section decreases 
with increasing speed and, consequently, the destabilizing effect 
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of the tail section becomes weaker. At 
= 2.5-3, the expansion practically 
vanishes, and a positive excess pres¬ 
sure even appears at large Mach numbers, 
so that the rear of the nose section 
begins to act as a kind of stabilizer. 


x 


L mid 


Xb 


Figure XI-3-11. Geo¬ 
metrical Parameters 
of Body Necessary 
for Calculation of 
Center of Pressure 
Coefficient. 


the stability margin in 


At moderate speeds (M ro <_ 1.5), the 
center of pressure may shift toward the 
point of the body, since the increase 
in the normal force is larger at the 
front of the nose than at the rear. 

Stabilization of nose sections. A 

conical nose section or a nose section 
of arbitrary generatrix will possess 
static stability if the center of pres¬ 
sure is behind the center of gravity, 
i.e., nearer the base of the body. Here 
percent is determined fpom the relation 


Y -,r: TC - P . rC - g - 1009b. 

•*" mid ' 

To ensure a positive stability margin for a given nose-sec¬ 
tion shape and hence a given value of the coefficient c , we 

can obviously weight the forward part and thereby shift the 
center of gravity toward the tip. 

A positive stability margin can also be secured by shift¬ 
ing the body’s center of pressure towards its base. Various 
stabilizing measures are taken for this purpose. They include, 
for example, stabilization by the use of tail fins. Other aero¬ 
dynamic devices are also employed. 

Fin stabilization is most commonly encountered. It is based 
on the fact that fins at the end of the body set up a positive 
force, so that the center of pressure is shifted toward the base. 

The same effect is obtained by the use of so-called stabiliz¬ 
ing skirts. Let us explain this stabilization method with refer¬ 
ence to a nose-cone solid of revolution. Assume that we have a 
solid cone. Since its center of gravity is at 3/4-height from 
the nose (Fig. XI-3-12a) and its center of pressure is at 2/3-* 
height, the body will clearly be statically unstable in flight, 
since its stability margin is negative and equal to 

v -(<„-j m > «*-(4-4)«*-- 8 ’ 3 «- 
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Let us now attach a stabilizing skirt to the base of the 
conical body. This may be either a truncated hollow cone that 
forms an extension of the main body (Pig. XI-3-12b) or has a 
smaller generatrix inclination angle (Pig. XI-3-12c) or a hollow /479 
cylinder (Fig. XI-3-12d). All of these stabilizer variations 
are determined basically by design configurations. 



a) b) 



Figure XI-3-13. Diagram Showing 
Relative Positions of Centers of 
Pressure and Gravity for Nose 
Sections of Arbitrary Shape. 


Figure XI-3-12. Diagram 
Showing Relative Positions 

of Centers of Pressure and The version in which a coni- 

Gravity of a Conical Body. cal skirt forms an extension of 

the main cone is simplest for cal¬ 
culation of the stability margin. 
In this case, we may assume if the skirt weight is negligible 
that the center of pressure of the entire.stabilized body remains 
in position and that its dimensionless coordinate 


x c. g 3 h 

hi 4 by 


where h is the height of the main nose section and h 1 is the 
height of the entire body with the stabilizing skirt. 

The center of pressure of such a body will lie at a distance 
2/3hj from the point. Consequently, the center of pressure coef¬ 
ficient is 2/3 and the stability margin y — (9/S)(/?.7ii)] 100%. 

The value of h can be adjusted in such a way that the center 
of pressure will fall between the base and the center of gravity 
and the stability margin will be positive. In practice, the sta¬ 
bility margin is usually placed between 8 and 10?. The required 
h/hj ratio is determined on the basis of the selected margin. 

A similar method of stabilization using a conical skirt can 
be used when the main nose section has a curvilinear generatrix 
(Fig. XI-3-13). Experiments have shown that the center of pressure 
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coefficient of the body shown in Pig. XI-3-13a, which is an in¬ 
complete nose section with a conical skirt and h 1 of the order 
of (1.5-2)h, is approximately 0.5-0.55- It depends weakly on 
M , attack angle, and the length of the stabilizing skirt, al¬ 
though a trend toward a slight increase in c c is observed with 

increasing attack angle or on passage to a greater skirt length. 

Interest attaches to analysis of the manner in which the 
normal force coefficient of such a body varies. It is practic¬ 
ally independent of M^. The influence of attack angle is repre¬ 
sented by the linear relation 


C\ (2.5 -3)*. 


Figure XI-3-13b shows another shape of a full (or tangent) 
nose with a stabilizing skirt. 

Studies have shown that such nose sections with slenderness 
ratios A n = 3.5-5 and stabilizing skirts having slenderness ratios 

A,-, = 1.5-2.5 and base-section relative diameters d, = 

U J_ D S G 

= d, /d ., = 1.5-1.8 have center of pressure coefficients c = 
bse mid ^ c.p 

= x /h 1 of approximately 0.55-0.60, with the smaller value cor- 
c • p 

responding to shorter and narrower stabilizing skirts. 

The length h x of a body with a stabilizing skirt is chosen 
in the same way as in the conical-body example for the known 
length h and a given center of gravity position. 

Center of pressure coefficient of long bodies. When a 
rather long segment is attached to a nose cone, the center of 
pressure position of the resulting body will be influenced to 
some degree by flow separation. This effect, which increases 
with attack angle, shifts the center of pressure toward the base 
and, consequently, increases static stability. 


Let us consider a case in which a nose cone with slender¬ 
ness ratio A n terminates in a cylinder with a certain length 

A^d . , which, in turn, is fitted with a tapering or expanding 
mi ci. 


tail section with a length ratio A,-, = x,,/d . ,. 

tl tl mid 


With the con¬ 


dition Aq > 1.5-2 the center of pressure coefficients of slender 


solids of revolution with small taper (S 
termined approximately by the formula 


bse 


0.9-1.1) can be de- 
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(XI-3-4^1) 


( V n ' b 1 

, „ 2 

(x X;nid ^ 

V bse “ 1 r c J 

n 

Xb ) 


-•'>’bse l- c (^c r^tl ) “ 


This formula can be used for tentative evaluation of c c if 

it is remembered that the actual center of pressure will be 
situated closer to the point than indicated by the calculation. 
This is evident, for example, from Fig. XI-3-6, which shows 
experimental data for a long tapered solid of revolution. 

Figure XI-3-7 shows analogous results obtained for cylindrical 
bodies with conical and ogival tapered noses. 


With increasing M a , a body with an expanding stern shows a 
tendency toward smaller c c . Thus, for one of the solids of 

revolution with a conical expanding stern, the center of pressure 
coefficient was about 7% smaller at M = 4 than at M =2. Thus, 
the increase in M resulted in some destabilization. 

OO 

Formula (XI-3-44) gives more satisfactory results when the 
end of the_ body is not tapered or expanded and, consequently, we 
must set S^ se = 1 and = 0 in this formula. 

Apart from the formulas given above, the center of pressure 
coefficient of a body of arbitrary shape can be approximated with 
the aid of the aerodynamic coefficients known for the individual 
elements of this body. Let us illustrate this using as an example 
the solid of revolution diagramed in Fig. XI-3-14. 

We dismember this body into elements each of which creates a 

known normal force whose point of application is also known. We 

calculate the sum of the force moments about point 0; it is equal 

to the produce of the total normal force by its arm x , which 

c • p 

is the distance from the nose to the unknown center of pressure 
of the body as a whole: 


Nx 

c 


•P 


N x 
n 


n 

c 


• P 


+ 


N, 


x 


G 

c .p 


1 N tl X 


tl 
c .p 


> 


where the subscripts n, C, and tl denote the normal forces and 
the respective coordinates of application for the nose section, 
the cylinder, and the tail section, with understood as the 

normal force arising as a result of flow separation and acting 
on the cylindrical section of the body, i.e., = N^. 
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r 


0 


x 


Figure XI-3-14. Diagram for Cal¬ 
culation of Center of Pressure 
Coefficient of Body. 


Considering that N = 

= N + N~ ± N, , and substi- 
n C tl 

tuting the force coeffi¬ 
cients for the forces both 
for the entire body and for 
each of its elements, we 
obtain an equation for the 
center of pressure coeffi¬ 
cient of the entire body: 


(c"uc n . P 


C — C [i — t i 

+ C -V* c c.p :±: £.v ' c dp)t 


(Xi- 3 - 45 ) 



where the over-all normal-force coefficient is c^ = c n + C N ± C N^’ 

The plus sign corresponds to an expanding stern, which gives rise 

to a stabilizing effect, and the minus sign to a tapering tail 

element, which creates a negative normal force. Expression 

(XI-3-45) also contains the dimensionless coordinates x 11 = 

n , —C C , , -tl tl, c,p 

= x /x, , x = x /x, and x = x /x, . 
c.p b s b b 

Generally, if the solid of revolution consists of several 
elements, the formula for the center of pressure coefficient be¬ 
comes 


rc. P y 


(*Yr): ^c.p )i 


' C.p. ' 


2 (cxph 


(XI-3-46) 


Let us consider how the individual quantities in the formula 
for the center of pressure coefficients are determined. The 
normal-force coefficient c^ of the entire body is calculated by 

(XI-3-31). The value of cj^ for the nose section must be calcu¬ 
lated with consideration of the cylinder that follows it. In 
this case, it is recommended that the calculation be performed 

by the formula c., = 3a. The coordinate x n of the center of 

*« c.p 

pressure of this part of the body will also be influenced by the 
cylinder, and since the part of the cylinder adjacent to the nose 
cone is a lifting element, it shifts the center of pressure of 
the nose section slightly backward from Its position for the iso¬ 
lated nose. For a conical nose and cylinder, this shift might 

be about 5-10$. In calculating the coordinate x n for a nose 

c.p 

section of this type with an attached cylindrical section, we can 
assume its value equal to x£ = (2/3)(1.05-1•10)x fflid , i.e., the 

dimensionless coordinate in this case 


656 



(Xi-3-47) 


[ 


~“n 
X c.p 


*jy>_ =: 4 (i .05 1.10). 

a- b 3 ?. b 


For a parabolic nose section, the calculation is performed 

by the usual formula x 51 = c (X . ^/X, ), and if the head meets 

J c.p c.p mid b 5 

the cylindrical section at a tangent, the coefficient c is 

C • 

taken from Formula (XI-3-43). If, on the other ahnd, the nose 
section is cut off, the value of this coefficient obtained from 
(XI-3-43) should be increased by about 5-10$. This is because 
the cylindrical segment adjoining the nose is a lifting element 
in this case, like a cylindrical segment adjacent to a conical 
nose section. 
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Let us now examine that 
part of the normal-force coef¬ 
ficient and the corresponding 
dimensionless center of pres¬ 
sure coordinate that are 
governed by transverse flow. 
The normal-force coefficient 
of the cylindrical section 
can be determined by the for¬ 
mula 

c .v ,; \y ' C r X~ (Xb Xmid), (XI—3—48) 


on the assumption that the 
stern gives the same separa¬ 
tion-controlled component as a cylindrical segment of equal 
length. 

_ Q 

The dimensionless coordinate x of the center of pressure 

c.p 

will be found on the assumption that the normal force in trans¬ 
verse flow around the body is distributed uniformly over a seg¬ 
ment of length X b - X mb( ^ and, consequently, that the center of 

pressure is located in the middle, i.e.. 


N = N b +Nfn 



XJj 


Figure XI-3-15- Diagram for 
Calculation of Center of Pres¬ 
sure Coefficient of a Finned 
Solid of Revolution. 


Xrl 


c.p 




(XI-3-49) 


The absolute value of the normal-force coefficient created 
on a tapering or expanding tail section as a result of pressure 
redistribution in inviscid flow can be computed according to 
(XI-3-28) by the formula 
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(XI-3-50) 


c.v* = 2 a (5 bse — 1). 


In the first approximation, the application point of the 
normal force may be assumed to be at the middle of the tail 
section. Accordingly, the dimensionless coordinate 


-u 


*b " * 


2 A b 


(XI-3-51) 


Stabilization of long solids of revolution. Like short 
ones, long solids of revolution can be stabilized with fins or 
special aerodynamic devices. Pin stabilization is most commonly 
encountered. 

fn 

Here, if we know the normal-force coefficient c^ of the 

fins referred to themidships section of the body and the dimen¬ 
sionless coordinate x^ n = x£ n /x, of the fin center of pressure, 

we find the following expression for the center of pressure coef¬ 
ficient of the finned body in accordance with the diagram shown 
in Pig. XI-3-15: 


fn " fn 


fn 


I5tE _ 


b 

-c.p 


(XI-3-52) 


Here c b and c^ n are the respective normal force coefficients 

of the body and fins and c b and x fn are the body center of 

c . p c. p 

pressure coefficient and the dimensionless coordinate of the fin 
center of pressure. 


The body's normal-force coefficient is determined by the 

formula c b = c Jj + ± as the sum of the three components 

for the nose, cylinder, and stern, respectively. Recommendations 
for their calculation were set forth above. The body center of 
pressure coefficient c^ is found from Expression (XI-3-45). 

V • p 

In computing the aerodynamic characteristics of the body, it 
is necessary to take the fins on the solid of revolution into 
account. The same applies to calculation of the fin characteris¬ 
tics, which will be influenced by the body. Thus, it is neces¬ 
sary that the calculations be performed with consideration of the 
interference between the body and the fins. In estimating the 
static stability margin of a finned solid of revolution, the 
normal force coefficients of the body and fins, as well as the 
center of pressure coordinates can be calculated separately for 
each of these elements, i.e., without consideration of 
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interference. The accuracy of these calculations improves with 
increasing flow velocities. The fin center of pressure coordi¬ 
nate can be assumed to lie at the middle of the mean aerodynamic 
chord. 

By appropriate adjustment of the fin area, we can place the 
center of pressure of the finned body aft of its center of grav¬ 
ity and thereby obtain a positive stability margin. If the mar¬ 
gin is assigned, the plan area of the stabilizer can be deter¬ 
mined for a selected stabilizer shape. 

In fact, since the stability margin Y = (c c - x q g)100$ 

where c and x are the center of pressure coefficient and 
c. p c. g ^ 

the dimensionless center of gravity coordinate_of the finned 

body, respectively, it is obvious that c = x + Y/100%. 

c . p c . g 

Thus, the general expression for the coefficient c^ n can be 

written c^ n = (e^ n )' (S^/S ^^)» where (c^ n )' is the fin normal 

force coefficient referred to the plan area of the stabilizers. 
In approximate calculations in which interference is considered, 
the part of the body area between the fins (center section) is 
included in the area S~. 

We can use Expression (XI-3-52) to find the ratio of fin 
area, including the center section, to the largest cross-sec¬ 
tional area of the solid of revolution: 


Sfn - 


4 tfc. B +o.oiy-4 P ) 


«Y )' Gt 


-o.oiy—x c . g ) 


(XI-3-53) 


Assigning a stability margin of 8-10$, we can use this for¬ 
mula to find the required relative fin area S^. at which this 

stability margin is ensured. 


Another highly effective stabilization method involves the 
use of an expanding tail cone. Like fins, it creates a positive 
lifting force and thus shifts the center of pressure toward the 
base of the body. 

Formula (XI-3-45) can be used to determine the center of 
pressure coefficient in this stabilization method. Replacing the 
coefficients c^J and c^-*- in this formula by their values, which 

might be obtained from the formulas c^ = 2a and c^ T 1= 2a(S, - 1), 

we obtain w w Dse 


C 


;!-2“ (^ b se 
■« A 'bse i <V 


. \ — d 
— V X c.p, 


(Xl- 3 - 54 ) 
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This expression can be used to find the required expansion 
of the tail section for a given stability margin and a specified 
tail-section length, i.e., it gives the dimensionless area 


C 2a (j c.p r c.p)i c A (•‘‘c-g - ! 0.01 > x< Z.p ) —55 

' bse " ^(14 -lc.g-0.01V) * 

It can be established by analysis of this expression that, 
other conditions being the same, reaches its largest value 

at very small angles of attack (a 0). The largest cone gener¬ 
atrix inclination angle will obviously correspond to this value 
at a given tail-section length. 

Drag Due to Lift 


A body in flow at an angle of attack experiences an additional 
drag governed by the generation of lift. This drag can be re¬ 
garded as resulting from vortices that trail from the body and 
change the pressure distribution on its surface. The drag due to 
lift is equivalent to the induced drag of finite-span wings. It 
can be determined [51] by analyzing the contour integral in For¬ 
mula (IV-3-30). Let us introduce the value <J> 0 = + <f> into the 

integrand; here, <p and 4> are given, respectively by (IV-4-15) 

u cx 

and (IV-4-17). Then the terms that contain <j> a will give the un¬ 
known drag component X. . Assuming 9$ /9r = - a sin 0 in accord- 

1 ot 

ance with the nonseparating-flow condition, we find 


- Y l = •*»b.e9 a *- 


The corresponding drag coefficient is 


C xi 


■Vi 

^ mid.? 


-5, 


bse 




(XI-3-56) 


where S. = S. /S . ,. The above formulas can be expressed in 
bsebsemid 

terms of the lift Y = 2iTr^ se qa or the coefficient of the lifting 
force 

Cy - ~c^—T — 25 bse^' (XI-3-57 ) 

y -Lnid? 

In fact, X. = JgYa or 

5 i 
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(XI-3-58) 


l 

C x i -- 2 CyV-' 


Drag due to flow separation. By its nature, this drag is a 
pressure drag. It is unrelated to surface-friction forces and 
appears as a result of flow separation from the top of a body at an 
angle of attack and, consequently, from Vortex formation. Thus, 
the drag in the presence of transverse flow arises from forces 
normal to the axis of the body. If the total normal force that 
appears in such a flow has been found, we can multiply it by the 
angle a to determine the additional drag. According to (XI-3-30')> 
the coefficient of this drag is 

c XJ - c±(X c +U)* 3 . (XI-3-59) 

It must be remembered in calculating c _ that the transverse- 

X1 

flow drag, like the additional lift, appears beginning at certain 
attack angles at which flow separation occurs with its consequent 
pressure redistribution on the upper surface. 

In a more exact analysis of separation, it must be remem¬ 
bered that the position of the laminar-to-turbulent boundary 
layer transition influences the length of the separation zone. 

The transition point shifts forward with increasing attack angle, 
causing earlier separation and vortex formation. It may be as¬ 
sumed to simplify the calculations that the additional drag ap¬ 
pears at all small attack angles and that the length of the 
separation zone, which begins at the end of the nose section, is 
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AERODYNAMICS OF BLUNT SOLIDS OF REVOLUTION 

§XII-1. INVISCID FLOW AROUND A BLUNTED NOSE 
General Solution for a Nose of Arbitrary Shape 


Study of the aerodynamics of the whole blunt body involves 
investigation of the flow around its forward section, which is a 
blunted nose of some particular shape. The results of these in¬ 
vestigations form the basis for calculation of the flow variables 
on the rest of the body. On the other hand, these results are 
of independent importance, since they enable us to determine the 
aerodynamic characteristics of the blunt nose. The over-all 
aerodynamic characteristics of the body can be determined by 
adding the components for the nose and the remainder. 

Here it must be noted that if the flow around the peripheral 
part of the body depends on the blunting, the flow conditions 
around the nose itself are determined only by its shape, or, more 
precisely, by the shape of the part of the nose forward of the 
"sonic" point on its surface. This implies that the problem of 
flow around a blunt nose is autonomous, i.e., it is solved in¬ 
dependently . 

Inviscid flow will be examined below. Nevertheless, the 
solution found is of great practical importance, since it permits 
determination of the basic flow conditions outside the boundary 
layer, conditions that must be known to investigate the friction 
and heat-transfer processes that are shaped in the boundary layer 
itself. 

At the present time, a number of methods have been devised 
for solving the problem of flow around a blunt nose. Some authors 
have based their methods on assignment of the shape and position 
of the shock wave as found, for example, from experiment. Then 
they solved the inverse problem: the system of nonlinear partial 
differential equations was integrated approximately for known 
boundary conditions on a curvilinear shock wave and the flow 
around the blunting calculated in this manner. The actual nose 
shape was determined in this process. 

Academician A.A. Dorodnitsin proposed an integration method 
that reduces to numerical solution of an approximating system of 
ordinary differential equations in a certain region [10]. This 
method can be used, for example, when the boundary of the region. 
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which might be a curvilinear shock wave ahead of the blunting, is 
known in advance. Consequently, its shape and position can be 
determined in the process of solving the problem of flow around 
the nose. Using this method, O.M. Belotserkovskiy computed flows 
around blunt symmetrical bodies with separated curvilinear shock 
waves ([68], I960, XXIV, No. 3)- 


Let us examine the equation system for solution of this prob¬ 
lem. In the calculation of mixed (subsonic, sonic, and super¬ 
sonic) rotational flow of a gas between a curvilinear shock and 
a blunt nose of arbitrary shape, it is more convenient to use an 
equation system written in spherical coordinates (Fig. XII-1-1). 
Since we are concerned with axisymmetric flow, the equations of 
motion (III-2-8) and continuity (III-2-17) appear in this system 
in simplified form, as does Condition (111-2-54) for isentropic 
gas flow. 



Figure XII-1-1. Work¬ 
ing Diagram of Flow 
Around Bluntness. 


For greater convenience in the 
calculations, it is helpful to trans¬ 
form the equation of motion with the 
Bernoulli equation and to introduce 
the stream function Y. Then the com¬ 
plete equation system will be 


(•»’;.)sia<->) o(ri>v H v r . <iu h> . 

.-.*,- ' r(2p 

■) (Li'] sin H) , <<(MT H 5iue) ^ 

"7,7 " .■>« ■ ; 

£t- / /W, 

(XII-1-1) 


where 


P- 


k — I 


1”); p- rf t [ ^(l — l 74 )]"- 1 , / (XII-1-2) 


Here we have introduced the dimensionless parameters V = V/V , 
_ _ max 

P = P/Poo) P = P/(P 00 v I ^ ax ) j r = r/£, where £ is a certain char¬ 
acteristic linear dimension of the body. 

The entropy function f, which changes as we pass from one 
streamline to another, i.e., depends on the stream function ip, 
is defined by the relation S = c In f. 
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The four-equation system (XII-1-1) can be used to calculate 
the unknowns V , V Q , f and ip. Its solution must satisfy boundary 

conditions on the surface of the nose section and on the shock 
wave. The following equalities must be satisfied on the surface 
of a blunt nose whose generatrix equation is r = r o (0): 


V r — 


v e dr 0 ■ 

r a dQ ’ 


ij; = 0 ; /=/( 0 ) = const, 


(XII-1-3) 


with the entropy function found for the conditions of passage 
through the vertex of the shock wave, which are written in the 
form 


/<°) = FFI (rrir V °° 2>< • (XII-1-4) 


The boundary conditions on a shock wave with the generatrix 
r = r o (0) + s(0), where s_ is radial distance and 0 = const from 
the contour of the body to the wave, are found from the theory of 
the curvilinear compression shock and take the form 


W- F„sin O s -j-F*cos0 s ; V&- V x sin 0 s -f V„ cos 0 S ; 
l 7 , - Voo [l - j (sir. 2 0 S - M ~J)] ; V u - (L- V x ) ctg 0 S ; 

P ffj [VI. si n 2 0 S _ (1 _ VI) ; 


- 1 ; ■ 1 l 7 ! sin 2 0 S 

(' k —1 vi cos 2 Os ’ 


f rf* - (r ° 1 ' s) - v, x sin 2 0 S 


(XII-1-5) 


The boundary condition for_the entropy function is found 
from the expressions for p and p. 

The reader can consult the specialized literature ([68], 
I960, No. 3) for the solution of equation system (XII-1-1) by 
the Dorodnitsin method. An electronic computer can be used for 
numerical integration. The result is calculation of flows around 
bodies with detached shock waves; the bodies may have various 
blunting shapes, including the sphere, the flat face, curvilinear 
surfaces with inflection points, etc. It is the possibility of 
using high-speed electronic computers that makes this method ef¬ 
fective; the final results are obtained on the machine with the 
required accuracy. 

The calculated results permit inferences as to the shape 
and position of the shock wave and the magnitudes and manner of 
distribution of the flow variables between the wave and the blunt 
nose. 
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§XII-2. APPROXIMATE METHODS OF CALCULATING FLOW AROUND NOSES WITH 
VARIOUS SHAPES 

Spher ical Nose 

Equation system and solution for the neighborhood of the 
total stagnation point (critical point). One of the most char¬ 
acteristic points on a spherical nose is its point of total stag¬ 
nation. Study of the flow in its 
neighborhood is of interest pri¬ 
marily because it is related to 
a problem of such practical im¬ 
portance as that of determining 
the heat flows, which may reach 
their largest values here. It is 
shown below that this value depends 
on the initial velocity gradient 
along the•spherical surface. The 
initial velocity gradient can be 
found by investigating inviscid 
flow around the blunt nose. At 
the same time, solution of the 
problem of flow near the critical 
point enables us to determine the 
distance from the wave to the 
body and the distribution of the 
gasdynamic variables in this small 
region; the solution can be obtained in the general case with con¬ 
sideration of physicochemical changes in the gas. 

Let us consider the solution of the problem formulated ([72], 
1957, No. 1). For this purpose, we shall use the equations of 
motion (III-2-10) and continuity (III-2-20) in a curvilinear or¬ 
thogonal. system. The system origin coincides with the critical 
point, the x-coordinate is reckoned along the surface, and along 
the normal to it (Fig. XII-2-1). 

If we assume that a region in the neighborhood of the criti¬ 
cal point is to be investigated and that the oncoming flow has a 
very high supersonic velocity, the complex initial equations can 
be simplified. In fact, the flow behind the shock wave has prac¬ 
tically incompressible properties under these conditions, since 
M 2 differs little from the value [(k - l)/2k] 1 / 2 in the limiting 
case of flow (as M -* °° at k = const) behind a normal shock. In 
the neighborhood under consideration^ therefore, density may be 
assumed constant at p = p^/p, where p = p oo /p s , and p g is the 

density behind the shock at_the critical point. Thus, we may 
substitute the constant p^/p for the variable density p in the 
motion and continuity equations. 

Since we are concerned with high velocities, the shock wave 
will make a close approach to the surface of the body in this 



Figure XII-2-1. Components 
of Flow Velocity Around a 
Blunted Nose in Curvilinear 
Coordinates. 
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case. Here the region of disturbed flow lies in a thin layer of 
a certain thickness s_ that is very small by comparison with the 
radius of curvature R of the surface near the critical point. 

Thus, if we assume that s/R << 1, then obviously y/R << 1, 
since 0 £ y £. x. In the equations for the gasdynamic flow, there¬ 
fore, y/R can be disregarded as small by comparison with unity. 
Moreover, the third terms on the left can be disregarded in Eqs. 
(III-2-10), since they are of lower order, again because y << R 
and x << R. Finally, the continuity equation can be simplified 
for the conditions around the critical point by setting r ~ x. 

With the above simplifications, the system of equations 
(III-2-10) and (III-2-20) assumes the form 


' r .v 1 - P Op . 

V ' O'J pco Ox ’ 

y ,n ’J , 1 / oV U P dp . 

x Ox 1 ’J dy poo dy ' 

0(V x x) 0(V y r) 

dx dy 

(XII-2-1) 

(XII-2-2) 

(XII-2-3) 

The solution of this system must satisfy 
the surface of the body at an arbitrary point 
velocity component V = 0 at y = 0, and then 

the conditions at 
, where the normal 
at the critical 

point, at which the components = 0, at y = x = 0. In 

addition, the solution must satisfy the flow conditions directly 
behind the shock wave. These conditions, written for the velo¬ 
city components at point A at a distance s_ from the surface of 
the nose, take the form (Fig. XII-2-1) 

V x — Fcos (P — p s ); 

V v = — Fsin (P —p s ). 

(XII-2-4 ) 

(XII-2-5) 

According to Expressions (III-4-24) and (111-4-12) and con¬ 
sidering that p = P M /p directly behind the shock, we shall have 
the following conditions for the total velocity V and the pres¬ 
sure ]d at the particular point A: 

~ = (p 2 sin 2 0 S cos 2 0 S ) ,/2 ; 

y oo 

(XII-2-6) 

= 1 + AML (1 — f>) sin 2 0 S . 

Poo 

(XII-2-7) 
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Pressure and density can be excluded from (XII-2-1) and 
(XII-2-2). For this purpose, we differentiate these equations 
with respect to and x, respectively. Then, equating the re¬ 
sults of differentiation and applying (XII-2-3)> 


' _y j y d<’>z 

X X dc ' U <Jy 


(XII-2-8) 


where the function (vorticity expression) 


6) z - dV x jdy — OVytdx. 


(XII-2-9) 


Thus, the problem consists in finding solutions for Eqs. 

(XII-2-3) and (XII-2-8) that satisfy the above boundary con¬ 
ditions . 

Let us assume that the solution for V x in the neighborhood 7^89 
of the axis x = 0 can be found in series form: 

V x - a u (y)-\-a l ( ! ,)x-\-a z (y)^-ra 3 ( !/ )x 3 (XII-2-10) 


where x is a small parameter. The structure of this series can 
be simplified to some degree. By the oddness condition, accord¬ 
ing to which equal but opposite velocity, components V correspond 

“ A 

to equal to opposite x, only the terms with odd powers are re¬ 
tained in the expansion: 


V x --ai(y)x : a 3 {y)a?-\- 


(XII-2-11) 


Since a small neighborhood around the critical point is being 
considered, we shall disregard terms containing x in the third 
and higher powers. We therefore arrive at the expression V * 

= a^yjx. x 

We introduce the function 


so that 



(XII-2-12) 


F’ (y) - «1 (!/) and F(0)-0.’ 


(XII-2-13) 
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Then 


V x -■ xF' (y). 


(XII-2-14) 


Substituting this expression for V x in the continuity equa¬ 
tion (XII-2-3), we find the expression for the other velocity 
component: 


IV- -2 F(y) rf(.z). 


(XII-2-15) 


But according to the nonseparating-flow condition V (x,0) = 
= 0, i.e., -2F (0) + f(x) = 0, and since P(0) = 0, f(x) = 0. 

Consequently, 


F„=-2 F(y). 


(XII-2-1 6 ) 


Introducing the relationships for V and V into (XII-2-8), 

x y 

we obtain 


F" Q/) = 0, 


(XII-2-17) 


which has the general solution 

-- ^-F{y)^C 0 -\-C iy ^C 2 y\ (XII-2-18) 

Since F(0) = 0, C g = 0. The other two coefficients can be 

determined from the conditions on the shock wave near the critical 

point as x -*■ 0. Specifically, since the velocity V = V n = 

y c 

= -SCCjSj + C 2 Sg) at point C and the angle 0 g = tt/ 2, we find on 

the basis of (XII-2-6) with consideration of the y-axis direction 
that = -pV^ and, consequently. 


(Vo Vo ■ 




(XII-2-19) 


On the other hand. 


V x - (;/) - W- 2 V). 


(XII-2-20) 
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Equating this velocity to its value on the shock wave accord¬ 
ing to (XII-2- i t) and going to the limit as x -*■ 0, we obtain 


lim cos ( p-py = r t y*jg _ 

•V *0 T 

The limit on the left can be calculated as follows. We see /^90 

from Pig. XII-2-1 that the angle p - p s -£ (n j-p s ) at an arbitrary 

point. Consequently, i<>s (P p s ) mu (n-!-p s ). and for small ri and S we 

s 

can assume ,-in (ij ; p s ) >. i) ■; p s . Then 


tim 

.v *0 


J* 


Ps) 


lint ’J — 

.V '0 S 


i_. (IM _J_ 

7f b 1 V 10 / V >0 H so ’ 


where m is the angle of inclination of the shock radius of curva¬ 
ture to the flow axis and R is the shock radius of curvature on 
,, . So 

this axis. 

The ratio 



is equal to 1/p - 1. This value can be obtained from (III-4-23 ), 

in which we must substitute AV /V = 1 - p, 0 = tt/ 2 - m and 

n m ’ s 

pass to the limit as w -* 0. Setting the ratio approximately 

equal to unity, we find 


c,-; -2£’ a *„ **-£=-. (XII-2-21) 

•”s0 

We add one more relation to Eqs. (XII-2-19) and (XII-2-21) 
(since they contain the three unknown constants C , C 2 , and s Q ). 
This relationship proceeds from the expression for vorticity be¬ 
hind the shock. According to (XII-2-20), we obtain the rela¬ 
tion m = 3V /3y = 2C.x for the conditions on the body’s surface. 

On the other hand, we know from curvilinear-shock theory that 
the vorticity 


< 0 - 


2C-,x - - 


Poe (1—l 1 ) 2 si" 0 S COsOs _ 

sill (0 S -Ps) 1 fi 3 f=in 2 0 s ;-cos 2 G s 


c/0 s 
dx 


669 



Passing to the limit in this expression as x + 0, we obtain 


r ■ iiiz'!! 2 • 

2 ' 2 (>/4' 


(XII-2-22) 


Substituting C 2 into Eqs. (XII-2-19) and (XII-2-21) and 
solving them jointly, we find the coefficient C 2 and the detach¬ 
ment distance S 0 : 


C^. + Y '1-A« 




So- 


(4 ± V 1 — A 2 ) A- 2 p/? s0 , 


(XII-2-23) 

(XII-2-24) 


where A = 1 - p. 

Another expression for s 0 can also be obtained. Thus, it is 
shown in [59] that at high flow velocities and a constant density 
behind a shock that is concentric with respect to a spherical 
surface, the separation 

«o= -p(l--j/f + jp)/?so- (XII-2-24' ) 

This solution is valid for small p" (of the order of 0.1 and 
smaller). 

Initial gradient and distribution of velocity. It follows 
from (XII-2-20) that the velocity V x = C x x on the contour of the 

body, where y = 0, i.e., with (XII-2-23) 

V x - J/I--A 2 -!j—(XII-2-25) 

•"sO 


Since V x > 0 and V x < 0 must apply for x > 0 and x < 0, re¬ 
spectively, it is clear that the lower sign must be taken in this 
formula and hence also in Equalities (XII-2-23) and (XII-2-24). 

In view of the above, we can determine the velocity components 
in the disturbed stream from the values found for the coefficients 
C j and C 2 : 


v, x 


4 ;/( 


i'Rso 


A 2 

:;p z /r s o 


4 


(XII-2-26) 
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(XII-2-26) 
(Cont' d. ) 


V.v 

l x, 


/ l-'i - 
l v'lsO 


A 2 


.V 


)■ 


where pR g0 is expressed in terms of s 0 by Formula (XII-2-24). 


Aj?_b 



Figure XII-2-2. Velocity 
Gradient at Critical Point 
of Body. 1) theory; 2) 
experiment. 


As we have already noted, 
it is necessary to know the 
critical-point velocity gradient 
fer. According to (XII-2-25), 


Vr 



Figure XII-2-3. Velocity 
Distribution Over Spherical 
Nose Section. 


in order to determine heat trans 


. X J-T At (XII-2-27) 

V ,lr )y 0 ^ s 0 


Experimental studies have shown that this relationship, 
which has been derived for cases of flow at very high velocities, 
can also be used in approximate calculations at comparatively 
moderate speeds. This follows, for example, from Fig. XII-2-2, 
which shows experimental values of the dimensionless velocity 
gradient XD b /V oo (D b = 2R b ) . 

In Formula (XII-2-25), which we rewrite in the form V x = 

= Xx, we can replace x by the central angle p determined from 
the expression x = XR b . Then V x = XR b n , which indicates that 

V x depends linearly on p. It will be recalled that this relation 

was obtained from analysis of flow at very high velocity in a 
small neighborhood of the nose. However, experimental studies 
have shown that the linear velocity variation applies on a sub¬ 
stantially larger area of the curvilinear surface and at compara¬ 
tively small M m . 
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This is confirmed by the data in Fig^ XII-2-3, which shows 
values of the dimensionless velocity v x /U D b ) on a hemispherical 

nose as calculated from wind-tunnel measurements for four different 
M . It can be noted that linearity is well preserved up to values 
of the angle n = 45-50° and persists with small deviations at 
larger n. 

The formula V = XR, n that corresponds to this law can be 

X D 

represented in the form V x = XV^x, where x = x/D b , and the dimen¬ 
sionless velocity gradient X = D^/V^. Experimental and theoreti¬ 
cal data for this gradient are shown in Fig. XII-2-4, with the 7492 

velocity gradient determined from the approximate relationship 


'jVjC \ _ 1 , f 'l />■*) 

>>X } ,v~- 0 ” Ji b V pi 


(XII-2-27 1 ) 


which is derived from the improved Newton formula p = p p cos 2 ri. 
This formula can be used to evaluate the velocity distribution 
over a spherical nose. An expression obtained from the condition 
of isentropic flow behind the shock should be used for this pur¬ 
pose : 


ft -1 


V* \ 1 MXo / - W'o > J 


(XII-2-28) 


where k is the ratio of heat capacities in the free stream and 
k is the average ratio of heat capacities behind a bow compression 
shock and may reach k = 1.1-1.2 at very high temperatures. 



Figure XII-2-4. Velocity 
Gradient at Critical 
Point of Sphere, o) ex¬ 
periment . 


neighborhood of the critical 


According to the Newton formula, 
the pressure ratio that appears in 
(XII-2-28) is equal to 

-4- = cos 2 r] -f -^r- sin 2 T], (XII-2-29) 

V i) Pa 


and p^/pJ can be set approximately 
equal°°to (kM^) -1 at sufficiently 
large M m . 

Expression (XII-2-28) easily 
yields simplified relationships 
for velocity and its gradient in the 
point: 
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(XII-2-30) 


where 



i dV x \ 

V’co ri 11 /H=0 


--- K. 



9 

i “ 

1 \ 

(l 

1 'll 

1 A*eo — 1 


l 1 

/.•ccM~ > J 


(XII-2-31) 


This expression for K and, consequently. Formulas((XII-2-30) 
themselves, can be simplified if we are concerned with very high 
velocities. Then the quantities that are inversely proportional 
to in (XII-2-31) can be set equal to zero. Further simplifica¬ 
tion results from assuming the flow in the neighborhood of the 
tip to be incompressible. Accordingly, we can write pj - 
= p + JspJV*. Here the pressure can be substituted in accordance 

with (XII-2-29), in which we set cosn - 1, sin n - n “ xR^ in 

view of the smallness of n. Then, differentiating V x with respect 

to x, we arrive at Formula (XII-2-27 1 ) for the velocity gradient. 
The p OT /pJ under the radical can be disregarded at high velicities. 

For a certain range of velocities from subsonic to medium 
supersonic, we have in the neighborhood of the critical point 


■V x 


/V«, 



(XII-2-32) 


In this formula, x *1.5 for incompressible flow, so that 
the velocity gradient 


'<V X _ 

n\r ' D b 


(XII-2-33) 


The value of x becomes smaller with increasing M b . For M ot > /493 

> 1, it can be found from the empirical expression 


1 


(),S.M 




(XII-2-34) 


It is interesting to evaluate the dimensions of the incom¬ 
pressible-flow region and the distance to the sonic point on the 
sphere. We can use (XII-2-28) for isentropic flow, assuming that 
this flow begins at the critical point. With a certain approxi¬ 
mation, the conditions at this point may be assumed the same as 
those directly behind the normal part of the shock wave. 
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Figure XII-2-5. Posi¬ 
tion of Incompressible- 
Flow Region (M <_ 0.3) 
in the Neighborhood of 
the Critical Point of a 
Sphere. = 5.1; P M /p 2 = 
* 0.2; k = 1.4. 1) shock 
wave; 2) surface of body. 



Figure XII-2-6. Position of 
"Sonic" Points on Sphere (1) 
and on Shock Wave (2). Angu¬ 
lar Distance (3) to Boundary 
of Incompressible Region on 
Sphere (to the Point at Which 
M = 0.3). 



For example, the region of undis¬ 
sociated incompressible flow at k = 1.4 
was determined in this way on the as¬ 
sumption that the local M > 0.3 outside 
of it. This region is shown schemati¬ 
cally in Fig. XII-2-5. Figure XII-2-6 
shows the angular distance to points on 
the sphere at which the local Mach num¬ 
bers.are M = 0.3 and M * 1, as found by 
the same method and for the same con¬ 
ditions . 


Figure XII-2-7. Posi¬ 
tions of Shock Waves 
and "Sonic" Lines 
Around a Spherical 
Surface at Various 
. 


These results are in good agree¬ 
ment with the data in Fig. XII-2-7 on 
the positions of "sonic" points on a 
sphere as obtained on an electronic 
computer by the Dorodnitsyn method. 
Figure XII-2-7 also gives an idea of 
the shape of the "sonic" lines for 
"sonic" 


various and the positions of the "sonic points on the shock 
wave. The shock inclination angles corresponding to these points 
are shown in Fig. XII-2-6. Under real conditions, the regions of 
incompressible and subsonic compressible flows will be smaller 
than indicated by this calculation. This is because vibrational 
excitation of molecules or dissociation behind the shock wave at 
high velocities results in a temperature decrease. This tends to 
lower the speed of sound. Consequently, the local M increases and 
the M * 0.3 and M = 1 points are shifted on the sphere at the same 
velocity. 


Pressure distribution and drag coefficient. The results ob¬ 
tained for the velocity enable us to find the pressure distribu¬ 
tion in a thin shock layer in the neighborhood of the axis and on 


674 



7494 


the body surface near the critical point. For this purpose, we 
can use the Bernoulli equation for an incompressible medium, 
from which it is easy to obtain an expression for the pressure 
coefficient at an arbitrary point of the shock layer: 


I'cv 


1 r 

( Va ) 2 

l '" ) 2 

( l 2 ! 

p L 

U,.7i 

l i ~ j 

1 Fo. ) J 


(XII-2-35) 


Since the layer is thin, the pressure coefficient p A and the 

velocity directly behind the shock at a point on its curvilinear 
surface can be replaced in approximation by the values p^ and 

behind the normal part at point C. As is indicated by (XII-2-7) 
and (XII-2-6), these values are respectively 


Pc ■ 


■(1 —|>) = 2A; Vc = V" P . 


Clearly, p A = p c and V A = V c for the conditions 

(zero) streamline. Then the pressure coefficient at 
point on this line is 


on the axial 
an arbitrary 


P- 2A-; p 


ri- 

■( >)*1 

L 

V pKoo / J 


(XII-2-35') 


where V /(pV ) is calculated by (XII-2-26). 

y 00 

Assigning various values to y/s 0 , we can compute the pres¬ 
sure coefficient at each point on the axial streamline. For ex¬ 
ample, at the critical point on the surface, where V =0, this 
coefficient is ^ 


Pa — 2 p. 


(XII-2-36) 


The pressure distribution on the body's surface in the neigh¬ 
borhood of the critical point can fee calculated by (XII-2-35), in 
which we must set V y = 0 and = Xx. Then 

?=2A + ?[ i -(^-) J ]. (XII-2-37) 


Substituting the gradient X according to (XII-2-27) into the 
above equation and setting R g = R^, we obtain 
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(xn-2-38) 


This formula was derived for small x. However, studies have 
shown that Formula (XII-2-38) can be extended after a simple 
transformation to a substantially larger area of the body's_sur- 
face. In fact, since x/R b - n - sin n, it is obvious that p = 

= (2 — p") cos 2 n and, consequently, p = p 0 cos 2 n. We have thus 
obtained the improved Newton formula. Experimental studies indi¬ 
cate that this formula can be used for highly accurate calcula¬ 
tions of pressure distribution over practically the entire sur¬ 
face of a hemisphere, although the error rises somewhat at the 
end of a blunt nose, where the Newtonian theory gives results 
somewhat higher than those from experiments. 


According to (1-3-14), the working formula for the wave drag 

sJn21] _ 

of a spherical nose has the form c ^ ^ pdsin^x]. Introducing p = 

0 

= p 0 cos 2 n into this formula and integrating, we find 


£xw 


Pu sin 2 ’1 


( l 


sin 2 T)\ 

2 ) ‘ 


(XII-2-39) 


Specifically, for a hemisphere (n = tt/ 2), the coefficient 

C * 0.5b n • 

X W * 0 

Experiments in which the drag of a hemisphere was measured /495 
without consideration of wake pressure (Fig. XII-2-8) confirm 
Formula (XII-2-39), indicating that its accuracy increases with 
velocity. For angles near n = tt/2, the Newton formula gives in¬ 
correct results. 


c xw 



Figure XII-2-8. Wave Drag 
Coefficient of Hemisphere. 


Research has shown that 
under the conditions of an 
equilibrium-dissociating gas 
at flight speeds 3000 m/s. 



Figure XII-2-9. Frontal Drag 
Coefficient of a Sphere (Ex¬ 
periment ). 

the pressure distribution is 
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approximated closely over the entire forward surface of the sphere 
by the equation ([7 7 H > 1966, No. 1) 


~ 1 — 1.17sin 2 1 ] + 0.225 sin"ip (XII-2-39' ) 

Po 

In the range 10 £ M £40, the pressure distribution is prac¬ 
tically independent of Mach number. For M m > 3 and k = 1.4 (dis¬ 
sociation disregarded) 

=1 — (1.525 — 1 .85p) sin 2 r|-j- (0.487 — 1 ,32p) sin 1 r), (XII — 2 — 39" ) 


where 


- k — 1 , 2 

P = I —■— r 4- r~ - 

* k ~ 1 (ir i-1) ML 


The wave drag coefficients calculated from the pressure dis¬ 
tributions (XI-2-39') and (XII-2-39") for a spherical segment 
with the semivertex angle n > n* (o* is the central angle corre¬ 
sponding to the "sonic" point on the sphere) are respectively 
equal to 

Cxw ™ [^7 (2 1.17 sin 2 1 ]0.113 s in“ i)) — 2 ] ; (XII-2-40 ) 

Cxw = kyi* ^ (1.525 1 .S5p) sin- rj (0.325 — O.SSSp) sin 4 rj ] — 2^ ’(XII — 2—40 1 ) 


To determine the drag coefficient of a hemisphere or part of 
one, it is necessary to find the pressure p’ at the total-stagna¬ 
tion point. To do so, we can determine (with consideration of 
physicochemical transformations) the density ratio p = P TO /p 2 be¬ 
hind the normal part of the wave and then use (XII-2-36) to cal¬ 
culate the pressure coefficient and the corresponding pj. The 
formula Po/p^ = kM^ can be used for approximate evaluation of the 
stagnation pressure at very large M m . 

The effect of pressure on the.aft part of the surface must 
be considered in determining the drag of a sphere. As we see 
from the experimental data in Fig. XII-2-9, this effect will be 
substantial at moderate supersonic velocities. For > 5 this 
effect can for all practical purposes be disregarded, as¬ 
suming that c = 0.5p . At k = 1.4, c =0.92; this agrees 

well with the data of Fig. XII-2-9, which were obtained for a 
"cold" stream.. We note that the drag of the sphere reaches its 
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maximum at about M m - 1. It decreases up to - 4 and remains 
almost unchanged with further velocity increase. In the presence 
of dissociation and ionization, drag increases slightly with in- 


Research has shown 
that the total drag of a 
sphere depends not only 
on M^, but also on Rey¬ 
nolds number. This is 
evident from Pig. XII-2-10, 
which shows the results 
of experimental deter¬ 
mination of the total 
drag coefficient of a 
sphere as a function of 
Mgo and Re * 2V oo R b /v oo [55]. 

The dependence of drag on 
M m and Re becomes weaker 
with increasing flow 
velocity. 

Detachment distance 
and shape of shock wave. 

The detachment distance s 0 can be determined from (XII-2-24), 
which was derived for very high velocities, in which case we may 
set R go * R^, for which experiments indicate that p <_ 0.1. But 

the same formula can also be used for lower velocities (larger 

p), when R > R, . The only difference is that in this case 
So D 

(XII-2-24) yields the relative detachment distance § o = s/R^. 

To determine the absolute value s., it is necessary to find R 

O' so 

For a given oncoming flow, R is determined by the sphere radius 

s o 

R^, and research has shown that the wave radius of curvature de¬ 
pends linearly on R^. 

If, with this in mind, we proceed from the assumption that 

the wave is concentric with the sphere on the axis, then R = 

_ So 

*.R /R, * (1 - s ) _1 . Experiments indicate that the violation 

S 0 D 0 

of concentricity is greater the smaller the M . Better results 
are obtained with the relationship 


creasing M ot (see Fig. XII-2-8). 



Figure XII-2-10. Drag of a.Sphere as 
a Function of and Re * ^R^V^/v^. 


Sf-c- 


-so)' 


(XII-2-41) 


Then the detachment distance, referred to the radius of a 
spherical nose, is 
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(XII-2-42) 


s 0 =---- - -- s 0 R s0 - s 0 (1 — *)■. 


Figure XII-2-11 presents results of a calculation by 
(XII-2-42) and (XII-2-24). 

For p" < 0.5, the empirical relation 
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*0 



(XII-2-42') 


gives relative detachment distances that agree quite well with 
these results. 



R 


R,o 
s °" R b 



Figure XII-2-11. Relative De¬ 
tachment Distance of Shock Wave 
in Front of Sphere (1) and Flat 
Truncation (2). Calculation by 
Formula (XII-2-42) (3). 


Figure XII-2-12. Radius 
of Curvature of Shock 
Wave in Front of a 
Sphere. 


To construct the shock wave in front of a blunt nose, it Is 
necessary to know not only the distance s fl , but also the shape 
of the wave's generatrix. It can be assumed with adequate ap¬ 
proximation that the wave Is parabolic 


X 


— So -i- 


2lt s0 


or hyperbolic 


(* y 1 a 

a2 ‘ 62 ~ 
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The semiaxes a and b^ of the hyperbola are determined from 
the conditions 


RsO - 




= (ML-1) 


- 1/2 


The shock-wave generatrix constructed in this manner agrees 
closely with the experimental wave for practically all M^, and 
the approximation improves as the Mach number increases. Figure 
XII-2-12 presents a curve characterizing the variation of radius 

R in accordance with Formula (XII-2-41) and (XII-2-24). 

So 

According to ([77] 1966, No. 1), the wave radius of curva¬ 
ture on the axis at very high flow velocities is 


R s0 = (0.935 - 1.05p) _1 R b , (XII-2-41') 

where 0.06 <_ p <_ 0.2. 

Knowing the shape of the shock wave, we can determine the 

variables directly behind it at any point on its surface. For 

example, we can find the M 2 distribution and the point at which 

M 2 = 1. For this purpose, the following approach should be taken 

in the case of a dissociating gas. After assigning a series of 

values of co = tt/2 - 0 , the oblique-compression-shock problem is 

s 

solved for each of them with consideration of dissociation. Local 
values of V 2 and a 2 and hence also of M 2 are determined in this 
process. M 2 = 1 will correspond to one of the assigned angles 
co = co( J ). The distance from the axis to the point on the shock 
wave at which M 2 = 1 is approximately ' 


r --- R s0 sin m u '. 


Ordinary oblique-shock theory, and Formula (111-4-29) in 
particular, can be used to evaluate r. 

Assigning a series of angles 0 , we can find the value of 

S 

an angle to which corresponds M 2 = 1 for a knownMj = M . 

Figure XII-2-6 shows the variation of the angles 0 calculated 

s 

by this method for k = 1.4. 

Flat Face 

Pressure distribution and drag coefficient. The solid curve 
in Fig. XII-2-13 is a graphical representation of the pressure 
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distribution over a flat face in axisymmetric flow as calculated 
on an electronic computer for one of the M^. Experimental re¬ 
sults are shown on this figure along with those from theory. 


P 



Figure XII-2-13. Pressure Dis¬ 
tribution over Flat Face. 


Analysis of the results 
obtained establishes a general 
relation for the pressure- 
coefficient variation in the 
form p = p 0 f(r), where the 
dimensionless variable r is 
equal to the •ratio of the dis¬ 
tance r to an arbitrary point 
on the surface of_the face to 
its radius R^; f(r) is a cer¬ 
tain "universal"_function that 
depends only on r, and p 0 is 
the pressure coefficient at the 
center of the face, which coin¬ 
cides with the total-stagnation 
point. 

Accordingly, the wave drag 
coefficient of the face is 


1 

= p 0 \ f {r) dr 2 . 
o 

Assuming that the diagram in Fig. XII-2-13 gives a "univer¬ 
sal" function f(r) that can be used for all velocities, we can 
calculate the integral and obtain 


Cxw =0.915p 0 . (XII-2-43) 


As we see, the drag coefficient of the flat face is almost 
twice that of a hemisphere. Available experimental data confirm 
this result. 

Detachment distance and shape of bow shock wave. Detachment- 
distance measurements made in various wind tunnels have indicated 
that this distance is proportional to the face radius but also 

depends on the velocity of the oncoming flow and the state of the 
gas. As we know, these latter factors determine the variation of 
density behind the shock. 

If we take the general case of a dissociating and ionizing 
gas, we can assume that the distance from the wave to the body, 
referred to the radius R^, will depend, as in the case of a 
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spherical nose, on the density ratio p = p oo /p g behind the normal 
part of the shock. 

It is also noted that the separation of the wave from a 
flat face is greater than that from a sphere^. A rough calcula¬ 
tion leads us to the conclusion that while s 0 = s Q /R b is of the 

order of the density ratio p = p oo /p s for a spherical nose, it is 

So ~ Vp for a flat bluntness. 

The expression for the relative detachment distance found 
from experimental data can be represented by 

r '7?° b ' *|/ 7 I 7 , ‘ (XII-2-44) 


The radius of curvature of the 
wave on the axis, which determines 
its shape near the face, is found, 
like the detachment distance, to be 
proportional to the radius of the 
bluntness. Here we can write 
for the relative radius of curvature 
R = R /R, the obvious expression 

So Sou 

(R )_ = (s n /s_)« in which* as before, 
Soi 0 ox 

s 0 = s 0 /R 0 , and the subscript f 
s 

identifies the parameters for the 
flat face. 

A similar relationship, (R „) 

r ’ so sp 

= (s 0 /s) , can be applied to the 

sp 

sphere. Here, experiment has shown 
that the relative detachment distances 
g Q for the sphere and the_ flat face are approximately the same. 

Accordingly, the ratios s 0 /R will also be the same. We may 

s 0 

therefore write for the relative radius of the wave's curvature 
in front of the flat face 



Figure XII-2-14. Shock 
Wave Radius of Curva¬ 
ture in Front of Criti¬ 
cal Point of Flat Face. 


(^so)f (^so)sp • 

( s o)sp 


(XII-2-45) 


The relative detachment distance (so)p for the flat face and 
the (s 0 ) sp and ( R sa) S p f° r the sphere are determined by Formulas 
(XII-2-42') and (XII-2-41), respectively. 
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Relation (XII-2-45) can be presented in a simpler form if 
we assume that the wave is concentric with the sphere. In this 
case. 


(Rso)sp t ( s o)sp • 


(XII-2-46) 


Then, applying (XII-2-42') and (XII-2-44), we find for the 
flat face 


R s0 = 0.52 (3 — p) [p (1 —p)] _,/2 . (XH-2-47) 


_ Figure XII-2-14 presents a curve of this relationship for 

R • 

s 0 

It is easily seen that according to (XII-2-47), R + “ as 
p -*■ 0, since the wave touches the flat surface at the limit. 

The position of the "sonic" point on the shock wave is deter¬ 
mined by the methods that were indicated in our study of flow 
around a sphere. 

As concerns the washed surface, the "sonic" point coincides 
with the sharp edge of the face; this is confirmed by experimental 
data. 


Since the velocity is sonic at the edge of the face and, con¬ 
sequently, the local Mach number M = 1 is known, the pres¬ 
sure can be determined at this point. 

Regarding the flow as isentropic along the streamline be¬ 
tween the total-stagnation and "sonic" points, we can write for 
the pressure 


k 2 


Psn _ ( 2 

Po ' V *2 i 1 


) 


J?2~ 1 


where k 2 is the ratio of heat capacities calculated for the con¬ 
ditions on the normal part of the shock. For moderate velocities, 
k 2 = ki, so that the pressure p at the "sonic" point is deter- 

SII 

mined by the usual formula. 


At high velocities, it is necessary to consider the varia¬ 
tion of the heat capacities. If we assume that p = (k 2 - 1)/ 
/(k 2 + 1), we have in approximation 


/500 


683 



R b 



Figure XII-2-15. Illustrat¬ 
ing Determination of Equiva¬ 
lent Radius (A = A/R^). 


fsn- -.0.5(1 -.j7). (XII —2-48) 

Pa 

According to this formula, 
the pressure at the inflection 
point of the flat face is approxi¬ 
mately half that at the total- 
stagnation point. 

Velocity gradient at criti¬ 
cal point. It has been shown 
that the velocity gradient for 
a sphere is inversely proportional 
to the surface radius R^. As this 

radius increases, therefore, the 
velocity gradient decreases and 
vanishes at the limit as R b °°, 

i.e., for a flat bluntness. 


This conclusion follows from (XII-2-27 1 ). Studies indicate 
that the velocity gradient at the critical point on a flat face 
differs from zero. It may be assumed on this basis that a flat 
face influences the flow in much the same way as a spherical sur¬ 
face with a certain radius R®. This conclusion is confirmed by 

observations of shock-wave shape. 

0 

It is possible to find an equivalent sphere radius R b at 

which the axial curvature of the wave will be approximately the 
same as its curvature in front of a flat face. Then 



'A 


(R ) R= 
so sp b 


Hence the equivalent radius 


K ’ R b [ (R s „) f V[(R So ) 3p ] . (XII-2-49) 

where R, = D, /2 is the radius of the flat face, 
b b 

Applying (XII-2-27'), we can determine the velocity gradient 
at the critical point of a sphere of the equivalent radius: 


/dv x \' _J«b (XII-2-50) 

[ ax j,=o J Hi ’ 

!/=0 b 
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where 


J R h 



7f)] 


- 1/2 


The velocity gradient determined by (XII-2-50) is assumed to 
be the same as that at the total stagnation point on the flat face. 
This assumption is naturally not rigorous and requires supple¬ 
mentary experimental verification. The data available in Fig. 
XII-2-15 indicate that Formula (XII-2-50) gives an approximately 
correct solution at high velocities. 

Other Blunted Nose Shapes 

Pressure distribution and drag. Let us consider a flat 
blunting with a circular bevel (rounded edge) (Fig. XII-2-16, 
curve 2) and a spherical-segment bluntness with a radius larger 
than that of the hemisphere (Fig. XII-2-16, curve 3)- 

Studies have shown ([72] 1961 , No. 11) that in the subsonic 
range, the pressure distribution is influenced somewhat farther 
upstream, beginning at the total-stagnation point, by the shape 
and radius of curvature of the contour near its sharp inflec¬ 
tion point. 

The determining parameter for flat noses with rounded edges 
is the radius of curvature ratio r = r/R^; for noses with a 

spherical segment, it is the dimensionless radius r = r/R^ of 

the sphere (or the dimensionless segment height A = A/R^), with 

the influence of the inflection point .coming into play for the 
latter nose shape if sonic flow is established at that point. 

Experimental studies at M m = 5*8 showed that the sonic-velo¬ 
city condition is preserved at the inflection point up to values 
of the spherical-surface inclination angle 0^ >_ 45° at that 

point. For 67 0 <_ 0^ £ 90°, the shape of the shock wave near the 

nose is practically independent of the nose curvature radius. The 
"sonic" point on the shock wave lies at the intersection of the 
wave with a normal drawn from the inflection point. For -*■ 6j° 

the surfaces of the nose and the shock wave are almost concentric. 
For generatrix inclination angles of 45° £ P br £ 67° at the in¬ 
flection point, the flow condition is characterized by shifting 
of the "sonic" point on the shock wave toward the axis of the 
body as the segment radius increases, while the "sonic" point on 
the body remains at the inflection point. The shape of the wave 
becomes more and more divergent from the shape of the nose, and 
the pressure distribution approaches that obtained on a hemisphere 
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The pressures are equal¬ 
ized when the contour at the 
inflection point is inclined 
at the same angle as at the 
"sonic" point on the hemisphere. 
In particular, this occurs at 
M m = 5*8 when 0 <_ 3^ £ 45° 

at the inflection point. In 
this flow regime, a decrease 
in the nose radius of curva¬ 
ture causes a shift of the 
"sonic" point on the body 
surface from the inflection 
toward the axis. The pressure 
distribution does not change, 
since disturbances do not 
penetrate into the subsonic 
region from the inflection 
point, where velocity is super¬ 
sonic . 


Figure XII-2-16. Distribution 
of Pressure Over Variously 
Shaped Blunted Surfaces. S* 
is the coordinate of the 
"sonic"point on the blunt 
surface; I is the possible 
position of the "sonic" 
point; * indicates the point 
at which the circular cham¬ 
fer meets the flat face. 


The manner of variation 
of p/p 0 in Fig. XII-2-16 de¬ 
pends relatively weakly on 
M b , as is confirmed by the 
data of Fig. XII-2-17, which 
shows the experimental dis¬ 
tribution of p/p 0 near the sur¬ 
face of a spherical segment 
with the angle n = 20°.21 for 
two Mach numbers: = 2.01 

and 4.76. For this nose, the 
inflection and "sonic" points 
coincide. 


Experimental studies made at moderate brought out a 
linear relation between the wave drag_coefficient of a rounded 
nose and the dimensionless parameter r, which is presented in 
the form 


x w 


= (c 


w^f 


[ (C 


x w 


)f - (c 


) ]r. 

w sp 


(XII-2-51) 


It may be assumed that this relationship will also be pre¬ 
served at higher velocities. 

With a certain approximation. Formula (XII-2-51) can be ex¬ 
tended to bodies with blunted noses made in the form of spherical 
segments with increased radius R g > or in the form of an 
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Figure XII-2-17. Pres¬ 
sure on Blunted Surface 
at Various M. a) "sonic" 
point. 



Figure XII-2-18. Detach¬ 
ment Ratio of Shock Wave 
at Flat Bluntness with 
Circular Bevel (Experi¬ 
ment ). 


ellipse, although, strictly speaking, experiments indicate a cer¬ 
tain deviation from linearity. 

When Formula (XII-2-51). is used in these two cases, the param¬ 
eter r must be replaced by b and A, respectively. 

Detachment distance and radius of curvature of wave. A simi¬ 
lar linear relation is also observed for the relative detachment 
distance of the shock wave in front of a rounded nose. 

Figure XII-2-18 shows an experimentally obtained diagram of 
s 0 - s 0 /R b as a function of the bluntness parameter r = r/R^ for 

M ot = 5.8 . As we see, the shape of the body's surface in the 
"sonic" region has a strong influence on the separation and curva¬ 
ture of the wave. 

Assuming that this law is preserved for arbitrary M^, we 
write, by analogy with (XII-2-51), a general experssion for the 
relative detachment distance: 


So ' ' (So) f [(»u)f ■ ( S o)spl r - 


(XII-2-52) 


Experimental data obtained on nose models_ with spherical 
segments indicate nearly linear variation of_ s 0 as a function of 
segment height ratios in the range - 0.1 <_A £0.45. 

The corresponding approximate relation for the relative 
detachment distance is 


- - yo - — 

So -(#o)f ! ^[(so) £ 


(XII-2-53) 
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where A is the detachment distance ratio for A = 0.45. Ac¬ 
cording to certain experimental data, this value may be set 
approximately equal to 2(s 0 ) . 

u Sp 

Experiments have also established the approximate nature of 
the relationship for the relative curvature radius of the shock 
wave on the axis. For rounded bodies, it is hyperbolic in nature 
over the entire range 0 < r < 1, with the radius of curvature 
decreasing with decreasing rounding radius. The corresponding 
empirical relation is 


hso-= 


R sq _(ftsO)f (/? s o)sp 

[(^so) sp 'K^sO) f ~ " (^so) sp} r 


(XII-2-54) 


For roundings in the form of spherical segments, the rela¬ 
tive radius, like the separation, is an almost linear function 
of A for the case of a nearly flat nose (-0.1 £ A £ 0.45). In 
this range of A, the relative curvature radius 


j? 9 (Rso)fB (XII-2-55) 

s 9B-20[(i? s0 ) f -i?]A ’ 

where B is the value of R that corresponds to A = 0.45. Ex- 

So _ 

perimental data indicate in approximation that B = (1.8-2)(R ) 

So sp 

Equivalent radius of sphere and velocity gradient at critical 
point. The premises for calculation of these parameters are the 
same as those adopted in study of flow around a flat face. The 
equivalent sphere radius corresponding to a given nose is deter¬ 
mined from (XII-2-49), in which the numerator must be calculated 
by (XII-2-54) or (XII-2-55). 

The velocity gradient at the critical point will be deter¬ 
mined by (XII-2-50) after the equivalent radius is found. Accord¬ 
ing to our premises, the values obtained are tentative, and it 
is recommended that they be verified and refined experimentally 
in each case. 

The results of such studies at lowered M are shown in Fig. 
XII-2-15. Here we see that Formula (XII-2-50T agrees_well with 
the experimental data for the spherical segment with A = 0.4, 
although the corner point is "sonic" in this case (the largest 
value of A, which corresponds to the speed of sound, is A = 0.45). 

Available data indicate that (XII-2-50) can be used to cal¬ 
culate the velocity gradient at the critical point of segment 
noses even for A somewhat smaller than 0.4, beginning at about 
0.3-0.35. For a body with a nearly flat nose (rounding radius 
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large enough so that A -*■ 0), the approximate value of the velocity 
gradient at the total-stagnation point [55] is 



v=o 


Yp(2~p). 


(XII-2-50') 


Spherical Surface with "Blunted" Forward En d 

Pressure can be calculated for very-high-velocity circular 
airflow around a "blunted" sphere formed by combining part of a 
sphere with an arbitrarily shaped surface (Fig. XII-2-19) by the 
improved Newton formula 


p-- Po (cos a sin p — sin a cos p cos y) 2 . (XII-2-56) 



Figure XII-2-19. Working Diagram 
for "Blunted" Sphere. 


Setting the pres¬ 
sure coefficient p =0 

e 

in the "shaded" zone, we 
determine the axial-force 


coefficient c 


Rp 


in accord¬ 


ance with (X-3-5) by the 
formula 


-V b 

c ><i' \ 1 (y b )/'tgp(/.r, 

b i 

(XII-2-57) 


where x^ is the coordinate of the point corresponding to the be¬ 
ginning of the "shaded" zone on the bottom of the surface and 
A(y^) is the function defined by (X-3-6). 

The normal-force coefficient is determined by Formula (X-3-36) 

«*,--^r (XII-2-58) 

where BCy^) is the function calculated from Expression (X-3-37). 

The moment coefficient is determined with (X-3-55): 
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Figure XII-2-20. Coeffi¬ 
cients of Axial (a) and 
Normal (b) Forces for 
"Blunted" Sphere. 


Figure XII-2-21. Coeffi¬ 
cients of Moment (a) and 
Center.of Pressure (b) for 
"Blunted" Sphere. 


-2 


*b 


i XrB (Vb) dx ~ \ r * l 8P B (Yb) 


b< n 


(XII-2-59) 


Knowing the coefficients m and c, T , we can determine the 

zp Np * 

center of pressure coefficient c = m /c XT . The above for- 
* c.p zp Np 

mulas can be used for attack angles varying from 0 to it, i.e., 

for the circular-onflow case. Figures XII-2-20 and XII-2-21 

show the results of a flow calculation for a sphere joined to 

a half-ellipsoid for various semiaxis ratios m = a/b = a/R^. 


The value m = 1 corresponds to a spherical surface, and m = 0 to 
a flat face. Qualitatively, these results agree well with experi¬ 
mental data. Less satisfactory agreement of the quantitative 
characteristics is explained by the imprecision of the method, 
which, for example, does not take account of the pressure in the 
"shaded" zone. 
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§XII-3. FLOW AT HIGH VELOCITIES AROUND CYLINDRICAL AND CONICAL 
BODIES WITH SMALL BLUNTNESS 


Analo gy with Nonstead y Motion of Piston 

Influence of a small bluntness. Studies have shown that the 
influence of a small bluntness on the flow around the entire body 
is not the same for different sets of conditions and depends, for 
example, on the velocity of the oncoming flow. Thus, it has been 
established by experiments that at moderate M , this effect is 
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insignificant and affects only a small neighborhood around the 
nose of the body. 

The influence of bluntness increases substantially at 
very high velocities. A blunted nose changes the nature of the 
flow in a disturbed region whose length ranges to tens and hun¬ 
dreds of bluntness diameters; the more slender the body, the 
larger this region and* consequently, the more effective the 
bluntness. To the above, we should add that the bluntness effect 
also depends on the shape of the blunted body; e.g., it is sub¬ 
stantially greater for a profile than for a solid of revolution. 

For example, the drag of a blunted profile is always greater 
than that of a sharp one, and the increase may be very large. For 
a solid of revolution, however, it may not only not increese, but 
even become smaller. 

The nature of the flow around the body will depend on the 
degree of bluntness, which we can define by the ratio 2R^/L. The 

degree of bluntness and the flow effect corresponding to it are 
definitely consistent with the research methods of bluff-body 
aerodynamics. For example, if the bluntness dimension is small 
(2R^/L << 1), the investigation may be carried out on the assump¬ 
tion that the body has remained sharp and the bluntness effect may 
be replaced by the effect of concentrated forces exerted by the 
bluntness on the moving flow. 

The problem has been solved in this formulation by Prof. G.G. 
Chernyy [ 38 ]. To obtain a clearer conception of the proposed 
method, let us recall the analogy between steady flow around a 
cone and unsteady motion of a gas behind a cylindrical shock 
wave that forms in front of a piston. In this analogy, the dis¬ 
turbed flow around the cone is equivalent in a transverse plane 
stationary with respect to the body to the gas flow that arises 
in front of a cylindrical piston. For an observer in this plane, 
the flow is analogous to the flow that arises during propagation 
of an explosion wave. 

Thus, the disturbed flow around the cone is analogous to the 
flow formed when a long concentrated cylindrical charge explodes 
at t = 0. The initial energy of the gas is assumed equal to its 
value in the undisturbed flow owing to the absence of a strong 
effect of a sharp nose on the gas in front of the explosion (or 
the piston). 

In the presence of bluntness, however, the force acting on 
the gas is not zero. This force, which is equal to the frontal 
drag X of the blunt nose, acts on the gas, performing a work that 
imparts a certain energy E to it. Thus, the initial energy per 
unit length of the concentrated charge is identified with the 
nose drag. 
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Limiting ourselves to symmetrical flow, we can now formulate 
the problem of motion of a cylindrical piston that is equivalent 
to the problem of flow around a bluff body. In a gas at rest 
lying along a certain straight line, an explosion takes place at 
the initial point in time, with the result that a specific energy 
E is imparted to the gas. At the same instant, a flow similar to 
the flow in front of a cylindrical piston moving at velocity V 
arises in the gas at the point of the explosion. 

Solution of the problem consists in determining the motion 
that appears ahead of the piston. In the equivalent problem of 
stationary flow, this solution will enable us to find the shape 
of the shock wave ahead of the blunt cone and the pressure dis¬ 
tribution over its surface. By passing to this problem, we must 
set 


E = X = c x ^nRl; * = /-; F=F„tgP c , (XII-3-1) 

" ' CO 


where c is the drag coefficient of the bluntness, 
x 

In the general case, therefore, the problem of flow around a 
blunt cone reduces to the problem of an explosion with subsequent 
piston expansion. It must be noted that this analogy pertains to 
a flow region not too close to the nose of the body, where the 
velocity disturbance in the longitudinal direction is small and, 
consequently, the law of plane sections applies. 

The equation system. Problems of this type involving analy¬ 
sis of motion at a piston are conveniently solved by use of equa¬ 
tions in a form proposed by Lagrange instead of in the Euler form 
(see Chapter III). Written in this form, the equations reflect 
individual-particle motion. If, as in our case, the concern is 
one-dimensional radial motion around a cylindrical piston, the 
solution of these equations will determine the r-coordinates and 
the variables of state of the particle for any time t. 

If at t = 0, the particle coordinate is rj, then its present 
coordinate r will be a function of time t_ and the initial coordi¬ 
nate r 1} i.e., r = f(r ls t). The variables of state are also func¬ 
tions of the initial coordinate r x and time t when their initial 
values are known (for example, the density g^, pressure p^, en¬ 
tropy S B , etc). 

Referring to Fig. III-2-3, let us briefly set forth the 
derivation of the fundamental equations in the Lagrangian form. 
Equating to zero the sum of the inertia forces (9V /3t)p x 

x (27rr dr*l) and pressure forces (8p/8r) (2Trr* l)dr acting on a par¬ 
ticle of volume 2irr dr*l, we obtain the equation of motion 
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(XII-3-2) 


dV r d 2 r dp 1 

dt dt 2 dr p 

The continuity equation is obtained from the condition of 
particle-mass conservation during the motion. According to this 
condition, if the mass was p M (2irr x dr x • 1) at the initial point 

in time, it will remain the same after a time t_. Consequently, 


2 nr drp - - 2rrri rfrjpoo 


Since this condition is in effect at any point in time, the 
total derivative dr/dr x can be replaced by the partial deriva¬ 
tive 3r/dr 1 . Then the continuity equation assumes the form 


dr n lV .rj 
• Jr \ "" V 


(XII-3-3) 


If we introduce the new Lagrangian variable m = p^rf/2, the 
equations of motion and continuity, written in this variable, will 
be 


itv T __ np _. 

rit r dm ’ 

dr 1 

am pr 


(XII-3-2') 

(XII-3-3') 


These equations are solved for isentropic flow at the pis¬ 
ton. In mathematical form, the condition of time constancy of 
particle entropy is 




(XII-3-4) 


The first expression applies for the more general case in 
which physicochemical transformations may occur in the gas, while 
the latter corresponds to isentropic flow with constant heat capa¬ 
cities . 

Let us supplement our equation system with an energy equa¬ 
tion referred to the same conditions behind the cylindrical shock 
wave. If we are concerned with piston-impelled motion of a gas 
that has started after an explosion, then according to this law 
the total (kinetic and internal) energy of the moving gas is 
equal at any point in time to the energy E liberated per unit 
length by the explosion, the initial energy E x , and the work of 
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expansion of the piston. Consequently 


2it 


r V- 

^ (-y-4-M) P rdr = E 


2n 


r 



Uccpr dr + 2.“t ^ pr dr , 
o 


(XII-3-5) 


where u and u ffl are the specific internal energies and have the 
dimensions of velocity squared; £ is the gas pressure on the pis¬ 
ton; r 0 and r are the distances to the piston and the shock wave, 
respectively. 

Examining the case of constant heat capacities, when u = 

= c^T = [l/(k - l)]p/p, and remembering that = 3r/3t and 

r 1 p oo dr 1 = rpdr, we find 



r 



(XII-3-5') 


Finally, we obtain the equation of momentum, which, together 
with the energy equation, is most convenient for solution of prob¬ 
lems of gas motion around a cylindrical piston. The momentum 
equation can be obtained from the equation of motion when the 
latter is written in the form 


P r 


(it 


dr,: — r dr. 

Or 


After integrating over the thickness of the disturbed layer, 
we find 

1 njr? rdr : - - $ T(1 p- (xii-3-6) 

n poo 


Plow Around a Blunted Cylinder 

7508 

Solution of the equivalent problem of nonsteady motion of a 
cylindrical piston enables us to calculate the flow around a 
blunted cylinder. It is assumed here that a charge distributed 
along a certain straight line imparts an initial energy E to the 
gas as it explodes. 

The gas motion that results from this explosion corresponds 
to the condition of velocity V = 0 at the piston. In the general 
case, the parameters that determine this motion behind the shock 
wave are the initial pressure p OT and the density p^, the explo¬ 
sion energy E (work per unit length), the heat-capacity ratio 
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b) 



Figure XII-3-1. Pressure Distribution on Generatrix of Cylin¬ 
drical Body with Spherical Nose, o) experiment; -) ac¬ 
cording to (XII-3-12); -) according to (XII-3-10'). 


kj the distance r from the line of the explosion, and the time t. 
If we calculate the dimensionless characteristics of the disturbed 
flow, e.g., the relative pressure, they will also be functions of 
dimensionless combinations derived from the determining parameters 
named above. 

Since one of these parameters, namely, the ratio of specific 
heats k, is dimensionless, the additional dimensionless combina¬ 
tions must, according to dimensionality theory [31], be composed 
of the remaining five parameters. Since three of them have inde¬ 
pendent dimensions, we can obviously write two more independent 
dimensionless combinations, namely p l £ r/E 1 /*, P <*,t 

After they have been reduced to dimensionless form, there¬ 
fore, the unknowns behind the shock will depend on these three 
dimensionless parameters. The latter two can be transformed by 
the substitution with (XII-3-1). Then the system of dimension¬ 
less parameters takes the form 


ft; 


1 . r _ 1 x 


(XII-3-7) 


It follows from the above that the shape of the bow shock in 
front of a blunted cylinder is determined by the general func¬ 
tional relation 


* r c n ( k 1 x \ 

M.VS "b " V ’ ■ 


(XII-3-8) 
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The general relation for the pres- - 

sure distribution on the surface of the 
cylinder is found from the condition 
r = 0 and has the form 


Al 

Poo 


• P (*-5ikx)- (XII-3-9) 


In (XII-3-8) and (XII-3-9), the func- 

l 


tions R and P depend on 


Ml o 1 


Ob 


and k. 


which are similarity parameters. The 
existence of these parameters enables 
us to generalize isolated experimental 
results into a group of similar flows 
around blunted cylindrical bodies. By 
way of illustration, let us examine 
experimental data on the pressure dis¬ 
tribution obtained for = 7-7 and 
k = 1.4 in wind-tunnel tests of a cylin¬ 
der model with a hemispherical nose 
(Fig. XII-3-la)._To generalize these data, values of the param¬ 

eter (x/D, )/(M 2 /c ), in which the coefficient c was found for 

= 7-7 in accordance with the experimental conditions, were 
calculated. The ratios x/D^ were the same as in the experiment. 


Figure XII-3-2. Curve 
for Determination of 
Shape of Bow Wave in 
Front of a Cylindri¬ 
cal Body with a 
Spherical Nose. 


The diagram constructed with this parameter in Fig. XII-3-lb (ex¬ 
perimental data [ 16 ]) can be used to calculate pressure for arbi¬ 
trary M^. Figure XII-3-2 shows a similar diagram that generalizes 
experimental results obtained under the same conditions (k = 1.4, 

= 7-7) in a study of shock-wave shape. 


In certain cases, the general relationships (XII-3-8) and 
(XII-3-9) can be converted to a more concrete form. This is 
possible, for example, at very high flow velocities, when the 
initial gas pressure p M is negligible as compared with the pres¬ 
sure behind a very strong shock wave. In this case, the pres¬ 
sure p OT is dropped from the determining parameters listed above. 
Consequently, the pressure on the cylinder can be presented by 
the relation 


A/? = />(£, Px , E,t). 


The last three parameters under the sign of the function P 
have independent dimensions and cannot form a dimensionless com¬ 
bination. Consequently, according to the basic theorem of dimen¬ 
sionality theory, Ap must be determined by the expression 
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Ap = /i(*JpifiV, 


where f x (k) is a certain function that depends on the ratio of 
heat capacities. After substituting Expressions (XII-3-1) for 
E and t, we can write 


Ap = /i(*)P~ ( c * 


•' lD b \/ * \ z 

2 4 ) \ V x ) • 


The exponents are determined with the basic formula of di¬ 
mensional analysis, which takes the form of a power monomial: 


ML~ 2 T~ 2 ---t [ML- 2 \ X [MLT- 2 ] V [T\\ 


where M, L, and T are the independent dimensions of mass, length, 
and time, respectively. From this we find that x = y = 1/2, 
z = 1. Consequently, 


2Ap_ 
pCV 4 o© 




/(*) 



(XII-3-10) 



A similar relationship can be ob¬ 
tained for the coordinates of shock- 
wave points. Let us first write a 
general expression for the wave radius 
in the form r =R(k,p , E, t) where 

R is a certain function of the param¬ 
eters in the parentheses, and then 
apply dimensionality theory, which 
was used in deriving the general rela¬ 
tion for the pressure function, i.e., 
present r g in the form 


Figure XII-3-3. Curves 

for Determination of r a g t (k) p^E''t : , 

Working Coefficients 
in Formulas (XII-3-10) 

and (XII-3-11). where g x (k) is a certain function of 

the specific heats ratio k, to obtain 
a formula for the dimensionless coor¬ 
dinate 


rs 
Db 




1/2 


(XII-3-11) 
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In (XII-3-10) and (XII-3-11), the functions f(k) and g(k), 
which depend on the dimensionless ratio k = c^/c^, are deter¬ 
mined by exact solution of the problem of a strong linear-charge 
explosion. The numerical values obtained for these functions are 
presented graphically in Pig. XII-3-3. In accordance with these 
values and with the c = 0.94 taken from (XII-3-10), we can ob¬ 
tain the expression 


-P- = 0.066M^ . (XII-3-10') 

P<X> x 


It must be remembered that this formula, like the more gene¬ 
ral relationship (XII-3-11), is a first approximation, since it 
does not take account of the initial pressure. 

Attempts were made to take account of this pressure. The 
result was the more exact formula 


—^- = 0,066ML 

Poo 


+ 0.405 


0,155 x 
ML Sb ’ 


(XII-3-12) 


As we see from Fig. XII-3-1, the results calculated from 
this formula agree better with experiment. Formula (XII-3-12), 
which applies to a cylinder with a spherical nose, can be extended 
to cylindrical bodies with arbitrary blunted shapes. For the 
case k = 1.4, the generalized formula takes the form 


— = 0.069M* V Cx — 

P-x, x 


0.405 + 0.15 



(XII-3-13) 


If the cylinder is fitted with a spherical nose, for which 
we assume c = 0.94, this formula becomes (XII-3-12) with the 

same condition k = 1.4. 

Similar relationships have been derived for determination 
of shock-wave shape. Finding the values of g(k) for k = 1.4 on 
the diagram of Fig. XII-3-3 and assuming, as before, that c = 

= 0.94, we obtain, in accordance with (XII-3-11), the following 
formula for first-approximation calculation of the radius of a 
point on the shock wave around a cylinder with a sphere: 

+ °™/5' (XII-3-11') 
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A more exact relationship that takes counterpressure into 
consideration is 


o b 



1.62 
\\L 


O b 




(XII-3-14) 


This relationship, extended to the general case in which the 
cylinder has a bluntness of arbitrary shape at its forward end, is 


Js_ 

O h 


= 0.795 ( Cx ) lJ! ‘{-£-)' ,Z [l 


1.57 


5.8 


ml y c 


Ob 


Mkc. 


(*)’]■ 


(XII-3-15) 


In using (XII-3-10)-(XII-3-15), it must be remembered that 
they give satisfactory results for zones of the body approxi¬ 
mately one nose radius distant from the base of the nose. The 
corresponding values of x, reckoned from the critical point of 
the nose (see Pig. XII-3-1), should be taken from the condition 
x > (2-2.5)R b in practical calculations. 

Flow Around a Slender Cone with a Small Bluntness 

General equations and method of solution. Case of = °°. 

To calculate the flow around a slender cone at very high super¬ 
sonic velocity, we shall use the analogy with the problem of 
unsteady gas motion with cylindrical waves. 

Assuming that the layer of gas between the piston and the 
shock wave is very thin at high velocities, we can simplify the 
energy equation (XII-3-5'): 


“4* P=° 


/ dr \ 2 r* — rjj 
\dt) ^2(4-1) 



Poor* , 

2 {k — 1 ) ' 



(XII-3-5") 


The momentum equation (XII-3-6) can also be simplified. 
Since the layer of disturbed gas is considered thin, this equa¬ 
tion will be 


P-1TT- = i (P-P~) rdt - (XII-3-6• ) 

o 


In these equations, we shall assume dr/dt = r to be constant 
throughout the disturbed region and equal to the velocity of 
particles Immediately behind the shock wave, bearing in mind that 
velocity can be determined from compression-shock theory. In the 
theory of the steady shock, the relative velocity change is given 
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by 


^oo — V2 2 / j ^ Qoo \ 

Foe -TTTl 1- VU )' 


Inverting the motion, so that a shock wave moves at velocity 
V ffl = D = r g in a stationary flow, we find the particle velocity 

behind the shock: 

r= Ve .-V 3 =- ^(^-4=.) . (XII-3-16) 

As we know, this formula takes account of the initial gas pres¬ 
sure . 

Further, remembering that the disturbed layer is thin, we 
take the coordinate r equal to the distance to the shock wave and 
the piston radius r equal to Ut, where U is the speed of piston 
expansion. We now introduce Expression (XII-3-16) for r and the /51 2 
values r = r and r n = Ut into Eqs. (XII-3-5") and (XII-3-6') and 

S 0 

convert to dimensionless variables in the resulting equations by 
means of the length L = E/Cirp^U 2 ) and time L/U scales. The re¬ 
sult is 


Y rl ( a- 7 - r) ('- K !; s ) : 

- 1 (. ‘ /. K 'f ) 


■ 1 -Ji.Kf • 2 S (■'" i w) "*; 

(l 

(XII-3-17) 

. .. 2 / * t ’ 

's l : 1 ( r s • 

A ' 1 \ K;V S - 

l 

) 2 ^ \pr s dl, 

(XII-3-18) 


where Ap = (p-p oo )/(p oo U 2 ), and K, U l '- =M*tgp c is a similarity 
parameter. 

In the general case, these solutions can be solved for arbi¬ 
trary It by numerical integration. 

Let us consider the limiting case when Kj °°. We shall 
assume further that the time t_ is small, so that the initial 
energy of the gas in the disturbed region and the work of piston 
expansion will also be small by comparison with the energy re¬ 
leased in the explosion. Equations (XII-3-17) and (XII-3-18) 
then become substantially simpler: 
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1 . t 2 \ 2 , r l , , 

2 n ( k - r 1 ) rs " r A — 1 

* 

r?r s — 2 ^ Apr s dt. 


(XII-3-17’) 
(XII-3-18') 


Excluding Ap from these equations, we obtain 



rs 

*2 — 1 


d(rfr s ) 

dt 


(XII-3-19) 


This equation has a unique solution for r (t) that satis- 

O 

fies the condition r (0) = 0, and which exists at all t >_ 0. For 

s 

small t_, the solution takes the form 

r s = [— ~ * 1/2 - (XII-3-20 ) 


The coordinates of shock-wave points can be calculated by 
this formula 

Substitution of the value for r s from (XII-3-20) into 
(XII-3-17') enables us to find the pressure 

A ^[i<fc^]' / ' rl - (XII-3-21) 


Converting to dimensional parameters and bearing (XII-3-1) 
in mind, we find relationships for the shock-wave shape and the 
pressure distribution on the surface of a cone: 


P 


yc. 


rs 

‘Up — P*.) 


.1/4 ( x \ 

x UJ 


1/2 


oKL 


.1/2 


Ob 

X 


(XII-3-20') 
(XII-3-21') 


in which the coefficients 


l r8 (* j 1)2 (*-i)-ii/4 _ 

r *— 1 
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It is readily seen that (XII-3-20') and (XII-3-21') differ 
from the corresponding relationships for a cylindrical body only 
in the values of the coefficients y and v. These values are 
represented graphically in Fig. XII-3-3. 




Figure XII-3-5* Drag Coef- 
ficieint of Slender Cone 
with Flat Bluntness. 


Figure XII-3-4. Pressure 
Coefficient on Surface of 
Cone with Flat Bluntness 
at = 6 . 85 .-coni¬ 

cal theory. 


smaller on a certain segment 


According to (XII-3-21 1 ), 
the pressure coefficient, which 
increases without limit at the 
forward critical point, de¬ 
creases rapidly with increasing 
distance from the nose. Its 
values are substantially 
on the sharp cone. 


This effect is observed, for example, on a cone with a 
spherical nose. For comparison, let us assume that the pressure 
coefficient on the sharp cone is p = 2g 2 in accordance with the 

C C 

Newton theory and that the drag coefficient of the spherical nose 
is c x = 1. For k = 1.4, the coefficient v = 0.125. In this case. 


p 0.0625 D b 
Pc “ * ' 


If, for example, the cone angle 3 c = 0.1, then p/p" = 

= 6.25(D^/x). It is now clear that the pressure on the blunt 

cone is below that on a sharp cone at distances x > 6 . 25 D from 
the nose.. b 


Investigation shows that this qualitative 
we have established for the limiting case = 
at finite values of Kj, and in particular when 
of unity. 


peculiarity, which 
00 , also persists 
it is of the order 


702 




Formula (XII-3-21 1 ) cannot be used to ascertain the type of 
pressure variation over the entire surface of the cone, but is 
suitable only for comparatively small x. 

Experimentally confirmed investigations indicate that the 
pressure coefficient, like the shock inclination angles, tends 
at greater distances from the nose to values determined by the 
conditions of flow around a sharp cone. 

These peculiarities of the pressure distribution are clearly 
evident in Fig. XII-3-4, which shows the results of wind-tunnel 
tests on a flat-blunted cone with the angle 3 = 10° at = 

= 6 . 85 . We note that the pressure minimum isreached at a dis¬ 
tance of about 10 blunting diameters, and that pressure recovers 
to its value for the sharp cone on a length about 10 times 
greater. The lower pressure over a substantial part of the 
blunt cone may have as a consequence that it offers less drag than 
a sharp one. 

Figure XII-3-5 presents a diagram that can be used to cal¬ 
culate the drag of a blunt cone. We see from this diagram that 
the drag of the cone reaches a minimum at a certain cone length. 

According to the diagram of Fig. XII-3-5, the drag-coeffi¬ 
cient minimum is reached at a cone length ratio 

x 0,90 , / c x 

' /r b “ ~ V ¥ ' 

For example, x/D^ = 68 for a cone with a spherical nose 
(c = 1) and an angle B c = 0.1. 

The minimum drag of a blunt cone is approximately 10% smaller 
than that of a sharp one. When the optimum length is not ob¬ 
served, the drag of slightly blunted cones at very high velo¬ 
cities is practically the same as that of sharp cones. 

Studies have shown that for slightly blunted slender bodies, 
the pressure on the conical part is substantially smaller than 
its value on a sharp cone, and that it recovers to the sharp-cone 
value comparatively slowly with increasing distance from the nose. 
However, the difference between the pressures decreases sharply 
for flow around a thick cone, and the recovery process is practi¬ 
cally complete near the blunting. Experiments indicate that for 
a spherically blunted 40-degree cone at M =6, the pressure on 
the conical part is practically equal to i?s value on a sharp cone 
at a distance of little more than one blunting diameter from the 
total-stagnation point. This indicates a practical possibility 
of evaluating pressure on the conical part of a body on the basis 
of sharp-cone flow theory. 
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As for the spherical nose and a small neighborhood around 
it, including the conical part, we see from Fig. XII-3-1 that 
the improved Newton formula p = p 0 cos 2 n gives a good approxi¬ 
mation of the experimental data. 

Similarity law. Arbitrary M m . The above considerations 
as to the nature of flow around blunted bodies enable us to 
derive a similarity law to which the flow around a blunt cone 
is subject. 

It was established in deriving general relationships to 
characterize flow around a blunted cylinder that this flow is 
determined by the dimensionless parameters of (XII-3-7). If we 
take a slender blunted cone, we must add the angle B c to the set 

of parameters that determine pressure. Then, as in the case of 
flow around a sharp cone, the similarity parameter K x = M B must 

also be included among the dimensionless parameters on which the 
flow depends. 

These dimensionless parameters must determine the dimen¬ 
sionless flow characteristics. If we consider pressure, Newton's 
theory indicates that the excess on the cone p - p^ 'v P^V^B 2 . 

On the basis of this estimate, the excess pressure can be deter¬ 
mined as p - p^ = Poo V ^c^ 5 where p is a certain dimensionless 

characteristic for the pressure. 

Consequently, the pressure coefficient on the cone surface 
is 


= K " *)• (XII-3-22) 

where the function P, which is equal to 2p, is determined, with 
the parameter K x , by the dimensionless quantity 




X 1 

iyr x 


k 3 ’ 


(XII-3-23) 


which can be regarded as a certain conventional relative coordi¬ 
nate. Here, as we have noted, the section under investigation 
must be at least one radius R b from the base of the blunting. 

For blunted conical bodies, we shall henceforth measure the coor¬ 
dinate x along the axis of the body from the base of the nose, 

so that x > R, in the calculations. 
b 

By analogy with (XII-3-8), the similarity law for the coordi¬ 
nates of shock-wave points is 
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(XII-3-24) 


K i- *). 


where & is a certain function of the parameters x^ 1 , K lt k. 

We can broaden the range of applicability of the similarity 

law by substituting tan 3 for the angle 3 . According to this 

c c 

law, the dimensionless quantities defined by (XII-3-22) and 
(XII-3-24) will be the same at equal relative coordinates x/D^ in 

flow around slightly blunted cones that have different angles 

and nose diameters if k and the similarity parameters 

K 1 = M 0 otgp c ; K, = MLDbK£ 


remain the same. 

The parameter K 3 reflects the specific peculiarities of flow 
around the blunted cone. 

The above similarity law can be extended to blunt bodies of 
arbitrary shape but with affinely modified generatrices. In this 
case, it is necessary to replace the angle 3 with another param¬ 
eter x that characterizes the body’s thickness ratio. 

§XII-4. APPLICATION OP METHOD OP CHARACTERISTICS TO CALCULATION 
OF PLOW AROUND BLUNT SOLIDS OP REVOLUTION 

System of equations for the characteristics. The theoreti¬ 
cal methods set forth above are applicable to investigation of 
very-high-speed flows around blunt bodies. In practical cases, 
it may be necessary to calculate the flow in the zone behind a 
blunt nose also for relatively low supersonic speeds. This 
calculation can be made by the method of characteristics in the 
region of purely supersonic flow between the shock wave and the 
body's surface. Here, since the shock wave is curvilinear in 
front of a blunt body, a method that takes account of vorticity 
must be used. 

Consequently, Eqs. (IV-1-20) and (IV-1-22) for the conjugate 
characteristics of rotational supersonic flow can be used as the 
working relationships. With them, we can calculate the flow 
variables numerically for assigned conditions in a certain re¬ 
gion including the surface of the body and the shock wave. 

However, the method of characteristics involves extremely 
cumbersome calculations. They required a great deal of time, 
and this discouraged extensive practical use of the method. 
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With the advent of the high-speed electronic computer, this 
deficiency of the method of characteristics ceased to be sub¬ 
stantial. At the same.time, it was found that utilization of 
the machines to solve the conventional characteristic equations 
(IV-1-20) and (IV-1-22) is inefficient. These equations do not 
adapt for machine computation, since they include a whole series 
of functions (including exponential and trigonometric) that re¬ 
quire additional machine time for calculation. 

Thus it became necessary to improve the method of character¬ 
istics and adapt it for calculations on the electronic computer. 
This was done by P.I. Chushkin ([68], I960, No. 5), who also used 
a computer to calculate supersonic flow around a number of coni¬ 
cal bodies with spherical noses. 

In order to improve the equations for the characteristics, 
(IV-1-20) and (IV-1-22), it is helpful to convert_ them to the 
unknown functions ce'^ - ctg p --- I Mi —I. §*• »g{*. S In p p\ p .-p/p*., p -- p/(p«a* 2 ). 

Then, after transformation to these new variables, equation 
system (IV-1-20) and (IV-1-22) for the conjugate characteristics 
in the physical and hodograph planes is written as follows: 

first family 


ilx a' — | 

a'l + 1 ~ 

d% -p K da' -{- Ldr—P dS=0; 


(XII-4-1) 
(XII-4-2) 


second family 


dr] cc'Z — i __ 

dx - a' + l - 

d\ — K da' —N dx + PdS = 0, 


(XII-4-3) 
(XII-4-4) 


where 

r , -2(cc')MI 2 - L i) . T E(E 1 +D . 

(fe-l)[(a') 2 -l][6(a') 2 + l] ’ ^ r(o'6 + l)’ 

y UV + i) . P <X'(S 2 + D 

~r(*'+ £)’ *(*-1)1 (ay + tl • 


To calculate entropy, it is helpful to express it in terms 
of the stream function ip if (III-2-23) and the relation for en¬ 
tropy are transformed jointly with consideration of the new 
variables a' and here it is more convenient to replace the 
function ip by its modification ’F in accordance with 
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1 


dW = ( ke s ) k ~' chj>. 

Writing the differential d(Jj in the form 


d\p -- iJjj dx + i$> r d r 


and replacing the partial derivatives ip and ip in accordance 

A X 

with (III-2-33)s we find an equation for the modified stream func¬ 
tion after introducing the variables a' and E,: 


dV_ = _ r V|(a') 2 + l)( S 2 +h' „ 

dx (a'd-6)l6(«')H-l] 1/2# q ' 


(XII-4-5) 


The entropy S can be found from our function V . Since we 
are concerned with isentropic flow and, consequently, the entropy 
is constant on a given streamline ¥ = const, we can do this by 
using the relation between ¥ and S that was obtained from the 
conditions on the shock wave. 

The system composed of Eqs. (XII-4-1)-(XII-4-5 ) and the 
equation linking S and ¥ is solved numerically. For this pur¬ 
pose, each of the equations is presented in finite-difference 
form. 


The solution procedure for the two problems represented 
graphically in Fig. IV-1-4 is the same as in the ordinary method 
of characteristics, which was set forth in Chapter IV. The third 
problem, which involves calculation of the point H on the shock 
wave (see Fig. IX-1-1), can be solved here as follows. 

At point H, whose position is not yet known, we assign an 
arbitrary value of the wave inclination angle 0^ that is some¬ 
what smaller than at a neighboring point F. From the relation¬ 
ships on the shock wave, we then determine 
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Figure XII-4-1. Distribution 
of Variables Over Thickness 

of Shock Layer. -) exact 

solution; ooo) Formula 
(XII-4-7); S/R is the ratio 
of entropy to the gas con¬ 
stant . 


The coordinates x^ and r^ 

of point H are found by itera¬ 
tive solution of a system con¬ 
sisting of an equation in the 
form Ax = mAr for the first- 
family characteristic and the 
equation of a parabola repre¬ 
senting wave segment FH. 

The approximations are 
broken off when the equation 
for the second-family char¬ 
acteristic is satisfied: 

1h — S.v Ky (a' H — aV) + 

~r Lx ( r ii — r x ) — Py (S H — Sx} — 0. 


The modified stream func¬ 
tion 


i _ 


Y w = ¥ i? + ^-«^(exp^ I ^exp i g i ) (r 2 „~4) 


is determined from the parameters found at point H. 

Boundary conditions. To apply the above method of char¬ 
acteristics for calculation of the supersonic part of flow around 
a blunted solid of revolution, it is necessary to know the param¬ 
eters on some boundary curve. If they are known, we can deter¬ 
mine the parameter field in the region between this curve, the 
surface of the body, and the compression shock; the compression- 
shock generatrix is plotted progressively during the solution. 

If we are considering a body with a spherical nose, the initial 
data may be known on the normal segment AB to the spherical sur¬ 
face, which is situated in the completely supersonic layer near 
the "sonic" line CD (Fig. XII-4-1). These data are determined 
by various methods. One of the most exact, for example, is the 
method of integral relations set forth earlier. 

The following approximate method may also be used. First, 
a shock-wave generatrix is constructed around the spherical nose 
in accordance with the equation r 2 = 2R (x + s 0 ). Then an arbi- 

trary point A is selected near the "sonic" point on the sphere, 
and normal AB to the nose surface is drawn through it (Fig. 
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XII-4-1). Now the distribution of a certain parameter along the 
normal can be assigned by the polynomial 


i! 


V 


II nU 


(XII-4-6) 


where y = y/s and s_ is the thickness of the shock layer in the 
section considered. The independent variable y varies from zero 
at the wall to unity on the shock wave. 

For high enough velocities and, 
consequently, small shock-layer thick¬ 
nesses, we may limit the polynomial 
to three terms and take 


II ■ <7 0 a,if. 


The unknown coefficient a 0 is 
determined from the condition at the 
wall at y = 0. Here the parameters 
on the wall are calculated approxi¬ 
mately by the improved Newton theory 
or are found experimentally. 

The other two coefficients are determined by using the shock- 
wave condition for y = 1, where the parameters are found from the 
angle 0 g of its inclination at point B and from M m , as well as 

the known value of the derivative 9n/9y at the point B(y = 1) or 
A(y = 0). Knowledge of this derivative enables us to find the 

coefficient a, in the form a, = (9n/9y)— 

y- o 

Figure XII-4-1 shows the results of an exact calculation of 
the distribution of certain parameters, including M, g, and the 
dimensionless entropy S/Rj as we see, data obtained with the 
parabolic relation (XII-4-7) agree with them closely. 

The method of characteristics can be used directly to deter¬ 
mine the initial data along the selected normal. For this pur¬ 
pose, a tight row of points is taken along an arbitrary arc EF 
of the assigned shock wave (Fig. XII-4-1). Since the parameters 
are known at each of these points, the equations for the char¬ 
acteristics can be used. By solving them, we find a net of char¬ 
acteristics at whose points the flow variables have become known 
in the region between arc EF and the conjugate characteristics 
EA and FA. The parameters can be found along the normal from 
these data. The results shown in Fig. XII-4-1 were obtained in 
precisely this manner. 



Figure XII-4-2. Net of 
Characteristics for 
Blunted Cone. 
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Calculation procedure and certain results. Now that a row 
of points at which the parameters are known has been established 
along our selected normal, we can use the equations for the char¬ 
acteristics in finite-difference form. As a result of successive 
application of these equations, the parameters are calculated by 
iteration at points of the row next to the normal. Here, one of 
the points of the row, the uppermost one, lies at the intersec¬ 
tion of the first-family characteristic and the shock-wave sur¬ 
face, and another, the lowermost, at the intersection of the 
second-family characteristic and the body's generatrix. All 
other points lie at the intersections of conjugate characteris¬ 
tics emanating from adjacent points on the normal. 


Then the coordinates of points in the next row are found in 
a similar fashion, the parameters at these points are calculated, 
and so forth. This method was used on a computer to calculate 
flows around a series of spherical-nosed cones at various velo¬ 
cities. The cone angles were 8„ = 0, 20, 30, and 40° , and the 
Mo, = 3, 4, 6, 10, and °°. Normal segment AB was broken up into /519 

48 intervals. In Pig. XII-4-2, we have constructed the scheme 
of the flow around a blunted cone with angle 8 c = 20° at = 

= 6; this will give an idea of the shape of the shock-wave genera¬ 
trix 1 and the characteristic net 2. Also shown is the first- 
family characteristic PE emanating from the point at which the 
sphere meets the cone and bounding the part of the flow that is 
shaped in flow around the spherical nose and behind which flow 
governed not only by the sphere, but also by the main part of 
the body begins. 


P 



sure Distribution on 
Generatrix of Blunted 

Cone.-pressure 

on sharp cone. 


Thus, characteristic PE is analo¬ 
gous to KS (see Fig. IX-1-1), which 
separates conical flow from the flow 
that arises around a curvilinear sur¬ 
face . 


Figure XII-4-3 shows the pressure 
distribution on a spherically blunted 
cone with the angle 8 C = 20° as com¬ 
puted by the method of characteristics 
on an electronic machine for three 

M . The dashed lines indicate the 
00 

pressures on sharp cones for compari¬ 
son. As we see, bluntness lowers the 
pressure on a certain length, with the 
relative change increasing with M^. 


At moderate velocities, therefore, 
the flow around the peripheral part of 
a blunt body is practically no different from the flow around a 
sharp cone. This indicates the possibility of calculating the 
drag of a blunt cone in approximation by adding the drags of the 
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nose and the peripheral part of the cone, on which the pressure 
is assumed to be the same as on the sharp-cone surface. 

The same inference can also be drawn with respect to a thick¬ 
ened blunt body, on which the pressure distribution at any speed 
differs little on the main segment from the corresponding dis¬ 
tribution on the sharp body. Needless to say, a small neighbor¬ 
hood of the peripheral surface directly adjacent to the nose, 
where the pressure may vary substantially, must be excluded from 
this analysis. 

§XII-5. INFLUENCE OF ATTACK ANGLE 

Investigation of nonaxisymmetric flow around blunt cones in¬ 
dicates that the basic pecularities associated with the pressure 
change along generatrices lying in different meridional planes 
are the same as at zero angle of attack. This is evident, for 
example, from the experimental results obtained for a cone with 
a spherical nose at = 5-8 and attack angles a = 4 and 8° (Fig. 
XII-5-1). The pressure decreases gradually after the critical 
point on the lower and upper generatrices, reaching a minimum at 
a certain distance from the nose. It then increases to values 
near those observed in flow around a sharp cone. Experimental 
investigations have shown that for a <_ 4-5°, the pressure dis¬ 
tribution can be approximated rather well by the equation 


P Pa-.o — aB cos y + u 2 (C cos 2y + D) 


(XII-5-1) 


P 



Figure XII-5-1. Pressure on Spheri¬ 
cally Blunted Cone in Flow at an an¬ 
gle' of attack.-) sharp cone 

(theory); A) for upper generatrix; 

B) for lower generatrix. 


Here the coefficients 
B, C, and D are indepen¬ 
dent of attack angle, and 
hence the results of meas¬ 
urement or calculation of 7520 
the pressure distribution 
along three arbitrary 
generatrices of the body 
at a given angle of attack 
can be used to determine 
them. 

Equation (XII-5-1) 
is simplified if the 
attack angles are so small 
that the term a 2 D can be 
disregarded. Then the 
two coefficients B and C 
in (XII-5-1) must be de¬ 
termined, and this can be 
done by using data for 
the pressure on 
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generatrices in the y = 0 and y = it planes. For very small a, 
we can limit (XII-5-1) to the second term and assume 


p = p a= o — olB cos y. 


(XII-5-2) 


SXII-6. THE NEWTON METHOD 

Calculation of the aerodynamic coefficients of solids of 
revolution with blunt curvilinear noses in hypersonic flow can 



Figure XII-6-1. Scheme of Flow Calculation 
for Blunt Cone by Newton Method. 


be based on the improved Newton formula (X-3-1) for the pressure. 

Determination of the boundaries of the "shaded" zone for a 
given body shape is an essential element'in the calculation. Let 
us consider a body in the form of a spherical-nosed cone (Fig. 
XII-6-1). The generatrix takes the form of an arc of a circle on 
segment 0 < x < x , and on segment x < x < Jl is a straight line 

with the equations 


r*-h(W b -*)*~WS; 


X x r 


r ~ r ± 
Iff Pc ’ 


(XII-6-1) 


where x and r are the coordinates of the joint between the 
c c 

sphere and the cylinder. 

We see from Fig. XII-6-1 that r Q = cos 3 C ;' x q = 

= R,(l - sin B ). As a characteristic of the bluntness, we can 
b c _ 

introduce the ratio l = H /Si' , where Si' = r . ./tan 3. is the 

C C C/ ill _L LI L> 

length of the unblunted cone. As another bluntness parameter, it 
is helpful to consider the radius ratio R b = R b //r mid , which > as 

we see from Fig. XII-6-1, is equal to 
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(XII-6-2) 




CO, Pc 4 

^mid ^ Pc 


Assume that we are concerned with the most general case of 
flow, in which the "shaded" zone covers part of the conical sur¬ 
face and the sphere. Its boundary is determined from the condi¬ 
tion p =0, which gives cos y = tan 3/tan a. On the sphere, 

the boundary curve is a circle of radius , whose plane is in¬ 
clined to the r-axis at an angle a (see Fig. XII-6-1). On the 
cone, the boundary of the "shaded" zone is determined by the 

equation cos y = tan 3 /tan a = const. The part of the sphere 
c c 

in front of the point with coordinate x = R^(l = sin <*) is com¬ 
pletely inside the flow, and, consequently, y c = 0. 

The axial-force coefficient is determined as follows with 
Formula (X-3-5): 


a »- ' c 

Cj? P =--^4— {§ 4,(y c )rtgPcfe-j- § d 2 ( Tc )r tgPrfx-r ^ A 3 (y c ) r tg p dx. (XII-6-3) 


The function A x corresponds to the full-flow zone at the 
spherical nose and is determined from (X-3-6) for y c = 0. The 

value of tan 3 = dr/dx = (R^ - x)/r. To evaluate the second 
integral in (XII-6-3), Expression (X-3-6), in which we set y = 

= arc cos (tan 3/tan a) and tan 3 = (R^ - x)/r should be sub¬ 
stituted for A 2 (y ), thereby taking the influence of the "shaded" 

zone on the spherical nose into account. The third integral is 
simplest to evaluate; It corresponds to the conical segment, for 
which we must set y c = arc cos tan 3 Q /tan a; A 3 (y c ) = const; 

tan 3 = tan 3 = const and substitute for r in accordance with 
c — 

the second relation of (XII-6-1). Having evaluated the integrals 
in (XII-6-3), we obtain for the axial-force coefficient 


c rtp — c i + Rb^ c ii 


(XII-6-4) 


where c x is the coefficient of the axial force acting on the un¬ 
blunted cone: 


Cj == (l — up-) [2 sin 2 P c -i- 5in 2 a (1 — 3sin s p c )] -fsin 2a sin 2p c . (XI1-6-5) 
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The parameter Acj determines the additional component of 
the axial-force coefficient due to bluntness: 


Ac i 



~— t ^ sin2asin2p c (2 -j- 3cos 2 P c ). (XII-6-6) 


The angle y c is determined from the taper angle by the for¬ 
mula cos Y = tan 3 /tan a. If 3 > a, there is no "shaded" zone 

' c c c — 

on the body, and hence the angle y c = 0 and the axial-force 
coefficient is 


t’m> 1 3 sin-'Pc f sin-oc (i — 3 sin 5 p c ) -|- til - 


cns 4 f5 c 


(2 —3 sin 2 a). (XII-6-7) 




Figure XII-6-2. Axial- 
Force Coefficient of 
Blunted Cone, Calcu¬ 
lated by Newtonian 
Theory (zero attack 
angle) . 


Figure XII-6-3. Axial-Force 
Coefficient of Blunted Cone 
Calculated by Newtonian 
Theory (circular onflow). 


For axisymmetric flow, it is necessary to set a = 0 and 

Y = 0 in the above expressions. Figure XII-6-2 shows the re- 
c 

suits of calculation of c„ for this case. For the unblunted 

Rp 

cone, R^ = 0. Formula (XII-6-4) enables us to determine the 

axial-force coefficient for circular-onflow conditions. Figure 
Xil-6-3 shows the corresponding calculated results for 3 C = 15° 
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9 


and R^ = 0.9 and 0.6. was assumed equal to 2 for a = 180° 

i.e., on a flat face (at the total-stagnation point). 

The normal-force coefficient is determined by analogy with 
(XII-6-3) also as the sum of three components. Remembering 
(X-3-36), we write 


x a *b 'b 

c.vp = n - 2 - {§ B(y c )rdx + § B(y c )rdx-j- ^ B (y c ) r dxj . (XII-6-8) 

mid o x a ■ * b 

The function B(y ) for each of the three integration seg¬ 
ments is determined from (X-3-37)» using the'respective values 
y = 0, y = arc cos (tan 3/tan a) and y = arc cos (tan 3 /tan a) 

After evaluating the integrals and rearranging, we obtain 


ck p c 2 — Ac 2t (XII-6-9) 


where c 2 is the normal-force coefficient of a sharp cone; 

C 2 =-- cos 2 P e sin 2a [ (l - &) + JL sin v c (tg Pc ctg a + 2 ctg p c tg a)] . (XII - 6-10 ) 

The quantity Ac 2 determines the decrease in normal force 
coefficient owing to the spherical nose: 


Ac 2 — c 2 cos 2 p c + c 3 , 


(XII-6-11) 


where 


Y cos * Pc si" 2« (l - 7a) - ^ [l - A a.ctg (^-) ] + 

-~-yr siny ° s in 2f> c [5sin 2 a-f sin 2 p c (1 — 3sin 2 a]. (XII —6-12 ) 


and 


Inthe absence of a "shaded" zone (a <_ 3 ) , the angle y =0 

c c 


c.xp cos 2 P c si n 2a (1 - - cos 2 p c ) . 


(XII-6-13) 


The influence of a cylindrical segment on the coefficient 
c Np ls taken into account by adding Ac Np = (l6/3ir)X c sin 2 a. 

Figure XII-6-4 shows calculated results for the normal force 
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Figure XII-6-4. Normal-Force 
Coefficient of Blunted Cone 


($ c = 15°). - without 

cylindrical part; - with 


cylindrical part of length 


coefficient according to 

(XII-6-9). It is noted that the 

cylindrical segment increases 

the maximum of c, T . 

Np 


Using (X-3-55), we can 
calculate the moment coeffi¬ 
cient by representing each inte¬ 
gral in this formula as a sum 
of three integrals: the first 
corresponding to the surface 
zone from 0 to x , the second 

cl 

extending from x to x, , and 

cl D 

the third from x, to £, . The 

b b 

irR^(a + ) in the denominator 

should be replaced by irr 2 . .£, . 

^ J mid b 


After the calculation, we 

have 


Hlzp — 


2 sin 2a 

3 r 


i —i 
T 


c 2 +i?bC 4 - 


(XII—6—14) 


Here 


Ci. 


|.i2ip£Lx (1 — 3 sin P c ) c z 


tg Pc 

r 


c 3 - 


(XII-6-15) 


The parameter £ = and the coefficients c 2 and c 3 are given 

by (XII-6-10) and (XII-6-12), respectively. In the absence of a 

"shaded" zone, y = 0 and 

c 

m zp = jr cos 2 p c sin 2a -(!-/)+ R 3 b (2 - 3 sin j? c )] . (X11 - 6 -16 ) 


From the values of m and c M , we find the center of pres- 

zp l\|p 

sure coefficient c c . p = x c p /£ b = m zp /c Np • In the particular 
case in which there is no "shaded" zone (y = 0), we find from 
(XII-6-16) and (XII-6-13) 


3 cos 2 


--(1-4+ n * b(2 _3 sin p e ) 


c.p 


Ml- 


K 


2 4c) 


(Xll-6-17) 
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For a sharp cone (R, = 0). we obtain the expression c = 

= 2/(3 cos ? 3 c ). b °‘ P 

Cylinder with hemispherical nose. In the case of flow around 
a cylinder with a nose of a given shape, e.g., a hemisphere, the 
"shaded" zone will always cover half of the cylindrical surface 
at any attack angle, and, consequently, y c = tt/ 2 . At the nose, 

the "shaded" zone begins at the point (in the y = 0 plane) at 
which the angle g = a and covers the downstream part of the hemi¬ 
sphere between a plane inclined to the r-axis at an angle a and 
the forward base of the cylinder. Calculations indicate that 
for a cylinder with a hemispherical nose 


. Ct 

cap - cos 4 ; 

<\V|» - .^in oc cos 5 - r -j- (2A. b — 1) sin-a; 

[ siu a cos2 -£■ ( i? 'b — !) ' si » 2 «] . 


(XII-6-18) 
(XII-6-19) 
(XII-6-20) 


where = £ b /(2r mld ) is the slenderness ratio of the body. 

Application of improved Newton formula. The results given 
above were found on the basis of the ordinary Newton formula, 
according to which the excess pressure on a surface element that 
forms an angle a with the normal to the vector is p - p^ = 

= Pc X cos 2 a, and the pressure coefficient p = 2 cos 2 a. In 
flow around a cone or any other body with a spherical nose at a 
small angle of attack, the total-stagnation point lies.on the sphere, 
and the improved Newton formula (X-3-1) can be used to calculate 
the flow around the blunted body. The corresponding expressions 
for the aerodynamic coefficients can be obtained from (XII-6-7), 
(XII-6-13), and (XII-6-16) by introducing the coefficient p 0 and 
assuming small a: 


^ = ?o[sin^ c +4(l-3sin^ c ) + m^-(2-3a*)];(XII-6-21) 

Avp- /V*cos 2 P c (1 - ^cos 2 g c ) ; (XII-6-22 ) 

) =^a co S n -P c [3co s2 p c — (1 —~l) + Rl 6 Pc (2 —3sinp c )] -( XI j_5_23) 


On transition to a sharp cone, it is necessary to set R, = 0 
In these formulas and substitute p(k) for p. in accordance 
with (X-3-3). 
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For a cylinder with a hemispherical nose, use of the im¬ 
proved Newtonian theory leads not to Formulas (XII-6-18)- 
(XII-6-20), but to the expressions 


_P0. 

L Bp — 2 ’ 

(XII-6-24) 

■[*+•£-<»>-*><»]« 

(XII-6-25) 

[i+tg-W-HA- 

(XII-6-26) 


§XII-7. FLOW AROUND BLUNT BODIES OF CURVILINEAR SHAPE 

The general solution. The problem of flow around blunt 
bodies with curvilinear generatrices can be solved on the basis 
of the law of plane sections, a manifestation of which is the 
analogy with nonsteady motion of a gas driven by a cylindrical 
piston. 

As we know, this one-dimensional motion is described in 
general form by the system of equations (XII-3-2') and (XII-3-3 1 ). 
Following G.G. Chernyy [38], we find the solution of the equa¬ 
tions by expanding the unknown function in power series in 
6 = (k - l)/(k + 1). For the gas variables behind the shock wave, 
these relationships, and Formula (III-4-12) for the pressure in 
particular, are expressed in terms of the density ratio p oo /p 2 . /525 

With increasing velocity, this quantity becomes smaller, reaching 
P m /p 2 = In the limiting case with -*■ °° and k = const. 

If we consider physicochemical transformations behind the 
shock, then p /p 2 will be smaller. Thus, a layer of compressed 
gas in which the disturbed variables are of the same order of 
magnitude as directly behind the wave, i.e., they also have as a 
determining parameter the ratio of densities in the oncoming flow 
and in the undisturbed layer, forms near the shock-wave surface. 

The higher the velocity, the more intense the wave and the thinner 
the layer in which compression takes place. 

This disturbed region of the gas behind the wave can be re¬ 
garded as a kind of boundary layer of the wave, one in which most 
of the change in gas pressure occurs. In the limiting case in 
which the compression in this layer is infinite, i.e., p ro /p 2 = 0, 
the excess gas pressure behind the wave is p 2 - p = p V 2 sin 2 3 
and agrees with the value obtained from the Newtonian theory. 

The layer thickness becomes infinitesimal. 

In real cases of flow, the pressure differs from the limit¬ 
ing value, and the parameter p m /p 2 is the criterion of this dif¬ 
ference. The above implies that the possibility of finding the 
solution to the problem of gas flow in a thin layer near the wave 
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in the form of power series in the parameter 6 = p oo /p 2 . It can 
be seen from the formulas given in §111-4 that the gas variables 
behind the shock wave are determined by precisely this small 
parameter. 

Taking the system of equations (XII-3-2’)> (XII-3-3'), and 
(XII-3-4), we present its solution in the form of the series 


r = r 0 + 6rj + P — Po-Y &Pi + • • ■; P = -^p + Pi+ ... . (XII — J—l) 


Introducing the series into these equations and denoting 
drjdt = r 0 ‘, d i r a tdt t = Y 0 , we obtain the equation system 


dr Q 
dm 


= 0 ; 


r dpo 
r °~ ~ r ° 



(XII-7-2) 


which serves for determination of the form of the functions r 0 , 
p 0 , and p 0 . Integrating the equations, we find 


r 0 = r 0 (/); Po = P (t) — p- m; 

r 0 


Po /h = (m) Po, 


(XII-7-3) 


where r fl (t), P(t), d(m) are arbitrary functions. 

The same substitution gives the equation system 


dr i _ 1 . dp, r 0 d 2 r, 

dm l'o r 0 ’ 0 dm r 0 ' 1 d& ’ 



(XII-7-4) 


which the functions r x , p x , and p x satisfy. Integration of the 
equations gives expressions for these functions: 


m .. ^ 

r ^-~ l Po i/k H'»)<?in + rt(ty, Pi = -t-[^--^i("0] ! 

m* 

.. m * m ' | 

Pi =Pf l r, dm - ± $ dm + pi (t), | 

m* m* ) 


(XII-7-5) 


where rf(t), pf(t) and (m) are arbitrary functions and m* is 
the lower limit of the integrals, which is also chosen arbitrar¬ 
ily . 
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The conditions on the shock wave and on the piston surface 
should be used to determine the arbitrary functions. The con¬ 
ditions on the shock wave moving at velocity D relative to the 
undisturbed flow take the form 


m 


O.fywl; Vs-- ■ (1 — !>-.D 2 — 
p s = p.» [6-i-(i —. 


(XII-7-6) 


Exercising our freedom of choice of the arbitrary function 
r 0 (t)j we take one that corresponds to the law of propagation of 

the shock wave, i.e., we set it equal to r 0 = r (t). Then this 

s 

propagation velocity will be D = 3r /3t = r . This selection 

s s 

obviously makes the function r x = 0 on the shock wave. The con¬ 
ditions that the other terms in the expansions must satisfy on 
the shock wave will be obtained if Expressions (XII-7-6) for 
p g and p g are set equal to their respective values presented in 

the form of the series (XII-7-1). We find as a result 


Po 


Po =- ; Pi -- — p x — p.x ri; 

-l 


— 


6+(l-6H 


; P! = 0. 


(XII-7-7) 


With Conditions (XII-7-6) and (XII-7-7) on the shock wave, 
we can determine the arbitrary functions in (XII-7-3) and 
(XII-7-5). In particular, introducing p Q = p ro f^ and m = O.Sp^r* 

into the second expression of (XII-7-3), 

P (t) — poorf +0,5po»r s r s . 


The other functions can be found similarly, and p 0 and p 0 
found after substitution of these functions into (XII-7-3) and 
simple rearrangement: 


Po - p~n 


poo^* s r s j. 

-l 




(XII-7-8) 


where r = 3r/3x is the derivative of the variable r, which de¬ 
fines the Lagrangian coordinate m. Here, if t_ is the time 
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corresponding to the coordinate m*(r ), then a certain time t 

s 

defines the arbitrary Lagrangian coordinate m(r) of the shock 
wave. 


Formulas for r x , p x and p x are obtained in the same way: 


rs J ( , n • 7- s m \ 


S ridm —hl 


d i r i 

~0P 


dm- 


Uh ‘ 


- poori; 


m* 




(XII-7-9) 


Since the shape of the solid of revolution is usually as¬ 
signed, and this corresponds to assigning the law of piston mo¬ 
tion r b (t), it is necessary to link the function r g to this law 

with an additional condition. The condition with which the terms 
of second and higher order of smallness can be dropped has the 
form 


r--r s + bri — r b . 


We find from it that 


r.:- r b- 8 If,IS.., (XI 1 - 7 -10) 


where the function is determined by the first expression 

in (XII-7-9) with the upper limit of the integral m = 0 (condi¬ 
tion on the piston). We note that in this expression, the quan¬ 
tity r in the right-hand member can be replaced by r^. This 

follows from the fact that after substituting r = r, - 6r, for 

S D 

r , a third term of the order of 6 2 appears in it and can be dis- 
s 

regarded. 

Flow around solid of revolution with power-law generatrix. 

Let us consider application of the above method to calculation 
of flow around a solid of revolution with a power-law shape [38]. 

At very high flow velocities, when a^/D << 1, the pressure 
in front of the shock wave can be disregarded. Its velocity will 
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then be determined by 


-§- = /(*. P»). 

where f(t,p ) is a certain function of t and p . 

Since these two quantities have independent dimensions, 

where B is a constant. Denoting Bp™ = C lt we write for the wave 
propagation velocity 



and determine the law of its motion 

(XII-7-11) 

The constant C x that appears here has the kinematic dimen¬ 
sions LT _ ^ n+1 ^. 

By analogy with the expression for r , we can write a rela- 

s 

tion for the expansion law of the piston: 

r b = -?L-<"+i. (XII-7-12) 

n ~t~ * 


Substituting t = x/V m for t_ in this last expression, we ob¬ 
tain the equation of the body's generatrix: 


(xn-7-12 *) 

which has the form of a power monomial. In the particular case 
of n = 0, we arrive at the cone equation. 

Having (XII-7-11) for r and the corresponding relation 

s 
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(XII-7-11') 


r 


Cj 

n + i 


we can determine the arbitrary functions that are represented in 
general form by (XII-7-8) and (XII-7-9)* After substitution and 
the appropriate transformations, and remembering that a^/D is 
considered negligibly small, we obtain 


Po 1 ; [* ( 4 ~ m )]; 


Po 



(XII-7-13) 



Figure XII-7-1. r,/r 

D S 

for a Body of Power- 
Law Shape, ooo) exact 
solution; -) solu¬ 

tion according to 
(XII-7-22). 
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Figure XII-7-2. Ratio of 
Pressure on Surface of Solid 
of Revolution with Power-Law 
Generatrix to Pressure Behind 
Shock Wave. 


Similarly, we obtain relationships for the functions 

(XII-7-9): 


o- r y J ("0; 

Pi P^ I} - |w-V’ (»<)-- v i 'i-4) mJ ('")■ 

Cit;,".hr-4] ; 

m 

<- *(£**)• 


(xil-7-14) 


where 
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1 n 

J(m)- J^TI)[i + __A r _ (1 _^ ) ] ,/k rf ^ f (XII-7-15) 


and J’(m) = dJ(m)/dm. 

We see from (XII-7-9) and (XII-7-14) that this motion is 
self-similar, since all dimensionless_parameters are determined 
by the single dimensionless quantity m = m/m*. 

The relation between the laws of piston and shock-wave 
motion, which is determined by the relationships between the 
coefficients C and Cj, is obtained from Formulas (XII-7-11) and 
(XII-7-12) by using (XH-7-14) for r^ 

Ik. ^=1 */(0), (XII-7-16) 

r s •'I 


where J(0) is the value of the function J(m) at m = 0. 

In the problem of flow around the body. Relation (XII-7-16) 
gives the ratio of the coordinates of points on the body and 
shock-wave surfaces, respectively. This relation is presented 
graphically in Fig. XII-7-1. 

Using (XII-7-13) and (XII-7-14), as well as Eqs. (XII-7-1), 
we can find relationships that determine the variables of the gas 
in the disturbed layer between the shock wave and the_body. In 
particular, the pressure on the surface of the body (m = 0) is 


/V ^ D *[ 1 +2(^T)- 6 (^TT +3 ) $*»]---p.P(°), (xii-7-17) 

o 

and the pressure directly behind the shock is /529 

Ps y, , fwD 2 , 

while the function P(0) = p, /p [P(0) is determined from 

D S 

(XII-7-17)]. The drag of the power-law body can be calculated 
from this function, which is presented graphically in Fig. 

XII-7-2. Here we shall proceed from the formula 

r b 

X r -2.-r \ p b r b dr b 

t- 

0 
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and the pressure expression 


P b - P.P (0) - J— V^p (0) = ^ P ~Q 2 "/> (0). 

We express the product C 2 t 2n that appears above in terms of r g 

and r^ with consideration of (XII-7-11) and (XII-7-12). We then 

introduce the expression obtained for p into the integrand and 
evaluate it to obtain 


X 



P«C* 


P(0) 

R 2 ( 0 ) 


f" + l\ TI +) » + l r 2 (^T+‘) r b 
( C ) 2(2n + l)'b 0 ’ 


(Xli-7-18) 


where R(0) = r /r is calculated by Formula (XII-7-16). 

0 s 

To calculate the drag, it is necessary to know the equation 
of the body's generatrix in addition to the parameters of the on¬ 
coming flow. The radius of the largest cross section, r^ = r m1 ^, 

the exponent n, and the constant C appear in Formula (XII-7-18) 
as parameters characterizing the shape of the body. 

In practical cases, we can assign n, r. i( j, and the slender¬ 
ness ratio X = x mld /(2r mid ) and construct the generatrix in ac¬ 
cordance with the equation 


r b = dx" +I = ~ (2r mid )" n X" +1 . 


Having determined the coefficient A with this equation, we 
can calculate the coefficient C, which, according to (XII-7-12') 

is A(n + l)V n+1 . 

It follows from (XII-7-18) that a solution does not exist 
for all values of the exponent n in the piston-expansion law 
(XII-7-12), i.e., for all power-law shapes. For example, it is 
evident that the value of the integral 




diverges for [n/(n + 1)] < -1. At n corresponding to this in¬ 
equality, drag becomes infinite, and this cannot be. 
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The drag calculated by (XII-7-18) will be finite for bodies 
whose generatrix equations are characterized by an exponent 
n > - 1/2. But If n < - 1/2, then no self-similar solution 
exists. This means that the distribution of parameters In trans¬ 
verse planes between the body and the shock wave does not have 
the similarity property and, consequently, the pressure, density, 
and velocity cannot be expressed In the form 


P(r) 

Pi's) 



In this case, the flow In a given cross section must depend 
on Its prior history, which Is determined by the geometric pecul¬ 
iarities of the body. It follows from analysis of the generatrix 
equation (XII-7-12) that with n > - 1/2 this equation represents. 
In addition to sharp bodies (n >_ 0), also blunted shapes (- 1/2 < 
< n < 0). 

The approximate nature of (XII-7-18), which is due to pre¬ 
sentation of the solutions In series form (XII-7-1) with con¬ 
sideration of terms of the order 6 = (k - l)/(k + 1) restricts 
the. application of this formula to values of n slightly larger 
than - 1/2. This is seen in Fig. XII-7-3, which shows a curve 
of the drag coefficient corresponding to the formula 


_2X 2 (nfl) 3 P (0) 1 

**<0> A* w • 


(Xll-7-19) 


in which the body's slenderness = x/(2r t) ) = 1/x. We note 

that Formula (XII-7-19) is obtained from (XII-7-18) if the value 
of the integral is zero at the lower limit and the constant 

C = (n 4-1) r b r<" +1> = (n +1) r b (-^•)-" +1 . 


A comparison with the results of the exact solution (Fig. 
XII-7-3) indicates that the exactness of (XII-7-19) decreases 
around n = -1/2. The same can also be said as regards shock-wave 
shape. The corresponding working relationship (XII-7-16) gives 
less satisfactory results than the exact theory around the same 
value n = -1/2 (see Fig. XII-7-1). 

Analysis of the results given in Fig. III-7-3 permits the 
conclusion that there exists a power-law solid of revolution that 
has the smallest drag of all such bodies with the same slenderness 
ratio. It follows from these results that the minimum of the 
function is reached at approximately n = -0.29 and is equal 
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Cr^mid 



to 0 . 38 , while c x X^ ld = 0.52 for 

a cone, which is about 37$ larger. 
For very high velocities, there¬ 
fore , the blunt solid of revolu¬ 
tion with a curvilinear generatrix, 
which has an advantage over the 
sharp cone in its superior con¬ 
ditions for dissipation of heat, 
may also compare favorably with 
the cone in that its drag is 
smaller. 


Figure XII-7-3* Drag Coef¬ 
ficient of Solids of 
Revolution with Power-Law 
Generatrices. 000 ) exact 

solution; -) solution 

according to (XII-7-25). 


The relationships derived 
above pertained to the case in 
which terms of the order of 6 = 

= (k - l)/(k + 1 ) were considered 
in the expansions of (XII-7-1)- 
Naturally, these relationships 
simplify if only the principal 
terms are considered. For example. 


Formulas (XII-7-16) and (XII-7-17) become 


R(0) = 



l; 


p b =■ p~0 2 [ 1 +2orpij] =P* P ( °)’ 


(XII-7-16') 
(XII-7-17’) 


and Formula (XII-7-19) for the drag coefficient 


(» + !)* 3« + 2 (XII-7-19') 

* 4<2n + l) *4id * 

Having determined the minimum of c x for a fixed slenderness 

ratio X .,, we find that this minimum is reached at n = -1/3* 
mid J 

The minimum 


Cx 


3X m ?d 


(XII-7-20) 


which is smaller than for a cone in this approximation, for which 
the Newtonian theory gives c x = l/(2X^ dd ), corresponds to this 
value. 

Application of the Newton formula. Pressure can be calcu¬ 
lated by (XII-7-17) for points on the surface of a power-law 
solid of revolution at a certain distance from the blunt nose. 
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Figure XII-7-4. Comparison of Theoretical 
and Experimental Pressure Distributions 
Around an Ellipsoid in Symmetrical Flow. 



Figure XII-7-5- Diagram for 
Calculation of Flow Around 
Ellipsoid. 


As concerns the nose surface, the 
improved Newton theory gives satis 
factory results here in pressure- 
distribution calculations for 
spherical bodies. Studies have 
shown that the same results are 
obtained for bodies with other 
curvilinear shapes. 

This is seen, for example, 
in Fig. XII-7-4, which presents, 
together with the results of a 
calculation by the formula p = 

= p 0 sin 2 B, experimental data 
on the pressure distribution 
around ellipsoids in symmetrical 
flow. Satisfactory results are 
Newton formula ([ 66 ], 1964, No. 4) 
ellipsoid at an angle of attack 


also obtained from the improved 
for calculation of flow around an 
(Fig. XII-7-5): 


Po (cos a Y \ — r- — r t sin a cos y) (XII —7 —21) 

sin 2 P P l + 2 2 ~(r*—' 1) 


where Bp is the angle between the tangent to the body_|_s contour 
at its forward point and the direction of the vector V ot ; r = 

= r/b; t =_a/b (b_ and_a are the semiaxes of the ellipse. Fig. 
XII-7-5); p 0 is the pressure coefficient at the critical point 
of the ellipsoid. The calculations can be simplified by using, 
instead of (XII-7-21), the empirical relation 
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(XII-7-22) 


p(r, y) Pi(r) \- p 2 (r) cosy, 


where 

Pi (0 =y (P(r, y=0)+p(r, y - n)l; ft(r)^y[p(7, y-rO) — p(r, y n)).(XII-7-23) 


According to Formula (XII-7-22), the pressure is determined 
at any point on the surface by its value at points on the ellip¬ 
soid generatrices corresponding to the angles y = 0 and ir. 

The axial-force coefficient can be determined by integrating 
pressure over the surface. Calculations and a comparison with 
experiment indicate that this coefficient varies insignificantly 
over a rather broad range of attack angles: -15° £ a £ 15°• The 
comparison shows that better agreement between the experimental 
and theoretical results is observed at high supersonic speeds. 
However, the Newton theory gives an approximation that is quite 
satisfactory for practical purposes even at comparatively low 
speeds when the pressure is determined near the critical point. 
With increasing distance from the nose, the pressure found theo¬ 
retically becomes smaller than the experimentally measured pres¬ 
sure . 


The calculated results can be improved to some extent by 
"gluing" the pressure distribution found on the forward end 
by the Newton formula to the pressure distribution found on the 
downstream segment from the theory of Prandtl-Meyer expansion 
flow. In turn, the Prandtl-Meyer solution is "glued" to the 
solution found by Formula (XII-7-17). 

§XII-8. INFLUENCE OF NONEQUILIBRIUM ON PARAMETERS OF INVISCID 
FLOW AROUND BLUNT BODIES 

Nonequilibrium Flow in Regions with Strong Ov erexpansion and 
Small Pressure Gradients 


Regions of gas flow around a blunt body. If we examine the 
nature of the flow around a blunt body, we can establish three 
regions of the gas flow (Fig. XII-8-1). The first lies directly 
over the blunt nose between the flow axis and the "sonic" line. 

It is characterized by an almost constant pressure close to the 
total-stagnation value. Moving along a streamline in this re¬ 
gion of almost constant and very high pressure, the gas, which 
has entered a state of nonequilibrium dissociation after passage 
through the shock wave, will be able to recover quickly to the 
equilibrium state. Here the equilibrium corresponds to a certain 
average pressure and enthalpy in this region. 

The second region of the flow begins at the "sonic" line 
and is characterized on a certain distance by a sharp pressure 
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Figure XII-8-1. Dia¬ 
gram of Gas Flow 
Around Blunt Bodies, 
a) spherical blunt¬ 
ness; b) flat blunt¬ 
ness with circular 
bevel; 1) shock 
wave; 2) "sonic" 
line; 3) low-velo¬ 
city shock layer; 

4) streamline. 



0 Q.U 0.8 x-x£ 


Figure XII-8-2. Pres¬ 
sure Drop Along 
Streamline During 
Expansion of Gas Ac¬ 
cording to Prandtl- 
Meyer Law. 


decrease. The region may terminate 
(depending on the shape of the body 
behind the nose) in a flow with posi¬ 
tive, zero, or negative pressure grad¬ 
ients. In this zone of strong over¬ 
expansion, the state of the dissociat¬ 
ing gas will lag behind equilibrium, 
so that thermodynamic nonequilibrium 
is an essential property of the moving 
gas . 


In the third flow region, which is 
situated on the peripheral part of the 
body and is characterized by a small 
change in pressure, the gas will tend 
to its equilibrium state. 

Thus, it becomes necessary to take 
departure from equilibrium into account 
in calculating inviscid flow. Here, 
research indicates that in practice, 
the pressure changes only slightly on 
passage from the nonequilibrium to the 
equilibrium state. On this basis, it 
has become possible to evaluate the in¬ 
fluence of nonequilibrium molecular 
dissociation on such inviscid-flow 
variables as the degree of dissociation, 
density, and temperature for a given 
realistic pressure distribution. It 
is assumed here that the pressure dis¬ 
tribution is subject to the same law 
irrespective of the conditions of the 
body’s motion. 

Calculation of nonequilibrium flow. 

This calculation requires integration of 
equation system (III-4-47) with certain 
assigned constants and boundary condi¬ 
tions. The results given here were ob¬ 
tained using C = 6*10 14 cm 3 /g‘S and p d = 

= 125 g/cm 3 . The boundary conditions 
used in integrating the equations were 
the conditions on the "sonic" line, with 
the corresponding parameters on this 
line determined for a given flight speed 
V and a given altitude H as parameters 
of equilibrium flow in the total-stagna¬ 
tion region. 
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The streamline along which the nonequilibrium flow variables 
were calculated was downstream of the "sonic" region. It was 
assumed that the pressure established on this streamline is the 
same as in expansion of a one-dimensional flow in accordance 
with the Prandtl-Meyer law. It was also assumed that with this 
pressure distribution, the length of the selected streamline 
would be of the order of the radius of a spherical nose or one- 
quarter of the radius of a flat face (or a flat face with a small 
circular bevel). The length assumed for the initial supersonic 
expansion determines the characteristic linear dimension L. 

Figure XII-8-2 shows the pressure distribution calculated 
on the basis of Prandtl-Meyer theory for a streamline crossing 
an expansion fan beginning at the "sonic" point ([72], I960, No. 
11). For a streamline with a constant radius of curvature r, 
the expansion angle was assumed to be v = x = x/r. Figures 
XII-8-3 through XII-8-7 show certain results of numerical inte¬ 
gration of System (111-4-47) for various altitudes and speeds. 

The calculations were also made in each case for several char¬ 
acteristic lengths L (or, which is the same thing, for several 
values of the parameter <jT ) . 

An inference as to the nature of the change in nonequilib¬ 
rium dissociation can be drawn from Fig. XII-8-3. For compari¬ 
son, this figure shows curves of the degree of equilibrium dis¬ 
sociation as obtained for real air (B) and a diatomic-gas model 
(A). We note that at speeds > 5 km/s, the difference between 
the degrees of equilibrium dissociation is small in the last two 
cases. Analysis of these results shows that the change in the de¬ 
gree of dissociation a along the streamline is very small by 
comparison with the initial equilibrium value a 0e even at a con¬ 
siderable distance. Here the gas is close to the "frozen" state, 
in which no reactions take place in it and, consequently, its 
chemical composition does not change. 

As a convention, we can consider the flow "frozen" in prac¬ 
tical cases when the composition of the gas differs by about 
5% from the original composition. Then if Oj is the degree of 
nonequilibrium dissociation at the end of the expansion segment 
under consideration, the "frozen" state requires satisfaction of 
a condition according to which the nonequilibrium dissociation 
parameter 




a 0e a ie 


>0.95, 


this parameter including a lg , which is the degree of equilibrium 


dissociation at 
ctj is zero, the 
tice, it can be 


the end of the same segment. If the parameter 
transition to equilibrium is complete. In prac- 
assumed that this state has intervened if Sj <_ 


/534 


731 




Figure XII-8-3. Influence of Nonequilibrium on the 
Degree of Dissociation along Streamline. A) dia¬ 
tomic gas; B) real air; a) H = 47 km, V^ = 7*6 
km/s; b) H = 6l km, V 00 = 7.6 km/s; c) H = 75 km, 

V =7.6 km/s; d) H = 47km, V = 4.6 km/s; e) 

H°°= 6l km; = 4.6 km/s; f) H = 75 km, = 4.6 
km/s. 



Figure XII-8-4. Var¬ 
iation of Density in 
Nonequilibrium Flow 
of Diatomic Gas 
Model. H = 47 km, 

V =4.6 km/s; 1) 

L°°= 0.3 m; 2) L = 

= 6 m; 3) L = 30 m; 

4) L = °° (equilib¬ 
rium flow). 


<_ 0.05. Returning to the diagrams of 
Fig. XII-8-3, we note that the flow in 
the region of supersonic expansion around 
blunt bodies will be practically "frozen" 
at altitudes above 47 km at speeds of 
5-8 km/s. 

For any given speed and length L, 
the flow will be found more nearly 
"frozen" with increasing altitude. With 
decreasing speed, other conditions the 
same, the parameter Sj increases owing 
to the decrease in local density. In¬ 
creased "freezing" is observed at a 
decrease in the characteristic length 
L, which results in a shorter stay time 
of the gas particles at a particular 
point, during which only a few atoms 
manage to recombine. 

It follows from the results pre¬ 
sented in Figs. XII-8-4 and XII-8-5 that 
the deviation from equilibrium causes a 
decrease in density and a rise in tem¬ 
perature. In turn, this results in a 
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Figure XII-8-5. Temperature 
Distribution in Nonequilibrium 
Flow of Diatomic Gas Model. 

H = 47 km, V^ = 4.6 km/s. 1) 

L = °° (equilibrium flow); 2) 

L = 300 m; 3) L = 30 m; 4) 
L=3m; 5) L = 0.3 m. 



substantial change in the local 
Re. Here, calculations indi¬ 
cate that the deviation from 
equilibrium flow influences the 
pressure distribution weakly. 

Curves that can be used 
to estimate the nonequilibrium 
dissociation parameter a x for a 
known <j> have been plotted in 
Fig. XII- 8-6 from the results 
of numerical integration of (III-4 


Figure XII- 8 - 6 . Variation 
of Nonequilibrium Dissocia- 


tion 

Parameter 

under Various 

Conditions. 1) 

H : 

= 47 km 

5 

V oo 

= 

4.6 

km/s ; 

2) 

H = 61 

km. 

V 

= 

4.6 

km/s ; 

3) 

H = 47 

km. 

V~ 

= 

6.1 

km/s ; 

4) 

H = 61 

km. 

V «, 

= 

6.1 

km/s; 

5) 

H = 47 

km. 

V co 

= 

7.6 

km/s; 

6 ) 

H = 6l 

km. 

V*, 

= 

7.6 

km/s . 





-47) 


Behind the region of supersonic expansion, the flow enters 
a zone of weakly varying pressure that may be regarded in prac¬ 
tice as a constant-pressure region, thus simplifying the analysis. 
This case is a close approximation of reality if the blunted nose 
is followed by a conical segment. 

As they move in the constant-pressure zone, the gas particles 
are able to return to equilibrium, which corresponds to constant 
enthalpy and pressure. During this transition, the nonequilib¬ 
rium parameters are determined by integrating only the last equa¬ 
tion of System (III-4-47). The initial conditions are determined 
by the "frozen" parameters at the end of the supersonic-expansion 
segment considered above.(the length x is measured from this 
cone). The results indicate that at speeds of 4. 6 - 7.6 km/s, the 
flow on the segment next to the nose remains practically "frozen" 
at a distance of no less than 6-9 m, with this distance, which 
corresponds to an altitude of the order of 45-47 km, increasing 
with H. For example, at H = 6 l km, the length L has increased to 
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30 m. Certain calculated results for H = 40 km are shown in Fig. 
XH-8-7. The deviation from the "frozen" state and the approach 
to equilibrium conditions take place most rapidly at high velo¬ 
cities . 



Figure XII-8-7* Varia¬ 
tion of Degree of Dis¬ 
sociation along a Coni¬ 
cal Surface under Con¬ 
stant-Pressure Condi¬ 
tions (H = 47 km). 


The "freezing" phenomenon is 
inherent not only to the region with 
zero pressure gradient, but also, and 
to an even greater degree, to flow 
with negative pressure gradients, 
which arise, for example, in flow 
around a cylinder. This enhanced 
susceptibility to "freezing" is ex¬ 
plained by the fact that a decrease 
in pressure causes a decrease in 
density. In the last equation of 
System (111-4-47), the recombination 
term in the right member depends 
essentially on density, varying 
approximately in proportion to its 
square. 


The following practical conclu¬ 
sion can be drawn from the above 
analysis of nonequilibrium flow 
around a blunt body. Since the en¬ 
tire flow zone associated with the region of the strong shock 
wave remains "frozen" over almost the entire length of the blunt 
body, the inviscid-flow variables along a streamline in this 
shock layer can be calculated from the condition of isentropic 
flow with k 2 = 1.1-1.2 (the exact value of k 2 is calculated for 
total-stagnation conditions). Accordingly, the temperature and 
density at a given point are found from the expressions 



(XII-8-1) 


Effect of Nonequilibri um on Position and Sh ape of Shock Wa ve 

Let us consider the following two extreme cases, which char¬ 
acterize this effect qualitatively. The first is governed by 
completely "frozen" flow behind the shock, when the gas behaves 
as a medium with constant heat capacities that can be determined 
if it is assumed that the vibrational degrees of freedom are 
established instantaneously behind the shock. However, the maxi¬ 
mum effect can be ascertained on the premise that equilibrium is 
not established for these degrees. 
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In our second limiting case, the gas in the compressed layer 
is under equilibrium-dissociation conditions. 

We set forth above a method for calculating the relative 
detachment distance of the shock wave in both of the limiting 
flow cases. According to the calculated results, the wave is 
farthest from the critical point in the first case, while in the 
second it makes its closest approach to this point. 

Real nonequilibrium flows, which are characterized by inter¬ 
mediate shock-wave positions, fall between these extreme cases. 

To characterize such flows, it is helpful to introduce a non¬ 
equilibrium parameter defined as follows. The last equation of 
System (III-4-47)_implies that for flows behind a normal compres¬ 
sion shock, (Cp^) 1 can be regarded as the time scale of dissocia¬ 
tion, and the parameter V^CCp^) 1 as the linear scale of the flow. /537 
Then we can take the ratio of some linear dimension of the body 
to the linear flow scale as a dimensionless parameter of nonequi¬ 
librium flow. 


Ct 



Figure XII-8-8. Varia¬ 
tion of Degree of Dis¬ 
sociation along Zero 
Streamline (from shock 
wave to critical point 
of body). (m A V^)/D * 1; 

P«/P d = 10"*; 1) A 3 

3 100; 2) A = 50; 3) 

A 3 10; 4) A 3 1. 



Figure XII-8-9. Relative 
Detachment Distance of a 
Shock Wave in Front of a 
Sphere as a Function of Non¬ 
equilibrium Parameter: 
( m A V ® )/D * 1 * Po/Pd = 10 " 6 ' 


The linear dimension for 
a sphere may be its diameter 
D fe . Consequently, the non¬ 
equilibrium parameter in this 
case is 


A D b C(i x VJ. 


(XII-8-2) 


If this parameter A is zero, we 
flow owing to the infinitesimal rate 


have undissociated ("frozen") 
of chemical reaction. 
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Large A correspond to rapid reactions and, consequently, dis¬ 
sociation begins near the wave and covers almost the entire re¬ 
gion between the wave and the body's surface. As A -> °°, equilib¬ 
rium is reached immediately behind the wave. 

The local value of the parameter A = A, calculated from 
the local velocity V on the zero streamline, i.e.. 


A,, D b C 9o jy-' 


(XII-8-2') 


can be used to analyze the flow between the wave and the body. 

At the critical point, where V = 0, this parameter X = 00 
and, consequently, equilibrium dissociation is reached near it. 
Physically, this effect is explained by the extremely slow flow 
in the neighborhood of the stagnation point, which aids in the 
establishment of thermodynamic equilibrium. 

If we start with equilibrium flow on the surface of the body, 
the concentration distribution of the atomic component along the 
normal to the wall will be characterized qualitatively by a 
gradual concentration decrease toward the shock wave, where the 
degree of dissociation vanishes. The concentration profile can 
be calculated theoretically by solving the equation system for 
flow in the region of the critical point simultaneously with the 
last equation of the nonequilibrium-flow system (III-4-47). 

Figure XII-8-8 shows the concentration profile calculated in 
this manner for one of the particular cases. 

Another result of solution is the possibility of calculating 
the distance from the shock wave to the body. Figure XII-8-9 is 
a graph of the relative detachment distance as a function of the 
nonequilibrium parameter A. Comparing the results, we see that 
the separations may differ by a factor of two in the two extreme 
cases, i.e., in "frozen" and equilibrium flows. The variation of 
the axial radius of curvature of the wave is similar. 

Case of nonequi 1 i_bri um at the surface. The ratio of the 
characteristic times t„ = t„/t (t is the stay time of the 

U U S 0 So 

particles in the nonequilibrium-reaction zone) can be used for 
approximate evaluation of the conditions under which nonequilib¬ 
rium chemical reaction occurs at the wall. Clearly, this reac¬ 
tion occurs if tp >_ 1, i.e., when the atoms reach the surface of 

the body before reacting. 

To estimate the length L of the surface segment with chemi¬ 
cal reaction, it is necessary to compare the characteristic time 
of the reaction with the characteristic stay time of the particles 
in the nonequilibrium zone on the segment under consideration. 
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Here the stay time is calculated from da/dt, which determines the 
rate of the change in degree of dissociation due to the disappear¬ 
ance of atoms by recombination. This evanescence time, which is 
obviously equal to the characteristic stay time in the reaction 
zone, is determined from the equation 

da da V * 


For approximate evaluation, we can set dx/da v L/a 0 , where 
a 0 is the degree of equilibrium dissociation at the stagnation 
point. The stay time can therefore be presented in the form 
L/(a 0 V), where V is the particle velocity along the surface near 
the stagnation point. Let us assume that this velocity is of 
the same order as the average velocity between the shock and 
the body, or 0.5V 0 . Thus, the characteristic-times ratio can be 
written 


<D' otO _ ‘dVo*o 
L 2 L • 


(XII-8-3) 


From this expression, we easily pass to 


Z, “ to 1 *a s oi 


(XII-8-3’) 


where L = L/R, . 

b 

Since we are concerned with the reaction zone, the condi¬ 
tion t^ >_ 1 must obviously be satisfied in it. The length of 

this zone from the stagnation point will therefore be 


L -- Id^oSq. 


(XII-8-4) 


Atoms that have not reacted chemically enter the boundary 
layer on a surface segment of this length. 

The recombination process culminates in the boundary layer 
and has some influence on friction and heat transfer. It should 
be stressed here that the pressure distribution is practically 
independent of the nonequilibrium effects. 

Improvement of the flow regime in the stagnation zone (at 
the critical point and for a certain distance downstream) enables 
us to evaluate the change in density and temperature if this 
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regime is nonequilibrium. Increased temperature and decreased 
density at the outer layer boundary result in a change in the 
heat flow on this surface segment from the flow of the equilib¬ 
rium state. It can be assumed that, despite the temperature in¬ 
crease, the heat flow diminishes to some degree owing to the de¬ 
crease in density. 

Up to this point, all calculations have been based on the 
assumption that the recombination-rate parameter k„ is indepen- 

K 

dent of temperature. Actually, however, temperature has sub¬ 
stantial influence on this parameter. For example, according to 
certain experimental data for oxygen 

kn^SAAW* cm<Vmole2. s. (XII-8-5) 


According to this formula, the relaxation time calculated 
above can be improved by introducing a correction factor 
(T/3500) 2 . The refined relaxation time will therefore be 
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NONSTATIONARY AERODYNAMICS OF BODIES 


§XIII-1. LINEARIZED FLOW AROUND SOLIDS OF REVOLUTION 
Ba sle Relationships 

General definitions. Let us consider the problem of linear¬ 
ized nonsteady flow around a body. As in the case of steady 
flow, we shall use the method of sources for its solution, with 
the difference that the washed body is replaced by a system of 
nonsteady sources (sinks) and dipoles ([72], 1951 s No. 8). 

Let us assume that in a linear¬ 
ized supersonic flow at a certain 
there is a secondary transverse 
onflow at a velocity W(x,t) that 
depends on time t_ and the coordinate 
x of a given cross section of the 
solid of revolution (Fig. XIII-1-1). 
Thus, this additional flow is non¬ 
steady. Following the method of 
sources, we can regard the velocity 
potential of this flow as the po¬ 
tential of nonsteady sources and 
dipoles whose strength and moment, 
respectively, vary in time. 

Here the velocity potential from nonsteady sources and di¬ 
poles on the axis of a slender body is determined from the linear¬ 
ized equation (III-2-31). The integral <J>' of this equation is 
sought as the sum of two potentials: <j>[, the axisymmetric-flow 
potential, which does not produce disturbances that lead to the 
appearance of a normal force, and <j> 2 ’, the potential from disturb¬ 
ance of symmetry, which does produce a normal force. As in the 
case of steady flow, the solution for the added potential $' z can 
be solved in the form (XI-1-14). As regards the solution for <j> { , 
it is the integral of the linearized nonsteady-flow equation 



Figure XIII-1-1. Diagram 
of Nonsteady Flow Around 
Solid of Revolution in 
Transverse Direction. 


(a') 2 <P.7c — frr — 4-Tr -f 


2M» 


<?xt T —— — 0. 


(XIII-1-1) 


where the subscripts x and r signify the corresponding partial 
derivatives. 
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Potential of nonsteady source (sinks). Let us write the 
solution of (XIII-1-1) in the form 

<r;=-i(*. (xiii-1-2) 


where w is the angular frequency of the body's vibrations in the 
uninverted motion and n(x,r) is a function of the variables x and 
r. Here, n(0,r) = n x (0,r) = 0, which corresponds physically to 

the absence of disturbances on the x = 0 line. 

After substituting (XIII-1-2) for <f>J into (XIII-1-1), it 
becomes 


■I,r ; -y nr-(a') s 'i-~ °- 


(xm-i-3) 


Differential equation (XIII-1-3) can be solved by an operator 
method based on the Laplace integral transformation. Applied to 
the present case, this method consists in studying not the func¬ 
tion p(x,r) itself, which is known as the original , but instead 
its so-called transform. This transformation of the function 
n(x,r) with respect to the variable x is accomplished as follows. 
The function p(x,r) is multiplied by the exponential function 
exp(-sx), and then integration is carried out in the range from 
0 to °°. We obtain as a result 


I](s, r )J oxp(-s.r)n(.r, r) dx , (XIII-1-4) 

0 

where n(s,r) is a function known as the (Laplace) transform of 
the function n(x,r) and s_ is a certain complex quantity, the 
transformation operator. 

As a result of the Laplace transformation (XIII-1-4), we 
obtain an ordinary differential equation for the transform: 


J 2 rj 

dr ' 1 


1 rfT) 
r dr 


(«')* [* 


(“') 4 


] il = 0. 


(XIII-1-5) 


The sense of the transfromation becomes evident from the 
form of (XIII-1-5): it has reduced the number of variables by 
one and thereby enabled us to pass from a partial differential 
equation (XIII-1-3) to the ordinary differential equation 
(XIII-1-5). The equation obtained is one of the modifications 
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of the Bessel equation whose solution has a limit at Infinity: 


11=^0 



-L 


<0 2 -)i/2'| 

«lo (“') 4 J J ’ 


(XIII-1-6) 


where K 0 is a Macdonald function. 

Having found the transform n, we must find the original q. 
The inverse Laplace transformation must be used for this purpose. 
The final expression for the unknown function takes the form 


11 (x, r) = lx*- (*'ryr i/2 cos [**-(« 7) 2 ] 1/2 }, 


(XIII-l-7) 


which is valid for the condition (x - a’r) > 0. 

We obtain a relation for the potential of a nonsteady point 
source on the basis of (XIII-1-2) and (XIII-1-7). If sources of 
variable intensity f(e) are distributed continuously along the x- 
axis, the potential function is 


= exp (ial) x 


x~a’r 



I 00 exp [ 


I'eiMoo 
f 00 (a ') 2 


(* — «)] cos [(x —e ) 2 —(aV) 2 j ,/2 | de. 

[(x-e) 2 —(a'r ) 2 J ,/2 ~ 


.(XIII—1—8) 


Potential of a nonsteady dipole. Differentiating the poten¬ 
tial function <£’ with respect to r, we find the added potential 
<|>2 of a nonsteady dipole in accordance with (XI-1-14). Before 
differentiating, we transform Expression (XIII-1-8) to the vari¬ 
able z = arc cosh [(x - e)/(a’r)]. Then, differentiating with 
respect to r and transforming back to the variable £ = 

= x - a’r cosh z, we find an expression for the nonsteady-dipole 
potential: 


<f; exp (hot) cos v { ra Jfap $ 1 W ex P [ - <* - £ ) J 

L u 




j We j- 

X -fiV (—*’) -P [ -hZ&r* ( ^)] -s {!(*-*)*-(«V) 2 J , /=} 

i ’ r | (-T f) 2 (rx'r ) 2 ] 112 


(Xlii-i-9) 


dz 
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*7 (*)(*- 
x $ — 
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f?) exp £- 




(a') 2 




] C ° S fc 


ttsU* --K ) 2 —(a 


(a') 2 


V)*J ,/S } 


*1 


Hi-E) 2 ~(a>)2] 1/2 


} .(XIII-1-9) 
J (Cont ' d.) 



Figure XIII-1-2. Cases of Motion of 
Solid of Revolution, a) harmonic os¬ 
cillatory motion about the body's 
center of gravity; b) harmonic os¬ 
cillation of the body normal to 
its longitudinal axis; c) steady 
rotation of the body about a 
transverse axis passing through 
its center of gravity. 


Boundary condition. 

The boundary condition 
for determination of the 
function f(e) in (XIII-1-9 
is obtained from the non- 
separating-flow condition. 
This means that the dis¬ 
turbed-motion potential 
from the nonsteady dipole 
must be such that the nor¬ 
mal velocity component 
vanishes on the surface 
of the body or, consider¬ 
ing its small thickness, 
on the x-axis, i.e., such 
that a condition analogous 
to (XI-1-11*) is satisfied 


(*4^0 = (*.<)«*?• (XIII-1-10) 


This condition assumes various forms depending on the specif¬ 
ic case of flow accompanying the particular form of motion of the 
body. 


Let us consider possible cases of motion that are of practi¬ 
cal interest in connection with investigation of oscillatory sta¬ 
bility . 

Harmonic oscillat or y motion of the body about a transverse 
axis passing through i t s center of gravity (Fig. XlTl-l-2a). In 
this case, the motion is determined by the equation 


a - a 0 vxp(io)t). 


(XIII-1-11) 


where a 0 is the initial amplitude, which is equal to the attack 
angle at t = 0. 

In the inverted motion, oscillations of the body give rise 
to a nonsteady disturbed flow whose transverse velocity component 
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is 


IF(.r, t)~- l^.oto exp (i(tU) -|- (x — x c-g ). (XIII-1-12) 

Since 

4r «o^‘'xp(f®0. (XIII-1-13) 


the boundary condition, becomes 

r " -a*«*xp(/(o/)cos V [(F*-f ko(.r-a- c . g )]. (XIII-1-14) 


Harmonic oscillation normal to the bod y's longitudinal axis 
(Fig. XIII-l-2b). In this case, the motion is characterized by a 
transverse velocity component 


IF (t) - IFq exp (iat), 


(XIII-1-15) 


where W 0 is the normal velocity of the oscillatory motion at time 
t = 0. 

Consequently, Condition (XIII-1-10) is written 


= — IF 0 exp (i'coZ) cos y. 


(XIII- 1 - 16 ) 


Steady rotat ion of the b ody about its ce nter of gravity (Fig. 
XIII-l-2c). The velocity component at a certain point on the sur¬ 
face of the body, which has a constant attack angle a 0 in this case, 
is determined by the expression 


W (x) = cc 0 V x + Q z (x — x C ' g ), 


(XIII-1-17) 


where ft is the angular velocity of rotation. The boundary 
z 

condition will be 

-^-= -[a 0 F 00 -fQ 2 (o:-x c . g )]co SY . (XIII-1-18) 

The boundary conditions serve for determination of the source- 
distribution law, i.e., the form of f(e). In the case of a very 
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slender body, the form of this function can be found as follows. 
First, Expression (XIII-1-9) is transformed to the variable z = 

= arc cosh [ (x - e)/a'r)] and the partial derivative is cal¬ 

culated. Then the expression obtained for this derivative is 
converted back to the variable e = x - a’r cosh z, and the limit 
transition with r + 0 is made. The above boundary conditions are 
attached to the resulting limit relationship. Then the limiting 
value of the partial derivative $' zr , which is studied in slender- 

body theory for the case of nonsteady flow, will be 


9<pi 

dr 


nftx) 

S{x) 


exp (i<ot) cos y, 


(XIII-1-19) 


where S(x) = it r 2 is the cross-sectional area at a distance x from 
the tip of the body. 

Determination of the aerodynamic coefficients. The expres¬ 
sion for the potential function and the boundary condition must be 
supplemented with relationships that determine the aerodynamic 
coefficients in general form. One of these relationships is For¬ 
mula (XI-1-21) for the added pressure coefficient that appears as 
a result of nonsteady transverse flow. Substituting the expres¬ 
sion for this coefficient according to (XI-1-21) for p 2 into the 
integrand in (XI-3-1), we obtain for the normal-force coeffi¬ 
cient 


where 




(XIII-1-20) 


P 2 ------ -2 (<[2x i -'[•)()• 


(XIII-1-21) 


Let us now examine the relationship that defines the moment 
coefficient about an axis passing through the center of gravity. 
To do so, we shall use Formula (1-5-8), which we transform to 


t-zp m 


- 4 -—--- ? - TX dx. 

1 * b Amid^b-J COS? 


(XIII-1-22) 


As follows from (1-3-14) and (XI-1-21), the expression for 
the axial-force coefficient is the same as for the case of steady 
flow. 
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Ae r o dynami c C oe fficients under the Conditions of Low-Frequency 
Oscillations 


General expression for the potential function. Solution of 
the problem of determining aerodynamic characteristics for non¬ 
steady supersonic flow around a solid of revolution is simplified 
if low-frequency oscillations correspond to this flow in the un¬ 
inverted motion. If (XIII-1-9) is presented as a series in powers 
of the parameter k = M^ccr/(a' ), which is known as the reduced 

har monic frequency , we can satisfy ourselves that for frequencies 
of the order of a^a'/x^, the nonsteady-flow potential can be repre 

sented with sufficient accuracy in the form of a linear function 
of the parameter k. Transforming to the variable z = 

= arc cosh [(x - e)/(a'r)], in this relationship, we find in first 
approximation 


arch u 


<p;-COST exp (!«.!, [o' j 


arch u 


— iSlcctt'k ^ / (.r — a'r ch z) dzj . (XIII —1-23) 


We now calculate the derivatives of cf>£ with respect to x 
and t_, which are needed for determination of the pressure coef¬ 
ficient. Setting f = m, we obtain 


arcbu 


<P2x = a’ cos y exp (icol) [ s m (x — a'r ch z) ch z dz — 

o 

arch u 

— /Mo** m (x~~ a'r ch z) dz J ; 

o 

arch u 

T2< = a '/cocos y exp (/(*)/) £ ^ m (x — a'r ch z) ch z dz - 

o 

arch u 

- - i Moci/iT J m (x — a'rchsjdzj. 


(XIII-1-24) 


(XIII-1-25) 


The form of the functions m and m is determined from Con¬ 
dition (XIII-1-19) and the boundary conditions for each specific 
case of motion of the body. 

Harmonic oscillatory motion of t he body about its center of 
gravity . In this case, the form of the functions m and A can be 
determined as follows. First we find the function 
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(XIII-1-26) 


/ ( ! ) — t ct,j | l\v ! i w (f - -Fc.g)] 


from Expressions (XIII-1-14) and (XIII-1-19). 

Then, calculating the first and second derivatives. 


, , S' (?) ... , . , m i iS ’ (e) ■ 

/« (f) —— a„ [1 .v, no (e - .r c . g )] + ?coa 0 ; 

* , . ..S'" (<■•) ... . . , ... 2 S' (e) . 

m(e) - - —-— a 0 |V«: -j- ia> (e — x c .g)] -|- : - ia>a 0 . 


(XIII-1-27) 

(XIII-1-28) 


We introduce these expressions into (XIII-1-24) and (XIII-1-25) 
after first transforming to the variable z = arc cosh [(x - e)/ 
/(a'r)]. Then, calculating the integrals and applying (XI-1-21), 
we obtain 


P: 


2a' cos y 
rr 


aT c.g (/0 : 

Vco dx 


Jl. \ ^3 

Koo v. dx 1 '* 1 / V^a' dx 


(XIII-1-29) 


where 


o 

Q t — ^ S' (x — a'r ch z) ch z dz; (XIII—1-30) 

arch u 

0 

Q 2 = ^ S' (x — a'rch z) (x — a'r ch z) ch z dz; (XIII-1-31) 

archu 

Q 3 = ^ S' (x — a'rchz)dz. (XIII —1—32) 

arch u 


Introducing Pj from (XIII-1-29) into (XIII-1-19) and 
(XIII-1-22) and then calculating the derivatives 


c 


a 

A’P 


Voo dc NP . 
x b da 


Vco dm :p 
, • * 
x b da 


(XIII-l-33) 


we obtain 


c M — 
Sv 


2a' 


S[2(e.+y^)-^S-^aill-l-30) 
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The stability derivatives of very slender bodies can be ob¬ 
tained from the above expressions if the appropriate values from 
slender-body aerodynamics are substituted for the functions Q n . 

To find these values, it is necessary to convert to the variable 
e = x - a'r cosh z in Expressions (XIII-1-30)-(XIII-1-32) and 
then make the limit transition with r 0. On substituting the 
values thus found for the function Q n into (XIII-1-34) and 7545 

(XIII-1-35)) we obtain 


C r i. ' bse 

AP 




Ifb 


:)■ 




(XIII-1-36) 
(XIII-1-37) 


Harmonic oscillations in the direction norma l to the body's 
longitudinal axis . For this type of motion, the function f(e) is 
defined as follows in accordance with (XIII-1-16) and (XIII-1-19): 


(XIII-l-38) 

and the function m and its derivative m take the form 


•S'(e) 


JX 


W 0 ; 


m — 


S" (s) 


Wn 


(XIII-1-39) 


Converting to the variable z_ and substituting the functions 
m and m found from (XIII-1-39) into Formulas (XIII-1-24) and 
IXIII-1-25), we obtain the corresponding values of 4>2 X and 4>^t 

and then, using (XIII-1-21), the pressure coefficient. Introduc¬ 
ing the values of this coefficient into (XIII-1-20) and (XIII-1-22) 
and differentiating, we obtain the stability derivatives 


c 


W - 

Np 



a' 



(XIII-1-40) 
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Steady rotation about center of gravit y. In this case, the 
function f(e) is given by thesquation 

/(«) = [v-oVco + Q, («-jf c .«)]• (XIII-1-45 ) 


Differentiating this expression twice with respect to e, we 

find 


7(e) ~m = |a 0 y„ + 0 2 (e- * c . g )] + Q z . XXIII-1-46) 


Converting in this formula to the variable z_ and substitut¬ 
ing the expression found for rh into (XI-3-2), we find and then 

the pressure coefficient 


p' 2 — — 2q>2x/F«>. 

With p£, we can calculate the coefficients of normal force /546 
and moment due to the rotation and then their derivatives 
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• Vp ‘• V mid A ] D Ox 

r c . g -g 1 ) rd.c- 

(XIII-1-47) 

x b 

n. , 2a' f (n j 'JQs 

X b VP ‘'‘"mid X l “ ° X 

— p c. g ^)rxdx. 

(XIII-1-48) 


where 


S3. Vco dC *P . ' Vcq d ”'zp 

C *p " Zb 0U t ’ ;p ' x b OQ. • 


(XIII-1-49) 



Figure XIII-1-3. Var¬ 
iation of Stability 
Derivatives of Solid 
of Revolution with 
in Rotation at Constant 
Angular Velocity. 



Figure XIII-1-5. Var¬ 
iation of Stability 
Derivatives of Solid 
of Revolution with 
in Harmonic Oscilla¬ 
tions Normal to the 
Longitudinal Axis. 



Figure XIII-1-4. Var¬ 
iation of Stability 
Derivatives of Solid 
of Revolution with 
in Harmonic Oscilla¬ 
tions About the Center 
of Gravity. 



Figure XIII-1-6. Var¬ 
iation of Stability 
Derivatives of Solid 
of Revolution with 
in Motion at Constant 
Angle of Attack. 


The stability derivatives corresponding to slender-body aero¬ 
dynamic theory take the form 
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Ill 


Q: 

Zp 


25 b 



c -vp — 25 bse (l 

*c.g v 2 ( * c .g 

/ ^bse **b 


*b / 

*b 



(XIII-1-50) 

(XIII-1-51) 


Results of calculation of the stability derivatives by these 

formulas for a parabolic solid of revolution are presented in Figs 

XIII-1-3 through XIII-1-5. The generatrix of this solid has the 

form r = 0.02(10x - x 2 ), while the coordinate of the center of 

gravity reckoned from the coordinate origin x = 5* The dashed 

c. g 

lines on these figures indicate results obtained from slender- 
body theory. For comparison. Fig. XIII-1-6 shows static stability 
derivatives calculated for the same body by the formulas of linear 
ized theory 


C \p 


dc Np 


*b 

2a’ p a<?, 


da 


^ mid 


l Tx rdx ' 


dm. 




da 


c -g a 
c Np ' 


2 a' 


^b 


? <>Q\ rxdx 

^mid^ ft* rXdX ' 
0 


(XIII-1-52) 

(xiii-i-53) 


and by the formulas of slender-body aerodynamic theory (dashed 
lines) : 


(XIII-1-54) 
(XIII-1-55) 


§XIII-2. APPLICATION OF THE NEWTON METHOD 
Tapered Solid of Revolution 

Let us consider the aerodynamic characteristics of a body in 
hypersonic translational motion when it also rotates at a certain 
angular velocity ft about its center of gravity. 

The pressure coefficient is determined by the general formula 
(IV-7-7) as the sum of two components, one of which is governed by 
the translational motion and the other by the damping that arises 
as a result of the rotation. 


m% = 2 s 


iVp 

^bse 


mid 


= 2 

(- 


° bse 
5 mid ’ 
g . Wb 


Xb^bse 


>)•- 
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The first component is given by Formula (X-3-1), and the 
second is, according to (IV-7-9)* equal to 

Pa= —^( rt gP + * —*e.«)(cosasinp — 

— sin a cos p cos y) cos P cos y + cos 2 y cos 2 P (r t g P + x — x ca )*. (X111 - 2 -1) 


According to (1-3-14), the axial-force coefficient of a body 
in rotation about its center of gravity is 




x b _ _ .* ^ . _ 

—^i-^rtgprfa: ^(p v +Pa)dy, 


(XIII- 2 - 2 ) 


where x 


x/x 


mid' 


This formula can be written 


*b 

e np -- (cup)n=o + ^ (cRpYadx, (XIII-2-3) 

o 

where 

Mi-%r me J hdr- (xiii—2—H) 

v b 


The axial-force coefficient ( c p^p)o i n the absence of ro¬ 
tation is determined by (X-3-5)- The second term in (XIII-2-3) 
depends on the angular velocity & and is, as we see, expressed 

as the integral of the local axial-force coefficient c^ p . If we 

are concerned with the case of low angular velocities, which is 
usually encountered in practice, the second term in (XIII-2-1) 
can be dropped; then 




■ ' v « 


sin 2p sin a (r tg p -j- .r — .r c-B ) x 


X [(.-i — Vb) “ «> 11 Vb ( i:as V b ~ 2 * S P ctg a)]. 


(XIII-2-4*) 


Evaluation of the limits x^ and , which are determined by 
the length and shape of the "shaded" zone, is set forth in §X-3. 
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The rotary derivative 


*b 

Ociip 0 (cRp)a _ .» (cRp)!} j— 

~aS7 ~ 0Q Z = J ~07~ dX - 
0 


(XIII-2-5) 


In analogy with (XIII-2-3), we can write for the normal- 
force coefficient 

n. 

cv P = (c vp)q= o + J (c.xpYadx, (XIII-2-6) 

o 


where x = x / x m ^ d * 

In this formula, ( c Np)f 2 =0 3- s determined from (X-3-36), 
keeping the minus sign, and 

dC\ p ^^mid — — 

(ca-p)q = -^j-=- r \ p a cosydy. (XIII-2-7) 

Vfa 


With the first term in fi /V^ retained. Expression (XIII-2-1) for 
Pp is substituted into the integrand to obtain 

40 

(c.vp)q = i-p——- sin 2(3 cos a (r tg P + x z c . g ) X 

X {(Vb — .-t)-siny b [cosy b -tgactgP ( 1— y sin2 v) ]} • (XIII-2-8 ) 


The rotational derivative 


Oc.xp d ("Y/))q 
i/Q z ~ dQ z 


l 


( c .Vp) Q 

~9T 


dx. 


(XIII-2-9) 


Let us examine expressions for the total longitudinal moment 
coefficient of the body about its center of gravity and the cor¬ 
responding rotary derivative. The moment coefficient 



Mr 

<7‘S'mid *b 


*^*mid 

•lib 


*b Jl 

§ § pr(r Igp 

0 V 



— 2x c . g ^mid) cos y dx dy, (XIII-2-10) 


752 



where 


x - 


•^mid 


r 



r mid 


*^c. g 


T c.g 

•^mid 


Or, applying (XIII-2-7), 
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*b 

' ■' lib ^ ,g P j-2x >. mld —2r c . g X mid ) [(c Y/) ) t2 ., 0 r (e.\>)d (XIII-2-11 ) 


where, according to (X-3-36), 


( c -vp)n^o : 


(1 c x 


Sp 


dx 


4). 


(XIII-2-12) 


and the derivative ( c ^p)^ is given by (XIII-2-7). 
The rotary derivative 


0m zp 

~ao7 


1 

2* b 


*b 


§ (r tg P -j- 2x1 mid 


— 2x 


C.g 


■) . ( c .vp)o 

'■in Id ) " Q' 


c/x. 


(XIII-2-13) 


For the cylindrical section of the body, we must set 3=0 
and Y b = tt/2 in the above formulas. Accordingly, (c Rp )^ = ( c Np )^ = 

= 0. 


At certain angles of attack smaller than the 3 0 at the point, 
the "shaded" zone on a curvilinear nose section may be short, so 

that we can set x’ = 1 and y =0. Then 

b c 


d°Rp 

2x mid 

dQ z 

Vco 

dcmp 

2^ mid 

dQ z 

Koo 


2rmid 

dQ z - 

Koo 


sm a 


cos a 


§ sin 2p (r tg p -9 2xK„ 


■2x c<g A mld ) r dx; (XIII-2-14 ) 


^ sin 2p (r tgP -f- 2xi mid — 2x c . g l mld ) r dx; (XIII-2-15 ) 
o 

l . 


§ sin 2p(r tgP-f2xl raid —2x c g i mld ) 2 r dx.(XIII-2-l6 ) 
o 


If the angles a >_ 3 0 , the influence of the "shaded" zone will 
be significant and it is necessary to use the more general relation¬ 
ships, in which the angle y c = arc cos (tan 3/tan a). In the 

"shaded" zone, we can set the pressure coefficient p g = 0. 
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The formulas to be used In calculating the total aerodynamic 
coefficients are 


dcftj, 


C R p —(Cjj_p)q=0 ~1 S Q Z ^21 C - X P — (c.Vj»)o=0 1 

dm j 


dc.xi 


dQ z 




m 2p = 


= (ttlzp)s=0 + 


^zp 


dQ z 


Q z 


(XIII-2-17) 


In the last formula 


x b 


(m zp ) Q =o=— ^ (r tg {5 2xX mid — 2x CiS X mid ) B (y b ) r dx. (XIII-2-18) 


The center of pressure coefficient c = m„ /c,, is deter- 
r c.p zp JMp 

mined from the values found for m^ and c Np . 

Blunted Cone 


The aerodynamic coefficients of a spherically blunted cone in 

rotation at angular velocity should be calculated by Formulas 

z 

(XIII-2-3, (XIII-2-6) and (XIII-2-11), in which the integrals are 
represented as sums of three integrals, each of which corresponds 
to one of the flow regions established in §XII~6. With considera- /550 
tion of the lengths of the flow regions, the first integral is 
evaluated in the range from 0 to x , the second from x to x, , 

9 9 L) 

and the third from x fa to (see Fig. XII-6-1). 

According (XIII-2-3), the total axial force coefficient 


c i;p (0;j>)« o -|- A ( c Kp)sh (XIII —2 — 19 ) 


where 

cient 


(c D ) 0 _, is calculated by (XII-6-4) and the additional coeffi- 

np * 

A(c R p)^ due to the rotation by 


A (Q B z , (XIII-2-20 ) 

where x = x /jL is the relative coordinate of the center of 
c.g c.g' b 

gravity. 

The coefficients 


754 


/?! - -y- ^ 1 — b t sin a + -y- i?,& 2 sin 2a -{- 

I r ffl; sin Vb cos a t g p c (;>! -l III cos p c sin 3 p c ); 
l 

/?2 —2co r ^1—Z> 3 sinacos 2 P c -J-iy tasin 2a+ 
+ U; s ~ILlb cos a sin 2[3 C ( b 3 + /?£ sin 2 p c ). 


(XIII-2-21) 


of 


Here m x = * b 

the unblunted cone and 


R b /r mid ; 1 = £ b /Jl b (Jl b is the lengfch 
Is the radius of the spherical nose); 


&i=-|~ /? b cosp c (l-sinp c )+yi?£cos 3 p c (2-3sinp c ); ' 

6 s _4-fli[l-r„c. g (££)]; 

63 = 1—|~i? 2 b cos 2 p c . 


(XIII-2-22) 


The normal-force coefficient 


c s P = (c.vp)n=o + A (cif P )a, 


(XIII-2-23) 


where (c N p)^ =0 is found from (XII-6-9) in the absence of rotation. 
The added component due to an angular velocity is 


where 


A (c Kp ) Q = A t — x e A 2 , 


(XIII-2-24) 


1 1 = -y- (1-j i>, cos a + -y- R b b 2 tg p c (1 + sin 2 a) + 


2 <a 2 sin 7b 

3 1 -n 


cos a (4 tg a ctg Pc — ctg a tg P c ) x 


X (bi — 64/? b sin p c cosp c ); 

A 2 = 2co z (l — j 6 3 cosacos 2 P c -j-co 2 i> 2 (1 + sin 2 a)-f- 
+ 4 - « 2 cos 2 p c s ‘^ cos a (4 tg a ctg P c — ctg a tg p c ) ( b 3 — &*); 


V 


/?J sin 2 a (4 | 3 sin 2 fl c ) — sin 2 ft c 
2 sin 2 a (4—3sin 2 p c ) — sin 2 (3 C 


(XIII-2-25) 


(XIII-2-26) 


The total longitudinal moment coefficient about a center of 
gravity at coordinate x q is determined from the .expression 
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(XIII-2-27) 


tftrp - 0 ^ (^2/>)o» 


where (m ) Q is calculated without consideration of damping by 

Formula (XII-6-14). It must be remembered in the calculation 
that the moment is being determined with_respect to the point 


x 

c.g 

from 


Accordingly, 
(XII-6-16) and c 


(m zp ) fi=o = 


m 


Np 


zp 

from (X-3-36). 


is found 
The damping component 


- c., x , where m 
Np c.g’ zp 


A (m ZT )rj F — 2A i x c-e -{- A 2 x% mg 


(XIII-2-28) 


where Aj 
eter 


and A 2 are given by Expressions (XIII-2-25). The param- 


+ 


2_ 

3 



sin Vb a 

Jt V 


— z - -f 2 cos « 

cos2p c L 



tgactgPc—clgatgp c )( 6 * + 


+ h) ~r W^sin 2 p c (1 sin 2 a) -f 

■ 6 S - fc 3 M|sin 2 p c cos 2 p c )], (XIII-2-29 ) 


where 

45 = ^-^?^+i^ co s 3 Pc-i^cos«P c . (XIII-2-30) 

In the absence of a "shaded" zone, when a £ 8 c the angle y b = 0 

and, consequently, the parameters determining damping will be 
simpler: 


2 ( 0 , 6 j 

l 

sin a; 

B 2 = 2u> z 63 si n a cos 2 p c ; 

(XIII-2-31) 

2(£> z b t 

cos cc; 

A 2 = 2to z b 3 cos a cos 2 P c ; 

(XIII-2-32) 

T 

F 

_ 2 c o z 

cos a b\ -}- 65 

(XIII-2-33) 


“72 

cos 2 p c 63 


_For a sharp cone, the damping characteristics can be obtained 

for R, = 0, £ = 1: 
b 5 


Bi- 


4(0, sin a 


[,( 1 _^) + l|v ngfcotga ] ; 


Bi — 2 ®^ sin a cos 2 p c [(l —R-^^tgPc ctga] 


,} 


(XIII-2-34) 


756 



(XIII-2-35) 


•m- 


Ai. 


'Aco, cos a 


[t 1 “‘Tr) + 2 i |r b ( 4 t g act gPc-tgP 0 c tga)] ; j 
,A 2 = 2co* cos a cos 2 p c -}- | 

+ ? ~^(4tgactgp c —IgPcCtga)] ; j 


iu z cos a 
cos* p c 


[(l -ir) + 5 %r ( 4t S“Ctgp c -tgp c ctgo)] . (XIII-2-36 ) 


If a <_ 3 c , there is no "shaded" zone, the angle = 0 and, 
consequently, 


Bi — -j- co* sin a; B 2 = 2a>* sin acos 2 p c ; 
A t = ~ co* cos a; A z 2co* cos a cos p c ; 


(XIII-2-37) 
(XIII-2-38) 


F 


cos a 
cos 2 p c 


CO*. 


(XIII-2-39) 
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Figure XIII-2-1. Damping Parameters 3A,/3 cjo and 3A 2 /3m , Cal- 

z z 

culated by Newtonian Theory for a Spherically Blunted Nose 
(3 C = 15°)• -) cone with cylindrical tail section of 

length °-33^d mid ; -) without cylindrical section. 


For a cylinder with a spherical nose, the coefficients B 1j2 


and A, _ assume the form 

1 % Z 


/>, . since (1 ; cos a); B - ^ to, sin a (i ; cos a); 

•jAb 


A- to 


(XIII-2-40) 

( 0 , [-,.' b -(l cos a ' si..* a) + A b sin a (l - ] ; (XIII-2-41) 

['-(1 I-cos a-|-sin 2 a) | -^A b sina (l— -^-)] • (XIII-2-42) 
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Figure XIII-2-2. Damping 
Parameter 3F/9w , Calculated 

by Newtonian Theory for a 
Spherically Blunted Cone 
(g = 16 °). -) cone with 

cylindrical tail section of 
length °-33 z id mid ;-) 

without cylindrical section. 


Using these coefficients, 
we can determine the damping 
components by Formulas (XIII-2-20) 
and (XIII-2-24) for the axial- 
and normal-force coefficients. 

The damping-moment coefficient 


A (m zp ) 0 = a 2 |i-(i-pcosa + sin 2 a) —* C . B )* + 

+ -§■ *b sin a [(! -*c. B ) 3 ~ () ]} • 

(XIII-2-43) 


For circular onflow, when 
the attack angles reach a > 90°, 
the influence of the base plane 
on damping must be taken into 
account by applying to A(m ) 0 

Zp db 

a correction 


A/’ ==(Dx i^E_ cosct. 


(XIII-2-44) 


Results of calculations by these formulas are presented in 
Figs. XIII-2-1 and XIII-2-2. Figure XIII-2-1 shows values of the 
derivatives qa^O^z — d“ 2 ; dA 2 ldts> 1 — A^ z as functions of a, found for cir¬ 
cular onflow onto a blunted cone with g c = 15° and = 0.6 and 

0.9. In one of these cases, the cone has a cylindrical tail sec¬ 
tion of length x c = 0.334d mid . Figure XIII-2-2 presents calcu¬ 
lated values of the derivative dF/3co = F z for the same condi¬ 
tions. 2 

§XIII-3. ACTION OF ADDITIONAL FORCES DUE TO ROTATION OF BODY /553 

ABOUT LONGITUDINAL AXIS 

An additional lateral force AZ (the so-called Magnus force) 
appears when a body rotates about its longitudinal axis of sym¬ 
metry; it can be calculated by the formula 


where 


AZ — C\ z qS mii co x , 


(XIII-3-1) 


5 0.Op M V^x^mld 1C \z 


z 

da 


Si* 
~~ Re)/ 2 


(7.834 — 16.53(o x X 2 ); 


(XIII-3-2) 
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1- — ~ijd midi /—■ O'5#n, Re; — VcoljVoo 


(XIII-3-2) 
(Cont’d.) 


Formula (XIII-3-1) is de¬ 
rived for a cylindrical body 
with a flat base and is applic¬ 
able for small attack angles 
a < 5-7° and flow conditions 

under which the boundary layer 
remains laminar. 

The coordinate (x ). of 

c • p t\ z 

the point of application of the 
Magnus force, reckoned from the 
nose of the body, is calculated 
by the formula 

= £>_0.4 + 0.375co’X z . (XIII-3-3) 

The moment of this force with respect to the nose is AM = 

= AZ(x ). . For a turbulent boundary layer, the Magnus effect 

O • P LA 

increases by about 30-40$. This effect depends weakly on the 
shape of the nose, its degree of bluntness, and the presence of 
various annular projections or grooves on the body. At the same 
time, the tail section shape of the vehicle has substantial in¬ 
fluence on AZ. For example, rounding the trailing edges at the 
base may change the Magnus force sharply and cause AZ to vary 
nonlinearly with attack angle a even at small values of this 
angle. 

This nonlinearity becomes stronger with increasing attack 
angle. To take the effect into account, we can use the diagram 
in Fig. XIII-3-1, which gives experimental values of 


AZ/(0. Ipcokoo tsv A*IgWje) 


as a function of 



0 03 Oft 12 1ft 2ft 


Figure XIII-3-1. Magnus Force 
at Large Body Attack Angles. 


Moo tsv — FSO tsv/— FCO Sin CtfOoot 

obtained for bodies with fineness ratios from 3 to 9. S, is 

lg 

the area of the body’s longitudinal section. The data of Fig. 
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XIII-3-1 can be used to determine the Magnus force accurate to 
10-20 %. 


Example. Determine the Magnus force and the moment of this 
force for an unfinned body in rotation about its longitudinal 
axis at an angular velocity = 600 rad/s and in flight at an 

altitude of 5 km, M ot = 2, and at an angle of attack a = 5°. The 
geometrical dimensions of the body are as follows: = 970 mm; 


x n = 560 mm; d ffiid = 250 mm. The distance from the nose to the 

center of mass x = 830 mm. 

c .g 


£ 

X 


In accordance with these dimensions, 
x^ + 0.5x = 970 + 0.5*560 = 1250 mm; 

mid = 1250/250 = 5. 


C 

£/d 


the reference length 
the slenderness ratio 
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We find for an altitude of 5 km from the standard-atmosphere 
tables: p = 0.07506 kg*s 2 /m 4 ; v m = 22.09*10 6 m 2 /s 2 ; a = 

= 320.4 m7s. 


The flight speed at this altitude is 


V'oo-M«.o« --2-320.1.-=050.8 ™/s. 


and the Reynolds number 


Re, = 



('►50.8 • 1.25 
22.0l}-10-« 


---0.36-108. 


According to (XIII-3-2) 


( f c\ ; 8-5 2 

~ (0.36-10*/ /2 J 


£ 7,834 — 10.53 


( 000-0.25 
V 2-050.8 



= 0.0721. 


Since the velocity head 

q p^F^/2 .-= 0.07500• 050.S2/2 = 1.54- 10 s kg/m2, 

and the midships-section area = x*0.25 2 /4 = 

= 0.0491 m 2 , then according to (XIII-3-1), the Magnus force is 

SZ --- 0.0721 ( 5 ^ 3 -) 1.54-10*-0.0191 =0.477 kg. 
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We find from Formula (XIII-3-3) 




A z 


1530 

1250 


- 0.4-f0.375 


600-0.25 \2 
2-650.8 J 


5 2 = 0.695. 


The distance between the point of application of the Magnus 
force and the vehicle’s center of mass is 

Ax — I — Xc.g =0.695-1250 — 830 = 870 — 830 =40 mm. 


The moment of the Magnus force 


AM = AZ - Ax = 0.477 ■ 0.04 = 1.9 • 10" 2 kg-m. 


Let us assume that the attack angle is increased by 10° and 
that it is necessary to take the nonlinear effect into account. 

We find from Fig. XIII-3-1 for M , = M sin a = 2*sin 10 = 0.347 

° oo£ g y 00 

AZ j (± Poc Vi tsv 5 lK ,o) a )=0.18. 


For a vehicle with a conical nose section, the longitudinal- 
section area is 


*n4-*c) d miA = (-1 0.56 + 0.97) 0.25 = 0.312 m 2 . 


From this longitudinal section and the transverse flow velo¬ 
city Y = M . a = 0.347*320.4 = 111 m/s, we calculate the 
J °°tsv °°tsv 00 5 

Magnus force 


AZ = 0.18 f-j- 0.07506-lll ! -0.312 ( ^^^ -)] = 17 . 5 kg- 
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Chapter XIV 


/555 


FRICTION AND HEAT TRANSFER AT HIGH VELOCITIES 


§XIV-1. FRICTION AND HEAT TRANSFER ON THE BODY 

Boundary layer around a solid of revolution. The equations 
for the boundary layer around a solid of revolution can be trans¬ 
formed to equations for the boundary layer of a plane two-dimen¬ 
sional gas flow [57]. The equations of motion and continuity for 
an axisymmetric laminar boundary layer (Fig. XIV-1-1) will be ex¬ 
amined in the respective forms (III-2-12) and (III-2-21) for 
e = 1 and the radius r set equal to its value r 0 for the body. 
Setting e = 1 and r = r 0J we obtain the energy equation for an 
ideal gas with constant heat capacities from (111-2-45) in the 
form 


c P ( v ^ + Vy%-) = Kr) 2 • (XIV-1-1) 


[57] 


We shall use the transformation formulas proposed by Mangier 


X 

*=■^21 r l dx '' y =~ T r m 

0 

y)= d r'P( x ’ y)> 

p(x) = p (x); T (X, y) = T (x, y); p ( x , y) =■- p (z, y); 
i(i(z, y)=-p(x, y), 


(XIV-1-2) 


(XIV-1-3) 


where d is a certain characteristic length and c_ is an arbitrary 
scale factor. 

The velocity components are related to the stream function 

by 


pr 0 V x = 


<h|j 


pr 0 V v --= 


~v 

dx ’ pV* — 




With the above transformation formulas, the equations of mo¬ 
tion (III-2-12), continuity (III-2-21), and energy XIV-1-1) are 
transformed to the corresponding equations for a plane two-dimen¬ 
sional boundary layer along which the pressure distribution is 
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Figure XIV-1-1. Coordinate 
System for Mangier Transfor¬ 
mation. 1) generatrix of 
body; 2) boundary of bound¬ 
ary layer. 


= y • (9V /9y) n . 
wl x J wl 

T wl /T »l ■ (o/d)r . 

expression of (XIV-1-2). 


subject to the condition p(x)= 

= p(x). The parameter x is re¬ 
lated by Formula (XIV-1-2) to 
the arc length x of the solid- 
of-revolution generatrix. Ob¬ 
viously, the parameters of the 
gas on the outer boundaries of 
the boundary layer will have the 
same values at corresponding 
points of plane-parallel and 
axisymmetric flows. 

Let us consider the rela¬ 
tion between the frictional 
stresses. For plane-parallel 

flow > T wl = y wl (9V x /9y) wl’ while 
for axisymmetric flow t = 


Applying (XIV-1-2) for y, we find the ratio 
in which c/d is determined from the first 
We obtain by substitution 


/556 



The x-coordinate can be taken equal to the generatrix arc 
length x. If we convert to the axial coordinate x and write the 
generatrix equation in the form r 0 = f(x), the arc length will be 

x* 

^ 1^1 -j- (< dr/dx)- dx. 


Consequently, 


Twl 

Twl 




- 1/2 


(XIV-1-4) 


From the second 
relation between the 


relationship of (XIV-1-2), we obtain the 
boundary-layer thicknesses: 


t> _ Twl 
6 Twl 


(XIV-l-4') 
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To use these relationships, it is necessary to know the 
generatrix equation of the solid of revolution. If this equa¬ 
tion is given in the form r = ax m , the ratio T w 2_/ T w q will be a 

function of the exponent m. On segments of the curvilinear sur¬ 
face far from the nose, where the pressure variation along the 
generatrix is negligible, the flow in the boundary layer on a 
solid of revolution can be determined approximately from the flow 
in the boundary layer on a flat plate in uniform flow at zero an¬ 
gle of attack and the same gas-variable values as in inviscid 
flow around the body and at the same wall temperature. 

For a fully turbulent boundary layer, the calculation can 
be made by the formulas 


^ = (l+2m) ,/5 ; A = (l+2mr 1/5 . (XIV-1-4" ) 

T W 1 O 


A relationship can be obtained [41] on the basis of (XIV-1-4) 
for the friction drag of a solid of revolution of arbitrary shape: 


Xf 

(*/) P i 




1/2 


(XIV-1-5) 


where x is the arc length measured along the meridional contour 
and x^ is the length of the solid of revolution. 

The friction drag is 


(At) pi — C x fqSsdei 


where c is the average value of the coefficient of friction for 

a flat plate of length x, and S , is the side (wetted) area of 
the body. D sae 

For turbulent flow, the Mangier transformation gives an ex¬ 
pression for the frictional drag [4l]: 


_Xf 

<*/)pi 



(XIV-1-5') 


Cone . For a cone, the exponent m = 1; dr 0 /dx = tan $ c ; 
r 0 = x tan £ c , and, consequently, in the case of a laminar bound¬ 
ary layer 
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(XIV-1-6) 
(XIV-1-6') 


Thus, the surface friction at corresponding points on the 
cone is larger by a factor /3 and the boundary-layer thickness 
smaller by a factor •/% than on the flat plate. 

A formula analogous to (XIV-1-6) is used to determine the 
local and average c G r values of the friction coefficients 

IX XI 


T c -=)/ 3 t , 
wl wl 


pi. 


6 pl 

V3 




= K3 cgi cS^VSc#, 


(XIV-1-7) 


which pertain to the velocity head of the disturbed stream = 

= p. V^/2. If we convert to the free-flow velocity head 
b d 

cioo = P^V^/2, then a multiplier p b V^/p^ appears in Formulas 
(XIV-1-7). 

In the case of a completely turbulent boundary layer on the 

cone 


■t wi= V3x Si; 1 
cf x = v r 3cf‘x ; J 


6 C 


6 pl 
V 3 


(XIV-1-8) 
(XIV-1-9) 


The formula for determination of the average friction-drag 
coefficient, which is calculated for the midships-section area 
of the cone, is 


xt qs midi 


2 tanPc 
r mid 




(XIV-1-10) 


where x = x/x and the x-coordinate is reckoned along an axis 

G c 

that coincides with the axis of the cone. The coefficient c^ x 

depends on Reynolds number, which is determined for a length 
reckoned along the generatrix. Substituting the value of c^ x into 

the integrand, we obtain 

cS >=Tprt CR8, 4- 2 - (xiv-i-ii) 
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where A is the length of the cone generatrix and the values of C 
and n are determined from Table VI-1-1. The coefficient A is 
/3 for a laminar boundary layer and A = ¥3 for a turbulent 
boundary layer. 

Cylinder . For a cylindrical body, m = 0, so that 


C _ pl t t p 

Twl — ^wl» O = 


Thus, if we assume that the "inviscid" parameters remain 
constant on a cylinder, the frictional stress and boundary-layer 
thicknesses will be the same as on a flat plate with the same 
wall temperature and "inviscid" parameters as on the cylinder. The 
result obtained applies to both laminar and turbulent boundary 
layers. 

Heat transfer. Heat transfer on a cone is calculated by 
Formula (IV-8-41'), in which the coefficient of friction is re¬ 
placed by its values for a cone. The local and average Stanton 
numbers will be determined by the respective relationships 


SI,.4 c/ p i (l’r)“ s/8 ; St = 4 cV, (Pr) 


A pi 


\- 2/3 


(XIV-1-12) 


The heat-transfer coefficients a and a are calculated on 

A 

the basis of Formulas (IV-8-40 1 ). 

Method of determining enthalpy . To take account of the in¬ 
fluence of high temperatures, it is necessary to convert the 
above formulas to determining parameters. 

The local coefficient of laminar friction calculated from 
these parameters for the cone is 

<*,-1.15/g, (XIV-1-13) 


where c = p*y*/p u , Re = V p x/y are calculated from the free- 

C C X c c c 

stream parameters on a cone (the subscript c_ corresponds to the 
subscript 6). 

The Stanton number 


St 


* 

X 


_— d 1 / c 

Pete (*V iwi) i ke. 


(XIV-1-14) 
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where d can be calculated by one of the formulas 


d = 0.575 (Pr*)- 2 / 3 or d = 0.251 (1.3 + Pr*)/Pr\ 

The Nusselt number, which can be calculated from the deter¬ 
mining parameters, is 


T/Rex 


gwlCp C g 

^■c Ur l wl) 


= d VTPr*. 


(XIV-1-15) 


Turbulent friction and heat transfer can be calculated 
similarly. The "seventh-root law" is used here. 

Studies have shown (V.M. Iyevlev) that satisfactory results 
for the local coefficient of friction and the specific heat flow 
are obtained from Formulas (VI-1-37) and (VI-2-8), respectively, 
in which the parameter 


z = 0.54 Re*. 


(xiv-l-16) 


When the equilibrium radiation temperature is established 
preferentially, friction and heat transfer on a cone are calcu¬ 
lated by successive approximations. In illustrating the proce¬ 
dure, we bear in mind that the gas is dissociated in the bound¬ 
ary layer. This calculation begins with determination of the 
parameters of ideal flow around a cone, i.e., the pressure p , 

density p Q , enthalpy i c , and velocity V c . Then approximate 

values are assigned to the Prandtl number, Pr* = 0.71. and to 
the enthalpy of a heat-insulated wall, i wl = i Q + 0.5 /Pf*V^ and 

Formula (IV-8-7) is used to calculate the determining enthalpy 
i*. The determining temperature T* is found from tables or 
diagrams of the thermodynamic functions for this enthalpy and 
the pressure p . Then the equation of state is used to find the 

density p* = p c y* v /(R 0 T*), with the average molecular weight y* v 

calculated from the values of T* and p . 

The viscosity is calculated to supplement these parameters, 
and then the Stanton number is calculated In first approximation 
from (XIV-1-12) and used to find the specific heat flow 


7wi 7 StJp c F c Or—i wl ), 
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where 


/559 


*wl — / (?wl 7 />)> </„l - r.(!Th. 


Then the equilibrium radiation temperature T wl = T g is de¬ 
termined in second approximation by solving the equation q wl = 

= eaT^. The temperature found can be used to continue the cal¬ 
culations and improve Pr*, St*, and T wl = T g . The calculations 
are similar for a turbulent boundary layer. 

When there is no dissociation, the equilibrium radiation 
temperature can be determined by solving the equation 


St*p c K c (Cp) w i ( T r 7^,j) —scr/^j. 

In performing the calculations, it is necessary to evaluate 
the length of the laminar boundary layer by determining the 
critical Reynolds number. Research has shown (for particulars, 
see §XIV-3) that the critical Reynolds number is determined, apart 
from the local Mg = M , also by the relative wall temperature 
T /T (Fig.XIV-3-4) End that there is approximate proportionality 

between Re and T /T (See Fig. XIV-3-4). Cooling of the wall in- 
cr wl r 

creases the length of the boundary layer. The critical Reynolds 
number for the case of equilibrium radiation temperature is cal¬ 
culated by successive approximations. Analysis indicates that 
the equilibrium radiation temperature depends on the flow regime 
in the boundary layer and the coordinate of the point on the 
washed surface, increasing with the approach to the tip. 

Transition to a turbulent boundary layer also tends to in¬ 
crease wall temperature, which may be so high that the skin mate¬ 

rial is damaged. The emissivity of the surface can be increased 
to cool the wall. However, it is not possible to provide emissiv- 
ities greater than 0.8 in practice. It is therefore necessary to 
cool the inner surface of the wall or to protect the skin with 
insulation. If necessary, both measures are taken. 

Let us assume that with internal cooling of a wall at T w ^ = 

= T = 1500°K, the heat flow taken off is q = 30 kcal/m 2 *s, the 

0 c s 

heat-transfer coefficient at the particular point on the surface 

a = 2 . 56 * 10 -2 kcal/m 2 *s*deg, and that the recovery temperature 
c s 

at that point is T = 4400°K. We find from these data q* /(a T ) = 

it -jo cs CS V 

= 0.27 and a reduced temperature T^ = 3200°K. According to 
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(VI-4-2), the equilibrium wall temperature T , = T = 1380°K, 

WX 0 

i.e., cooling has lowered the temperature by 120°. 

Prom the value found for T ,, we determine the outer and 

wl * 

inner skin temperatures with Formula (VI-4-4). 

§XIV-2. INFLUENCE OF VISCOSITY ON DRAG. WAKE DRAG 

Influence of Viscous Interaction on Flo w Variables 

To calculate "inviscid" parameters with consideration of the 
boundary layer, it is necessary to find the law of variation of 
displacement thickness over the length of the body and introduce 
a correction into the generatrix equation. For this purpose, we 
can use the results from supersonic boundary-layer theory for a 
flat plate and a cone, which is based on use of the determining /560 
parameters. 



Figure XIV-2-1. Diagram Il¬ 
lustrating Calculation of 
Conventional Displacement 
Thickness. 


Setting p = p <5 in (111-2-43) 
and substituting for V /V^ in 

accordance with Eqs. (VI-1-1), 

we obtain the expression 6*. , = 

1S • X 

= 36/8 for the displacement thick¬ 
ness of a laminar layer and 6. = 

1 C • v 

= 6/8 for a turbulent layer. Intro¬ 
ducing the appropriate formulas 
for the thicknesses into these 
expressions, we obtain 



(XIV-2-1) 


where B = 1.74, n=m= 1/2 for a laminar layer and B = 0.046; 
n = 1/5; m = 4/5 for a turbulent layer. Converting to the deter¬ 
mining parameters, we find 





(XIV-2-2) 


If we are concerned with a cone in supersonic viscous flow, 
the displacement thicknesses can be calculated by the formula 


6s-.r i 8; lt 


(XIV-2-3) 
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in which A = /3 for a laminar boundary layer and A = ¥3 for a 
turbulent one. 

Accordingly, the current radial coordinate of the generatrix 

of the virtual body r v = r + 6* cos 6 . The conventional thick- 

c c 

ness that appears here is 


where 


: AP n X" 


(XIV-2-4) 


p — P* P6 P6 

Pd P* Pd V 6 ‘ 


(XIV-2-5) 


For a laminar layer, A = 1.02, for a turbulent layer A = 

= 0 . 037 . In this formula, the x-coordinate is distance from the 
tip along the generatrix of the cone to an arbitrary cross sec¬ 
tion of the boundary layer and is equal to x = r/sin 3 . The 

virtual body differs from the cone and has a curvilinear genera¬ 
trix. To simplify the calculation, however, we can keep the sur¬ 
face conical. Here we proceed from a certain average increment 
A3 of the virtual-cone angle, calculated by the formula A3 =6 ^/L. 

In this formula, the conventional thickness 6* is determined from 

Expression (XIV-2-4) for x b = L, i.e., for the base section of 

the boundary layer. Thus, the angle of the virtual cone is 3 V = 

=3 + A3. It is for this angle that all calculations are made 

c 

to determine the inviscid parameters on the cone. 

Let us now consider a solid of revolution of arbitrary shape. 
Assuming that the nose of the body is a short conical element 
(Fig. XIV-2-1), we find the displacement thickness at the end of 
it: 


6T =-- APW, 


(XIV-2-4') 


where P x is calculated from Expression (XIV-2-5) for the param¬ 
eters on the conical nose. 

We substitute a truncated cone with generatrix length x 2 for 
the next short segment of the curvilinear surface and assume that 
it is an extension of the virtual conical body with generatrix 
length x 2v> At the end of this virtual cone, the conventional 

thickness is 6f and is calculated by (XIV-2-4 1 ). Thus we have 
for the virtual cone the expression <5* = AP^v™ v , from which we 

find the length x 2v of its generatrix. Here the function P 2 is 

calculated for the parameters on the second section. Now that we 


/56l 
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know the generatrix length x 2 ^. + x 2 of the virtual cone with con¬ 
sideration of the second-section length, we can make an approxi¬ 
mate calculation of the displacement thickness at point B on the 
surface of the body (Pig. XIV-2-1): 


6 * 


The displacement thickness at point C can be calculated 
similarly: 


*5 


where the function P 3 is found for the parameters on the third 

segment and the length x, of the virtual cone is calculated with 

3 v 

the expression 

65=.Tp5 (j- 2v + j- 2 )"‘ = APlx^. 

Generalizing the above relationships, we can write a rela¬ 
tion for the conventional thickness on an arbitrary ith_ segment: 


6f = AP* (xi v + ZiY‘\ (XIV-2-6) 

where the length x^ of the virtual-cone generatrix is found 
from the condition 




(XIV-2-7) 


The same expression must be used to obtain the generatrix- 
point coordinate of the virtual body. 

In the case of a heat-insulated surface, the above method 
presupposes simultaneous solution of two problems. The first 
involves determination of the inviscid parameters and the second 
calculation of the friction and heat-transfer variables. 

To simplify the calculations, we may disregard the influ¬ 
ence of heat transfer and high temperature on the thermodynamic 
characteristics and kinetic coefficients of the gas. Then the 
high-velocity effect will reduce to the influence of compressi¬ 
bility (M m ) on the thickness of the boundary layer and, conse¬ 
quently, on the inviscid parameters. The inviscid parameters on 
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a curvilinear surface can be approximated by using the relation¬ 
ships for the conventional thickness of an incompressible bound¬ 
ary layer. In the case of strongly cooled flows (for example, in 
wind tunnels), the data agree well with experimental results even 
when the calculation is made by the formulas' for a flat plate. 

Viscous interaction on a slender cone at hypersonic flow 
velocity. The "inviscid" parameters on a slender cone at hyper¬ 
sonic velocities can be determined by the method of "local cones" 
and Formula (VIII-1-27), in which K x = is replaced by K* = 

= Kj + M oo (d6*/dx) = + dS*/dx). For a laminar boundary 

layer, the derivative d6*/dx is calculated from the expression 
[59] 


db* _ i/~~ M i _ d i x 

rfx - V'3 1 1 i HFTi “ i/3 M 4 ’ 


(XIV-2-8) 


where d., c., and Re . are given by (V-6-9) and x by Formula 

(V-6-6). Mj_ is found from the theory of flow around a slender 
cone without considering viscous interaction. The relation 
given for d6*/dx pertains to an arbitrary wall temperature T , . 

For the particular cases of heat-insulated and cold walls, the 
values of d i are determined from Formulas (V-6-10) and (V-6-11), 

respectively. 

For weak interaction, when the induced pressure differs 
little from its initial value, d6*/dx < B c (the values of K x = 

= are arbitrary). In this case, the hypersonic-interaction 

parameter x varies up to about 3-3-5. Values of x^ > 3-3-5 cor¬ 
respond to the strong Interaction, for which K* >> 1 and dS*/dx > 

> V 

Friction 


The friction-drag coefficient for a body can be approximated 
by the formulas 


Cxi 1 C X f 1 


4** sde 


Cxf t 


/ t 


^sde 

mid 


(XIV-2-9) 


the first of which is used in the case of a fully laminar boundary 
layer, and the second for full turbulence. The quantities c^ 

and c^£ ^ are the coefficients of friction drag of a flat plate 

for laminar and turbulent boundary layers, respectively. 
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The corresponding working formula for the friction-drag coef¬ 
ficient of a mixed boundary layer has the form of (VTI-1-1). If 
the coefficients of turbulent and laminar friction in (VTI-1-1) 
are defined respectively by (VI-1-8) and (VI-1-10) and compressi¬ 
bility is taken into account with (VI-1-18) and (VI-1-19), we 
obtain on setting the critical Reynolds number equal to 6.5*10 6 


C X J — 


[ 


4.9G.10-* S L , 0.039G , 

i i o.un 

r 

•5* sde 

i --o.oa.M^ ■isde 1 yi-i-o.i2M^ 

(Re 0 - 145 S ade J 

•S mid 


(XIV-2-10) 


Wind-tunnel experiments at moderate supersonic speeds (M m - 
- 1.5-2) have shown that formulas derived for a flat plate on the 
assumption of an incompressible boundary layer can be used to 
calculate friction drag. 

Improving the results of the friction-drag calculation re¬ 
quires taking account of the surface shape of the solid of revolu¬ 
tion. Here a simplified method of calculating friction for a 
long slender body is to replace the nose section by an equiva¬ 
lent cone and the remainder by a cylinder. As on the equivalent 
cone, the variables of the gas can be considered constant on the 
cylinder. The values taken are usually those of the free stream. 

The equivalent-cone angle can be determined by the formula 

i 

$ = ? $dx. In the particular case of a parabolic nose section 

C • G 

0 


The total friction drag coefficient of the composite body 
(equivalent cone + cylinder) is 


, pi p 

c x f ■— ACf c 




C P> ^de 
C t C-z - 


(XIV-2-11) 


where A is a constant for laminar and turbulent boundary layers 
and equal to /3 and ^3, respectively; S n , is the side area of 

the real nose section; is the area of the rest of the body 

(the cylinder). s 

The coefficient in this formula is calculated from the 

X o 

flat-plate expressions, but for the parameters on the equivalent 
cone. The coefficient cP ^ must be calculated as follows. The 

first step is determination of the virtual cylinder length x , on 

which a boundary layer of the same thickness as at the end of the 
cone would form with the parameters assigned on the cylinder. 
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Equating the corresponding expressions for the thicknesses, 
we find 


( V„ 

P°° i‘c \ 

W'c 

Pc !'»/ 


(XIV-2-12) 


where x q is the generatrix length of the equivalent cone; n = 1 
and 1/4, respectively, for laminar and turbulent layers. 

We can now determine the coefficient of friction: 


Pl Zv~r*c 

C/C-C/v+C Xc C <x c - 


(XIV-2-13) 


Here the coefficient c f v+c is calculated from the length x v + x c 
and c^ from the virtual length x^. 

The significance of this formula is to define the friction 
drag of the cylindrical section as the difference between the 
drags of the cylinder with the virtual segment and of the virtual 
segment. 

Instead of calculating by the equivalent-cone method, we 
might use the "local-cone" method and the notion of virtual cone 
length. Here the length of the virtual cone is determined from 
Formula (XIV-2-7). The distribution found for the local tangen¬ 
tial stresses can be used to calculate the total frictional force 
and then the heat-flow distribution and total heat transfer. 

Relationships that account for compressibility (and contain 
M ro directly) or, for very high velocities, relationships with 
determining parameters, can be used as a basis for calculation 
of friction coefficients. 

In calculating heat-transfer parameters, it is necessary to 
convert to local coefficients of friction. The expressions for 
these coefficients on the equivalent cone and on the cylinder 
will be, respectively. 


Cj x = Acfl; c /x = A'c,%. (XIV-2-14) 

Here the coefficient c^ p is calculated for the length x + x, 
where x is the distance from the beginning of the cylindrical part. 

In the first formula of (XIV-2-14), the value of the coeffi¬ 
cient A is chosen as for an ordinary cone, in accordance with 
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whether the boundary layer is laminar or turbulent. In the second 
expression of (XIV-2-14), A* can be set equal to unity if the 
boundary-layer thickness is a small fraction of the cylinder 
radius. With this condition, the friction and heat transfer can 
be calculated by the thin-plate formulas for a turbulent boundary 
layer on the cylinder. 

Wake Drag 

Supersonic speeds. One of the components of total drag is 
the wake drag that results from the underpressure behind the blunt 
base of a body. This underpressure results from interaction be¬ 
tween the boundary layer separating from the body at its base, 
the external flow, and the gas in the wake space (stagnation 
zone)(Fig. XIV-2-2). The external flow acts as an ejecting 
medium and the boundary layer as a kind of barrier to ejection; 
the gas in the stagnation zone again behaves as an ejecting medium. 

The ejecting effect and, consequently, the wake pressure P wlce de¬ 
pend on the kind of boundary.layer In the region between the 
separation point A and the sticking point B, which is situated /564 
on the axis: fully laminar, mixed, or fully turbulent. The wake 
pressure also depends on a number of other factors, such as attack 
angle, the shape of the body as a whole and its base configuration 
in particular, Mach and Reynolds numbers, and wall temperature. 



Figure XIV-2-2. Diagram of Gas 
Flow Behind Base of Solid of 
Revolution. 1) region of ex¬ 
ternal flow; 2) boundary layer; 
3) stagnation zone; 4) expan¬ 
sion region; 5) compression 
region; 6) lower edge of 
boundary layer; 7) upper 
edge of boundary layer. . 



Figure XIV-2-3. Wake Pressure 
as a Function of Wall Tempera¬ 
ture (1) and Half-Angle 3p 2 of 
Stern (2) (Turbulent Boundary 
Layer). 


As we know, the nature of the flow in the boundary layer deter¬ 
mines the thickness of the layer, which will be smaller for lami¬ 
nar than for turbulent flows. The ejection effect is of the oppo¬ 
site nature: with a laminar layer, this effect is stronger than 
with a turbulent one. The wake pressure is therefore smaller in 
the former case and larger in the latter. 


I 
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The case of mixed flow, which is characterized by location 
of the transition point between the separation and sticking 
points, is most complex for analysis. It can be assumed that the 
influence of such a mixed boundary layer on the wake pressure 
will be intermediate between the effects of purely laminar and 
purely turbulent boundary layers. 

As a function of body shape, wake pressure is governed by 
the influence of surface configuration on the thickness of the 
boundary layer at the separation point and on the average pres¬ 
sure (denoted by p 1 ) and M' of the external inviscid flow in the 
neighborhood of the base. Figure XIV-2-3, whose data are experi¬ 
mental, indicates that an increase in the stern taper angle re¬ 
sults in an increase in wake pressure and, consequently, a de¬ 
crease in the wake-drag coefficient. 

A change in Mach number is reflected in a change in the aver¬ 
age pressure and velocity profile in the boundary layer at the 
separation point and, consequently, in an ejecting effect. The 
wake pressure always drops with increasing Mach number. 

As we have noted, the wake effect depends on the form of the 
boundary layer in the neighborhood of the tail section. Wake 
pressure depends weakly on Reynolds number for a given boundary- 
layer form. This is evident, for example, from Fig. XIV-2-4, 
which presents wake pressures measured in a case of turbulent 
flow. We observe only a minor, theoretically predictable in¬ 
crease in wake pressure with decreasing Reynolds number. 



Figure XIV-2-4. Influence of 
Reynolds Number on Wake Pres¬ 
sure (Experiment). 1) M’ = 

= 1.5; 2) M* = 2. 


Figure XIV-2-5. Influ¬ 
ence of Attack Angle on 

p wke* 1 ’ 2 > 3) for r/r bse 
ratios of 0 . 876 , 0 . 756 , 
and 0 . 992 , respectively. 


The influence of small attack angles on wake pressure is 
slight. We see from the experimental data in Fig. XIV-2-5 that 
the wake pressure gradually decreases with increasing attack 
angle in turbulent flow. With rising flow velocities, wake pres¬ 
sure will also decrease, since it approaches its zero limiting 
value. 
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Wake pressure depends on the position of the tail-fin trail¬ 
ing edges. When the edges of rectangular tailplanes are situ¬ 
ated at the base, the wake drag rises over that of the isolated 
body. Shifting the fins forward by approximately one chord makes 
the wake drag equal to that of the isolated body. In addition to 
changes in position, this drag is also influenced by the profile 
thickness and planform of the fins. 

When the boundary layer is heated, its thickness increases, 
and there is a consequent increase in wake drag (see Fig. XIV-2-3). 

When the boundary layer is cooled by withdrawing heat through the 
surface, we observe the opposite effect: the layer thickness de¬ 
creases and wake pressure drops. This effect is noted in flight 
at high supersonic speeds when forced cooling is applied to the 
wall and the boundary-layer temperature drops below the level es¬ 
tablished for an adiabatic wall. 

Figure XIV-2-6 shows experimental results from a study of 
wake pressure for a series of solids of revolution with various 
shapes and turbulent layers on their surfaces. The shape dif¬ 
ferences involved different configurations of the tail sections. 

The curve of Fig. XIV-2-6 is universal by virtue of the intro¬ 
duction of parameters such as the average external-flow pressure 
p* and M*, which is the average Mach number of the external flow 
along the mixing length and corresponds to the pressure p'. M' 
can be regarded as a similarity parameter: irrespective of the 
tail-section configuration, the ratio P w ^ e /P ! remains constant 

for a given M *. 

To use the curve in Fig. XIV-2-6 to determine wake pressure 
for a given solid-of-revolution shape, it is first necessary to 
find the average pressure p' over the length of the stagnation 
zone that corresponds to this shape. Here we can use the hypo¬ 
thesis that p' is equal to the pressure at the end of a conven¬ 
tional cylindrical extension of the body beyond the base sec- /566 

tion whose diameter and length are equal to the base-section 
diameter. The value of p' can be found either theoretically 
(for example, by the method of characteristics) or experiment¬ 
ally. Figure XIV-2-7 shows calculated results for the pressure 
p' as obtained by the method of characteristics for a cylindrical 
body with a nose cone. 

For cylindrical bodies with a cylinder length three or four 
times we can set p' - P ro . 

The wake pressure can be found from the formula , 


Pwke p' P wfce (XIV—2 —15) 

Po O Poo P 
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Figure XIV-2-6. Varia¬ 
tion of p , as a Func- 
*wke 

tion of M' (Turbulent 
Boundary Layer). 



Figure XIV-2-7* Aver 
age Pressure in Stag 
nation Region. 


where the ratio P^g/P* is determined from Fig. XIV-2-6 for M'. 
The relation between p' and M' is also stated by 

_ k_ 

P ,== Po (i+.^M'*) * -1 ’ (XIV-2-16) 


where pj is the stagnation pressure corresponding to the part of 
the shock at the point of the nose section. The data of Fig. 
XIV-2-6 can be presented in the form of the dependence of wake 
pressure on a certain function fjCM’): 

(XIV-2-17) 

Poo Poo 


which corresponds to negligible boundary-layer thickness. In a 
more general case, thickness influences wake pressure, and this 
can be taken into account by introducing a function f (M* , 6 b /d 

(XIV—2—18) 


where <5^ is the thickness of the boundary layer at the base. The 
thickness ratio of a turbulent layer of length l is of the order 
of ($ b /£ ~ Re -1 / 5 , and that of a laminar layer 6^/il ~ Re -1 / 2 . For 
a turbulent layer, therefore. 
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(XIV-2-19) 
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and for a laminar layer 
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(XIV—2-20) 


where f x and f 2 are certain functions of the parameters in the 
parentheses. 


60 ° 



Figure XIV-2-8. In¬ 
fluence of Stern 
Taper on Stern Drag: 
Laminar (1) and Tur¬ 
bulent (2) Boundary 
Layers. 


Wake pressure can be determined with 
a certain approximation without consider¬ 
ation of Reynolds number. The wake-pres¬ 
sure coefficient for turbulent flow is 


/’wke'— K z (0.29 0.13 sin 2 / 3 (XIV-2-21) 

where 

*2 - (AML)" 1 ; K 3 0.3 (2 -|- 

(XIV-2-22) 


Formula (XIV-2-21) is valid for the 
range 1 < M c 5 and for comparatively 
short bodies. According to (XIV-2-21), 
the wake-drag coefficient is 


C* wke -=K Z (0.22 + 0.13 sin 2 / 3 Pp 2 )* 3 S bse . (XIV-2-2 3) 


For a given stern-section length, an increase in the angle 
gp 2 results in a smaller S bse and, consequently, a lower c x ^g* 

But the drag component c . , will then increase owing to the drop 

X 13 _L 

in pressure on the side of the stern. It is possible to find a 
taper angle gp 2 that will produce minimum total drag c+ 

+ c x The experimental curves in Fig. XIV-2-8 indicate that 

the drag minimum will occur at about gp 2 = 7°• 

If the body has a large slenderness ratio x^/d it is 

advisable to take the effect of this slenderness on wake pressure 
into consideration. In deriving an empirical formula, we can 
start from the fact that the Re*7 5 that appears in the general 
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formula (XIV-2-19) has insignificant influence on wake pressure 
in a comparatively broad range of Re. Experimental studies then 
indicate that the coefficient 


jjwi» = -1.144Ki(2-K,)M- 2 . (XIV-2-24) 


Here K, = M /X where the effective fineness ratio is 

i co gj 3 



(XIV-2-25) 


In accordance with the expression for p ^g, the wake-drag 
coefficient 


wke ” 1.144 K, (2- K,)M- 2 S b8e . 


(XIV-2-26) 


These formulas, which consider the effect of stern taper, 
give satisfactory results for S. > 0.4-0.5 and comparatively 

c D S S 

small average generatrix inclination angles of the tail section 
( 8 - 10 °). 

The parameter K x is a similarity parameter. At a given 
value of this parameter, P wk 0 M 2 and c x wke M ^/S bse remain the 

same for various body shapes and M^. In using Formulas 
(XIV-2-24) and (XIV-2-26), it must be remembered that they are 
applicable for 5 1. But if K x > 1, the calculation must be 
made by the formulas 


P wke 


1.40 Mo.'; Cx wke : 


1.43M- 2 5 h 


(XIV-2-27) 


which correspond to the formation of an absolute vacuum behind 
the base. 

Wake pressure with mixed boundary layer behind sepa ration 
point. Mixed flow may appear behind the separation point when, 
for example, as a result of cooling of the wall below the equilib¬ 
rium temperature a laminar boundary layer becomes longer and may 
extend beyond the separation point. 

Wind-tunnel experiments indicate that the position of the 
transition point and, consequently, the wake pressure depend on 
the same variables M' and S^/d In evaluating wake pressure 
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for a mixed boundary layer, it must be remembered that it varies 
between limits corresponding to purely laminar and purely turbu¬ 
lent flow. For purely laminar flow, the transition occurs near 
the sticking point, and for a purely turbulent boundary layer it 
approaches the separation point. 

Subsonic velocities. Measurements indicate that, as at 
supersonic velocities, the wake expansion and, consequently, the 
wake drag at M <1 depend on the surface condition of the body, 
its length, and its base taper, i.e., on the same factors that 
determine the properties of the boundary layer. Consequently, 
there must be a relation between wake pressure, wake drag, and 
friction. 

As a parameter characterizing wake pressure, we might intro¬ 
duce the coefficient c xf wke = c fx ( S sde /S bs e }5 where C xf wke ls 

the coefficient of friction referred to the base-section area 
and c „ is the same coefficient calculated for the lateral area 

X X 

of the body. 

Experimental data have made it possible to establish the 
following relation between the coefficient c xf wkg and the wake- 
pressure coefficient: '“ x 


Pwke 


0.029 


V^xf v 


(XIV-2-28) 


Introducing the coefficient of friction c xf = c X f^ S sd e ^ S mid^* 

which is referred to the midships section, we can find an expres¬ 
sion for the wake-drag coefficient calculated for the area S 


0.029 / d bse \ a 

!?Cwke " yxr, v d mid J 


(XIV-2-29) 


Available experimental data indicate the possibility of using 
(XIV-2-28) and (XIV-2-29) for approximate calculations of wake 
pressure and drag even in the transonic-flow region, i.e., for 
of the order of unity. 

Wake pressure in the presence of a gas jet. Experimental 
studies of the wake pressure of solids of revolution with a work¬ 
ing nozzle, i.e., under conditions corresponding to a running 
reaction engine, have shown that at a given the pressure on 
the base ring of the body depends essentially on the pressure at 
the nozzle exit section. Here, the higher the pressure at this 
section, the higher will be the pressure on the ring. 
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Wake pressure also depends on the oncoming-flow parameters: 
velocity and static pressure. The following characteristic ef¬ 
fects were observed during an investigation of this relationship: /569 
l) at a nozzle-section pressure of 1 kg/cm 2 (9-807*10 4 N/m 2 ), a 
static tunnel flow pressure of 0.4 kg/cm 2 ( 3 .921*10 4 N/m 2 ), and 
M^ = 1.87, an underpressure appeared on the ring; 2) with the 
nozzle-section pressure held at 1 kg/cm 2 and the static pressure 
in the tunnel lowered to 0.16 kg/cm 2 (the of the flow then in¬ 
creased to 2.5), there was zero excess pressure on the ring; 3) 
when the tunnel static pressure was lowered even further to 0.1 
kg/cm 2 (flow in tunnel accelerated to = 3), the ring showed 
an overpressure instead of an underpressure. At this point, the 
flow velocity in the tunnel was equal to or greater than the 
velocity in the jet of gases issuing from the nozzle. The re¬ 
sulting difference between the static pressure at the nozzle sec¬ 
tion and in the tunnel results in vigorous mixing of the gas be¬ 
hind the base and filling of the vacuum. A propulsive force may 
arise as a result. 

The first of the phenomena described arises when the nozzle 
is working at close to design conditions (pressure on section 
approximately equal to flow static pressure). If the static pres¬ 
sure on the nozzle section is much lower than the pressure in the 
flow, the resulting vacuum may be even greater than that which 
appears with the engine shut down. For near-design operation of 
the nozzle, the wake-drag coefficient can be evaluated approxi¬ 
mately with Formula (XIV-2-26) by substituting S^ = S /S ^ ^ for 

the taper S bsg ; here, S^ is the area of the base-section ring or, 

in the general case, of that part of the base not occupied by the 
nozzle systems. 

The drop in wake pressure observed on deflection of the body 
is insignificant for small attack angles and has little influence 
on wake drag. 

§XIV-3. DETERMINATION OF DEGREE OF BLUNTNESS FOR MAXIMUM REDUC¬ 
TION OF HEAT FLOWS 

Thickness of "inviscid" low-velocity layer. The method used 
to calculate the thickness of the "inviscid" low-velocity layer 
for a blunt cone is in principle the same as for a blunt wedge 
(see §VI-5). 

Assuming that we can take as the upper boundary of the high- 
entropy "inviscid" layer the streamline passing through the 
"sonic" point at coordinate r g on the detached shock wave in 

front of a blunted cone (Fig. IV-10-1), the gas flowrate across 

a cross section of area irr 2 will be p V nr 2 . 

s 00 00 s 
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The same quantity crosses a so-called "low-Re" layer of a 
certain thickness A that corresponds to an arbitrary cross sec¬ 
tion of the body with radius r, and, consequently, 

p»F„r? = 2pFrA, (XIV-3-1) 


hence the thickness of the "inviscid" layer 


' i p^. F. (XIV-3-2) 

2 p r V ’ 

where p, and V are the density and velocity, respectively, in 
this section as calculated for inviscid flow on the surface with 
consideration of the. bluntness effect. 



Figure XIV-3-1. M on 
Surface of Blunt Cone 
in Inviscid Flow. 


The determination of these 
parameters can be simplified in 
practical cases by assuming with 
some approximation that the pres¬ 
sure established at a certain 
distance from the bluntness is the 
same as that on the unblunted 
body. For example, this was 
evident in the example of flow 
past a blunted cone. 
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Figure XIV-3-2. Ratio 
of Cross-Sectional Area 
F - 2irrA of Low-Velo¬ 
city Layer on Cone to 
Area F sb = irr^; Solid 

Curves Represent Exact 
Calculations by (XIV-3-3) 
and Dashed Curves Ap¬ 
proximate Values for the 
Ratio r g/ r ’g tl = 0.25. 


Calculation of the density p and velocity V for this con¬ 
dition, with dissociation taken Into account on a blunt surface, 
was set forth in §VI-5. Formulas (VI-5-2) and (VI-5-4) are used 
to determine these parameters for K = const. The local Mach 
numbers M^, calculated by Formula (VI-5-4) for a blunt cone and 

the condition that the pressure on it is the same as on a sharp 
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conical surface, are presented in Pig. XIV-3-1. 

Introducing the values of the velocity and density into 

(XIV-3-2), we can determine the thickness of the "low-Re" layer 

and its cross-sectional area 2irrA = F from the known "sonic"- 

s 

point coordinate on the shock wave. 

The diagram of Pig. XIV-3-2 shows curves for the area ratio 


F s 2.trA 1 poo Voo 

F„ h _ nr\ h ~ 2 rf b p V 


(XIV-3-3) 


Here r ^ is the coordinate of the "sonic" point on the spherical 
nose. 


P s /F S b can be calculated approximately with the condition 
that the coordinate of point r ^ is twice the coordinate of the 
"sonic" point on the shock wave, i.e., the ratio r g/ r gb = 0.25. 


We see from Fig. XIV-3-2 that with the above assumptions, 
the area ratio Fg/Fg^ is of the order of unity for spherically 

blunted cones with small $ c angles. For flat-blunted cones, the 


low-velocity layer will be somewhat thicker. If we assume that 
the coordinates of the "sonic" points on the flat face and the 


shock wave are about the same 


l. e. 


r s = 


sb 


= R. 


then accord¬ 


ing to Formula (XIV-3-3)> the area ratio F /F , 

S S D 


b 5 

will be four 


times that for the cone with the sphere. We can use Formula 
(XIV-3-2) to calculate the thickness of the low-velocity layer 
if the relation for the area ratio F /F , is given by the expres- 

_ • S S D 

sion 


A = 


P s 

fjb 



(XIV-3-4) 


The thickness of the low-velocity layer can be calculated 
approximately for a spherical-nosed cone for the condition 
F /F , = 0.25, and with F /F , = 1 for a flat face. The cor- 

S S D S S D 

responding working relationships take the form 

A = A = 4-4 5 -- (XIV-3-5) 

or £, r 


Calculation of required bluntness . In determining the re¬ 
quired bluntness (r ^)> we can take as a condition that the 
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laminar-layer thickness 6^ be equal to the thickness of the low- 
velocity layer. Consequently, the conditions from which r ^ can 
be determined will be 


Si 


1 iia.ll 

■i (1 r, V 


or 



(XIV-3-6) 


where r^ is the cross-section radius of the blunt cone at the 
expected transition point. 

For example, it follows from the second formula of (XIV-3-6) 
that if F /F k - 1, the coordinate r ^ must be of the order of 

/2r_k<5^ which is, as we see, equal to the geometric mean between 

the diameter of the body and the boundary-layer thickness at the 
transition point. 

To determine the thickness of the laminar layer at the tran¬ 
sition point on the surface of a blunt cone, we can use (XIV-1-6) 
with 6P-*-calculated for the critical value Re* by the thin-plate 

formula 



x t 


5.8 (Re?r)~ l/2 , 


In which x^ is the distance to the transition point. 

The critical Reynolds number Re* = V.x,p*/y* can be calcu- 

cr o c 

lated in a general case from the determining parameters for a 
blunt cone. 

To simplify the calculations, we can use the parameters of 
inviscid flow around a blunt cone, as obtained without considera¬ 
tion of determining temperature, instead of the determining 
parameters y* and p*. 

Since the critical Reynolds number Is usually considered to 
be known, we can determine the laminar-segment length x^ = 

= y*Re* r /(Vgp*), and then the boundary-layer thickness at the 

transition point: 




1l_ = 

i/3 i/3 v ; 


(XIV-3-7) 
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If we are concerned with the case of constant heat capaci¬ 
ties, the formula for the required bluntness becomes 


k+t 


n = 


r !b 


= f>.68 (Re?r)~ i/2 — 
x t r t P o 



(XIV-3-8) 


In this formula, as we have noted, Re* r is usually assigned; 
the ratios p^/p 0 and r 2 b /r 2 and M are determined on the blunt 


cone from the known M„ 


In rough calculations, the values of 


r sb/ r s ^ or a s P heraca l nose and a flat face can be set equal to 
2 and 1, respectively. 

We can find the function II by the necessary calculations in 
the right member of (XIV-3-8). Knowing the radius 


r t = R b 


Vc 


and the coordinate x , we can use the formula 

*4 - nx £ B c + nx t R b (XIV-3-9) 

to compute the required blunting r sb or, more precisely, the 

coordinate of the "sonic" point on the nose. For flat blunting, 
this coordinate will give the face radius, since = r sb , and for 

a spherical nose its radius will be found by the formula R b = 

= r ,/sin n, with the angle n at which the "sonic" point is lo- 

S D 

cated on the sphere found from Fig. XII-2-6. 

Certain data on the critical Reynolds number. Determina¬ 
tion of the critical Reynolds number requires investigation of 
boundary-layer stability. It has been established that with 
cooling of the wall, the stability of a laminar boundary layer 
increases. Physically, this is explained by the fact that with 
diminishing gas temperature near the surface, density rises, and 
hence so does the kinetic energy of the gas in a given volume. 
Understandably, particles with high energies are less subject to 
the influence of disturbing pulsations. It is noted here that 
at very high velocities, the Reynolds number, regarded as a sta¬ 
bility criterion, is less important than such parameters as the 
wall-temperature ratio T w q/ T 5 (T q/T^ or T q/T ) and the Mach 
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Figure XIV-3-3. Re¬ 
gion of Stable Lami¬ 
nar Boundary Layer on 
Blunt Cone (Region In¬ 
terior to Solid Curve), 
o) sharp cone; □) 
blunt cone. 



Figure XIV-3-4. Varia¬ 
tion of Critical Rey¬ 
nolds Number on Cone. 

Values of T ,/T : 1) 
wl r 

0.7; 2) 0.8; 3) 0.9; 

4) 1.0. 


number Mg. on the outer boundary of the boundary layer (or for 
given flow conditions) . 

Theoretical studies have established the wall-temperature 
ratio required for complete stabilization of a laminar boundary 
layer as a function of the local Mg (Fig. XIV-3-3)- We see from 
this figure that with Mg > 8, the boundary layer cannot be stable 
regardless of intensity of cooling. It can also be noted that 
the stability boundaries broaden with diminishing ratio T ^/Tg. 

It follows from this that stagnation of the external flow, which 
is accompanied by a decrease in Mg. and a rise in the temperature 

Tg, will have a stabilizing effect (if a constant wall temperature 
is maintained by appropriate cooling). 

We noted above that such stagnation can be brought about by 
using a blunt rather than a sharp body. Thus, blunting is an 
important means of stabilizing a laminar boundary layer. In fact, 
the temperature at the outer boundary of the layer is higher on 
a blunt body than on a sharp one and, consequently, if constant 
wall temperature is maintained, the ratio T wl / T g will be smaller. 

The local Mg. also decrease. This explains why bluntness shifts 

the conditions at the outer edge of the boundary layer from 
the instability region into the stable zone, as we see from Fig. 
XIV-3-3. 

The instability region outside the curve in Fig. XIV-3-3 is 
necessarily a zone of full turbulization. In this region, the 
layer Is characterized by turbulent inclusions whose appearance 



is related to the point at which the laminar flow becomes turbu¬ 
lent. This transition culminates at the critical Reynolds number. 


Figure XIV-3-4 shows wind-tunnel results obtained for this 
number by van Dreest. An experimental model of a shock cone was 
internally cooled, so that the ratio T wl /Tg could be varied. 

The tests were run at various M^. 

Analysis of the curves indicates that the critical Reynolds 
numbers increase with decreasing wall temperature and that the 
manner in which these numbers vary depends to a major degree also 
on . For > (3.8-4), the critical Reynolds numbers remain 

practically constant. 

If the surface is cooled (T ,/T < 1), the Re increase, 

W X 2/ C Jr 

and in estimating the change in Re cr we can proceed on the basis 

that its value is approximately inversely proportional to the 
wall temperature ratio T ^/T r defined by the expression 

+r -trAw)- 1 (XIV-3-10) 

T r T a \ 2 / 


The pressure gradient at the wall exerts some influence on 
Re . Here a negative gradient favors increased stability and, 

consequently, an increase in the critical Reynolds number. On 

the other hand, when the pressure increases downstream, i.e., 

the gradient is positive, conditions are set up for premature 

turbulization and Re decreases. 

cr 

If we consider flow around a blunted body, e.g., a cone, we 
find regions on its surface with various types of pressure varia¬ 
tion. Immediately behind the total-stagnation point, the pres¬ 
sure decreases over a certain length of the body, setting up a 
negative static-pressure gradient that favors stabilization of 
the laminar boundary layer. Farther downstream, stagnation be¬ 
gins at a certain distance from the nose, with the result that a 
positive gradient appears. This lowers stability. However, this 
unfavorable effect of the positive gradient is not significant 
for practice. Nevertheless, it is advisable to take the nega¬ 
tive gradient into account in final specification of the blunting 
dimension by increasing it slightly over the calculated value. 

By way of example, let us calculate the transition-point 
shift for M m = 10 on the smooth surface of a blunt cone with 
an angle 3 = 10° . We shall consider a spherical nose and first 

calculate the coordinate of the "sonic" point r . From the wave- 

O 

generatrix equation x = ar 2 = r 2 /(2R ) we find the ratio 

S 0 
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r s i?sO / dr \—1 

R b = R b Ui/i * 

where the dimensionless wave radius of curvature R^/R^ is deter¬ 
mined as a function of the density ratio p /p behind and in front 

S 00 

of the normal part of the wave. 


Taking dissociation into account for flight conditions near 
the ground at = 10 , we calculate the ratio pg/p^ = 7.4, and 


then refer to the diagram of Fig. XII-2-12 to find R^/R^ = 1.2. 

Using the other diagram in Fig. XII-2-6, we determine the angular 
coordinate of the "sonic" point on the wave at u = 22 ° 30 ’, and 
then find the shock inclination angle = 67 ° 30 ' and tan 0 = 

SS O o 

= (dr/dx) = 2.4l. Consequently, r /R, = 1.2/2.41 - 0.5. Also 

s s u 

from Fig. XII-2-6, we find the angular coordinate of the "sonic" 
point on the sphere, ri ^ = 24°30 f which determines the relative 

linear coordinate r ^/R^ = O. 676 . Thus, the ratio of the "sonic"- 


point coordinates r , /r 
r sb s 


0.676/0.5 = 1.35. 


We then find the ratio of stagnation pressures pj/p 0 as the 
mean between their values at the apex and the "sonic" point of 
the shock wave. Applying (III-4-33), we calculate the ratio of 
the stagnation pressures after and before the shock for the values 
M =10 and M sin 0 =10 sin 67°30’ = 9.24, and then determine 

00 00 ss 

the mean pressure ratio 


io-» - 3.83-10' 3 . 

r 0 * 


We then refer to Fig. XIV-3-1 to determine the Mach number M 
on the blunt cone (M^ = 2.8) and Fig. XIV-3-4 for the critical 

Reynolds number Re cr = 8.7*10 6 ; In determining the latter, we as¬ 
sign the relative wall temperature T^/T^ = 0 . 7 S which corresponds 
to the ratio 

•TV. 0,7 (l + r—~ Mj) - 0.7 (1+0.169-2.S 2 )-- 1.58. 

After substituting all of the values that we have found into 
(XIV-3-8), we obtain the function 
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n- 


.2 

s b 


-2.47.IO- 3 . 

*t r t 


The transition-point coordinate on a sharp cone is 


Moo ^ (XIV-3-11) 

Me Koo ‘ 


For the cone selected, the local M c = 7.6. Assuming further 

that the flight altitude is about 22 km, so that the kinematic 
viscosity coefficient = 20 v oq0 , we obtain the value x^ = 

= 0.438 m from Formula (XIV-3-11). 

To determine the corresponding coordinate for the blunt 
cone, we refer to Fig. IV-10-2 to evaluate the Reynolds number 
for this cone, i.e., we find the ratio Re b /Re c = 0.071. Accord¬ 
ingly, the transition-point coordinate with the bluntness taken 
into account will be 



x t 


0.438 

0.071 


— 6.2 m. 


From this, we can calculate the coordinate of the "sonic" 
point on the sphere: 


r s b = O.SITr t cos p c sin 1 r] s b -f [0.25 (Ilxt cos p c sin" 1 T] sb ) 2 + Yix\ sin p c J 1/2 , 

and then the spherical-blunting radius R^ = r^/sin r] ^ and the 

ratio s of the blunted-nose area to the cross-sectional area of 
sp 

the cone at the transition point. If this point is on the base 
section, the entire surface of the cone is covered by a laminar 
boundary layer. 

The solution can be simplified by presenting the segment of 
the shock-wave generatrix as an arc of a circle of radius R 

so 

In this case. 


/?so cos G s s , — 7?^ sin t], b . 


Consequently, 
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b _ R b t)* b _ j 

r, n s0 cosO s , 


The bluntness parameters are calculated from these data. 

Effect of boundary layer. The required bluntness calculated 
in this way can be improved by considering the influence of the 
conditional boundary-layer displacement thickness. In fact, it 
follows from physical considerations that the effect of viscosity 
on the flow can indeed be taken into account if we consider in- 
viscid flow around a conventional body whose transverse dimensions 
have been increased by the displacement thickness 6*^. Conse¬ 
quently, we find that the low-velocity layer has been shifted by 
6 *. It is clear from this that in calculating the required blunt¬ 
ness, we must start with the equality A = 6^ - 6*. The cone for¬ 
mula can be used to determine 6*: 

6r- c'/rs. 

The conventional thickness 6*^ calculated from the deter¬ 
mining parameters can, in turn, be found from the formula for an 
incompressible medium: 


6* pI ^ (3/8) 6 pl . 


Thus, for a blunt cone with the displacement thickness taken 
into account 

A = Si -6T=0.36x t (- 6 ^-). (XIV-3-12) 

x x t 7 

Comparing this formula with (XIV-3-7)» we may conclude that 
the required blunting is smaller in our case. 

The method set forth above for calculating the required de¬ 
gree of bluntness is based on the assumption that the shape of the 
low-M layer profile does not change. However, deformation of this 
profile does occur downstream owing to dissipation of the "invis- 
cid" low-velocity layer as it takes in increasing quantities of 
low-entropy air. This breakdown of the high-entropy flow is equiv 
alent to a smaller bluntness. 

Certain studies have shown that in flight at moderate alti¬ 
tude, dissipation of the low-velocity layer profile can be dis¬ 
regarded on a laminar-boundary-layer length of up to x - 1000A. 
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If the washed surface is longer, it is advisable to allow for the 
dissipation effect; this can be done by a slight increase in the 
originally calculated blunting. 

SXIV-4. HEAT TRANSFER ON THE BODY 

Curvilinear Surface 


Relationships (TV—8—47) and (IV-8-48) should be used to cal¬ 
culate the specific heat flow from a laminar boundary layer to a 
strongly cooled curved wall in the case of equilibrium gas disso¬ 
ciation and py = const across the layer. Assuming e = 1, we ob¬ 
tain 


<7 = 0.5 Pr-2' 3 irF, 


(XIV-4-1) 


where the function 


V2 (p!pj) r 

' * 1/2 
2 l (P/K) OVUv) r* <ix 
.0 


(XIV-4-2) 


In (XIV-4-1), the enthalpy i includes the acceleration of 

gravity g = 9.81 m/s- 2 , so that the dimensions of i will be 
kcal*m/kg*s 2 . 

Sharp Body /576 

Cone. For a conical curface, we must set p = pj, Vg = V , 
pjyj = p c y c in (XIV-4-1) and (XIV-4-2). Consequently, 

< 7 C 0V.0S Pr j /EKH , (XIV-4-3 ) 


where the subscript c_ signifies parameters on the cone; the x- 
coordinate is measured from the nose along the surface generatrix. 

The total heat flow on the cone 


• v c 

& , 2.t J < !c rd.r. 
0 


On substituting q Q from (XIV-4-3), we obtain 


(XIV-4-4) 
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Q c 0.812 Pr~ 2 - 3 tgflc Sj r y p c u c Vc x * /2 , 


(XIV-4-5) 


where S c = ttx 2 sin 3 Q is the lateral area of a cone with a genera¬ 
trix length x c and a semiapex angle 3 C . 

Sharp nose section of arbitrary sha_pe._ In calculating heat 
flows by Formula (XIV-4_-l), we can set p = p* sin 2 3/sin 2 3 0 for 
high velocities; here p* is the pressure coefficient on a tapered 
conical nose. Consequently, 

-fi- = p + (cos 2 fi - cos 2 p P )] . (XIV- 4- 6 ) 

Using the relation between pressure and velocity for isen- 
tropic flow, we can find the velocity on the surface of the 

layer. Introducing jc and into (XIV-4-2), we can calculate the 

function F and then the specific heat flow from (XIV-4-1). 

In approximate, calculations for large M , the local velocity on 
the nose section can be determined by the Newton formula = 

= V cos 3 , so that a simpler relation can be obtained for F and 
oo c 

hence for c^. 

At the same time, the "local-cone" method and (XIV-4-3) can 
be used to approximate the local-flow distribution. The specific 
heat flow at point A (Fig. IV-7-3) given by this formula corre¬ 
sponds to a local conical surface with a semiapex angle 3 and a 
distance O'A = x q along its generatrix. If the origin of the coor¬ 
dinate system taken is placed at the nose and the longitudinal 
axis is directed along the body's axis, the radial coordinate of 
point A at which the specific heat flow is determined is r * 

= x sin 3. Accordingly, the specific heat flow at A is 


q = 0.608 Pr- 2 ' 3 i r ]/— l<a ^ S1 — , 


where p^, and Vg are the inviscid-flow parameters on the local 

conicalsurface. The over-all heat flow on a body segment of 
length x(r) is 


Q 


l,21G:i Pr- 2 'H r 



P6H6*V 
sin P 


dr. 


(XIV-4-8) 
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If the specific heat flow on the local conical surface is 
calculated from the Stanton number Stju-i St pi found from the 
determining parameters \q~ St.*o A K 6 j wl )j, then 


Q, ■- 2a J St * p t F 6 (i r - U r cos" 1 fidx, (XIV- 4 - 9 ) 

o 

where x is the axial length of the body. 

§XIV-5. total stagnation point on blunt nose 

Equilibrium dissociation. Setting e = 1 in (IV-8-49), we 
obtain for the heat flow at the critical point on a blunted solid 
of revolution 


q 0 = 0.664 Pr-2/ 3 (ipX) ,A * r - 


(XIV-5-1) 


This expression has been derived for an overcooled surface 
on which the temperature T^ and therefore the enthalpy i ^ are 

negligibly small by comparison with the corresponding T^ and i . 

When cooling does not produce a low enough wall temperature, e.g., 

when heat is dissipated only by radiation and a comparatively high 

equilibrium radiation temperature is established, it is necessary 

to take i , into consideration, 
wl 


Experimental studies have shown that for an overheated wall, 

the formula for q 0 retains the same basic form as (XIV-5-1). The 

difference is that instead of i , the new formula contains i 

r 5 r 

- i wl and an additional factor to take account of the change in 

the product py across the boundary layer in the neighborhood of 
the critical point. The working relationship is 


q 0 = 0.763 Pr-°- 6 (Xp>;) 1/2 (i r —i wl ) (,o wl p wl ) 1/10 , (XIV-5-2) 

where 


Pw!»wi Pwl M w'iPoPo ■ 


In accordance with (XIV-5-2) and the expressions 


Nu 


( ]0 c p.wl' x 
A'wl (^r l wl) * 


Re = -Esi 
Ki 


(XIV-5-3) 
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the dimensionless heat-transfer number is 


INu 

,1/Ri 


0.763 Pr 0 - 4 (fwPwi) -0 '*- 


(XIV-5-2’) 


Studies have shown that w -^/p qUJ > 1, so that the heat 

flow increases over its value for a strongly cooled surface. For¬ 
mula (XIV-5-2) is valid for surface temperatures not in excess of 
the stagnation point. It implies that at high speeds, when dis¬ 
sociation becomes substantial, heat transfer is determined by the 
enthalpy gradient rather than the temperature gradient. At these 
velocities, the recovery enthalpy i can be calculated as the stag¬ 
nation enthalpy by the formula i = 0.5V^. 

In the absence of dissociation, we can convert in (XIV-5-2) 
from the enthalpy difference to the temperature difference by 
using the substitution 


*r — l'wl — £p. wl (^* r Fwl). 


where the soecific heat c is calculated as the mean between /578 

^ p.wl - 

the values on cooled and insulated walls with the respective tem¬ 
peratures T wl and T r . It follows from these formulas that the 

heat brought to the wall depends on the parameters at the outer 
edge of 1 the boundary layer. These parameters are in turn de¬ 
termined from the conditions of flow around the blunt nose at the 
total-stagnation point. 

Reduction of calculated numerical results for very high 
supersonic velocities has made it possible to obtain an approxi¬ 
mate formula for the specific heat flow at the total-stagnation 
point: 


<1 0 


3J';00 i/pw, 

y/i b v 



kcal 
m^s 1 * 


(XIV-5-4) 


where V g is the earth-orbital velocity of 7-93 km/s; p m ^ and p 

are the densities of the atmosphere at a certain altitude H and 
at the ground, respectively; R^ is the radius of the sphere in 
meters. 

The recovery enthalpy can be set equal to the stagnation 
enthalpy. 
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Formula (XIV-5-4) gives the heat flow determined not only by 
heat conduction, but also by diffusive heat transfer through re¬ 
combination of atoms at a catalytic wall. If, on the other hand, 
the surface of the sphere is not catalytic (for example, the sur¬ 
face of a nonmetallic skin). Formula (XIV-5-4) will give a low 
value for the heat flow. The error of the formula will increase 
with altitude, as the state of the gas deviates farther from equi¬ 
librium. From the practical standpoint, use of a noncatalytic 
surface may be helpful, since the low recombination rates change 
insignificantly on a noncatalytic surface, heat is therefore ab¬ 
sorbed by dissociation, and, as a consequence, the heat flow to 
the wall is lowered. In these calculations, the wall enthalpy can 
be assigned on the basis of the maximum permissible skin tempera¬ 
ture . 


The heat flows can also be calculated from their equality to 
the radiant heat flows. Under flight conditions, this equality 
can be guaranteed by appropriate adjustment of speed and alti¬ 
tude (air density). The surface emissivity e and its temperature, 
which will be the equilibrium temperature in this case, are as¬ 
signed for this purpose. 

Having found the radiative heat flow aeT^ and introduced it 

into (XIV-5-4), we determine the required relation between velocity 
and air density and, consequently, between velocity and altitude. 
Under these flight conditions, cooling is by radiation from the 
heated surface. 

At moderate supersonic speeds, the specific heat flow at the 
total stagnation point on the nose can be calculated by the for¬ 
mula 


<7 0 = 0.763Pr 2 -°' 5 Vp 2 \i$c p {T r ~T^), (XIV-5-2" ) 

where X = (8V^/9x)can be set equal to (3/2)V^/R^ (as for an 
incompressible fluid) or calculated by (¥ 1 - 3 - 16 ). 

According to experimental data, the specific heat flow at 
the stagnation point on a flat face is 


90 s = (0.55 ± 0.05) <7os P » 


(XIV-5-5) 


Influence of vorticity in the external flow. The above heat- 
flow relationships were obtained for uniform flow in the "inviscid" 
layer next to the wall and, consequently, zero vorticity-controlled 
velocity gradients across the layer. Actually, however, the velo¬ 
city is not constant, but increases from the value at the wall, /579 
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which corresponds to the stagnation parameters behind a normal 
shock, to a certain value on the conventional layer boundary, so 
that vorticity appears in the flow. 

Vorticity has its effects 

at every point on the surface, 

including the total-stagnation 

point; the ratio of the heat 

flow q calculated with con- 
’ov 

sideration of this effect to 
the q 0 found when vorticity is 
disregarded depends on a number 
of factors, including M ro and 
altitude. 

Calculations have shown, 
for example, that at M m = 20, 
this ratio q QV /q has the re¬ 
spective values 1.3 and 1.04 
at the critical point on a 
hemisphere at altitudes of 90 
and 60 km. The vorticity ef¬ 
fect can therefore be disregarded for all practical purposes in 
the dense atmosphere, but in the thin layers it is advisable to 
correct the calculated heat transfer, increasing it slightly. 

The most important parameter determining the influence of 
vorticity on heat transfer is the Reynolds number, calculated 
from the sphere radius and the gasdynamic characteristics at the 
critical point: 


%v 



Figure XIV-5-1. Influence of 
Vorticity on Heat Transfer at 
the Critical Point, i = V^/2; 

T = 2000°K. 
r 


t->_ flbPo ~V*r 

« e = 777- • 

Mt> 


It must be remembered in determining this number that we can 
set i = 0.5V^ for high velocities. Figure XIV-5-1 shows an ex¬ 
perimental plot of the ratio q 0v /q 0 as a function of Re for two 

values of = 8 and 20; this diagram can be used in refining the 
heat-flow value. We see that the vorticity effect is consider¬ 
ably smaller for = 8 than for = 20. The data of Fig. 

XIV-5-1 were obtained for a temperature TJ = 2000°K at the criti¬ 
cal point. The influence of vorticity increases with temperature. 
However, this increase is slight even for a substantial tempera¬ 
ture rise. For example, when the temperature increases by 1000°K, 
heat transfer from the vorticity effect increases by only 3-4%. 

Radiant flux from an overheated shock layer. The radiant 
heat flux in the neighborhood of the critical point can be calcu¬ 
lated by the formula q ^ = f(es 0 )a(TJ) 4 if the wave detachment 
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distance s 0 is determined with consideration of the shape of the 
nose in three dimensions. At the same time, an experimental re¬ 
lationship can be used for the specific heat flow due to radia¬ 
tion of the gas in the neighborhood of the critical point of a 
sphere: 


ffrad = 2.12-10 7 J? b | 

f l 8 ' 5 ! 

{ p°°ff 

Vi-* kcal • 


l 10* ) 1 

\ Poog , 

' ’ 

(XIV-5-6) 

g rad =S9.10 9 i? b ( 

Vcc ) 8-S / 
10 * ) \ 

' poo H 1 
k poog i 

| 1,6 W/t* 2 , , 



where is in meters and in m/s. 

By determining the equivalent radius, we can calculate the 
radiant flux at the critical point of a nonspherical nose sec¬ 
tion, e.g., for a flat face. 



Figure XIV-5-2. Com¬ 
parison of Aerodynam¬ 
ic and Radiant Heat 
Fluxes at Critical 
Point of Sphere. t_ 
is flight time in 
seconds and cl is the 
heat flow (kcal/s• cm 2 ). 


Figure XIV-5-2 shows a typical 
distribution of the radiant Q ra( j and 

aerodynamic q heat fluxes on the 

3.0 2/ 

trajectory for certain flight condi¬ 
tions. It can be noted that the radi¬ 
ant flux is greater at low altitudes. 
Its maximum corresponds to the maximum 
of the aerodynamic heat flow and re¬ 
presents about one-third of this maxi¬ 
mum value. 


Influence of diffusion. The in¬ 
fluence of diffusion on heat transfer 
was examined in §IV-8. The variation 
of specific heat flow in the presence 
of diffusion is given by(IV-8-57) 5 in 
which the catalytic coefficient <f> takes 
account of the finite recombination 
rate. The largest amount of additional 
heat liberated by diffusion corresponds 
to infinite recombination rate, at 
which the coefficient <f> = 1 and, con¬ 
sequently , 


?max = ?c[l + (Le*/a-l)-£-] . (XIV-5-7) 


By way of example, let us estimate the maximum heat flow for 
infinitely fast catalysis and = 15, p^ = 0.1 kg/cm 2 (0.98l*10 4 
N/m 2 ) (an altitude H ~ 16 km in the atmosphere corresponds to 
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this pressure). Prom the initial data, we calculate the pressure 
at the critical point: p^ = PgkM^p^/2 = 30 kg/cm 2 (29.4*10 4 N/m 2 ). 
The enthalpy at this point is 

AV * a* M* A 

i r = ~— °° 2g °° —= 2430 kcal/kg (1018-10 1 J/kg). 

We find the temperature T^ = 5500°K from Pig. III-1-3 for 
this value of i and the pressure p*. The corresponding enthalpy 
of the undissociated gas is 

/«*_ c = c P ,o (4tY- Tr =1780 kcai/kg ( 746 °- 103 j/kg) - 


Consequently, the dissociation enthalpy 


i D = i r — i af=0 = 2430—1780 = 650 kcai/kg (2720-10 3 J/k E )i 

and the ratio i^/i = 0.267. If we take Le = 1.45, the diffusion 

effect is determined according to (XIV-5-7) as = 1.075. 

max c 

At very high velocities, the ratio i D /i closely approaches 

unity. If we set i^/i = 1, then for d> = 1 the ratio q /q = 
a Dr 5 Y ^max ^c 

= Le 2 / 3 . Por Le = 1.45, we have q_,„„/q = 1.28, i.e., the largest 

max c 

increase in heat flow is 28%. According to experimental data, the 
heat-transfer parameter, which takes diffusion into account, is. 

0-763Pr°- 4 (^r;)- 0 - 4 [l + (Le»-52_l)iO_] . (XIV-5-8) 

Formulas (XIV-5-3) must be used to calculate the specific 
heat flow from this parameter. 

§XIV-6. CURVILINEAR BLUNTED SURFACE 

Laminar Heat Transfer 

The case of thermodynamic equilibrium. Let us examine cer¬ 
tain relationships that enable us to calculate the heat flow at 
an arbitrary point on a given curvilinear surface for thermody¬ 
namic equilibrium conditions. Por this purpose, we shall use a 
formula that determines the ratio of the heat flow cl at an 
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arbitrary point to its value q 0 


at the total-stagnation point [50] 


9_ = z: 

?o F o 


1 

2 


_ (p/Pn) IV _ 

[ ^ (p/Po)1 / a'- Z£2;!: ] 1/ 
0 



(XIV-6-1) 



Figure XIV-6-1. Dis¬ 
tribution of Heat Flow 
over Surface of Sphere 
(Laminar Boundary 
Layer). T wl = const, 

T ./T. << 1. 
wl 6 


Hemisphere . Studies indicate 
that the heat-flow distribution over 
a spherical surface, calculated on the 
basis of (XIV-6-1)_ and the Newtonian 
pressure law p = p 0 cos 2 n, agrees 
satisfactorily with experimental data 
for of the order of two and larger. 

To calculate the heat flow, we shall 
bear in mind that the law of velocity 
variation with central angle on this 
surface is very close to linear up to 
b = 75-80°. We shall therefore as¬ 
sume henceforth that the velocity on 
the outer ^edg.e of the boundary 
layer V^ = XR^b. Remembering that 


dx = R b dt\\ r = i? b sinr), 


and that according to the Newton formula, the pressure ratio at 
high velocities is 


— = cos 2 T) + sin 2 T] = cos 2 T] 




sin 2 rj. 


we write (XIV-6-1) in a more concrete form: 


— = 2ri sin 
1 



-J-l) 


COS 2 1] -f 


1 

AseM*, 1 . 



(XIV-6-2) 


where the function 




+ TCTiJT (n s — 1 sin 


1 — cos 2r\ 


).(XIV-6-3) 
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When (kJVI^) -1 << 1, the following simpler expression can be 
used to evaluate the heat-flow distribution: 


— = 2ii sin n cos 2 
(o 


il (ri 2 - 


r)sin^r) , 1 — cos4iy\- 1 / 2 


(XIV-6-4) 


It is readily seen that this expression defines the heat 
flow exactly in the extreme case of = °°. In real cases, 
(XIV-6-4) can be used for > 10; this is confirmed by Fig. 
XIV-6-1, which shows a family of curves plotted according to 
(XIV-6-2) and (XIV-6-4) on the assumption that the wall tempera¬ 
ture is constant and quite low (T w ^/Tg <<: 1) all points on 

the surface. These curves show that heat transfer reaches a 
maximum at the critical point and decreases on more remote zones 
of the hemisphere as a result of the lower densities. 



Figure XIV-6-2. Pres¬ 
sure Parameter 6 as a 

Function of M . 

00 



Figure XIV-6-3. Aver¬ 
age Heat Flow to Hemi¬ 
spherical Surface (Lami 
nar Boundary Layer). 


Improvement based on experimental data [16]. Formula 
(XIV-6-2) reflects the real distribution of heat flows quite 
satisfactorily for the large M at which the relation p /pj = 

= (k^M 2 ) 1 applies. However, ?he formula is not accurate enough 
for moderate velocities, especially for the segment of the sur¬ 
face near the point with coordinate <j> = 90°, where the effective 
heat-flow values are larger than those determined theoretically 
by (XIV-6-2). This is because the static pressure here is some¬ 
what higher than atmospheric, which is obtained from the approxi¬ 
mate Newtonian formula. 

To improve (XIV-6-2), let us take the pressure distribution 

ir = 1 “( 1 “7r ) sinST1 (xiv-6-5) 
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for the sphere, with p’ representing the pressure at the n = 90° 
point. 

With this expression. Formula (XIV-6-4) becomes 

9 _ (1 — P sin 2 T]) T] sin i] (XIV-6-6) 

9 o ( rj ) ~ 2 ( t ))] ,/2 


In this formula, we have introduced the nomenclature 


3 = 1 —y-; F, (ti) — T] 2 — -q sin 2r] -f- sin 2 rp ] 

Po I 

3in 2 T]-J-ysin 4 r)J . J 


f 2 (rj) = — t [t ’f—■n sin2l i (4 + «n*n) + -§- sin2T H-y £ 


(XIV-6-7) 


The experimental dependence of the function 3 on (Fig. 
XIV-6-2) indicates that 3 is practically constant for M > 6. The 
sharpest variation of 3 is observed at < 3. At the correspond¬ 
ing velocities, therefore, the ratio of heat flows q/q 0 also 
varies considerably with pressure. Heat-flow studies made for 
> 10, i ^ < i 0 and equilibrium-dissociation conditions ([66], 

1966, No. 2) have shown that the distribution of q/q 0 can be ap¬ 
proximated by the formula 


9 


90 


0.55 -{- 0A5 cos t). 


(XIV-6-8) 



Figure XIV-6-4. Distribution 
of Heat Flow on Flat Face 
(Laminar Boundary Layer): 
Values of p /pj: 1) 0.05; 

2) 0.15; 3)°°0.25; 4) 0.35. 


This formula is universal 
and also applies for low velo¬ 
cities and arbitrary i ^ if 

these values correspond to a 
strongly cooled wall. 

The average value q OTr /q n 

d V u 

for the bluntness can be calcu¬ 
lated from the pressure distribu¬ 
tion around a sphere. Figure 
XIV-6-3 shows the variation of 
this quantity as a function of 


Flat face . Calculations 

indicate that the heat flows to a flat surface are considerably 
smaller than those to a spherical surface. This is explained not 
only by the smaller area of the flat face, but also by more in¬ 
tensive deceleration of the flow on it, one consequence of which 
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is a substantial decrease in velocity and the longitudinal grad¬ 
ient X at the outer edge of the boundary layer. 

If the distribution pattern of the flow parameters is known, 
an approximate notion of the variation of q/q 0 can be obtained 
with Formula (XIV-6-1), in which we must set r = x. Figure 
XiV-6-4 shows the results of a calculation of this change for 
several values of P^/pJ with different corresponding free-stream 
velocities. At very high (curve 1, density ratio for total- 
stagnation point p^/pj = 0 . 05 ), the specific heat flows increase 
with the approach to the sharp edge of the face. This is ex¬ 
plained by the dominating influence of the pressure (density) 
rise in increasing the heat flows, which are to some extent 
diminished by the increase in velocity near the sharp edge. 

As the flow velocity is lowered, the nature of the specific- 
heat-flow distribution changes (curves 2, 3, and 4, which corre¬ 
spond to density ratios p^/Pq = 0.15, 0.25, 0.35). 

Up to a certain value of x = x/R b < 1, the ratio q/q 0 in¬ 
creases; it reaches a maximum at a certain x, which depends on 
M , and then decreases. 

CO 3 

The decrease in specific heat flow is explained by the fact 
that the pressure decrease near the sharp edge may be a decisive 
factor at comparatively modest flow velocities and, despite the 
velocity increase, the heat flow begins to drop off after reach¬ 
ing a certain maximum. 

Formula (XIV-6-1) can be used for approximate evaluation of 
the heat-flow distributions around arbitrary blunted surfaces 
with a given generatrix shape r = f(x). 

For this purpose, it is first necessary to calculate the dis¬ 
tributions of the pressure and the V^ of inviscid flow over the 

blunt surface for given flight conditions (M , altitude H), remem¬ 
bering that the stagnation pressure pj is found for the conditions 
behind the "normal" part of the shock wave. The velocity and 
pressure distributions thus found are used to calculate the inte¬ 
gral f 4. 1 '.f-srfr Then, having determined the velocity gradient X at 

0 Po “ 
u 

the total-stagnation point from the velocity distribution, we 
find the ratio of specific heat flows q/q 0 at the particular point 
on the surface of the blunt nose at the total-stagnation point. 
Figure XIV-6-5 shows the results of such a calculation for a flat 
face with a circular bevel of radius r = 0.25R b . It also shows 

experimental data indicating that the rounding has some effect on 
the heat-flow distribution as compared with the flat face, but 
that the trend to increasing heat transfer with the approach to 
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the edge that is characteristic for a flat face in flow at very 
high is nevertheless preserved. 


? 30° 60° 90° 



Figure XIV-6-5. Dis¬ 
tribution of Heat Flow 
on Flat Face with 
Rounded Edges (Lami¬ 
nar Boundary Layer). 

o) experiment; —--) 

according to (XIV-6-1) . 



Figure XIV-6-6. Heat 
Transfer on Ellipsoid 
of Revolution. 

, K - p „ 

p / p ' o - ! = — SIn2 P 


A significant decrease in the gas density where the blunted 
nose meets the cylindrical surface (x = x/R^ > 1) causes a sharp 

decrease in the heat flows. The specific flow on the cylindrical 
surface is less than 10% of the value at the total-stagnation 
point, and can be calculated with some approximation for the con¬ 
ditions of flow around a flat plate. 

Ellipsoi d of revolu tion . Formula (XIV-6-1) can be used to 
calculate laminar heat transfer in flow around variously shaped 
solids of revolution. The results of this calculation, which 
show the variation of q/q 0 as a function of the dimensionless 
pressure on ellipsoids with various semiaxis ratios a/b, are 
shown in Fig. XIV-6-6. Small a/b ratios correspond to blunt 
noses with higher drag, while large a/b represent bodies with 
lower drag. 

The heat flow at the critical point of an ellipsoid can be 
calculated, for example, by (XIV-5-4), in which /R^ must be re¬ 
placed by /b 2 /a. Then the heat transfer can be found at any 
point on the surface from the diagram of Fig. XIV-6-6. The di¬ 
mensionless pressure at this point is determined from the New¬ 
tonian theory or from experimental data. 

Conical surface. Let us consider the calculation of heat 
flow on the surface of a truncated cone with a spherical nose. 

We shall assume that the "inviseid" gas parameters are constant 
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I 


on the conical surface and equal to their corresponding values at 
the end of the sphere. For example, the velocity 

lV.X/? b ,i c --'X/i„(-5--Pc) , 

and the pressure ratio 

- 4 - - COS 2 r) c -!- -.—, 5 - sin 2 I 1c . 

pQ K °0 oo 

The radial coordinate of an arbitrary point on the surface of the 
cone r = x Q sin n c , where x c is the distance along the surface 

measured from the imaginary apex of the sharp cone and defined by 
the relation 



cigPe-h-yr— (t~Pc) • 


We can now substitute the above relationships for V<$, p/pj, 
and r into Formula (XIV-4-2). The integral in the denominator, 
which is definite in the range from 0 to x q , is evaluated as the 

sum of two integrals: one with limits 0 and x - R, n (or for 

D (_* 

angles from 0 to n ) and the other with the limits R. cot 3 and 

c be 

x e> The first integral corresponds to the heat flow at the end 

of the spherical segment (or, which is the same thing, at the be¬ 
ginning of the conical surface). Clearly, the heat-flow distribu¬ 
tion on the forward curvilinear surface is the same as that ob¬ 
tained earlier for a sphere. The second integral 


c 

§ Gxl dx c = P-(xl — Rl tg 3 r) c ), 


B c ts 


where the function 


G = sin 2 rj c (cos 2 rj c + koc ^p~ sin 2 r)c) . 


and the angle ri = tt/ 2 - 
tain for the heat flows 


where 


0 . After simple manipulation, we ob- 


9 _ Ax c 
q ° ' 


(XIV-6-9) 
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(XIV-6-10) 
(XIV-6-11) 




l 


) Sin2 P c + Ace -ML ](2 Pe) } 

1 ) sin 4 p, sin2 Pc T -1 


1/2 


kco M* 


C " r A*on ML 


] Ctgp c . 


The function D that appears in the last expression is de¬ 
termined from (XIV-6-3) for n = n . The dimensionless quantity 

x c in (XIV-6-9) is equal to x^R^ . It must be remembered that 

the relation is valid only on the cone, i.e., for x q >_ cot B c - 

On the basis of the above formulas, we can calculate the 
heat-flow distribution in the extreme case with M a °°. The cor¬ 
responding relationships for the functions A(B C ) and B(B C ) become 


.1 (p c ) - sinp c — Pc) 1/2 ; 


(XIV-6-10') 
(XIV-6-11') 


These formulas can be used in practical cases if M m sin B Q >> 7586 

>> 1. Figure XIV-6-7 shows curves plotted by the formulas 
(XIV-6-9)-(XIV-6-ll) for a strongly cooled surface (T wl << Tg). 

It also shows results calculated by (XIV-4-3) for the surface of 
the equivalent sharp^cone, on which the velocity is computed by 
the expression V Q = XR b n c . 



Figure XIV-6-7. Distribu¬ 
tion of Heat Flow Along Sur¬ 
face of Blunted Cone (Lami¬ 
nar Boundary Layer). T^/T^ < 

< 1: T . ■ const; M sin B >> 

5 Wl 5 00 *c 

>> 1; 1) according to (XIV- 
4-3); 2) according to (XIV-6-9). 



Figure XIV-6-8. Lami¬ 
nar Heat Transfer Param¬ 
eter. 


806 






We see from Fig. XIV-6-7 that for angles = 30 and 40°, 

the heat-flow distributions on the blunt and equivalent sharp 
cones are practically the same, while those on the surfaces of 
slender blunt bodies are smaller than on the surfaces of the cor¬ 
responding equivalent cones. 

Analysis of (XIV-6-9) indicates that the heat flow on sur¬ 
face areas downstream of the critical point is approximately pro¬ 
portional to x 1/2 . It has therefore become possible tointro- 
duce as a heat-transfer parameter the quantity (q/q Q )/x/R^, which 

depends on the local surface inclination angle $ and Using 

the corresponding calculated curve in Fig. XIV-6-8, we can quite 
easily determine the heat flow both on the surface of the blunt 
nose and on the peripheral zones. The results obtained from Fig. 
XIV-6-8 are better for surface regions near the nose. 

Influence of dissipation of low-velocity profile. The rela¬ 
tionships given above and the conclusions drawn pertain to the 
case in which dissipation of the low-velocity profile is not taken 
into account. The presence of dissociation reduces the effect 
blimtness, and this is manifested in increased heat flows. 
However, this effect is important for distant areas of the surface 
on which the heat flow increases to the value corresponding to the 
sharp cone. The heat flow near the nose will be close to the re¬ 
sult of calculation. 

The dissipation effect can be estimated by plotting the heat 
flows calculated for the blunt body near its nose and for the 
sharp body far from the nose and then drawing an interpolation 
curve over a certain assigned length. This length must be taken 
longer for the lower atmosphere than for rarefied layers. 

Heat flows on cylindrical surface. When a spherical nose 
terminates in a cylindrical section, the heat-flow distribution 
can be calculated by Formulas (XIV-4-1) and (XIV-4-2) if on this 
section p/pj = (kJYI^) 1 , V^ = O.SAR^tt, i.e., when the parameters 

are taken the same as at the end of the sphere, where n =tt/2. 

Since r = = const on the cylinder. Expression (XIV-4-1) for 

the heat flows becomes 


90 


71 





T 


A-*, M* 



(XIV-6-12) 


where x^ = x^/R^, and x^ is measured from the beginning of the 
cylindrical segment. The function D is determined by For¬ 

mula (XIV-6-3), in which the angle p is set equal to tt/2 : 


7587 


807 



(XIV-6-13) 


D 

11 


51 

2 


«* , * / 3 

4 ^ A-co A1*, V 4 



If we substitute p/pj * p 5 u g /(pJyJ) in Formula (XIV—4-2), 

determine the heat flow q 0 at the critical point from Expression 
(XIV-5-1), and examine remote enough points on the cylinder, for 
which x c >> 1, we arrive at the relation 


g = 0.27 Pr _2/3 t r j/" 


(XIV-6-14) 


which, for the equivalent velocity u^ = O^XR^ir, is the same as 

the formula for the heat flow on a flat plate. At small M a , the 
velocity u^ makes a close approach to , and in this case For¬ 
mula (XIV-6-14) agrees exactly with the formula for the plate. 

Experimental studies indicate that heat flows near the 
plate values are reached on the cylinder even somewhat earlier 
than would be indicated by the theory, practically at the seam. 
If we assume Pr = 0.71, the heat-transfer parameter according 
to Formula (XIV-6-14) in the present case with u^ - is 


St y Re = 0.34, 


(XIV-6-15) 


which agrees with the value for an incompressible medium. 

Calculation of heat flow to wall with arbitrary temperature. 

As we have noted. Relation (XIV-4-1) was derived for constancy of 
the product py across the boundary layer and does not take account 
of a pressure gradient. This assumption is correct if the wall 
is strongly cooled. Otherwise, it is necessary to reckon with 
a variable parameter py, and the heat transfer will also depend 
on the parameter 8, which is determined by the pressure gradient: 


p= -2 JL ( \ p 6 V 6 r*dx) Ig- ( p 6 Vlr *)-». (XIV-6-16 ) 


Research has shown that the ratio of the specific heat flow 
at an arbitrary surface point to its value at the total-stagna¬ 
tion point is determined in this case by the expression 


? _ poyaiy gwi 
90 2 KxpJniX *wio 


(XIV-6-17) 
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where 


x= J payaVV 2 dx. 
o 

The ratio 

4 ” j= 0-937 (1- Pwl ) _ ( 1 + 0.096 ]/B). (XIV-6-18) 

CiO 1 —gwio v * r/ 

The specific heat flow q 0 at the total stagnation point is deter¬ 
mined from Formula (XIV-5-2). 

Influence of vorticity. In 

our discussion of heat transfer 
at the critical point, we noted 
that the influence of vorticity 
is manifested in increased heat 
transfer. The same phenomenon is 
also observed at any other point 
on the surface. 

Figure XIV-6-9 shows results 
of a study of the vorticity effect 
under various conditions. With 
these curves and values of the 
heat transfer at the critical point, 
we can construct a tentative curve 
for given specific conditions and 
estimate the heat flow q v with con¬ 
sideration of the vorticity effect 
at an arbitrary surface point. 

Influence of diffusion. Rela¬ 
tionships similar to those used in 
heat flows can be used to improve the 
calculations with consideration of the diffusion effect. Research 
has shown that one of these relationships might be the expression 

? ? c |^1 + (Lef* — 1) -|s.] , (XIV-6-19) 



Figure XIV-6-9. Influence 
of Flow Vorticity on Heat 
Transfer at Arbitrary 
Point of Spherical Sur¬ 
face: 1) H = 60 km; = 

= 20; Re = p^/TyyJ = 

=1470; k = 1.4; R fe = 0.6 

m; 2) T£ = 2900°K; Re = 

= 1000, = 8; 3) TJ = 

= 2000°K; Re = 3570; 

M =8. 

oo 


analysis of critical-point 


where q , the heat flow without consideration of diffusion at an 
c 

arbItrary surface point, is calculated in the general case by 
Formula (XIV-6-17). The exponent $ depends on flow conditions 
in the boundary layer. 

It was shown earlier that this exponent g =_2/3 at the 
critical point for "frozen" dissociation, while g = 0.52 for the 
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equilibrium process. No exact data on 3 are available for peri¬ 
pheral regions of the__surface. Approximate calculations indi¬ 
cate that we can set 3 = 2/3 in the case of "frozen" flow for a 
strongly cooled flat plate. Comparing the_data for the critical 
point and the plate, we can try the value 3 = 2/3 for evaluation 
of the diffusion effect on heat transfer to remote surface areas 
of a solid of revolution. Here the expression in brackets in 
(XIV-6-19) can be interpreted as a correction for diffusion ap¬ 
plied to the coefficient of friction. Therefore, 

Cf = c, o[l + (LeP—1)'-^-] , (XIV-6-20) 


where c f0 is the coefficient of friction without allowance for 
diffusion. 

Heat Transfer A cros s Turbulent Bou nda ry Layer 

Method of calculation. In practice, a certain part of the 
peripheral surface of a blunt body is washed by a turbulent bound¬ 
ary layer. On this part, therefore, heat transfer from the gas to 
the body increases significantly. By way of illustration. Fig. 
XIV-6-10 shows experimental results obtained on a cylinder with 
a spherical nose ([72], 1958, No. 12). We see that in the Re 
range from 4*10 5 to 6*10 5 , the laminar flow (region I) changes to 
turbulent (region II), and that heat transfer increases by almost 
five times in this process. 

The measurements showed that Formula (IV-8-38) can be used 
to calculate turbulent heat transfer with the Prandtl number of 
the laminar boundary layer, although this number will be dif¬ 
ferent in a turbulent flow. The surface-friction coefficient 
needed for calculations by Formula (IV-8-38) is assumed to be 
the same as for an incompressible fluid in the case of a strongly 
cooled surface, and is found for the parameters on the outer 
edge of the layer on the assumption that the sectionwise 
velocity distribution in the boundary layer is subject to the 
seventh-root law. 

If the wall is cooled weakly, it is better to use the deter¬ 
mining parameters in calculating heat transfer and, consequently, 
friction. Here the external form of the relationships used re¬ 
mains the same as for the incompressible medium. 

On a curvilinear surface with a turbulent boundary layer, 
the following formula can be used to calculate the heat transfer 
at moderate supersonic speeds in the neighborhood of the sphere 
critical point, where the velocity distribution is subject to the 
law V^ = Ax: 
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Nu 


q = 0.042 Pr-2/3 A. 4/5 p£ /5 jji /5 x 3/5 Cp (r r — TVi). 



Figure XIV-6-10. Heat 
Transfer on Cylinder with 
Spherical Nose Section as 
a Function of Reynolds 
Number. 

P& V 6 X 


Hex = 


Nu 


H ' Pr **&<*,. 


Pr= 0.72 


boundary layer to the maximum 
stagnation point is 


(XIV-6-21) 


At comparatively low Reynolds 
numbers, the boundary layer is 
fully laminar and the distribu¬ 
tion of specific heat transfer is 
characterized by a maximum of 
at the stagnation point. At high 
Reynolds numbers, when the bound¬ 
ary layer is turbulized at a cer¬ 
tain distance from the stagnation 
point, we observe a second peak of 
the heat-transfer rate near the 
point of passage through the speed 
of sound. Research has shown [ 78 ] 
that for a relatively cold hemi¬ 
spherical nose section in hyper¬ 
sonic flow with Pr = Le = 1, the 
ratio of the maximum specific heat 
transfer q .at the sonic tran- 

sition point for the turbulent 

specific heat flow q , at the 
^ max 1 


j7max t 
4max 1 


21.1 (/? bPoo )3/i0, 


(XIV-6-22) 


where R^ is in meters and the density has the dimensions kg'sVm 1 * 

and is taken for the appropriate height in the atmosphere. The 

value of q = q 0 is calculated by (XIV-5-4). 

max x 

Influence of diffusion. We may expect the heat-transfer 
mechanism governed by diffusion to be similar to that observed 
in a fully laminar boundary layer. On this basis, we can use 
(XIV-6-19), which proceeds from laminar heat transfer theory. 

8 

According to experimental data, Le p -1 is put at about 0.4 in 
this relationship. Accordingly, the relation for calculation of 
heat transfer on the blunted surface takes the form 


q- q c (i-10.4^) . (XIV-6-23) 


The theory of flow around a flat plate yields useful infor¬ 
mation on heat transfer at a blunt surface with a small longi¬ 
tudinal pressure gradient. One of the relationships for the 
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plate, extended to a surface of 
revolution, takes the form 



Figure XIV-6-11. Parameter 
Allowing for Influence of 
Local Pressure Gradient 
and Body Geometry on 
Critical Reynolds Number. 




.Wr-M-f [2 (-rSf)'"- 

l] [i + (L#-1)-3l] (L-U. 


(XIV-6-24) 


(for a cone A = VS', for a cylin¬ 
der A « 1). 

If we proceed from Formula 

(XIV-6-19), we must set Le^ - 1 
equal to 0.4 and calculate q^ from 

the expression 


q t ,Ap a r,Pr-2/3fZA[ 2 (^J-) 1/7 -l](tV-i w i)- 


(XIV-6-25) 


The dissociation enthalpy, which appears in (XIV-6-24), is 
calculated for an atomic-molecular mixture of nitrogen and oxygen 
for degrees of dissociation a w -^ 0 a.t the wall by the formula 

2 C cw iM.Rc 

= —«wi) " --Sr - r ---r—• (XIV-6-26) 

. v c c 6 C c wl / 

fe=(!,JV 


The calculations are simpler for a strongly cooled surface, 
since a w i = c c wt = 0. Moreover, i wl << i r , so that the influence of 

the enthalpy of the gas at the wall can be disregarded. 

Heat transfer on a blunted nose section. Under certain con¬ 
ditions, a turbulent boundary layer forms on the surface of a 
blunt nose. The point of transition from laminar to turbulent 
flow can be determined if we know the critical Reynolds number. 
Under these conditions, it is preferable to calculate this num¬ 
ber for the momentum thickness 6**, i.e., to assume that 


Re. 




Experimental studies made on a series of blunt surfaces in 
the form of ellipsoids of revolution (including a hemisphere) 
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gave the critical Reynolds number as 


Re clr 



(XIV-6-27) 


where the dimensions of b_, the length of the ellipse semiaxis, are 
in meters, and velocity is in m/s. The parameter ip depends on 
the position of the point being considered on the surface of'the 
body and on the shape of this surface. For example, ip can be 
determined from Fig. XIV-6-11 for an ellipsoid. 

The momentum thickness for which the critical Reynolds /591 

number is determined is calculated by the formula 

6*. VpL [o.491 (1 —O.OOp 0,4 ) (-Mi-) 0 - 39 ] , (XIV-6-28 ) 

L ' PwlPw! / J 


where the function e is given by the formula e = ^ paF 4 |i a /- 2 dx, and the 

o 

coefficient 3 is determined from the expression 


q ^ ^ In 

dine * 



Figure XIV-6-12. Mo¬ 
mentum Thickness on 
Blunt Surfaces with 
Various Degrees of 
Cooling. 1) i 0 /i wl = 

= 29.5, M = 2.5; 2) 

- 57.5. M„ = 

= 2.2; 3) i./i Kl - 

= 9.5. - 1.8; 4) 

ellipsoid of revolution: 
i„/i , = 17.5, M = 2.2. 

0 wl 5 oo 



Figure XIV-6-13. Varia¬ 
tion of Critical Rey¬ 
nolds Number Along Sur¬ 
face of Cone (the Char¬ 
acteristic Length is the 
Momentum Thickness). 


We see from (.XIV-6-28) that 
the momentum thickness depends on 
the amount of wall cooling. This 
is confirmed by experimental re¬ 
sults obtained on a cylindrical 
body with a hemispherical nose 
(Fig. XIV-6-12). 
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Having determined Re and 6**, 
we can find the coordinate of the 
transition point, behind which the 
heat-transfer processes will be 
determined by the turbulent flow 
region in the boundary layer. 

Here the critical Reynolds number 
can be found with the experimental 
curve in Fig. XIV-6-13, which was 
obtained for a spherical nose with 
an attached 30-degree cone. The 
data of this curve correspond to 
a very strongly cooled wall. The 
critical Reynolds * number depends 
strongly on the degree to which 
wall temperature is reduced. The 
influence of degree of cooling on 
Re can be evaluated from Fig. 

XIV-6-14, which shows experimental 
data for a cylinder with a hemi¬ 
spherical nose. The curves in this 
figure can be used not only for the 
curvilinear surface of the nose, but also for its periphery. The 
corresponding relationship between R e cr and the cooling parameter 

io/i w -j_ is presented more palpably in graphical form in Fig. 

XIV-6-15. 

The turbulent heat transfer that occurs behind the transi¬ 
tional zone must be calculated with consideration of the prior 
history of the boundary layer, i.e., with consideration of the 
processes that take place upstream in the layer. The correspond¬ 
ing working relationship is similar to the formula for laminar 
heat transfer and takes the form 



Figure XIV-6-14. Critical 
Reynolds Number on Cooled 
Surface. 1) i 0 /i wl = 9.5; 

M ro = 1.8; 2) i 0 /i wl = 

= 17.5; M m = 2.2; 3) 
i o/1 wl = 29 * 5; M °° = 2 ' 5; 
4) ellipsoid of revolu¬ 
tion: i 0 /i wl = 17.5; M ra = 

= '2.2; Re cr = P 6 V 6 S**/u 6 . 


Nu 


Hu* 75 


0.02<) Pr </3 (p 5 P s) V4 1/4 /r 2/5 

[ § pi's kps) 5/4 dx J 1/5 
0 


(XIV-6-29) 


where the Nusselt number 


Nu 


? c pr^b 
('r —'wit 


(XIV-6-30) 


Re is given by the formula 
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Figure XIV-6-15. Varia¬ 
tion of Critical Reynolds 
Number as a Function of 
Degree of Cooling. 1) 
cylinder with sphere, 
x/R^ = 2.4-3.2; 2) cylin¬ 
der with ellipsoid, x/R. = 
2 . 0 - 3 . 0 . 


Nu 



Figure XIV-6-16. Distri¬ 
bution of Turbulent Heat 
Transfer P.arameter. o) 
experiment. 


Rc-::R 0 /4 /2 ; Re = — - . (XIV-6-31) 


The density, dynamic-viscosity-coefficient, and velocity 
ratios are defined thus: 


p = 


P6 

Pr 


Ro 


__ Pa . 


V 6 



The parameter that appears in (XIV-6-29) is 


h T = 


Po 

Pr»r 


(XIV-6-32) 


(XIV-6-33) 


All quantities with the subscript r correspond to the re¬ 
covery enthalpy (temperature) and can be calculated with a cer¬ 
tain approximation for stagnation conditions. The linear dimen¬ 
sionless parameters in this formula are referred to the sphere of 

radius R . 

b 

As we see from (XIV-6-29), integration begins with the con¬ 
ditions at the critical point, where x = 0. Here the value 
sought for the heat-transfer parameter will correspond to the 
surface zones (or x-values), that lie behind the point of transi¬ 
tion from laminar to turbulent flow. Figure XIV-6-16 presents 
experimental data and (dashed curve) the results of calculation 
of the turbulent heat transfer parameter by (XIV-6-29). With the 
exception of the transitional region, the theoretical results 
agree satisfactorily with experiment. 
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to 48 46 46 02 . 0 


Figure XIV-6-17. Param¬ 
eter Accounting for In¬ 
fluence of Pressure 
Gradient and Body Shape 
on Heat Transfer. 

is disregarded, the formulas for 
be used in the form 


Having computed the heat 
flow, we can determine the 
local coefficient of turbulent 
friction by using the equation 
that expresses the Reynolds 
analogy: 


q - Pi-2/3 p& v 6 ( i r - 7 wl ) Six. . (XIV-6 - 3b ) 


Studies indicate that heat 
transfer can be calculated on 
the basis of relationships de¬ 
rived for a thin plate, which, 
as we know, do not consider the 
longitudinal pressure gradient. 
If, moreover, the effect of 
diffusion in the boundary layer 
the heat-exchange parameter can 


or 


flu 0.029 Pr 1/3 / p 6 V 6 x \4/5 jlj 
Re 4/5 h 2,i ' po f x 


(XIV-6-35) 


Nu» = NuLe =1> C=1 = 0.029 Re*/ 5 Pr»/a. 


(XIV-6-36) 


The results of calculation by (XIV-6-35) are represented by 
the solid line in Fig. XIV-6-16. Somewhat higher accuracy is ob¬ 
tained if the calculation is made for the determining enthalpy. 
The latter can be improved by using, instead of (IV-8-7), the 
expression 


i* = 0,5i wl + 0.22 Pr 1/3 t r + i b (0.5 -0.22 Pr^ 3 ), (XIV-6-37) 


in which the Prandtl number appears in explicit form. The deter¬ 
mining parameters corresponding to this enthalpy are part, for 
example, of the Reynolds and Nusselt numbers: 


Re x 


P*V«* 

R* 


Nu 


g c p x 

(*r —'wi) 


(XIV- 6 - 38 ) 
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Further refinement of the above formulas involves considera¬ 
tion of the longitudinal pressure gradient and diffusion. This 
should be done with the semiempirical relation 


Nil® 


9he ^6— t - = 1-037G (x) [l 4- (LeP-1) 


——1 .(XIV-6-39 ) 

•r-lwlJ 


The coefficient G(x) takes account of the local pressure 
gradient. As we see from the diagram in Fig. XIV-6-17, G(x) de¬ 
pends on the pressure ratio at the particular point of the sur¬ 
face and on the shape of this surface. The expression in brack¬ 
ets is the correction for diffusion. Experimental data indicate 

O 

that Le p - 1 can be set equal to 0.58 in this expression. 

§XIV-7• COMPARISON OF FRICTION AND HEAT FLOWS ON SHARP AND BLUNT 
CONES 

Cone and spherical nose. By way of evaluating the effect of 
bluntness on total heat flow, it is interesting to determine first 
the difference between the heat flows on a blunt cone and the cor¬ 
responding spherical nose (Fig. XIV-7-1). Let us consider laminar 
heat transfer [50]. 



The total of this heat trans¬ 
fer on a sharp cone is determined 
by Formula (XIV-4-5). The heat 
flow on the surface of the corre¬ 
sponding inscribed spherical seg¬ 
ment can be calculated by the for¬ 
mula 


<? s P 


’Ic 

0,5S sp .q 0 § sin 11 dri, 


Figure XIV-7-1. Compari¬ 
son of Heat Flows for 
Spherical and Conical 
Noses (Laminar Boundary 
Layer). 1) 3„ = 20°; 2) 

3 = 10°. c 


where the ratio q/q 0 is taken from 
Formulas (XIV-6-1) or (XIV-6-6) and 
the area of the spherical segment 
is 


S ep = 43t/?b = 4nz* tg 2 p c . 


The integral upper limit n Q 

flow conditions or, which is the 
eters M^, T wl /T fi , 3 C , and x fe , we 

heat flows on the sphere and the 


= tt/ 2 - 3 . Assigning various 
c 

same thing, the system of par aim 
can determine the ratio of the 

cone, i.e., Q__/Q_• Figure 
s p c 
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XIV-7-1 presents some of the results of these calculations, which 
were made for cones with semiapex angles B c = 10 and 20° for a 

surface cooled to the free-stream temperature. It follows from 
these results that the heat flows are smaller for a spherical 
nose than for a cone. 

Conical body with sharp and blunt noses. If the boundary 
layers on the blunted and sharp conical surfaces are of the same 
type, the friction and heat-transfer values on the two surfaces 
will not differ substantially. For example, calculations indi¬ 
cate that the decrease in heat transfer on a blunt cone is no 
more than 5 %. 

A substantial advantage of the blunt surface makes its ap¬ 
pearance when most of it is covered with a laminar layer, in con¬ 
trast to the sharpened body, on which the boundary layer is tur¬ 
bulent . 

To satisfy ourselves of the above, let us examine the rela¬ 
tionships between the coefficients of friction and heat transfer 
for sharp and blunt cones. According to the formulas for the 
local coefficients of friction, their ratio is 


c i b 

C !c 


A 

A 


, pl 

<7b 


c pl 

C fc 


where A fe = /J, A c = ¥ 3 . 
Then 


^ -- 10 
C fc 



1/2 Re-3/iO. 


(XIV-7-1) 


(XIV-7-2) 


To evaluate the effect of bluntness on the average coeffi¬ 
cient of friction, it is necessary to substitute 25.6 for the 
coefficient 16 in (XIV-7-2). As we see, we must first find the 
Reynolds numbers for given points on the blunted and sharp coni¬ 
cal surfaces in order to use this formula. 

To gain an idea of the order of magnitude of the decrease 
in friction, we can assign certain expected values to these num¬ 
bers. If, for example, we assume that Re c = 10 10 on a sharp cone 

and Re^ = Re c /25 on a blunt cone, the laminar local and average 

friction coefficients on the blunt surface will decrease from 
their values for the turbulent boundary layer by factors of 12 
and 7.5, respectively. 
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Formula (XIV-7-2) can also be used to evaluate the decrease 
In heat transfer to the blunt surface if we attach to it a rela¬ 
tion reflecting the Reynolds analogy. To simplify, we may as¬ 
sume here with some approximation that the Prandtl numbers of 
the two bodies are the same. Then if i ^ << i^, the heat-flow 
ratio is 


_Zb_ ^ 16 ( *'* Re -8/l 0 Jfb. 

g c \ He q / (it tj c 


Ll b 

Tr c 


(XIV-7-3) 


Assuming that the last two ratios in the right member vary 
little, we can calculate the dynamic viscosity coefficient by 
(III-1-3) and Re b /Re c by (IV-10-2), and set n = 3/4 to obtain 

a simpler relation for the ratio of local heat flows on the blunt 
and sharp cones: 





Re£ 3/10 . 


(XIV-7-3’) 


The coefficient 16 must be replaced by 25.6 in evaluating 
the ratio of average heat flows. In accordance with (XIV-7-3'), 
the heat flows may decrease substantially on the blunt body. For 
example, on a 10-degree cone with = 20, = 3 and Re^ = 10 6 , 

the local heat flow decreases by a factor of 17 > and the average 
flow by a factor of 11. Experimental investigations indicate 
that the decrease is actually not as great. This is explained 
basically by the fact that turbulization intervenes before the 
calculated critical Reynolds number is reached, and the turbulent 
boundary layer covers a substantial part of the surface, on which 
the heat flow remains practically the same as on the sharp cone. 

Experimental studies indicate that the coefficient of tur¬ 
bulent heat transfer at low flow velocities around a cone [46] 
is 


a = 


*?wl 

T r T wl 


= 0.022 R e o- 8 P<>- 33 , 


(XIV-7-4) 


where 3 c is the cone angle in radians and x is the distance from 

the nose along the generatrix to the point at which the heat 
transfer is determined: Re = V x/v . 

3 X OO CO 

Applying (XIV-7-4), we can use (VI-4-6) to determine the 
temperature of a thin skin at a given time in flight. 
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§XIV-8. VISCOSITY EFFECT ON EXTERNAL FLOW AROUND A BLUNT BODY 


Evaluation of viscous-interaction effect. In studying the 

influence of viscosity on the parameters of the external (invis- 

cid) flow, and on the static pressure distribution in particular, 

it is necessary to consider the role of bluntness in shaping the 

boundary layer. It has been established that if the Reynolds 

number calculated from the nose diameter D, by the formula Re n = 

d 

= V^p^D^/p^ is large enough, the effect of pressure in the invis- 

cid flow at a blunt nose becomes dominant, and it is its magni¬ 
tude and distribution that determine the development of the bound¬ 
ary layer. 

The back effect of the boundary layer on the external flow 
is minor. However, this influence becomes stronger with in¬ 
creasing distance from the nose as a result of the increase in 
boundary-layer thickness. For example, the increase in layer 
thickness may increase pressure substantially, and this, in turn, 
influences the boundary-layer variables. Studies have shown that 
for solids of revolution, the distance L from the blunt nose at 
which the additional drag due to the pressure increase in viscous 
interaction becomes commensurate with the bluntness drag is deter¬ 
mined by the formula 


L 


A, 


R<Vi 

"ML 


(XIV-8-1) 


where b is a certain coefficient that depends on flow conditions. 

As a result of experimental wind-tunnel studies on a heat- 
insulated cylindrical surface (T = T ) at M ot = 15 it has been 

found that b is approximately two. 

Viscosity has considerably weaker influence under free-stream 
conditions, at which the temperature is substantially lower than 
the recovery temperature; as a result, the boundary layer is thin¬ 
ner than on a heat-insulated wall. For example, b - 20 at T ^ = 

= 5T M and M ro = 15. 

Thus, the effect of the viscous interaction depends on the 
thermal regime of the wall and on and Re D . By way of example, 

D 

let us evaluate this interaction on the surface of a sphere with 
- 1 m for flight at an altitude of the order of 82-83 km at a 

velocity M =15. Calculations with these data give Re n = 2640. 

co u h 

For a heat-insulated wall (b = 2), therefore. Formula (XIV-8-1) 
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gives L/D b = 23, while in the free stream (b = 20) at a wall tem¬ 
perature T wl = 51 ^, this figure will be ten times larger, i.e., 
L/D b =230. 

As we see, the viscosity effect can be disregarded at the 
selected Re n for shorter real bodies, i.e., with length ratios 
b 

L/D b smaller than those found in the example. With decreasing 

Re n or increasing M^, however, the calculated L/D b may be 
b 

smaller than the length ratio of the real body, and the viscous 

interaction will have substantial influence. For example, with 

Re~ = 225, M = 15 and T = T ,, the value of L/D, =2. In this 
D. 5 00 r wl* b 

b 

case, the additional nose drag due to the pressure increase asso¬ 
ciated with increasing boundary layer thickness becomes commensu¬ 
rate with the drag of the nose near the bluntness at a length L = 

= 2D, . These recommendations for calculation of the viscous in- 
b 

teraction apply only for large Re~ and become doubtful for small 

U b 

values of this number. At the present time, it is difficult to 
state the exact limit of applicability of the theory of this in¬ 
teraction in terms of a certain limiting Re n . Isolated data 

b 

indicate that Re n - 10 2 might be used as a tentative lower limit. 

D 

"Effective" shape of body. Allowing for the effect of 
viscous interaction on the external-flow parameters consists in 
calculating the inviscid-flow about a body with an "effective" 
shape obtained by shifting the contour of the given body by an 
amount equal to the boundary-layer displacement thickness. If 
we consider distant zones of the body, where the longitudinal 
pressure gradient is small, the displacement thickness can be 
calculated with a certain approximation on the basis of the theory 
of boundary layer near a plate, by use of the Mangier transforma¬ 
tion . 

The generalized formula for the displacement thickness of a 
laminar boundary layer takes the form 

= (XIV-8-2) 

N iN 2 x 

A and n are given in Table VI-1-1. The coefficient Nj = 8/3 for 
a laminary boundary layer and N x = 8 for a turbulent one. The 
coefficient N 2 = 1 for a cylinder in flow with either a laminar 
or a turbulent boundary layer. For a conical surface, it takes 
various values: in the case of a laminar boundary layer N z = /3, 
while for a turbulent one N 2 = flJ. In Formula (XIV-8-2), Re x 

should be calculated for the equivalent velocity computed with 
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the bluntness taken into account. For spherically blunted body, 

this velocity is equal to the velocity at the end of the nose, 

V, = k n , where n = tt 2 - 3 for a cone and n = ir/2 for a 
o b c 5 c c c 

cylinder. The viscosity and density for which Re x is calculated 

are found for a hot, e.g., heat-insulated, wall from the deter¬ 
mining temperature, and for a strongly cooled surface (T ^ << T^) 

they are assumed the same as at the outer edge of the boundary 
layer, i.e., are calculated as inviscid-flow parameters with the 
bluntness taken into account. The length x can be reckoned along 
the curvilinear generatrix of the nose from the stagnation point. 

In practical calculations, Re x can be calculated by 
(IV-10-2) or found from the curves in Fig. IV-10-2. 

To illustrate application of (XIV-8-2), let us consider cal¬ 
culation of the displacement thickness for a spherically (R^ = 

= 0.25 m) blunted cone with the angle 3 C = 10° and a cylinder 

10 m long with a strongly cooled wall. We shall take the same 
flight conditions as in the example given above (M^ = 15, H = 

= 30 m). For a sharp cone 10 m long. Re = 9*10 7 , and the cor¬ 
responding Reynolds number calculated for the cylinder from the 
undisturbed parameters is Re = 5.28•10 7 . This cylinder can be 
regarded as a sharp cone with zero generatrix inclination angle. 

The Reynolds numbers obtained are above critical, so that 
the boundary layer will be turbulent on the sharp surfaces. 

Since bluntness lowers the Reynolds number on the cone by a fac¬ 
tor of 30 and on a cylinder by a factor of 48, the boundary 
layer is laminarized over practically the entire length and, con¬ 
sequently, (XIV-8-2) can be used. Substituting the smaller 
Reynolds number into it, we obtain <5* = 7.2 mm at the end of the 
cone and 6* = 20.7 mm at the end of the cylinder. The influ¬ 
ence of viscosity will be stronger for turbulent flow. Calcula¬ 
tions give 6* = 18.7 mm for the cone and 6* = 29.3 mm for the 
cylinder. 

The change in 6* for a heat-insulated wall is larger than 
for a cooled wall. Calculations indicate that the determining 
temperature will be approximately 10 times smaller than at the 
outer boundary. Considering the variation of p and p with 
temperature, therefore, the Reynolds number found for the deter¬ 
mining parameters is 50 times smaller. Accordingly, the dis¬ 
placement thickness is increased by a factor of about 7 for a 
laminar boundary layer and by a factor of 2.2 for a turbulent 
one. A substantial increase in displacement thickness is asso¬ 
ciated with a decrease in the local Reynolds numbers. Thus, 
blunting of the body, increase in flight altitude, and an in¬ 
crease in the average boundary-layer temperature are all factors 
contributing to change in the "effective" shape. 
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Figure XIV-8-1. Influence 
of Boundary Layer on Pres¬ 
sure Distribution. 1) in- 
viscid flow; 2) with con¬ 
sideration of boundary- 
layer effect; M m = 18.4; 

Re - V^L/v^ = 3•3*10 5 . 


After the "effective" shape of 
the body has been determined by 
shifting the contour by <5* in the 
direction of the normal, the pres¬ 
sure distribution and other "in- 
viscid" parameters are calculated 
for this new shape. One of the 
characteristics of the new shape, 
e.g., for a cone, is its "effec¬ 
tive" angle, which can be found 
approximately by the formula g® = 

= g c + S*/L, where 6* is the con¬ 
ventional thickness at the given 
generatrix length L. If, on the 
other hand, a cylinder is given, 
a cone whose angle is <5*/L can be 
regarded as its "effective" shape. 


Definition of the "effective" shape of a cone or cylinder 
as a modified surface of revolution with a curvilinear genera¬ 
trix is more accurate. The "effective" curvilinear contour is 
also preserved when the body in the flow has a given curvilinear 
contour. 


Pressure can be calculated for the "effective" curvilinear 
surfaces thus obtained by use of the Newton formula p = 

= p Q sin 2 g e , in which the angle g e = g c + arc tan (d6*/dx) for 

a cone is determined by the inclination of the "effective" gene¬ 
ratrix to the free-stream velocity vector. 


TABLE XIV-8-1. DRAG OF BLUNT CONE 


___— 

.. 

■ • - 


- —- 

-- 

Drag coefficient 

. Absolute 

P ercent 

Drag coefficient 

Absolute 

Percent 

and its components 

value 


and its components 

value 


C x 

0 . loot) 

100 

A c.xpp 

0.0069 

5,3 

Cxp 

c xf 

c Xwke 

0.0427 

32. 9 

A c x/l > 

0.0037 

2.8 

o. (m« 
0.0061 

19.5 

4.7 

& c xf c 

0.0003 

4.8 


For zones of the body far enough from the blunting. Formula 
(XIV-8-2) can be used to calculate the increment Ag = arc tan 
(d6*/dx) in the inclination angle of the contour that results 
from the displacement-thickness effect. Differentiating with 
respect to x. 


db* 

dx 




Re£. 


(XIV-8-3) 


i 

i i 
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a) 



Figure XIV-8-2. Aerodynamic Characteristics of a Cone with 
Small Spherical Bluntness (3 c = 8°, R b /^ bse = 0-035). 


For a slender body, the "effective" contour inclination 

angle g e = 3 + dS*/dx. Figure XIV-8-1 shows the influence of 

c 

the boundary layer on pressure distribution in the example of a 
helium flow over the surface of a power-law solid of revolution. 
The substantial increase in pressure due to the viscous inter¬ 
action is explained by the very large M ro , the comparatively small 
Re, and the presence of a heat-insulated surface. 

Drag is increased not only by an increase in free-stream 
pressure, but also by an increase in the friction governed by 
the influence of induced pressure on the boundary layer. As a 
result, the over-all drag coefficient will be determined by the 
relation 


C x ~ C xp + C X] + Cjiwke + & c xpp + &Cxfp + 


where c , c _ and c , are the coefficients of pressure drag, 
xp ’ xf x wke 

friction drag, and the drag in question, respectively, calculated 
without consideration of viscous interaction and Ac sp p and Ac X fp 

are the coefficients of the additional drags caused by the changes 
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in pressure and friction, respectively, as a result of the vis¬ 
cous interaction. 

The coefficient ^ C X |> C characterizes the change in friction 

drag due to the transverse curvature of the body. Table XIV-8-1 
lists calculated results for the components of the drag coeffi¬ 
cient of a spherically blunted cone with the angle S c = 8° and 

the degree of blunting R b/ r wke = 0.035 for the conditions = 

= 15-3 and Re = V oo R b /v oo = 8.4-10* ([70], 1964, No. 11). 

The over-all c x given in Table XIV-8-1 agrees well with the 
experimental value c x = 0.1290. Analysis of the total-drag com¬ 
ponents indicate that the drags c X p + c^ + c x wke , calculated 

without consideration of the viscous interaction, make up most 
of it ( 87 . 1 $). The additional drag components due to the viscous 
interaction and the transverse curvature of the surface can be 
estimated in practical cases on the basis of the data in Table 
XIV-8-1. 

Figure XIV-8-2 presents experimental data on the aerody¬ 
namic coefficients for a cone with a slight spherical bluntness 
(8 c = 8°, R b / r wke = 0.035) for various hypersonic M n . These data 

were obtained with consideration of viscous interaction. The 
frontal-drag coefficient varies as a square-law function of at¬ 
tack angle and increases with M ot . The static derivatives c“ m“ 

«y ^ 

and the center of pressure coefficient c = x /x, can be re- 

c . p c . p b 

garded as independent of attack angle and Mach number. 
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Part Four 
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AERODYNAMIC CHARACTERISTICS OF THE FLIGHT VEHICLE 
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Chapter XV 


/603 


STEADY-STATE FLOW 


§XV-1. CALCULATION OF AERODYNAMIC COEFFICIENTS WITH CONSIDERATION 
OF INTERFERENCE FOR A SLENDER BODY-WING COMBINATION 

General Definitions 

A solid of revolution or a body with some other geometrical 
shape used as a design element of a vehicle may be fitted with 
wings, tail, and control elements. 

The complex and still 
inadequately developed prob¬ 
lem of allowing for the inter¬ 
ference between the various 
elements of the vehicle arises 
in study of the aerodynamics 
of bodies in combination with' 
lifting, stabilizing, and con¬ 
trol surfaces. 


As a result of interfer¬ 
ence, the sum of the aerody¬ 
namic forces and moments taken 
separately for the (isolated) 
wing and body, tail and body, 
body, wing and tail, etc., is 
not equal to the complete force 
or moment of the combination 
consisting of the correspond¬ 
ing elements and forming a single whole (Fig. XV-1-1). Thus, when 
the individual elements - body, wings, tail, control surfaces - 
are combined into a single vehicle design, they lose, so to 
speak, their individual aerodynamic characteristics and acquire 
new ones as a result of interference. 

The over-all aerodynamic characteristics of a vehicle can be 
defined as the sum of these characteristics for the isolated com¬ 
ponent elements plus added amounts known as interference correc¬ 
tions . In the particular case examined below, the corrections 
arise from interference between a body and a wing. Accordingly, 
the normal force of the body-wing combination (Fig. XV-1-2) is 
presented in slender-body aerodynamic theory [51] in the form 


a) 


□ □ + d h + 


A 


b) 


^ d 


A 


o 




Figure XV-1-1. Scheme of Inter¬ 
ference Between Body and Wing 
and Tailplanes Mounted on it. 
a) isolated elements; b) ele¬ 
ments combined into one con¬ 
figuration . 


•Yb.wg - -f- jV W g -j- A.\ b j- AA r wg , 
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where the first two terms represent the normal forces for the iso¬ 
lated body and wing, respectively, AN^ is the additional normal 

force of the body that is governed by the wing, and AN is the 

W 

additional wing normal force due to' interference with the body. 

Let us introduce the nomenclature AN^ = and N wg + AN wg = 

= N ,, N (normal force of wing in presence of body). Then 
wg(b) 


A b.wg r A b -, • A b(wg) "i~ A wg(b) . 


(XV-1-1) 



Figure XV-1-2. Principal Parts 
of Wing-Body Combination (<j> = 

= 0, a b ? 0); 1) tail section; 

2) wing section; 3) nose sec¬ 
tion. 

is a wing consisting of the two 

According to Formulas (XV-1 
force of the body-wing combinati 


For convenience in the 
calculations, the last two 
terms in (XV-1-1) can be 
written 

AWb) --- ALg-Vwg; (XV-1-2) 
A’b(wg) A' b iV wg , (XV-1-3) 

where N is the normal force 
wg 

of the isolated wing and 

and K are interference coef- 
wg 

ficients. An isolated wing 
cantilevers joined together. 

2) and (XV-1-3), the normal 
n is 


A r b .wg = A r b + (K b -f- AT wg ) A T wg . 


(XV-1-4) 


In the presence of roll, an additional interference effect 
arises and changes the wing normal force. The normal-force in¬ 
crement is 


AA(yg — KyIV w g, 


(XV-1-5) 


where K, is the interference coefficient governed by the roll. 
<P 

The total normal force with roll is 


^b.wg = N b + (K b + 4- K q ) A wg . 


(XV-1-6) 
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The expression for the moment can be presented similarly. 
Thus, calculation of the reciprocal effect between the body and 
the wing involves determination of interference coefficients. 
The body normal force is 


N b = Kb.i A'wg. 


(XV-1-7) 


where K, , is a certain coefficient linking the normal forces of 
the isolated body and wing. Thus, 

JVb.w g =(* b .i +K b +K vie + K <r )N wf ,. (XV-1-8) 

Converting to the aerodynamic coefficients, we obtain 

W, wg = (K b .i +K b + K„ g + K„) c N „ e . (XV-1-8 ’ ) 

If we take a linear relation for normal force as a function 
of attack angle, then c N = c°ja and, consequently. 


M b.wg r : (Ab,i K b A wg -[- A qi) c,v, 


(XV-1-9) 


where the coefficients K should be regarded as ratios of the 

angle derivatives of the corresponding normal-force coefficients 

to the derivative c“ 

N wg 

Relationships for Aerodynamic Calculation with Consideration of 
Interference .~ 


Slender-body aerodynamic theory yields relationships for the 
aerodynamic characteristics of wing-body combinations with con¬ 
sideration of interference. The combination may be not only 
monoplane, consisting of a body with a pair of lifting canti¬ 
levers, but also cruciform, with two pairs. In defining the 
forces and moments, we shall use an x', y', z'-coordinate system 
(Pig. XV-1-2) whose axes coincide with the symmetry axes of the 
body at (J) = 0 and a b ^ 0, along with an x x , y x , Zj-system whose 

axes are bound to the body at all values of a b and <J>. Here the 

forces acting on the cantilevers in a roll (<f> ^ 0) are more con¬ 
veniently defined in the x 1 , y 15 Zj-system (Pig. XV-1-3). 

The cantilever hinge moment M h is calculated about an axis 

directed normal to the body's longitudinal axis, as the product. 
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of the normal forces and the cen¬ 
ter of pressure coordinate rec¬ 
koned from the nose of the canti¬ 
lever's root section. The moment 
can be converted to any other 
point by the usual methods. 

Interference of cruciform 
wing with body. Let us consider 
the most general case, in which 
a combination consisting of a 
cruciform wing and a body is in 
flow at an angle of attack a b and 


Figure XV-1-3. Coefficients 
of Forces and Moments Act¬ 
ing on Wing Halves and on 
Entire Wing-Body Combina¬ 
tion. 

the disturbed-flow potential 


= + * a + * 


3‘ 


The values 


banked at an angle <j> (Fig. 
XV-1-3). Investigation of the 
aerodynamic characteristics of 
such a combination and determina¬ 
tion of the interference inter¬ 
action between the wings and the 
body are based on presentation of 
function in the form of the sum <J> = 
of <p and cj>g represent the disturb¬ 


ance potentials for independent flows with velocities V^a and 


V B 


si ; 


i.e 


in the directions of the respective normals to the 


plane of the horizontal cantilevers with their half-span s(x) and 
the plane of the vertical cantilevers with half-span t(s). 


The potentials 


*a and *8 


are determined from the complex 


potentials W^ and W^, which, in turn, are found by conformal 

mapping of a circle on the o = £ + in plane into a circle with 
a pair of plane cantilevers on the £ = z 1 + iy x plane. This 
mapping is accomplished by the formula given in Table IV-4-1. 

The potential W^ is obtained from (IV-4-33) for 4> = 0 by substi¬ 
tuting a - rg/a according to the indicated formula from Table 
IV-4-1) and the substitution V 0 = V m a = V^a^cos <}>. To find 


the full potential W a , it is necessary to incorporate into it 

the potential function of the flow parallel to the y x -axis, which 
is iV^a^. Having performed these operations, we find 
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(XV-1-10) 


The transverse-flow velocity components are computed by the 
formula w - iv = dW /d?. 

CX Ot Ot 
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The complex potential W Q for transverse flow in the direction 

p 

B , at velocity V 3 , = V a, sin is obtained by substituting 3 

S X 00 S X 00 D SX 

for a and t_ for s_ in (XV-1-10). As for the velocity components, 

they are calculated by the formula w 0 = iv 0 = dW D /dt. Separating 

3 p p 

the real parts from the complex quantities and , we find the 
potentials and <j>g. Adding the potential (|> a _ 0 (IV-4-8) to the 

sum of these functions, we determine the total potential function 

d> = d> „ + d> + d>„ . 
a=o T a y 3 

The full velocity components are found by adding the three 
terms: 

U - Cp* — l/ct-,0 -!- } 

V ----- q,, ---- 0 + v a - 1 - v & ; > (XV-1-11) 

W -- (f 2 — W a — 0 -f W a + U' R . J 

Introducing u, v, and w into (III-3-12')> we find the pres¬ 
sure coefficients in the disturbed flow around the body-wing 
combination being considered. In the general case, the pressure 
coefficient is 


P = /K-<P. s» A r, x u 


(XV-1-12) 


where x x is reckoned from the beginning of the cantilever root 
chord. Referring the expression for p to conditions on the body 
(y 2 = r 2 - Zj), we find the pressure coefficient Pb( wg ) on 'the 

body in the presence of the wing. Denoting the pressure coeffi¬ 
cient at the bottom of the body by the subscript !L and the value 
of this coefficient at the symmetrical point on the top of the 
body by the subscript u, we find the excess pressure coefficient 

~ - I ~ U 

&P b(wg) Pb( wg) ~T P b(wg) • 


A P 


b(wg) 


4a b cos<pf(l — rJ)s'-J-2r s (l-f-r*- 
64;^ (1 — sj) a£ cos <p sin (p 


1^X4 


[( 1 - t - O 2 — 4 ^) ,/2 [(1 — 4 pJJ 1/2 ’ 


(XV-1-13) 


where r g = r/s; r t = r/t, z p = z l /r t y t = y^t; 

z s = zjs; z ( = zjt; r' — drldx t ; s' = ds/di r,. 
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on the canti- 


To determine the pressure coefficient P W g(b) 

lever in the presence of the body, we must set z 1 = 0 (for the 

vertical cantilevers) and y x = 0 (for the horizontal cantilevers) 
in the general expression (XV-1-12). For the vertical canti¬ 
levers, yi varies from ±r to ±t. The Zj-coordinate for the hori¬ 
zontal cantilevers varies from ±r to ±s. Calculations indicate 
that the excess pressure coefficient for the starboard canti¬ 
lever in the presence of the body is 


Ap 


4a b cos rp {(1 — rj) s'-fv’ [2 (r\ — 1) -j- (1 — r’) 2 )} 


wg(b) ■ 


1/2 


(! + »■»] 

(1—/■<) 2 a|,s)n(fcos <p 


rf 


ld -i cj) -a* (1 -i- cj)] ,/2 [(1 +/•}) + z\ (1 + r*))‘/ 2 


(XV-1-14) 


where we have introduced the new variables r = r/z,and y = 

. z s 

= y x /s. 

For the port cantilever, the angle <p used in the above ex¬ 
pression should be increased by tt. The expression for the excess 
pressure coefficient on the vertical cantilevers will be similar 
to (XV-1-14), except that y x must be substituted for z r The 
angle <f> is replaced for the lower cantilever by <J> + tt/2, and for 
the upper cantilever by -<f> + 3^/2. This definition of the angles 
$ should also be applied to (XV-1-13) when it is used to calcu¬ 
late pressure at the points of attachment to the cantilevers. 

Analyzing Expressions (XV-1-13) and (XV-1-14), we can con¬ 
clude that the_ first terms on the right (we shall denote them by 
^b(wg) anc ^ ^wg(t)* respectively) determine a load distributed 

symmetrically over the right and left cantilevers and dependent 
on the parameters of only the horizontal cantilevers. For a fixed 
angle a = cos <p, the values of Ap£( W g) and Ap^^) will be the 

same for any <J>» even in the absence of roll, when <f> = 0 and, con¬ 
sequently, a = . 

The second terms in Formulas (XV-1-13) and (XV-1-14) (Ap]J( W g) 

and respectively) give equal but opposite loads on the 

right and left cantilevers. These loads, which are asymmetrical 
in nature, depend on roll angle and the shape of the vertical 
cantilevers. Thus, the pressure coefficients can be regarded as 
sums of two quantities: 


A/>b<wg) — A/>b( W g) "t A/?b< W g); 
APwg(b) = Ap wg (b) -j- A/>w g (b). 


(XV-1-13’) 
(XV-1-14') 
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The derivative r' = dr/dXi, which characterizes the influ¬ 
ence of variable radius at the junction with the wing, appears 
in (XV-1-13) and (XV-1-14). Studies have shown that its influ¬ 
ence is insignificant. We shall therefore assume r' =0. 


Aerodynamic forces . By integrating the pressure over the 
body and wing surfaces, we can find the normal force Nj in the 
plane of the attack angle a = cos $ and the lateral force Z 1 

normal to this plane: 


N t = 2itaSm (1 — r]~ r\) q x ; ( XV - 1 -1 5 ) 

— 2jtp,i tm (1 — r* + r?) q x ', (XV-1-16) 

where r = r/s ; r. = r/t ; s and t are the respective spans 
s m* t m m m * * 

of the horizontal and vertical cantilevers. 

The normal force N, which lies in the plane of the attack 
angle a^, is 


N — N i cos <p — Z, sin q>. 


(XV-1-17) 


The lateral force, which coincides with the direction of the 
z’-axis, is 


Z; = iV 1 sin<p + Z 1 cos«r.. (XV-1-18) 

For a symmetrical cruciform combination, t = s , so that 

* m xa. 

N — 2jiabS?n (1 — ri-}-rj) q x . (XV-1-19 ) 


It follows from (XV-1-18) that the lateral force is zero. 
Thus, the normal force in the plane of the attack angle re¬ 
mains constant regardless of roll angle. 

Interference coefficients . As we noted above, we may assume 
that the derivative r* =0. This means that we shall be examin¬ 
ing the case in which the body is a circular cylinder at the point 
of attachment of the wing. The normal force of the part of the 
body in front of the wing is equal, as we see from (XV-1-19), to 
= 2Tra t> r 2 q oo and is developed by the nose section on the length 

in front of the joint with the cylinder, which does not lift. 
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Since N wg = a b ^ c N^wg S wg q » for the wlng ’ the coefficient K b _ ± in 
(XV-1-7) will be 


2;tr 2 


1 b.i 


L 'wg ( c .v)« 


(XV-1-20) 


TABLE XV-1-1. INTERFERENCE COEFFICIENTS AND CENTER OF PRES¬ 
SURE COORDINATES IN THE PRESENCE OF AN ANGLE OF ATTACK 


r 

K 

wg 

*b 

f r c,p 0 l\ . 

/*c.p a \ 

z c.p,a ~ T 

' ^rt ' wg(b) 

\ ^rt , / b(wg) 

| 

•m~ r 

0 

' 1.000 

0 

0.667 

0.500 

0.424 

0.1 

1.077 

0.133 

0.657 

0.521 

0.421 

0.2 

1.162 

0.278 

0.650 

0.542 

0.419 

0.3 

1.253 

0.437 

0.647 

0.563 

0.418 

0.4 

1.349 

0.611 

0.646 

0.581 

0.417 

0.5 

1.450 

0.800 

0.647 

0.598 

0.417 

0.G 

1.555 

1.005 

0.650 

0.613 

0.416 

0.7 

1.663 

1.227 

0.654 

0.628 

0.418 

0.8 

1.774 

1.467 

0.658 

0.641 

0.420 

0.9 

1.887 

1,725 

0.662 

0.654 

0.422 

1.0 

2.000 

2.000 

0.667 

0.067 

0.424 


If the cylindrical section 
of the body between the wing and 
the nose section is long, a compo¬ 
nent generated by this segment 
and governed by flow separation 
must be taken into account in de¬ 
termining the normal force. 

According to (XV-1-2), the 

interference coefficient for the 

wing K = N ,, >/N . The wing 

wg wg(tr wg & 

normal force N ,,. with considera- 
wg(t) 

tion of the body effect can be calculated by integrating the pres¬ 
sure over the wing surface and setting the derivative r' = 0 in 
(XV-1-14). Table XV-1-1 presents results of an interference cal¬ 
culation for a body/delta wing combination (Fig. XV-1-4) with con¬ 
sideration of the fact that for the isolated wing N = 

= 2ira b cos <j>(s m - r) 2 . wg 

The interference coefficient is a function of the ratio r g = 

= r/s . The body radius may vary chordwise along a wing or tail. 

In this case, the calculations are simplified by taking the aver¬ 
age value of the radius on the length of the chord. In the 



Figure XV-1-4. Combination 
of Delta Wing and Body. 
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extreme case, when r = 0, the combination becomes a wing and K = 
= 0. As r/s m approaches unity, the wing cantilevers become very 
small, and it follows from the formula 

cc* = a b (l+-J). (XV-1-21) 


where a^ is the body angle of attack and z_ is the distance from 

the body axis to the cantilever section under consideration, that 

the local angle of attack of this very small cantilever will be 2a, . 

The interference coefficient K = 2, so that the effectiveness 0 

wg 

of the cantilever has doubled. Values of K obtained for the 

wg 

delta wing may be used in practice for all slender combinations 
irrespective of span. 

The interference coefficient for the body is determined from /609 

(XV-1-3) in the form of the ratio K k = N, , ./N , in which 

b b(wg)' wg 5 

-Wb(wg) N b-wg — A wg ( b ) — A b . (XV—1-22) 


TABLE XV-1-2. INTERFERENCE COEFFICIENTS AND CENTER OF 
PRESSURE COORDINATES IN THE PRESENCE OF ROLL (BODY AND 
DELTA WING)* 


Plane combinations 


Cruciform combinations 


r 

K 

/ T c.p<p\ 

Z c.p.(p r 

K w 


r c.P(p — r 

*m 

<P 

V ^rt / wg(b) 

s in r 


^ ^rt / wg(b) 

r m~ r 

0 

0.637 

0.667 

0.524 

0.352 

0.667 

0.556 

0.1 

0.087 

0.667 

0.518 

0.447 

0.654 

0.552 

0.2 

0.681 

0.677 

0.531 

0.490 

0.660 

0.530 

0.3 

0.649 

0.688 

0.546 

0.5o8 

0,673 

0.540 

0.4 

0.597 

0.699 

0.560 

0.502 

0.687 

0.554 

0.5 

0.529 

0,709 

0,575 

0.471 

0.700 

0.569 

0.6 

0.447 

0.719 

0.5S8 

0.417 

0.714 

0.585 

0.7 

0.382 

0,729 

0.601 

0.342 

0.725 

0.598 

0.8 

0.246 

0.736 

0.614 

0.244 

0.734 

0.612 

0.9 

0.128 

0.744 

0.616 

0.127 

0.743 

0.625 

1.0 

0 

0.750 

0.647 

0 

0.750 

0.637 


The over-all normal force N, is calculated by Formula 

b . wg 

(XV-1-15) for the attack angle a. If we remember that N . = 

wg(b) 

= and N b = 2Trar 2 q oo , we obtain for the interference coef¬ 

ficient 
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/fb-a + r,) 2 -^. (XV-1-23) 

Values of calculated by Formula (XV-1-23) appear In Table 
XV-1-1. These values do not depend on the planform of the wing, 
but are determined only by the parameter r = r/s . 

Let us consider how the wing interference coefficient govern¬ 
ed by_roll is calculated. It is determined from (XV-1-5) in the 
form K, = AN /N . The additional wing normal forcei AN in roll is 

<f> Wg Wg . Wg 

found by integrating the pressure coefficient ApJ^b) 

equal to the second term in(XV-l-l4), over the surface. Since 

the resultant force AN for the two halves is zero, one canti- 

wg 

lever, e.g., the starboard one, for which N wg = tra(s m - r) z q oo , 

must be examined to determine K^. Integrating over the surface 

of the cantilever, we find that is proportional to the ratio 

g s i/tan e(tan e = ds/dx 1 = const) and to a certain function K^, 

which depends on the parameter r = r/s . This function, which 

s m 

is also used as an interference coefficient, is 


Ajv wgtgs __ i g s (XV-1-24) 

K,( - *w g Psl * P.t * 

Values of the coefficient K, are listed in Table XV-1-2 as 

<i> 

functions of the ratio r g = r/s m . They were calculated for 

a body-delta-wing combination and will change on passage to 
another wing form. In this case, the data of Table XV-1-2 can 
be used for orientation. 

The coefficient , which determines the unbalanced load, 

is needed for calculation of the rolling moment from the forces 
acting on the wings. Calculation of an analogous interference 
coefficient for the body would be pointless, since the unbalanced 
load has practically no influence on the forces and moment acting 
on the body. 

Center of pressure . Let us calculate the center of pressure 
coordinates for the right horizontal cantilever (z c p a ) W g(b)> 

(x c p a ) wg (b) considering the case in which roll angle has no 

influence. The coordinate 


(~ :c,p a)wg(b) “ ^ A/> W g(b) 


£ ^ A/> W g(b) 


(S) 


rfs]‘ 


(XV-1-25) 
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where dS = dxjdzj, and the excess pressure coefficient Ap^g(b) on 
the cantilever is equal to the first term in (XV-1-14). 

The coordinate 


(■r 


c.p CC.Jwg(b) 


^ Ap„ g (b) Ci(W £ ^ Ap” g(b) c/sj 
IS) (S) 


(XV-1-26) 


Here x, and, consequently, the coordinate (x ) ,, , is reckoned 

from the front of the cantilever. The dimensionless values of 
(x c.pc/ b rt ) wg(b) and (z c.pa " r) wg(b) /(s m " r) ’ calculated with 
Formulas (XV-1-26) and (XV-1-25), are given in Table XV-1-1. The 
values of (x Q pa A) r1 .) ( b ) differ little from 2/3 for the iso¬ 
lated wing composed of the cantilevers, indicating that the in¬ 
fluence of interference is weak. 


A similar calculation yields the coordinates (z ,) 

c . p<f> wg (b ) 

and (x c p ^ ^ W g (To) cen ter pressure, which is the point 

of application of the additional lifting force caused by rota¬ 
tion through the roll angle. _The working formulas will be the 
same except that instead of Ap^g(k) it is necessary to take 

Ap^ 


wg (b) 


, which is equal to the second term in (XV-1-14). Instead 


of the dimensional coordinates, it is preferable to use the dimen¬ 
sionless parameters (z , - r) /, ,/(s - r): (x ,) ,, ,/b , . 

^ c.ptj) 'wg(b) m c. pcj) wg(b)' rt 

Values of these parameters calculated by the above method appear 

in Table XV-1-2. The body center of pressure (x , with 

J * c.pa b(wg) 

consideration of the wing influence can be determined for <f> = 0, 

since the wing has insignificant influence. The working formula 

is 


(^c.pa)b(wg) = jj APb(wg^sin0^[ J Ap£<wg) sin0<2S] \ (XV-1-27) 


(S) 


(S) 


where dS = rdGdXj, and the angle 0 is reckoned along the ozj axis. 
Values of (x q p a / b rt ) b ( wg ) calculated by (XV-1-27) and referred to 
the cantilever root chord b rp are given in Table XV-1-1. The dis¬ 
tance from the nose to the center of pressure 

(*c.p *) b (wg, =* n + (^r) b(wg) *« . (XV-l-2 8) 
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where is the distance from the nose of the body to the beginning 
of the cantilever root chord. 

The values of (z - r)/(S - r) given in Table XV-1-1 

O • P III 

approach H/3n, which applies for elliptical distribution of the 
load, and do not depend on wing planform. This result indicates 
that interference of the wing with the body has no substantial 
effect on the spanwise position of the wing center of pressure. 

The longitudinal position of the wing center of pressure de¬ 
pends on planform, and the values of ( x Q p a / b r t ^wg(b) an 

XV-1-1 were calculated by Formula (XV-1-26) for a delta wing. 

The result of applying slender-body theory to rectangular 
wings is that the center of pressure is on the leading edge, and 
this is physically impossible. To determine the real center of 
pressure coordinate, we can assume, as for the delta -wing, that 
interference has little effect on it and, consequently, that this 
coordinate can be assumed equal to its value for the isolated 
wing. If we use the linearized theory, /6ll 

/ * c -pb \ 3nt'X wg —2 (XV-1-29) 

' h rt ) wg(b) 0 Cl A w g — >j 1 

where a'A wg > 1. (XV-1-30) 



Figure XV-1-5. Coordinates of Center of 
Pressure for Isolated Wings as Calculated 
from the Linearized Theory for Supersonic 
Speeds (a’ > 1). 


Research has shown that the center of pressure coordinate of 

a trapezoidal wing in the presence of a body can be assumed with 

good approximation to be equal to that of the isolated wing. 

Figure XV-1-5 shows values of (x /b .) for isolated delta 

c • p ± b wg 

(A = b t /b rt = 0), trapezoidal (A = 1/2) and rectangular (A = 1) 
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Figure XV-1-6. Center of Pressure 
Coefficients for Isolated Wings as 
Calculated by Linearized Theory 
for Subsonic Speeds (a 1 < 1). 


wings. The curves calcu¬ 
lated from supersonic 
linearized theory are ex¬ 
trapolated to the limits 
obtained from slender-body 

theory for a'A =0. 

wg 

Figure XV-1-6 gives values 

of (x /b) for subsonic 
c.p' 'wg 

speeds. 

According to the 
curves, (* c , pa /b rt - 

^ x c .pa' b rtdwg(b) ’ and 
the distance from the nose 
of the body to the center 
of pressure is 


*^c.p a — “f (^-c.p a/^rt )wg(b) ^rt • 


(XV-1-31) 


Plane body-wing combination. To obtain the corresponding 
expressions for the aerodynamic parameters of a plane body-wing 
combination, we must set t = r. In particular. Formulas (XV-1-13) 
and (XV-1-14) for the excess pressure coefficient assume the 
following form (provided that, in addition to t = r, the deriva¬ 
tive r' = dr/dXj = 0): 


V 


b(wg) 


l(i 




i(i 


n> 2 


'r (1 — if) 1, * <*|COS t|; Sill Ip 


c-,'- 


: V’wg(b) 


_^b COS (l - n 1 ) ** , CrJ - 1 ) I) sin ip cos (f 

Id ■ rj): '•'Jl 1 '"’ ; (4 i I) -• 111 ■ 


(XV-1-32) 
(XV-1-33) 


These pressure values for the plane combination were used to 

calculate the interference coefficients K, and the centers of 

<P 

pressure (x ,) and (z ,) which are listed in Table 

c.prwg(b) c. p 4> wg (b ) * 

XV-1-2. 

For the case of no roll (<j> = 0), the formulas for the pres¬ 
sure coefficients become even simpler: 


A/?b(wg) — 


•'lC[ b (l—rj) S’ 
((1 


(XV-1-34) 
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(XV-1-35) 


^Pwg(b) 


/<g b (* — >•*) s' 

la+'V-w+'i)! 1 '*' 


These relationships can also be applied to a cruciform 
combination in motion without roll. The corresponding aero¬ 
dynamic characteristics, calculated by (XV-1-34) and (XV-1-35)> 
are given in Table XV-1-1. 

Formulas for calculating the aerodynamic coefficient. 

Knowledge of the interference coefficients, center of pressure 
coordinates, and the aerodynamic characteristics of the isolated 
wing and body enables us to calculate the aerodynamic character¬ 
istics of the individual elements of the vehicle and of the com¬ 
bination as a whole with consideration of the interference 
effects. 

Table XV-1-3 gives all formulas needed for such calculation 
of the aerodynamic coefficients of slender plane cruciform combi¬ 
nations. These formulas were derived for wings of zero thickness, 
which do not disturb longitudinal flow at zero angle of attack. 


TABLE XV-1-3. FORMULAS FOR AERODYNAMIC CALCULATION 
OF SLENDER PLANE AND CRUCIFORM COMBINATIONS WITH CON¬ 
SIDERATION OF INTERFERENCE 


Coefficient 


Working Formula 


Body-Wing (Plane combination) 

I. Forces and moments acting on right cantilever 


Force coeffi¬ 
cient (Fig. 
XV-1-3) 

Cantilever hinge 
moment coeffi¬ 
cient 


F.v,)c = A'wg (4 tv L *» cos <P + tl 7I (y c v) 


m h = 


-A'wg ( 2 tv ) y 


( x c.p • a)wg(b) . \ 

, —7:— hr* L x 


y 1 — C ‘ p Uwg(b) s j r) ^ cos i8 the j, ody length 

x b 


Rolling moment 
coefficient 


( m xl)b— A wg ( 2 ** ) 


(-c.p «)wg(b) 
x b 


“bC“* 


( J c.p . If)wg(b) . 

X-- .. — - ag sin fp cos <p 


II. Forces and moments induced on body by wing 


Normal force 
coefficient (Fig. 
XV-1-3) 


( f A')b<w* — K b «v )wg «b COs2 <P 
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TABLE XV-1-3 (Cont'd.) 


Coefficient 


Working Formula 


Lateral force 
coefficient 


tv)b(wg) = A'b kv )wg « b s«n <p cos <p 


Pitching moment 
coefficient 


Rolling moment 
coefficient 


III. Total forces and moments of plane combination 


Normal force 
coefficient 


c.v=nv b +(ov) b (wg) + ^wg )wg ® b cos2 <P 


Lateral force 
coefficient 


^z' ^ z' b ■ (“;')bfwg) A'wg (C j \) w g cc b sin tp cos <p 


Pitching moment 
coefficient 


m T' = m z‘ b + K')b(wg) - ^Wg (C.“ )* 


( T c.p a)wg(b) 


a b cos 2 <p 


Rolling moment 
coefficient 


m x' — ^wg (c.Y )v 


' c.p . a 4 


.) wg(b) 


- a b cos (p 


Body and Cruciform Wing (Cruciform Combination) 

I. Forces and moments acting on right cantilever 


Normal force , >. 

coefficient ^N^c 

Cantilever hinge 
moment coeffi- n 

cient 


Formulas same as for plane 

combination. In these formulas, 

K, and (x ,) /, >, must be de- 

(j> c.p<J> wg(b) 

termined from Table XV-1-2 for 

the cruciform combination. 


Rolling moment , s 

coefficient ' m z'c 


1 1^ Forces and moments induced on body by wing 


Normal force 
coefficient 


(Ov)b(wg) '—AT b ky)wg^b 


Lateral force 
coefficient 


( C J‘)b(wg) —0 


Pitching moment 
coefficient 


( m j , )b(wg) --A' b {Cy ) wg 


( r c.p . a) b(wg) 


“b 
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TABLE XV-1-3 (Cont'd.) 


Rolling moment 
coefficient 


( m .X')b(wg) — 0 


III. Total forces and momen ts of cruciform 
combination 


/6l4 


Normal force 
coefficient 


c .y — c y b 1' (X b _ i ^wg) ^i> 


Lateral force 
coefficient 


Pitching moment 
coefficient 


('»:■) t 


■ r b 


[XbO r c.p a)b(wg) “t-^wg (^c.p a)wg(b) ] ( e A')wg a b 


Rolling moment 
coefficient 

Normal force 

Lateral force 

Normal force into 
x-axis direction 


m x .=0 

JV, = 2-icts^ (1 — + rj) 

Z,= -2.-xfi sl ^(l-rf + r}) ? „ 

N = Ni cos q> — Z 4 sinq> 

N = 2aa b s; n (1 — r\ + >•*) q<xt 


Calculation of Interference for "Nonslender" Combinations 

Interference coefficients. The results of interference-coef¬ 
ficient calculations for slender combinations can be used as a 
basis for determining the lift of "nonslender" configurations. 

In this method, the aerodynamic coefficient of the configuration 
is calculated from the interference coefficient found from slen- 
der-body theory and the isolated-wing aerodynamic coefficient 
taken from linearized theory or from experiment. For example, 

the coefficient (c. T ) ,, v = K (c. T ) , where K is found from 

N wg(b) wg' N wg’ wg 

Table XV-1-1 and (c..) is determined with consideration of the 

N wg 

influence of M ot as established in linearized theory. The other 
interference characteristics are also written similarly. 

It is therefore assumed that the interference coefficients 
do not change at transition to nonslender combinations. Studies 
have shown that this hypothesis is fully justified for the coef¬ 
ficient K W g* As for , the values corresponding to slender-body 

theory apply for the condition 

a'Xwg (l +j^-) (^ 1 + 0 < 4 - 
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(XV-1-36) 




If the condition 


“'M 1+ -i^)(<^r. +, ) >4 ' cxv-i-37) 


is satisfied, the results from slender-body aerodynamic theory 
are not as good as in the previous case. 

More satisfactory interference data can be obtained by calcu¬ 
lating the actual normal force that arises in the presence of the 
wing for the cross-hatched area of the body (Pig. XV-1-7). In 
this scheme, the body is assumed to be plane and set at zero 
attack angle. 

For a wing with a supersonic leading edge, this normal force 
developed on a body with a tail section (Fig. XV-l-7b) is 


-l-a'i) 


A', 


b(wg) 


8 y ,ai«e__ P , f arccos (XV-1-38) 


V(Ot' tg 


where a' tan e > 1. 


a) b ) 


Similarly, 

edges 



107;„a (a' tg t ) 3/2 
aa' (a' tg e - r 1 ) 


for subsonic leading 


N b(wg) = 

2r b rt H-a'n 


l dr] 1 

(XV-l-39) 


a'i] 


Figure XV-1-7. Diagram 
of Lift Calculation 
with Consideration of 
Interference Between 
Wing and Body, a) 
plane model for cal¬ 
culating the effect 
of wing on body with¬ 
out tail section; b) 
plane model for cal¬ 
culating the effect of 
wing on body with tail 
section. 


where a* tan e < 1. 

The integrals of (XV-1-38) and 
(XV-l-39) are expressed in elementary 
functions. Dividing each of the values 
found by the normal force of an iso¬ 
lated wing q S (c. T ) = q S (cS) a 

^a> wg N wg wg N wg 

with the aspect ratio 


— ^ (Sm r ) 
( 1 + 1 ) 



(XV-1-40) 


we obtain the corresponding relation¬ 
ships for the interference coefficients . Analysis of these 
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relationships indicates that (1 + X)(s m /r - l)a’(c^) w is 

a function of only a* tan e and 2a’r/b Values of are given 

in Pig. XV-l-8b. The data in this figure correspond to the case 
in which the tip effect has no influence on the part of the body 
cross-hatched in Pig. XV-1-7. With this condition, the Mach wave 
AB originating at the leading edge of the wing root chord passes 
behind point C on the root-chord trailing edge. The diagram in 
Pig. XV-l-8b is used if the distance from the wing trailing edge 
to the base section satisfies the inequality 


*wg>2 r — 1. 


(XV-1-41) 


If this inequality is not satisfied, the interference coeffi¬ 
cients and the center of pressure relative coordinate can be found 
by linear interpolation between the values determined from the 
diagram of Pig. XV-l-8b. 

If the body has no tail section behind the wing, the inter¬ 
ference coefficient is again to be calculated with Formulas 
(XV-1-38) and (XV-1-39)} in which b t is substituted for the upper 

limit b rt + a'n of the integral. The corresponding values of 

are given in Pig. XV-l-8a. Comparison with Pig. XV-l-8b shows 
that for large 2a'r/b rt , the tail section of the body behind the 

wing has a substantial influence on the normal force governed by 
interference with the wing. 

At subsonic speeds, the effect of the tail section is about 
the same, since downstream zones of the body produce much less 
lift than at supersonic speeds. 

Influence of wing on position of body center of pressure. 

The center of pressure coordinate of the body may be sensitive to 
change in even if the body-wing combination is slender. It is 
determined by different methods for supersonic and subsonic speeds. 

Supersonic speeds . The plane body model used to determine 
the normal force on the body in the presence of a wing can be 
used for supersonic velocities. The normal-force moment of a 
body-and-tail governed by a wing with a supersonic leading edge 
is 


•^fb(wg) 


4?octt tge 
n y'(a'tge)2— 1 


2 r b rt -fa'ti 

\ dr i x [ 
o 


£arccos 


l/q'U-g'T) tge gz 
*1 + 1*' 5 


(XV-1-42) 
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a) 



brt 


Figure XV-1-8. Diagrams for 
Calculating the Effect of 
Wing on Body Normal Force. 

a) without tail section; 

b) with tail section; 


K — iv b (a' dcy/da) 


(-{*•)<**•>. 


°t P 


?.= v ■—; a' = V I 
0^ 


4 (sn 


/b rt ) ’ 


tp' rt 


a'?. (1 

Wg 


'b tp /b rt )(*/«' tge-M)^4 


of pressure coordinate. 


This result must be doubled 
to obtain the body moment that 
results from both halves of the 
wing. Similarly, for a wing with 
a subsonic leading edge. 


M b(wg) 

*>r ^rt /+ a#T l ___ 

g^afaMge) 3 ^ P . P i Vtl*'-* m 
na' (a' tge-pl) <5 J 

0 a'ti 

(XV-l-43) 


The center of pressure coef¬ 
ficient is obtained by dividing 

the M, / \ determined from 

b (wg) 

(XV-1-42) and (XV-l-43) by the 

N, , s. determined by Formulas 
b (wg) 

(XV-1-38) and (XV-1-39), respec¬ 
tively : 


I x c.p ,a\ J ^b(wg)' ^b(wg) 

ht / b(wg) ^b(wg)^rt ^b^wg^ rt 

(XV-1-44) 


The results of calculation 

of (x /b , ). , \ for the combi- 

■ c . pa' rt 'b (wg) 

nation of a body with wings having 
supersonic and subsonic leading 
edges appear in Fig. XV-l-9b. We 
note that the parameter a’ tan e 
has little influence on the center 


In the absence of a body tail section behind the wing. For¬ 
mulas (XV-1-42) and (XV-l-43) are integrated with b t as the upper 

limit. Figure XV-l-9a shows calculated results for the relative 
center of pressure coordinate. The curves in Fig. XV-1-9 apply 
for a’X wg (l !■X) iH-(cc'tge) _I ]> 4 . The diagrams in Fig. XV-1-10 correspond 
to the range of small aspect ratios, for which «'A wg (l-) -X)[l-|-(«' 4: 

they were constructed on the assumption that part of the body pro¬ 
jects behind the wing and the effective aspect ratio a'X and the 

W £4, 

reciprocal taper X = b^/b^ are independent variables; the ratio 

of the radius to the half-span r = r/s was taken as the 

r s m 
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a) 



b) btt 



Figure XV-1-9. Curves for Calcu¬ 
lating the Wing Effect on Body 
Center of Pressure Position, a) 
without tail section; b) with 
tail section. 


parameter. The values of 

(x /b . ), , \ for a'A 

c.pa rt b(wg) wg 

= 0 were obtained from slen- 

der-body theory, and those 

for r = r/s = 0 from 
s m 

linearized theory for the 

isolated wing; the dashed 

curves were constructed by 

extrapolation to 

(x /b , ). , x for a’A = 
c.pa rt b(wg) wg 

= 0. Comparison shows that 

the values of (x /b , ), , \ 

c.pa rt b(wg) 

calculated by the linearized 

theory in the presence of a 

body tail section for a'A > 

J wg 

> 0 differ sharply from the 
values found from slender- 
body theory. When there is 
no tail section, the dif¬ 
ference becomes much smaller, 
as we noted in particular 
for wings with subsonic 
leading edges. In this case, 
we can apply slender-body 
aerodynamic theory in prac¬ 
tice to evaluate the effect 
of interference on the body 
center of pressure coordi¬ 
nate . 


Subsonic speeds . In the presence of a wing, the body center 
of pressure is determined by use of a horseshoe-vortex model the 
top of which runs along the quarter-chord line of the wing (at¬ 
tached vortex), while the two lateral vortex lines follow the 
stream (free vortices) and one of them may lie inside the body 
tail section (see Fig. XV-2-7). Let us consider a quarter-chord 
line with an elliptical distribution of circulation: 


r = r„ 




(XV-l-45) 


We shall assume that z^ is the coordinate of the free vortex 

inside the body. As a result, the lift of an elementary lifting¬ 
line segment due to the attached vortex is /6l8 

<tv b(wg) r dz, r,i (f 3 -)- - r,~ —■. 
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The moment element 
about a z-axis passing 
through the apex of the 
quarter-chord line is 


d.U, 


Vr-x dz 


b(wg) 


Consequently, the 
distance to the center of 
pressure from the begin¬ 
ning of the lifting line 


b(wg) 


(f) 

c.p <x)b(wg) 


hi 

4" 


Figure XV-1-10. Diagrams for Deter¬ 
mination of Relative Center of 
Pressure Coordinate of Body with 
Tail Section Behind Wing at Super¬ 
sonic Speed (Dashed Lines Ob¬ 
tained by Extrapolation). Condi¬ 
tion of use: 

«'7. wg (l +X)<1 + i/a■ tge)< 4 


respond to the condition a'\ =0 for 

wg 


(XV-l-146) 


uhere (x c.pA(wg) ls 
measured from the leading 
edge of the root (inboard) 
chord. 

Introducing T from 
(XV-1-45), substituting 
x in accordance with the 
expression x = (tan e)^(z-r) 

and integrating, we obtain 
the distance to the center 
of pressure and the rela¬ 
tive quantity 

(x /b , ), , x. The 
c.pa rt b(wg) 

calculated results appear 

in Fig. XV-1-11, and cor- 

the slender body. As we 


/619 


see, these results depend on the shape of the leading edge and the 
ratio r/s m and are independent of M^. 


More exact analyses based on the linearized theory indicate 

that the center of pressure coefficient depends on the parameters 

a'X and r/s and on the form of the wing. This is evident from 
wg m 
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Figure XV-1-11. Diagrams for deter¬ 
mination of body relative center of 
pressure coefficient with consider¬ 
ation of wing effect at subsonic 
speed (dashed lines obtained by 
extrapolation). 


Fig. XV-1-1, which shows 
calculated results for 
three wing forms: delta, 
trapezoidal (X = 1/2), and 
rectangular. The curves 


for a'X 


wg 


< 4 


are extra¬ 


polated to the value 




, pa^rt ^n(wg) 


which 


corresponds to slender- 
body theory. 

Example. Taking 
interference into account, 
calculate the forces and 
moments acting on a star¬ 
board cantilever in the 
form of a delta wing on 
a body, and on the entire 
cruciform body-wing com¬ 
bination (the dimensions 
are indicated in Fig. 
XV-1-12). We take angles 
a = 0.3 (17-2°) and <p = 

= 22.5° and = 2 and use 
the formulas, tables, and 
diagrams given above. We 
enter all results in Table 
XV-1-4, from which the se¬ 
quence of the computational 
work is obvious. 


It is assumed in the 
calculation that the pitch¬ 
ing-moment axis passes 
through the point on the 
leading edge at which the 
wing meets the body. The 

root chord b t is taken as the characteristic length l , and the 
area of the isolated wing as the characteristic area. 


In this example, the calculations take into consideration 

the fact that the derivative (c§0 was determined not from slen- 

JM wg 

der-body aerodynamic theory, but from linearized theory. Linear¬ 
ized theory was also used in improving (x Q /b.^)^ ^ con ~ 

sideration of the tail-section effect (see Fig. XV-1-9). This 
quantity was found to be 0.85, i.e., substantially larger than 
the value of 0.556 obtained in slender-body theory. 
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TABLE XV-1-4. EXAMPLE OF CALCULATION OF FORCES AND MOMENTS FOR CRUCIFORM BODY¬ 
WING COMBINATION WITH CONSIDERATION OF INTERFERENCE 


/621 


1 

2 

3 

i 

4 

5 

6 

7 

8 

9 

10 

11 

1 

12 

; 

13 j 14 

j 1 

r | 

s m 

^wg 


(*C. Pa \ 



2 c,p a 

X (p 

rc.p <p— r 

Z c.p If 

( X c.plA 

a' 

2 T.'I : tg E 

fort. i 

\ & rt / Wg(b) 

V ^ rt ) b(wg) 


| *m~ r 

V l> rt iwg(b) 

0.75 

From Tbl. 

From Tbl. | 

From Tbl. 

From Tbl. 

From Tbl. 

From 

From Tbl. 

From Tbl. j 

From 

From Tbl. 

V M;.-l 

from Fig., i From Fig. 

2.75 

XV-l-l 

XV-M 

XV-l-l 

XV-l-l 

XV-l-t 


XV-l-2 

XV-l-2 


XV-l-2 


j XV-l-12 j XV-l-l5 


for (1) 

‘ for (1) 

for (1) 

for (1) 

for (1) 


for (l) 

for ( U 

1 

9 

for (1) 


and ( 1 2) j 

0.27 

1.23 

0.39 

0.G48 

0.55G 

0.418 

! 

1.580 

0.500 

0.537 

1.91 

0.009 

1.730 

0.650 j 0.500 

l - 1 


15 

1 

j ,0 

17 

18 

19 

20 

21 

22 

211 

j 24 

25 

26 . 

27 

t j 

1 28 I 2t‘ 

I i 

a' tge 

' fc rt /b(wg) 

Ic 

*<*> 

Mjv)wg 


»i h 

<"'. v ,) c 

(CA')b(wg) 

z')b(wg) ! ( W *2')b(wg)j 

(^A')wg.b' 

' i 

('V)wg.b (lll.Iwg.b' ( m .v'lwg.b 

1 l s 

From 

(12) 

and 

(H) 

From Fig. 

XV-1-9, b 

for (i«J) 
and (15) 

Vl.— (a' tg e)s 

From ; 
Formula i 

(V-3-18') 

From 

(V-10-51) 
(Yi=e). 

(11) H 
(18) 

Table 

XV-1-3 

for (1 9), 

(M). 
(2). (8) 

Table 

XV-1-3 

for (Vl), 

(19) 

(2). (8). 
CO- 
CD | 

Table 

XV-1-3 

for 10), 

(7) , (2) 

(8) .(4). 
(19) 

i 

Table 

XV-J-3 , 

for (3), 
110) 

Table 

XV-1-3 
for (3) 

Table 

XV-1-3 
for (3), 
(16), (19) 

: 

Table 

i XV-1-3 

for (2), 

(3). 

(19) 

Table : Table Table 

1 XV'-1-3 XV-1-3 ; XV-1-3 

i for (2*. { 

(3), (16)'. 

MU. (19) j 

■ i ! 

i 

0.800 

0.850 

0.500 

1.17 

2.14 

0.399 

-0.520 

—0.100 

0.25 

0 

-0.212 

(i'A')b' ' 

•| l.O'i 

0 | 

i 

(W..)b— .j o 

- 0.725 j 


CO 




The coordinates of the wing and 

body centers of pressure can be found 

from Table XV-1-1 with consideration 

of interference. The distance from 

the nose to the point of application 

of the normal force N is 

wg(b) 


Figure XV-1-12. Model 
Form and Dimensions Used 
in Examples of Inter¬ 
ference Calculation for 
Cruciform Combination: 


(^c.p 


Ct/ w g(b) 


x n -r 



) wg(b) 


6 rt-(XV-l-47) 


On substituting the data, we 

find 


■ v n 

h rt 

• v ti 

;* 

*»» 

i. 50 

• 1 . no 

2.0 7 

0.75 

2.75 


(xc.p a)wg(b) -- 4.5-j-0.648-4 = 7.09. 


The point of application of the 

bodv normal force N. , s due to the influence of the wing on the 
J b(wg) 

body is determined by the coordinate 


(XV-1-48) 


which in our example is equal to 

(£c.p a)b(wg)-^-4.5+ 0.85-4 = 7.9. 


The distance to the body center of pressure is determined in 
slender-body theory by the formula 


{ x c.p )b 


•^mid 


t 1 


w n 

2 

rcr mid-ZT mid 


)• 


(XV-1-49) 


which is derived on the assumption that the only lifting part of 
the body is a curvilinear nose section of length x In 

(XV-1-49), W n is the volume of this nose section. With considera¬ 
tion of the (x ), for an isolated body that creates a normal 

C • p D 

force , the center of pressure coordinate of the body-wing com¬ 
bination is 


x 


C.p 


( x c.p. q)wg(b) n wgf b) -r(* c.p . l)b(wg)^b(wg) +( x . c.p ) b jV b 
/V wg(b) f A ’b(wg) +^ V b 


(XV-1-50) 
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In using this formula, we can take account of the generation 

of a certain part of the lift by the cylindrical section aft of 

the curvilinear nose at high Mach numbers for long bodies, so 

that x will be larger than indicated by (XV-1-49). To obtain 
c • p 

more accurate data, therefore, it is preferable to use the results 
of linear theory or experimental data. When the wings create the 
largest part of the total lift and the contribution of the body is 
small, the linear theory and Formula (XV-1-49) can be applied. 

§XV-2. CHANGE IN TAIL AERODYNAMIC PROPERTIES UNDER THE INFLUENCE 
OF THE WING 

General Expression for Normal Force 


If there are no other lifting or control surfaces forward of 
a tailplane attached to a body, the Interference calculation for 
the tail and body is made in exactly the same way as for a wing 
and body. But if there is a wing on the body forward of the tail, 
the additional effect of the wing must be taken into account in 
determining the aerodynamic characteristics of the tail. 

Let us consider the case in which the vehicle's wing and 
tail are mounted rigidly on the body and have zero setting angles 
relative to the vehicle's longitudinal axis. We shall assume 
that there is no slip and that the normal force is a linear func¬ 
tion of attack angle. Then the normal-force coefficient with 
consideration of interference will be 


Cx -- (A' wg + A b ) wg + (K„ e + K h ) h . t x 

(XV-2-1 ) 

X (cS) h .t (a _ e)-%L- + (c“) b a ifL . 

Here (c?t), , = (3c„ T /3a), , is the derivative of the normal-force 

N h.t N h.t 

coefficient c^ of the isolated horizontal tailplane with respect 

to the attack angle a; (K + K, ) is the total interference 

& 5 wg b wg 

coefficient for the body-wing combination: (K, + K ), , is the 

& * b wg h.t 

sam e coefficient for the body-tail combination; S and S, , are 

wg n • u 

the areas of the isolated wing and horizontal tail without con¬ 
sideration of the parts occupied by the body; S Is the wing plan 
area counting the part occupied by the body; e is the downwash 
angle behind the wing at the angle of attack a; a - e = a g h ^ is 

the effective attack angle of the tailplane as a result of the 
downwash behind the wing. 
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Formula (XV-2-1) can also be used to determine normal force 
when there is a slip (or roll) angle. For this purpose, it is 
necessary to add a coefficient to the sum of the coefficients 

K + K. to take account of interference on the appearance of the 
wg b 

roll angle <j> and to substitute a = cos <j> for the angle a. The 

force calculated with (XV-2-1) will be equal in absolute magnitude 
to the length of a vector in the plane of the attack angle a. 

In the range in which c^ varies linearly with attack angle. 


c lV = c% a. 


(XV-2-2) 


The c“ in (XV-2-2) is determined by differentiating (XV-2-1) 
with respect to ; 


+ (^w g ->■ ^b)h.t 


C< N =•-' ( c .v)wg £(^wg _ r A b ) 
S h.t (iv)h.t 


(c%) 


(V ' wg 


(‘-It) ]+<<*>. 


(XV-2-3) 


In many current vehicle configurations, S h t << S and 
S. ,/S << 1. Moreover, 1 - de/da is often much smaller than 

xl • 

unity. Formula (XV-2-3) can therefore be replaced by the approxi¬ 
mate expression 


+ /v b ) w g -r • (XV-2-4 ) 

The above relationships are not applicable for large dis¬ 
turbances, when the aerodynamic force does not vary linearly and 
it is necessary to consider nonlinear effects. This makes the 
problem considerably more complex. In many cases that are of 
practical interest, the influence of large attack angles can be 
determined only by experiment. As a rule, the "limiting" attack 
angle at which the linear relationships still apply is also de¬ 
termined experimentally. Study has shown that the "limiting" 
attack angle becomes smaller with increasing M m . 

Downwash Angle Behind Wing 


Subsonic flow. The downwash angle at a point behind the 

wing at a distance of L, , from the center of pressure (aerody- 

n. u 

namic center) can be determined by the formula [6]: 
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s 


(XV-2-5) 


c x k 

2-^wg 



rad, 



Figure XV-2-1. Vertical 
Shift of Tail from Wing 
Plane. 1) Aerodynamic 
center. 


where SL is the span and A = 1/ b mn 
is the wing aspect ratio. 

The parameter 


c NO b rt 
C.\b mn ’ 


(XV-2-6) 


where c>, is the root-section 
N o 

normal-force coefficient. 


The downwash angle can be assumed constant over the span of 
the tail and equal to its value at a point that coincides with 
the center of pressure (aerodynamic center) of the tail, the dis¬ 
tance to which is ^. Formula (XV-2-5) can be used with a cer¬ 
tain approximation for wings and tails of any planform if they 
lie in the same plane. 

If the wing and tail lie in different horizontal planes and 
the distance between them is y h t (Fig. XV-2-1), the calculation 

will be more complex. An approximate relationship that is also 
suitable for such cases can be indicated: 


e---46.2 k t kJ> 3 deg. 

Awg 


(XV-2-7) 


The 


coefficients 


k 


P 


that appear in this formula correct the 


downwash angle for the influence of the distance ^.(k i ), the 

vertical position of the tail with respect to the wing chord 
plane (k 2 ), and wing taper (k 3 ). Values of these coefficients 
are given in Figs. XV-2-2-XV-2-4. 


Supersonic flow. The characteristics of a tailplane posi¬ 
tioned behind a wing can be determined approximately from the 
flow downwash angle behind the Isolated wing. In this case, 
therefore, the effect of interference between the wing and 
body on downwash angle is not taken into account. 


Figure XV-2-5 [6] presents values of the downwash angles be¬ 
hind isolated rectangular-planform wings with two different 
aspect ratios as a function of the distance L from the leading 
edge referred to the chord b_. The curves shown in Fig. XV-2-6 
enable us to determine the downwash angle at any point behind 
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c?l-1-L_U_ ! .. I J 

as 12 L ht 

Figure XV-2-2. Curve 
for Calculation of 
Coefficient k x in 
(XV-2-7). 



Figure XV-2-4. Curve for 
Calculation of Coefficient 
k 3 in (XV-2-7). 



Figure XV-2-3. Curve 
for Calculation of 
Coefficient k 2 in 
(XV-2-7). 



Figure XV-2-5. Downwash 
behind Rectangular Wing. 


delta wings as_ a function of the relative longitudinal coordinate 
of the point L = L/b^ and its dimensionless distance from the 

plane y = y h t /b t , as wel1 as the parameter 0 O = (lg Xi) _1 — 1. 

The calculation for the tail must be made for the effective 
attack angle with consideration of tail-body interference. 

In rough evaluations of tail aerodynamic characteristics, we can 
limit ourselves to the influence of the effective attack angle 
only. 

Lifting Capacity of Vehicle with Fixed Wings and Tail at S up er¬ 
sonic Speeds 


Coefficients of interference of tail with wing. The real 
characteristics of the tail can be considered to depend on the 
angle a , . only in rough approximation. They can be improved 

by assuming that the average downwash angle and, consequently, 
also a , , will also be determined by the interference between 

the wing and the body. 
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to 14 1.8 2.2 


Figure XV-2-6. Down- 
wash Behind Delta 
Wing. 


The conclusions of 
vortex theory from slender- 
body aerodynamics, which en¬ 
able us to calculate direct¬ 
ly that part of the aero¬ 
dynamic coefficient that is 
created by the tail under 
the influence of interfer¬ 
ence with the wing, can also 
be used. In this theory. 



Figure XV-2-7. Vortex Scheme 
Used in Calculating Interference 
of Wing and Tail. 1) outboard 
vortex; 2) inboard vortex. 


which is equally applicable 

for subsonic and supersonic speeds, a vortex diagram such as that 
shown in Fig. XV-2-7 is used for a wing joined to a body. At 
positive attack angles, the vortices lie above the plane of the 
tail, and their direction coincides with the oncoming-flow velo¬ 


city . 


Thus, the problem of interference of the tail with the wing 
is reduced to one of interference of the tail with a vortex. The 
effect of the interference is determined by the intensity and 
position of the outboard vortex relative to the tail. As one of 
the characteristics of tail interference that depend not on in¬ 
tensity, but only on the position of the vortex, we introduce the 
dimensionless parameter i^^, which is determined from the expres¬ 
sion [51]‘- 
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(XV-2-8) 


.V 


<b. tl)v 


_ £o _ A'ti 

^ 2^1^00 (s m r)u ex 


Like K , the parameter i,, is known as an interference coef- 
wg’ tl 

ficient. Unlike K , however, the coefficient i,-, takes account 

wg t± 

of the change in the lift of the tail-body combination under the 

influence of the wing (vortex). 


In (XV-2-8), N^ b tl)v ls the normal force of the tailplane 

that is governed by the wing (vortex) in the presence of the body; 
r Q is the vorticity; N tl /a is the normal force of the isolated 

tailplane per degree of attack angle; (s m - r) tl is the differ¬ 
ence between the span of the tail and the radius of the body at 
the point at which it meets the trailing edge of the tail. 

N/, ,,\ must be added to the value determined with (XV-2-1) 

(b.tl)v 

if the calculation is being made not for the effective attack 
angle but for the body attack angle (a). Usually, pi) v as 

negative, since the normal force is lowered by the presence of 
vortices trailing off the wing. 


If interference of the wing with the tail does not lower the 
lift of the tail, then N^ tl)v = 0 and ^tl = 0 • We can take the 

other extreme case in which, as a result of interference with the 
wing, the tailplane lift vanishes altogether. In this case, i tl < 

< 0 and takes the smallest of all of its possible values. 


Calculation of tailplane normal force due to interference 
the wing (N^ This calculation can be made by For- 

(XV-2-8), which applies for a plane body-wing-tail combina- 

(or for a cruciform combination at zero angle of roll). The 

vorticity r in this formula can be determined as follows. Let 

vorticity behind the half-wing (see Fig. XV-2-7) on seg- 

- r) , i. e 

wg 5 


wi th 

mula 

tion 


f be the 
ment (s 


m 


between the outboard edge of the wing and 


• ni- wg 

the body. Then the wing normal force A r wg(M = 2 , 000 ^ ^ Tdz. If we as¬ 


sume that the vortex sheet is replaced by a vortex of intensity 
r 0 equal to the circulation in the wing-half root section, then 

^ Tdz — r 0 (z 0 — r) wg , W here is the lateral coordinate of the vor- 

r wg 

tex. Remembering that the additional normal force of the fixed 
wlng (6 wg = 0) ls 
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iV WBfb) = g»5 WB K wga (^) wg 


(XV-2-9) 


we can find the circulation r o . Introducing it into (XV-2-8), 
we obtain 


N 


X" W g(x 


(b. tl)v 


= 1, 


/ deft ^ | 

f V 

\ dot, ) wg ' 

l da ) 


^"wg^tl Qoo 


(5 m r) tl ( 2 ^ —r) w 


(XV-2-8 1 ) 


where (~g^-) tl » (v^r) t i are the derivatives for the isolated wing and 

tail, respectively; S wg and S tl are the areas of the two canti¬ 
levers of the isolated wing and tail; (s )., is the span of the 
tail, including the body; r wg and are the respective radii of 

the body at the positions of the wing and tail. 

Taking a certain figure S as the characteristic area, we ob¬ 
tain the normal-force coefficient 


„ ( 0c N \ / dc N \ . ** w g 

. . JV(b.ti)v . WK “ V da \ <>a ) ti '*"* r,tl S (XV-P-10) 

^(b.ti)v ltl 2*A t , (*„-r) wg 


where the aspect ratio of the isolated tail is 
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(XV-2-11) 


TABLE XV-2-1. HORIZONTAL COORDINATE OF TRAILING VORTEX 
(TRANSVERSE POSITION OF VORTEX-SHEET CENTER OF GRAVITY) 


'•-t 

0 

0.1 

0.2 

i 

0.3 

0 .* 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

. 

(••-n 

0.733 

0.7G9 

0.7C0 

0.757 

0.757 

0.759 

0.763 

0.768 

0.774 

0.780 

0.786 

\ s m r / W g j 






1 

1 

1 





To use (XV-2-10), it is necessary to know the vortex coordi¬ 
nates x and y in the tail section of the vehicle. It may be as- 
v v 

sumed to simplify the calculations that the vortices trailing off 
the wing trailing edge coincide with the flow direction and do 
not shift transversely. If we also assume that the coordinate 
lies over the center of gravity of the tail area including that 
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part of the area which is occupied by the body, then the coordi¬ 
nate 


yD ‘ ^wgi 


(XV-2-12) 


where x' is the distance from the wing trailing edge to the een- 
wg 

ter of gravity of this area and b^ is the distance from the 

trailing edge to the hinge line of the wing (Pig. XV-2-7). The 
values of the coordinate z , which can be determined from Table 

XV-2-1, do not depend on the planform of the wing or the shape of 
the body forward of the maximum-wingspan line, since potential 
and, consequently, circulation are determined in slender-body 
theory only by the transverse flow in the plane under considera¬ 
tion. 


The maximum deviation between the values of the ratio ( M 

\ s m r 

from Table XV-2-1 and the corresponding values for the isolated 
wing (tt/4 = O. 786 ) is about 3% • This small difference permits 
determination of the zof the body-wing combination from the 

data for the isolated wing, even in analysis of nonslender com¬ 
binations . 

For the isolated wing, the linearized theory gives 


„ (c -v)wgV (XV-2-13) 

2(c.v) mn 6 mn ’ 


where (c, T ) b is the product of the profile normal force coef- 
N mn mn v ^ 

ficient in the mean section by the mean chord. 

Formula (XV-2-13) was derived on the assumption that maxi¬ 
mum circulation corresponds to the mean-section position. The 

results of calculation of the ratio (z - r)/(s - r) with 

v m 

(XV-2-13) are given in Fig. XV-2-8 for rectangular (X = b.j_ /b^ = 

= 1), trapezoidal (X = 1/2), and delta (X = 0) wings. The 
dashed curves were found by extrapolating data from the linear¬ 
ized theory to the value tt/ 4 obtained from slender-body theory 
for zero aspect ratio. 

The expressions found for z determine the lateral position 
of the vortex on the wing. Research has shown that this value of 
z v differs from the lateral coordinate of the tail vortex. In 

the absence of more accurate data, the z v for the tail was 
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assumed to be the same as on the wing. 



Figure XV-2-8. Relative Coordinate Determining 
Transverse Position of Vortex Filament. 


According to (XV-2-8), the interference coefficient can be 
regarded as the ratio of two- dimensionless quantities: the normal 
force and the dimensionless vorticity. If the normal forces are 
calculated by the linearized theory rather than by slender body 
theory, the interference coefficient remains practically constant. 
Thus, having calculated the coefficient i fcl by slender-body 

theory, we can use that value to calculate the interference for 
nonslender configurations that fit into the framework of linear¬ 
ized theory. This is the point of introducing the tail inter¬ 
ference coefficient. In the general case, it depends on the 
parameters X = tt> tp /b rt ) tl ; (r/a m ) tl J ' s m ) t l ; ^VVtl and 

(y /s ). , . The method of strips is effective for calculation of 
iff provided that a plane model is considered. Calculations by 
this method indicate that i^ is practically independent of the 

ratio (b ,/a's ),, . The results of these calculations are shown 
rt m tl 

in Figs. XV-2-9, XV-2-10, and XV-2-11 for combinations of a body 
with delta (X = 0), trapezoidal (X = 1/2), and rectangular (X ■ 1) 
tails. Curves of i^^ = const plotted for the parameters X and 

(r/s )., as functions of (z /s )., and (y /s )., appear in these 
m x x viTiux v m xx 

figures. For the delta wing, the maximum value corresponds to a 
vortex in the plane of the tail near the inboard end. For the 
other wings, an infinite maximum appears when the vortex is lo¬ 
cated at the end. Thus, with the exception of delta wings with 
supersonic leading edges, strip theory is unsuitable for vortex 
positions near the end. 

The strip method gives more satisfactory data when the vortex 
lies outside the tail and less accurate results for inboard posi¬ 
tions. Figure XV-2-12 shows C(i tl>1 - i t l /1 tl.l- 1 10 °^ calculated 
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from the value of 1 found from linearized theory with 

(r/s = 0.2, (b ,/a's = 0.5 for a combination with a rec- 

m LXu m Ty _l 

tangular tail (A = 1), as functions of the ratio (z /s The 

curves in this figure can be used to improve the values of i., 

Li _L 

determined by the strip method using the diagrams in Pigs. XV-2-9, 
XV-2-10 and XV-2-11. This refinement is advisable when the inter¬ 
ference coefficient is determined for an inboard vortex position. 

As we see from Figs. XV-2-9, XV-2-10, and XV-2-11, the in¬ 
terference coefficient is for fixed values of A, (r/s a func- 

m "G -L 

tion of only the vortex dimensionless coordinates (z /s ), ,, 

J v m tl* 

(y /s ),, and does not depend on vorticity. Practical interest 
v m zx 

attaches to an interference parameter that depends on vorticity. 
One such parameter, which characterizes degree of interference, 
is the tail effectiveness coefficient 


'In 


^b. wg, tl 

A'/tT 


\r 

" J ' b.wg 


(XV-2-14) 


which is equal to the ratio of the normal-force increment when 
fnounting the empennage on the 1 body-wing combination to the 
normal-force increment when it is mounted on the isolated body. 
The tail effectiveness indicates the factor by which the bearing 
capacity of the tail is lowered as a result of interference with 
the wings. Another expression for ri^ 1 is 

i ltl =, 1 - ^ (b - t ,)v v - . (XV-2-15) 

b.tl —Ab 


The force difference AN = tl - N fe can be presented in the 

form AN = ai, where the coefficient i is determined from a rela¬ 
tionship that takes account of interference between the body and 
tail. By analogy with the relation for AN, we can write a rela¬ 
tion N^ b tl)v = “ ei ’ which takes account of the change in tail 

normal force as a result of downwash at an angle e due to inter¬ 
ference from the wing. We can thus establish a relation between 
the effectiveness coefficient and the wing downwash angle: 


■Hu 



(XV-2-16) 
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Figure XV-2-12. Error in 
Calculation of Interfer¬ 
ence Coefficient by 
Method of Strips for 
Body-Rectangular-Wing 
Combination [r/s = 0.2; 

(b rt /o ' s m ) tl * °' 5 ’ 

X tl = 1 -'' 


the tail center of pressure 


Remembering that e and a are 
small, we can replace e/a by the 
derivative (de/da) a=o . 

Expression (XV-2-16) is used 
for approximate evaluation of the 
sidewash angle a in the presence of 
slip. In this case, the effective¬ 
ness should be referred to the 
vertical tail and the ratio e/a re¬ 
placed by a/B sl - da/d& sl . 

Tail center of pressure. Like 
the normal force, the center of pres¬ 
sure coordinate of the tail varies 
under the influence of wing vortices. 
It can be assumed with sufficient 
approximation that the point of ap¬ 
plication of the normal force due 
to the wing vortices coincides with 
for a body-tail combination, i.e., 


{ x c.p a)tl(v) — ( x c.p a) tl(b) • 


(XV-2-17) 


Approximate evaluation of tail interference. Let us con¬ 
sider two methods of estimating the interference. One is based 
on a simplified model of the flow in which a plane vortex sheet 
forms behind the wing in the plane of the tail. It is assumed 
that the tail is in the plane of the wing. Thus, those areas of 
the tail that are "coated" by the vortex sheet will not produce a 

normal force. If the tail span (s ),, is smaller than or equal 

m u jl 

to the wing span (s ) , the tail effectiveness is zero. This 

0 m wg 

follows directly from (XV-2-14), in which we must set N. = 

_ d. wg.ux 

1 D.Wg * 

When (s ). , > (s ) , the total normal force N, ir „ , , of 

m tl m wg’ b.wg.tl 

the body-wing-tail combination (including the nose section) is 

calculated by Formula (XV-1-15), in which (s m ) wg must be replaced 

by (s m ) tl and the body radius r assumed constant behind the wing. 

Obviously, this value of N b wg tl will be exactly equal to the 

normal force N. , , of the body-tail combination in the absence 

of the wing. Introducing the expressions for N b wg and N b 

into (XV-2-14) and applying (XV-1-15) for N, and the relation 

D • Wg 

N b = 2'rrr 2 q oo a, we find the empennage effectiveness: 
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'hi =- 1 


(XV-2-18) 


(! 4 g ) 2 /- 2 ti 

u-'i,) 2 4 


where r wg = r(s m ) wg} r tl = r(s m ) tl . 

Formula (XV-2-18) can be used for (s m )L ( s m ) W g' 


Let us pass to the second method of evaluating the inter¬ 
ference. Unlike the first. It Is based on a flow scheme in 
which the vortex sheet is replaced by two horseshoe vortices in 
the plane of the tail wing. In fact, the direction of the vor¬ 
tices is nearer to that of the free-flow than to that of the 
tailplane cantilevers. For this model, the tail effectiveness 
can be calculated by (XV-2-18) or from the expression 


*hi 


16 (l-r„)* 

*2 (1 — r tl ) 2 


r tl 


(XV-2-19) 


where r = r/z and z is the transverse coordinate of the trail- 
v v v 

ing vortex. 

Formulas (XV-2-18) and (XV-2-19) are used for cases in which 
z v £ ^ s m ^tl‘ ca ^ cu l a ^^- n S r tl 5 k°dy radius may be assumed 

equal to r, ,, which differs from the r at the wing, 
tl wg 

Cruciform combination. The methods set forth above for 
calculation of interference for a plane body-wing-tail combina¬ 
tion can be applied to calculation of interference for a cruci¬ 
form combination at any angle of roll and for arbitrary spans of the 
vertical and horizontal tailplanes. 

The metnod is based on the assumption that the cruciform 
combination is presented as an additive combination of two plane 
combinations, one of which is formed by the body and the horizon¬ 
tal wing and tail cantilevers, while the other is formed by the 
body and the vertical cantilevers. It is assumed that the hori¬ 
zontal cantilevers are washed by the transverse velocity compo¬ 
nent aV m = V^a^ cos 4>, and the vertical cantilevers by the compo¬ 
nent PsiFoo = FccCtb sin q>. 

Interference is calculated independently for the horizontal 
and vertical tails in y and z x body axes. Then the aerodynamic 
characteristics of the combination are converted to the y* and z' 
body axes. For a plane combination with roll, the vertical-tail 
span must be set equal to the body radius in the resulting ex¬ 
pressions . 
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TABLE XV-2-2. EXAMPLE OF CALCULATION 


i 

•i 

3 

4 

I 

5 

6 

/ r V 


("p)wg 

( 3 n)wg 

J wg 

{y t»)wg 

l ) 

» if* * wg 

\s m — r f w g 

( S M) tl 

I 

From Fig. 

From Table 

From Fig. 

From Fig. 

From Fig. 

From Eq. 

XV-2-13 

XV-2-1 

according to (1) 

XV-2-13 

according to(2) 

XV-2-7 

i _and 

according to (3) 

XV-2-13 

(XV-2-12) 

.and ■ 

according to (5) 

0.2 

0.700 

2.27 

1.25 

3.99 

0.348 




As an example, let 
us calculate the normal- 
force coefficient due to 
the vortices formed be¬ 
hind the wing (Fig. 
XV-2-13), for a tail- 
body configuration on 
the assumption that = 
= 2, a = 5°, e sl = 0 

(there is no slip). The 
results and procedure of 
the calculation are pre¬ 
sented in Table XV-2-2. 


Figure XV-2-13. Illustrating Ex¬ 
ample Calculation of Tail-Wing 
Interference: 


x n 

^rt ^wg 

x c 

»rt>U 

*e 

(sm) wg 

(sm) ti 

2r 

a 0 

e° 

3.75 1 

. 1 

2,25 

3.16 

1.25 

10.5 

2.81 

1.81 

1.125 

5 

45 


To determine the 
coordinate y v , we first 

find the coordinate of 
the tail center of grav¬ 
ity (triangle OBC in Fig. 
XV-2-13) and then the 

distance x = 3*99. 
wg 

Formula (XV-2-12) is 
used to calculate y . 

v T T 


The derivatives 


(3c m /3o) 
v N wg 


and (3c^/3a) t -^ are determined by For¬ 
mula (V-10-51) of the linearized theory. Here it is remembered 
that the leading edges of the wing and tail cantilevers are super¬ 
sonic for M = 2. In calculating (° N )( b tl)v by (XV-2-20), the 

area S of the isolated wing (the pair of cantilevers) is taken 
wg 

as the characteristic area. The tail effectiveness coefficient 
can be calculated from the data of Table XV-2-2. For this pur¬ 
pose, we use (XV-2-15), which can be presented with the normal- 
force coefficients in the form 
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OP TAIL-WITH-BODY INTERFERENCE 


7 

8 

9 

' .. 

10 


1 2 

({/?>) wg 

(®ni) tl 

*tl 

L' 

A wg 

V O'x } wg 

m a 

V.v)(b.tl)v 

From Fig. 

' XV-2-13 ' 

and 

according to (6) 

From Fig. 

XV-2-9 

according to 

O). (4), (7) 

From Table 

XV-1-1 

according to (1) 

From Eq. 

(V-10-51) 

and = 2 

^From Eq. . 

(V-10-51) 

and = 2 

From Eq. 

(XV-2-10) 

at S = S or 

0.19 

© 

00 

I 

1.16 

2.31 

2 - 31 

—0.029 


*lu =1 


(c.v) (b.tl)v 

( c jv) b.tl — ( c Jv)b 


Any area S, such as the wing area S = S , can be taken as 

wg 5 

characteristic in this formula. Then the normal-force coeffi¬ 
cient of the wing-body combination, calculated with considera¬ 
tion of interference, is (c N ) b>tl = (K wg + K b )(c N ) wg = 1.62a, and 

the normal-force coefficient of the isolated body is (c^)^ = 

= 2aS mid' /S wg = 0, 396a. According to the data obtained, the tail 
effectiveness is 



— 0.029 

(1.62 — 0.396) (5/57.3) 


= 1 - 0.27 = 0 . 73 . 


Thus, the tail effectiveness has been lowered to 73 %• This 
decrease in tail bearing capacity does not cause any substantial 
decrease in the total lift of the combination, since the wing 
area is substantially larger than that of the tail. However, the 
influence of interference on the moment characteristics and, con¬ 
sequently, on static stability may prove to be more substantial 
owing to the long arm of the tail. In the example considered 
here, the static stability margin decreases by approximately 3% 
as a + 0. 

The adverse effect of interference diminishes with increas¬ 
ing attack angle. This is because the vortex continues to move 
in the direction of the flow, and the tail drops down with in¬ 
creasing a, with the result that the coordinates z v and y^ in¬ 
crease and hence |i bb l decreases. If the position of the vortex 

with respect to the tail did not change, the unfavorable effect 
of interference would be linear, since vorticity is proportional 
to attack angle. It follows from this that in reality, the moment 
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characteristic will be nonlinear 
(Fig. XV-2-14), and that static 
stability will increase with in¬ 
creasing attack angle. 

The unfavorable influence of 
interference on stability can be 
reduced by placing the tail higher 
than the wing (Fig. XV-2-15). Then 
the characteristics of the tail, 
which will be cruciform, improve 
at small attack angles, when the 
vortices are quite far from it. 

With increasing attack angle, the 
upper cantilevers of the tail come 
steadily closer to the vortices, 
and the detrimental effect of in¬ 
terference becomes stronger. After 
the tail has passed through the vor¬ 
tex and moved away from it again, 
the unfavorable effect diminishes. 


Tail-wing interference 
due to presence of compression 
shocks. In addition to the inter¬ 
ference related to vortex formation, 
there is another interference inter¬ 
action that arises at high supersonic speeds. At these speeds, 
compression shocks form on the wing (Fig. XV-2-16) and interact 
with the tail to change its characteristics further. We see from 
Fig. XV-2-16 that at a small attack angle ( a = 5°), the horizon¬ 
tal tail lies in a zone between a tail shock and an expansion fan. 
As a result, it is at zero angle of attack for the flow passing 
through the expansion fan and will not create lift. For practi¬ 
cal purposes, the tail effectiveness is near zero (r) tl = 0). With 

increasing attack angle (by way of example. Fig. XV-2-16 shows 
a = 20°), the shock angle to the plane of the wing increases and 
its plane may pass forward of the tail. Since the streamline be¬ 
hind the shock nearly coincides with the direction of the oncom¬ 
ing flow, the tail recovers much of its effectiveness. Some de¬ 
crease in lift results from the lower M and velocity head behind 
the shock. A curve indicating the manner in which the tail moment 
changes as a result of compression and expansion shocks appears in 
Fig.- XV-2-16. It passes between the lines corresponding on the 
one hand to total loss of effectiveness (n t q = °) and, on the 

other, to full recovery (n-^i = !)• 



Figure XV-2-14. Coeffi¬ 
cients of Moment and Nor¬ 
mal Force for Body-Wing- 

Tail Combination. -) 

without interference; 

-) with consideration 

of interference. 
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Figure XV-2-15. Effect of 
Horizontal Tail on Moment 
Characteristics of Body-Wing- 
Tail Combination. 1) without 
interference; 2) with inter¬ 
ference considered for con¬ 
ventional tail; 3) with in¬ 
terference considered for 
nontandem cruciform tail; 

4) wing; 5) vortex; 6) ver¬ 
tical tailplane; 7) hori¬ 
zontal tailplane. 


§XV-3. EFFECT OF INTERFERENCE ON 
AERODYNAMIC CHARACTERIS¬ 
TICS OF CONTROLS 

All-Mov ing Plane Controls 

Deflection angles. Let 

these angles for the horizontal 
cantilevers be 6 X for the port 
and S 2 for the starboard canti¬ 
lever. We shall assume that the 
angle will be positive if the 
wing is deflected downward (Fig. 
XV-3-1). The longitudinal 5 g 

and lateral <5 deflection angles 

cl 

can be calculated from S x and S 2 

g 6[ 6 2 . —'62 

6a ^~2 • (xv-3-i) 




Figure XV-2-16. Effect of Wing-Tail Interference at 
Appearance of Compression Shocks. 1) effectiveness 
coefficient = 0; 2) = 1; 3) real curve; 

4) wing; 5) expansion fan; 6) tail compression shock. 


If Si and S 2 are equal and of the same sign, i.e., S : = S 2 , 
then 6 g = Sj = S 2 . This value of the deflection angle S g corre¬ 
sponds to longitudinal [pitch] control. If, on the other hand, 
the deflection angles are equal but opposite, 5=6 = -S 2 . 

The angle 5 will correspond to transverse control with the aid 

3. 

of horizontal wings. 
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Let the angles 5 3 


and S 4 characterize 


the deflections of the upper and lower 
cantilevers, respectively, and let the 
deflection angle to the right be positive 
(Fig. XV-3-1). The directional 6^ and 

transverse 6 , deflection angles can be 

determined from these angles: 


V 


' r &a r — ' 


(XV-3-2) 


Figure XV-3-1. Cru¬ 
ciform Configura¬ 
tion of All-Moving 
Controls. 


If S 3 = <5 4 (angles S 3 and 6 4 equal 
and of the same sign), then the angle 
6 , which is equal 6 3 = S 4 , character¬ 
izes directional control; in this case, 
when <5 3 = -5 4 (angles <5 3 and S 4 equal and 


opposite), the angle 6 , 

3, 


= S 3 = -6 4 and 


defines the deflection set up for transverse control, 


Change in normal force. Let us consider how the normal 
force is determined for all-moving controls located on the body 
in a plane configuration. When the deflection angle of the 

horizontal 'cantilevers is not zero and the body is inclined at a 
certain angle of attack a, the normal force of the wing-body combina¬ 
tion can be represented as the sum 


A b.wg ‘ - A^b.wgja "i A {b.wg)i.t 


(XV-3-3) 


where N/, \ is the normal force at zero control deflection at 

(b . wg) ct 

a certain angle of attack (<5 e = 0, a ^ 0); is the normal 

force of the combination with the controls deflected at zero body 
angle of attack (<5g / 0., a = 0). 


Figure XV-3-2 presents a diagram of the action of the forces. /638 

N/, x has already been determined. To determine the second 
(b.wg)a J 

component N/, x~ , we can use results from slender-body aero- 
(b.wg)S e ’ 

dynamic theory, extending them with the aid of linearized solutions 
to nonslender bodies and thus finding the dependence of lift on 
M^. According to slender-body theory, W g)<$ can be presented 


as the sum 


A'(b.wg) b^ A wg(b)6 tf A^b(wg)ft e » 


(XV-3-4) 
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Figure XV-3-2. Diagram of Ac¬ 
tion of Normal Forces for 
Moving Control. 


where the first term is the nor¬ 
mal force of the wing deflected 
through angle in the presence 

of the body effect and the second 
is the body normal force due to 
its interference with the wing. 
Each of these components can be 
expressed in the form 

A^vg(b)6 e — 

Ab(wg)6 e = A b V wg , (XV—3 — 5) 


where k and k, are the inter- 
wg b 

ference coefficients due to de¬ 
flection of the controls through 

angle 6 at a = 0; N is the 
& e wg 

normal force of the isolated 

wing. Thus, 


-V(b.wg)6 e — (^*wg + A b ) • ( xv — 3—6) 


We can also write 


A r (b.wg)6 e — <7^c5 wg ( ^ (fc wg -j-A b ) 6e, 


(XV-3-7) 


from which the normal force coefficient of the combination, re¬ 
ferred to a certain arbitrary area S, is 

(<tv)(b.wg> 6, = ( wg (Aw, -i- *b )~ ■ (XV- 3- 8) 

In the presence of a body attack angle and simultaneous de¬ 
flection of the wings and tail through the respective angles 
(6 e ) W g and ^ S e^tl» the components of the coefficient of the nor¬ 
mal force acting on the body-wing-tail combination will be as 
follows: 

1. Normal force coefficient of body nose section 


(V\) b ~~ K b.i • 


(xv-3-9) 


'I 

I 
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2. Normal force coefficient of wing in the presence of body 


(h\')wg(b) : - |A wg CC A‘wg(i)wg] ( c A')wg* 


(XV-3-10) 


3. Normal force coefficient of body in the presence of wing 


(£.\) b(wg) ■ I hb'i /lb (^i')wgl (hv)wg* 


(XV-3-11) 


4. Normal force coefficient of tail in the presence of body 
(without consideration of wing-vortex effect) 


Mu ( b) - lK a a + k n (6,)u ] (cS) a 4 “ , (XV-3-12 ) 

°wg 

where and are determined for the tail in the same way as 

for the wing. 

5. Normal force coefficient of body in the presence of body 
[sic] (without consideration of wing-vortex effect) 

M w .«-l(Wu« + Wu (Mti 1 (ca)m 4~. (XV-3-13) 

°wg 


where ( K b ) tl and ^ k b^tl are found fz* 0111 the parameters for the 

tail in the same way as the coefficients and k^ are found from 
the wing parameters . L ’ 

6. Normal force coefficient for tail section due to wing vor¬ 
tices 


(h\)<b.tl)v 


( c *) wg ( c A’)ti [-^wgCt J -ftwg (6 e )-wg) (s,n — r) t i 
2nA.ti (2 P — r)wg 


(XV-3-14) 


This formula was derived from (XV-2-10), in which K^a + 

+ k (<5 ) was substituted for K a, and S was taken as the 
wg e wg wg 5 wg 

characteristic area. 

Together with this component, a force due to the influence 
of wing vortices on the part of the body between the tail and 
the wing also makes its appearance. This force is 


/Vb(v) — 2p x v x r 0 x [(z c —£c)wg (^o ffv )ti ] (XV—3—15) 
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and depends on the positions of 
line vortices of vorticity T 0 on 
the wing and tail. Since this 
position is assumed to be the same 
on the wing as on the tail, ■ 

- 0 . 


In slender-body aerodynamic 
theory, the coefficient k is de- 

W 

termined as a function of the 
parameter r g = r/s m . The corre¬ 
sponding values of this coeffi¬ 
cient are listed in Table XV-3-1. 
We see from the tabulated data, 
which apply for slender body-wing 
combinations, that the coefficient 

k differs insignificantly from 
wg 

one. This means that the bearing capacity of all-moving thin 
wings or tails in the presence of a body undergoes practically 
no change by comparison with the isolated wings. 


Figure XV-3-3. Values of 
k w g for Body-Rectangular- 

Wing Combination. 


wg 


In application to nonslender combinations, the values of k 

differ under certain conditions from the linearized-theory data, 

as follows from Fig. XV-3-3, where these data are shown for a 

body-rectangular-wing combination. If a'X < 2, we can use the 

w 

values of k w ^ from slender-body theory for rectangular wings in 

combination with a body. When the effective aspect ratio a’X > 

> 2 and M ot > 1, then the results obtained are better if the data 
available from the linearized theory for k wg are used. 

The method of calculation of k from slender-body theory 

wg 

can also be applied at subsonic speeds; to some extent, this is 
explained by the independence of the interference coefficient of 

. 


To determine the coefficient k^, we have only the data of 
slender-body theory, which indicate that 


A*b — A wg A wg . 


(XV-3-16) 


r/s . 
m 


Table XV-3-1 gives values of k fe as functions of the ratio 


The coefficient k^ can differ sharply from unity, indicating 
substantial influence of the wing on the lifting properties of the 
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TABLE XV-3-1• INTERFERENCE COEFFICIENTS AND CENTER 

OF PRESSURE COORDINATE FOR ALL-MOVING CANTILEVER AT 

6 7 ^ 0 and a = 0 

e 


r 

\n 

^wg 

ft wg 

' ! b 

A 

ft Wg 

A 

■k'wg 

' ?, rt ' wg(b) 

0 

1.000 

1.000 

0 

0 

0 

0.667 

0.1 

1.077 

■0.063 

0.114 

0.118 

0,123 

0.669 

0.2 

1.102 

0.944 

0.218 

0.231 

0.239 

0.668 

0.3 

1.253 

0.93 i 

0.317 

0.338 

0.319 

0.666 

0 . 

1..V.9 

0.935 

0.414 

0.442 

0.454 

0.665 

0.5 

1.450 

0.940 

0.510 

0.542 

0.551 

0.664 

0.6 

i. 555 

11.948 

0.007 

0.641 

0.646 

0.663 

0.7 

1.003 

0.958 

0.705 

0.736 

0.737 

0.664 

O.S 

1.77'. 

0.971 

0.S03 

0.827 

0.827 

0.666 

0.9 

1.SS7 

0.9S5 

0.902 

0.916 

0.915 

0.667 

1.0 

2.000 

1.000 

1.000 

1.000 

1.000 

0.667 


*Delta wing. 


body. An approximate relation for the interference coefficient 
follows from Table XV-3-1: 

K = r. = -!~. (XV-3-17) 

s m 


If we assume that the wing "transmits" part of its lift to 
the body irrespective of whether this force is created under the 
influence of an attack angle a or a setting angle 5 , we can 

write the equality k,/k = K, /K , from which another approxi- 
^ u b wg b wg 

mate relation follows: 


K b 
K g 


(XV-3-18) 


Like the coefficients k 


wg J 


the values of k^ are applicable 


for slender configurations. However, they are also used for non- 
slender configurations in approximate calculations. The values 
of k^ can be improved by applying Formula (XV-3-18) and available 

data for k and K. from linearized theory, 
wg b 


The calculation method presented above is applicable when 
there are no lifting surfaces forward of the control. Otherwise 
it is necessary to take account of a decrease in lift due to the 
influence of the wing by applying the interference-calculating 
methods set forth above. 
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Center of pressure. The center of pressure position will 
change as a result of pivoting of the controls. The center of 
pressure coordinate for a = 0 and ^ 0 can be determined from 

the expression 

( x c.p a) W g ^wg f- ( )„ g(b) • (XV-3-19 ) 


This coordinate is measured from the nose of the body. The 
quantity x is the distance from the nose to the forward end of 

W ££ 

the root chord, and the second term in (XV-3-19) determines the 
relative distance from this point to the center of pressure of 
the control when its rotation angle 6 ^ 0. The values of 

(x r/b . ) for a delta wing are e given in Table XV-3-1. The 

effect of interference on the center of pressure coordinate is 
small for delta cantilevers. This gives reason to assume that 
the center of pressure for a wing of any planform may with good 
approximation be assumed the same as for the isolated wing, i.a., 


^ x c.p6^wg(b) ( x c.p6^wg‘ 


f 

\ 6 r t / w e(b) 



Figure XV-3-4. Curves for Cal¬ 
culation of Shift of Wing 
Center of Pressure under the 
Influence of the Body for a = 

= 0 and <S / 0. 
e 


The isolated-wing 

(x P ) can be calculated 
c.pS'wg 

by linearized theory instead 
of slender-body theory. For 
comparatively simple combina¬ 
tions of a body and a rectangu- 
lar-planform pivoting wing, 
this theory also permits more 
accurate calculation of the 
center of pressure shift due 
to the body for a =0 and 
& e / 0 (Fig. XV-3-4). 

If the body is deflected 
to an attack angle a and the 
wing is also deflected through 
an angle 6 g with respect to 

the body axis, the wing cen¬ 
ter of pressure 


( X c.p )wg(b) ^"g ( fr rt )wg(b) 


(XV-3-20) 


where 




i 


/6_4l 
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wg(b) 




wg(b) 


^wg a 


(XV-3-21) 


A similar expression will also apply for a body-tall combina¬ 
tion. 


When rotation of the control is accompanied by a change in 
the wing center of pressure position because of interference with 
the body, the coordinate of the point of application of the addi¬ 
tional body normal force due to the wing effect also changes. It 
can be assumed in approximation that the change will be the same 
as in the case of formation of the normal force under the influ¬ 
ence of a body attack angle, i.e.. 


( X c.p 


a)b(wg) Z wg+ ( 6rt ) b (wg) 


(XV-3-22) 


The center of pressure coordinate can also be reckoned from 

the center of gravity. If the distance to it from the forward 

point of the root chord is (x ) , the center of pressure coor- 

^ c.g wg’ 

dinate is 

( X o.p cc)b(wg) = (*c.g )wg + ( - C £—) b(wg) ■ ( XV- 3-23) 


In calculating the center of pressure position on the body 
with consideration of the wing effect, it is assumed that the 
center of pressure is insensitive to whether the lift is developed 
from an attack angle or from a wing (tail)rotation angle. Accord¬ 
ingly, ( x c ,p a ^ ( W g) *“ x c .p<5 ^b (wg) * 

For the complete body-wing-tail combination, the center of 
pressure is determined by the formula 


kc.p ) b ( c .v) b ~f kc.p )wg(b) ( c .v)wg(b) i( x c.p ) b (wg) ( c A')b(wg) "H^c.p) tl(b) ( C A T ) tl( b ) >" 
+ ( z c.p > b (tl) ( c A’)b(tl) +( z c.phl(v) ( c A’)tl(v) 

. /1.1 -L- l r .4. • . I- l r urn % -4--4- 


^c.p 


(cv)k + (c v )• 


where (c. T ), , , and (x ), , n are the normal-force coefficient 

Ntl(v) c.ptl(v) 

and center of pressure governed by wing vortices. 

The quantity (x c p ) tl ( v ) ls assumed equal to (x c 
The values of x q and c^, which appear in (XV-3-24), are deter¬ 
mined in the general case with consideration of the attack angle 
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and the wing and tail rotation angles. In particular, 

(x ) N is found from Formula (XV-3-20) in which 
c.p wg tb; 

(x /b , ) /, v is determined from (XV-3-21). The corresponding 

c.p rt wg(b) ° 

coordinate for a body in the wing is 


where 


(*'* )b < WB > ” * w * + ( bj 1^, 6rt 


(XV-3-25) 


■'g.p \ 

^'rt »b(wg) 


A' b a 


( Tc -p 
V bn 




b(wg) 


( * C -P 
( b rt 


) b(wg) 


Ab« i- Me 


(XV-3-26) 


A quantity that defines the normal-force coefficient of the 
body in accordance with the formula 


( c .v)b{wg) - (A' b a - A^b^e) (c,v)wg 


(XV-3-27) 


appears in the denominator of this expression. The relationships 
for the tail section can be written similarly. 

Longitudinal effectiveness. The longitudinal effectiveness 

of the controls is determined by the change in the pitching-moment 

coefficient m as a function of a change in the angle 6 on a 
2 6 

symmetrical deflection of the horizontal cantilevers, and is equal 

to the derivative 3m /36 . This derivative is usually negative 

for tailplanes and positive for controls of the "canard" configura¬ 
tion. If the longitudinal moment is determined with respect to the 
center of gravity, the longitudinal effectiveness is 


dm z b rt 
567 =_ T 



{* wg [( bn )wg + ( b« ) wg ] + 
~)b(wg) + (^f)wg,]} 


X c.p 


(XV-3-28) 


where H is a characteristic length. 

If some lifting element is located forward of the control, 
it is necessary to take account of the effect of interference 
with this element on pitching moment. 

Lateral effectiveness. Lateral effectiveness is determined 
by the derivative of the rolling moment m x with respect to the 

angle 6 on a differential deflection of the horizontal controls. 

cl 

The derivative 3m /3S which is usually negative, is equal to 

X cL 
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dm x 

db a 



(XV-3-29) 


Here A = 4(s - r) 2 /S is the wing aspect ratio; f is a cer- 

tain function of the ratio r = r/s , and for a linear relation- 

s m 3 

ship is defined by the equality 

/ = 0.167 (1 -j-3,71r*). (XV-3-30) 

The values of the function f correspond to a very slender 
body. By applying the theory of linearized flow, we can improve 
these values for a real slender body and thereby take account of 


/-/s.b , (XV-3-31) 

(iv ) wg. sb 

where f gb is calculated by Formula (XV-3-30), which is derived 
from slender-body theory. 

The fraction in Formula (XV-3-31) is the ratio of the slopes 
of the c N (a) curves for the isolated wing, as calculated by the 

linearized and slender-body theories. For delta wings, this 
ratio takes the form 


k.\) w g.ln 
4 wg. sb 


E\k) 


for 


< 4 , 




rr— for , x'A wg >4, 


(XV-3-32) 


where E(k) is a complete elliptic integral of the second kind 
with modulus k = [1 -(0.25a’A ) z ] x / 2 ; A is the wing aspect 

ratio. wg wg 

The following ciruumstance must be kept in mind in locating 
controls that are to set up a lateral moment. If there are any 
lifting surfaces aft of the controls, those surfaces will set up 
a rolling moment opposed to the moment from the controls when the 
latter are given a differential deflection, as a result of inter¬ 
ference between them. For this reason, controls positioned for¬ 
ward of the lifting surfaces, such as "canard"-type controls, are 
not effective enough for lateral control. 
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Example. Determine the longitudinal and lateral effective¬ 
ness of all-moving tail cantilevers at = 2 for the body-wing- 
tail combination whose dimensions and shape are indicated in Fig. 
XV-2-13. Let the center of gravity of the combination be situ¬ 
ated at a distance (x )., = 3.95 from the forward end of the 

c . g 11 

tail root chord (we substitute the subscript tl for wg). 

We use Formula (XV-3-28) to calculate 3m /3<S . The coeffi- 
cients and that appear in it are found from Table XV-3-1 

for the value (r/s = 0-562/1.81 = 0.310; k^ = 0.936, k^ = 

= 0.327. 

The relative center of pressure coordinate (x q pg/t’-pi ^fci (b) 

is assumed equal to (x /b., ), N and is determined from Table 
H c .pa tl tl (b ) 

XV-1-1. For a delta cantilever we find (x Q p$/k-kl^tl(b) = 2/3. 

We determine the center of pressure on the body in accordance 
with Formula (XV-3-25) with the aid of Table XV-1-1, bearing in 
mind that there is no tail section aft of the empennage. The 
relative center of pressure coordinate is (x Q pg/^tl^b(tl) = 

= 0.556. 

Taking the wing mean aerodynamic chord b^ AC = 1.5 passing 

through the cantilever's center of gravity as the characteristic 
length l and remembering that = ^*31 for the isolated 

tail, we obtain after substituting all quantities into Formula 
(XV-3-28) 


[o.936 (o.OGT +0.327 (o.536 + ] 2.3i =-9.24. 

We then calculate the lateral effectiveness. From Formula 

(XV-3-30) and r = r/s m = 0.310 we find f . = 0.359. 

s in s d 

Since the aspect ratio of the isolated tail is 

, 4 (s m r) 2 4(1.812-0.502)2 , _ 

Xtl = — S7i — = 1. 2p 

and a' = /M" 2 - 1 = 1.73, we have a'X. = 6.92. In accordance 

co " U _L 

with the second formula of (XV-3-32), therefore. 


V °Vln 

( c .\) tl.sb 


= 0.368. 
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According to (XV-3-29) 


~rjr~ ~ —0.359.0.308-4= —0.r»3. 


Applying (XV-3-8) and taking S = as the characteristic 

area, we determine the slope of the c^(<$ e ) curve for the tail: 



2.31 

(b.tl) A 


(0,930 


I 0.327) = 2.9. 


All-Moving Cruciform Controls 

Longitudinal effectiveness. For a cruciform configuration 
of all-moving control surfaces, the longitudinal effectiveness 
in the plane of the angle a = cos <j> can be found in the pre¬ 
sence of roll from Formula (XV-3-28), leaving out of account the 
effect of slip rate, i.e., assuming that there is no interaction 
between the cantilevers. It follows from (XV-1-17) that longi¬ 
tudinal effectiveness increases in the presence of a roll angle. 
While the normal force N of the entire combination is created at 
<f> =0 only by the horizontal cantilevers, which are deflected 

through an angle 6, all four cantilevers participate in genera¬ 
tion of normal force when the system is rotated through a certain 
angle <j>. The total normal force in the vertical plane will be 
N(cos <J> + sin <j>), which, for example at = 45°, gives N /2. 

Directional effectiveness. This characteristic, which is 
determined by the derivative 3m /3 6 r , depends on the change in 

directional moment at a symmetrical deflection of the vertical 
control surfaces. Formula (XV-3-28) can be used to calculate 
Sm z /96 r in the plane of the angle sin <j> without consider¬ 

ing the influence of the angle a. 

Lateral effectiveness. Longitudinal and directional effec¬ 
tiveness is analyzed for cruciform surfaces in the same way as 
for plane controls, and without considering interference between 
the cantilevers. However, these methods do not give satisfactory 
results for lateral effectiveness, since pressure Is redistributed 
on the vertical cantilevers under the influence of the horizontal 
controls when they are given a differential deflection, with a 
positive pressure set up on one of the halves and a negative pres¬ 
sure on the other. The result Is a reverse lateral moment that 
opposes the moment from the control deflection. As a result, 
the resultant lateral moment and the corresponding lateral ef¬ 
fectiveness will be smaller. The change in lateral effectiveness 
can be calculated from the approximate relationship 
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7r A 7£-) =°- 16cos (XV-3-33) 


Despite the lower lateral effectiveness of the horizontal 
controls, the resultant lateral effectiveness of the cruciform 
combination will nevertheless be greater than that of the plane 
configuration owing to the influence of the vertical surfaces. 

In calculations for nonslender bodies, the values obtained 
from slender-body theory must be improved with the aid of 
(XV-3-31). 

Interaction Between Controls 


To obtain a complete picture of the aerodynamic properties 
of a vehicle, it is necessary to know, in addition to the char¬ 
acteristics related to the direct influence of attack, slip, and 
control-deflection angles, the effects that appear as a result 
of interaction between controls. One of these effects is a 
lateral moment from the vertical wings that appears on a dif¬ 
ferential deflection of the horizontal control surfaces. Let us 
examine the qualitative aspects of the possible forms of inter¬ 
action between controls. 

Interaction not related to deflection of controls. Let us 

assume that a body-wing combination is in flight at a certain an¬ 
gle of attack with simultaneous roll, and analyze the effects of 
interaction for the case in which the wings, which act as con¬ 
trols, are not deflected. 

1. Owing to the interaction of the pressure fields from the 
finite-thickness body and wings in the presence of attack and 
slip (roll) angles, additional lifting forces arise from the 
horizontal and vertical cantilevers. In the presence of only 
the attack angle, the interaction governed by body thickness can 
be defined by convention as an interaction of the "attack angle- 
vs. -thickness" type that results in the creation of a unidirec¬ 
tional lifting force on the horizontal cantilevers. On the ap¬ 
pearance of a slip angle, an additional interaction of the "slip 
angle-vs.-thickness" type appears and produces lift, again uni¬ 
directional, on the vertical cantilevers. The forces that arise 
as a result of the two interaction types act in the planes of 
the angles a and 3 respectively. 

2. A second type of interaction is governed by the recipro¬ 
cal effects between the pressure fields from the body and wings 
in the presence of attack and slip angles ("attack angle-vs.- 
slip angle" type of interaction). For a plane combination, this 
results in the appearance of additional lifting forces of opposite 
directions on the starboard and port cantilevers and, as a conse¬ 
quence, the formation of a lateral moment that tends to reduce 
the roll. 
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In the case of a cruciform combination, the "attack angle- 
vs.-slip angle" interaction also results in the formation on the 
vertical cantilevers of a moment equal in magnitude but opposite 
in sign to the moment on the horizontal cantilevers. The result¬ 
ant rolling moment is therefore zero. 

Interaction governed by deflection of horizontal controls. 

An interaction of this type arises on deflection of the horizon¬ 
tal control surfaces to set up a pitching moment or produce a 
certain desired lateral moment. The most general case of the 
interaction is characterized by the presence of attack and slip 
angles. 

1. Let us consider the interaction effects when the controls 
are deflected symmetrically through an angle <S g to support longi¬ 
tudinal control. 

a. Let us assume for the time being that there is no slip 
(3=0). In the case of a plane combination, symmetrical de- 

S 

flection of the cantilevers through angle results in the ap¬ 
pearance of an additional lift of the same magnitude and sign on 
the starboard and port cantilevers. This is also observed In the 
case of the cruciform configuration, since there is no interac¬ 
tion with the vertical cantilevers. 

This interaction is of the "angle <5 e ~vs.-thickness" type and 

is qualitatively the same as the "attack angle vs.-thickness" 
interaction. 

b. If deflection of the controls through angle is ac¬ 
companied by slip, an interaction of the "angle 6 e ~vs.-angle 3 g -j_" 

type appears. For a plane combination, it is qualitatively the 
same as interaction of the "angle 3 -vs.-attack angle" type, 

which results in a lateral moment that tends to reduce roll angle. 
For a cruciform combination, the interaction effect is similar: 
additional lifting forces appear on the vertical cantilevers and 
set up a lateral moment of the same sign as that on the horizontal 
cantilevers. 

2. Let us consider the Interaction effects that appear when 
the horizontal controls are used to create lateral moments, i.e., 
when they act as ailerons. 

a. Assume that there are no slip or attack angles. Second¬ 
ary lateral moments appear as a result of interaction of the body 
with the horizontal controls when they are given a differential 
deflection through angle 6 (interaction of the "angle 5 -vs.- 

thickness" type). A lateral moment that reduces the roll angle 
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then appears on the horizontal and vertical cantilevers. 

If the attack angle is not zero, an interaction of the "angle a 
-vs.-angle <5 " type appears in the case of a cruciform combina- 

cl 

tion and creates a lateral force of one sign (negative) on the 
vertical cantilevers. No additional forces arise on the horizontal 
cantilevers. Thus, this interaction does not occur for the plane 
combination. The phenomenon is similar to the "angle B s ^-vs.- 

thickness" interaction discussed above and, as we see, leads to 
the formation of a directional moment for a cruciform combination. 

b. In the presence of slip, differential deflection of the 
horizontal cantilevers through angle <5 results in the appearance 

cL 

of an additional positive lift for a plane combination. In the 
case of a cruciform configuration, no interaction appears on the 
vertical cantilevers. Thus, when the horizontal cantilevers are 
used as ailerons, a pitching moment is created for either a plane 
or a cruciform configuration. 

3. Finally, we might examine the interaction due to use of 
the horizontal controls for longitudinal and lateral control 
simultaneously. The deflection of the controls, which is char¬ 
acterized by the angles <5 and 6 , sets up an additional lifting 

force on the vertical cantilevers, but no additional force arises 
on the horizontal controls. The general conclusion drawn from 
analysis of the interaction in these cases is that the lateral 
effectiveness changes and a pitching moment appears for a plane 
configuration when the lateral controls are deflected. A direc¬ 
tional moment also appears in the case of a cruciform configura¬ 
tion. 


These interaction effects are governed by deflection of the 
horizontal cantilevers. New interference effects appear when the 
vertical controls are deflected. They can be analyzed in the same 
way as in the case of the horizontal cantilevers. It must also 
be borne in mind that these conclusions pertain to slender bodies 
and small-aspect-ratio wings. 

Controls Along Trailing Ed ges of Lifting Surfaces 

Controls located along the trailing edges of lifting surfaces 
may occupy all or part of the cantilever trailing edge. If they 
occupy the entire trailing edge, they may be regarded as all- 
moving controls and the aerodynamic calculation methods set forth 
above can be applied to them. Cases in which the controls occupy 
part of the edge, and then not a very large part, are frequently 
encountered. If the Interference of the body with the lifting 
surface has insignificant Influence on the aerodynamic character¬ 
istics of the control, such as, for example, its center of pres¬ 
sure coordinate, these characteristics can be calculated by 
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applying the results of regular supersonic theory as they apply 
to the isolated surfaces. 

Aerodynamic analysis of the controls becomes more complicated 
when interference between the body and wing exerts substantial 
influence on the control surfaces. If a trailing-edge control 
has a large aspect ratio, its aerodynamics can be investigated 
by elementary swept-wing theory. 

Application of ordinary supersonic theory. Attention must /647 
be drawn to the following factors when this theory is applied: 



Figure XV-3-5. Reflection 
Diagram for Controls with 
Subsonic Leading Edge, a) 
trailing edge supersonic; 
b) trailing edge subsonic; 

-) Mach line; 

rotation axis of control 
surface. 


1) whether the leading and 
trailing edges of the controls are 
supersonic or subsonic; 



Figure XV-3-6. Effective¬ 
ness of Controls. 1) out¬ 
board controls; 2) in¬ 
board controls; 3) s. = 

s ; s = s . 1 

me’ m m wg 


2) whether the tip chords of the control coincide with the 
stream direction; 


3) how the control is located: does it extend to the tip 
chord of the wing or is it at a certain distance from this chord; 
in the latter case, it is important to know whether the outboard 
Mach cone of the control intersects the wing tip chord; 


4) finally, whether the inboard Mach cone of the control 
crosses the wing root chord. 


A certain amount of difficulty is encountered in investiga¬ 
tion of controls with subsonic leading and trailing edges owing 
to multiple reflection of disturbance waves on the control sur¬ 
face (Fig. XV-3-5). 
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Consideration of interference between wing and body. Such 
consideration is necessary when the controls are mounted on short 
wings. In combination with slender-body theory, the reversibility 
principle can be used to calculate the effectiveness of wingtip 
controls with respect to lift. 

Let us consider a body-wing-control combination (Pig. XV-3-6) 

with a fixed wing and a moving wingtip control whose transverse 

dimension is defined by s - s . Let us find the effective- 

" m wg m c 

ness of the controls for zero angles of attack of the body and hence 

of the wing (a, = a =0) and a control-surface deflection angle 

& b wg 

6 (a = 6 ) . 

To find the normal force N q of the combination that results 

from control deflection, we shall examine the reversed motion and 
assume that in this motion (see Pig. IV-5-2), the combination is 
set at' a common angle of attack a 2 = 6. Then we find from (IV-5-2) 

H Ap t dS=llAp 2 dS. (XV-3-34) 

<' S c+sJ+ S b> < S c> 


Here the left member defines the unknown normal force N q of one 

cantilever referred to the velocity head q w . To calculate the 
ri_ght member, we introduce into the integrand the quantity 
Ap 2 = Ap w g£ b ), expressed by Formula (XV-1-14), in which we take 

<j> = 0, = 6, r' = 0, s = x tan' e, s' = tan e = const. Assuming 

that dS = dxdz and integrating over x with z/tan e and s m /tan e 

as limits and over from s^ to s m (Pig. XV-3-6), we obtain an 

expression for N q . Referring it to the force N wg = 

= 2q 6 tt[(s 2 - s 2 ) ] of the isolated vring formed by combining 

the two wingtip controls, we obtain the ratio 


V --- 2 ( 1-^) _1 I * 1 -*-*- 

*'wg L 

. 1 — 0*2 .j r 4 

+ -7 (i ~ rt) arcsin —r- c -,— r\ arcsin 

- 1 r s 


rl) l/2 ( l-sj) ,/a 4 
(l^i rj) ~4-2rj -j 

( 1-^*0 J ’ 


(XV-3-35) 


where r = r/s 


m- 


= s 


m 


/(s ) 
c m wg 


Although this ratio was obtained with Formula (XV-1-14), 
which refers to conditions on a delta wing, research has never¬ 
theless shown that it can be used for wings of arbitrary form. 
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The quantity N c /N wg 


depends only on 


the geometry at the trailing edge. 
Figure XV-3-6 shows a curve char¬ 
acterizing the variation of N /N 

c wg 

Having calculated N for the 

wg 

isolated wing with consideration of 

its shape and taking the ratio N /N 

c w g 

as in slender-body theory, we can 
take account of the influence of M 

00 

on the effectiveness of wingtip con¬ 
trols. For example, an isolated wing 
(control surface) may be triangular 
with root chords going with the 
stream as shown in Fig. XV-3-6. The 
data of Fig. XV-3-6 can also be used 
calculate the effectiveness of inboard controls. The figure 
used to find the effectiveness (N c /N wg ) r of controls that 

(s^ = r); then the 


Figure XV-3.7- Swept 
Large-Aspect-Ratio Con¬ 
trol. 1) wing; 2) axis 
of rotation; 3) con¬ 
trol surface. 


to 

is 


extend from the body to the wingtip 

determined for the 

and (N ) . are found 
c ob 


of (N /N ) . is 
• c wg ob 

The forces ( N c ) r 


m c 

outboard control (s 


m c 


value 
> r) . 


from these values. Now, 


regarding the inboard control surface as the difference of two 


outboard controls extending to the wingtip, N 


= (N ) - 

c r 


<Vcb 


is found for the inboard control. If the normal force for the 

Joined inboard control surfaces is N . the effectiveness will 
0 wg 


be N /N , 
c wg 


Elementary theory of sweep. If a trailing-edge control sur¬ 
face has a large enough aspect ratio, its effectiveness can be 
calculated by elementary sweep theory. Let us assume that the 
axis of rotation of the control surface (Fig. XV-3-7), which 
coincides with its swept leading edge, is supersonic. Then the 
normal force developed by the control on deflection through 
an angle 6 n measured in the direction of the normal to the rota¬ 
tion axis will be determined in accordance with the-two-dimensional 
sweep theory by the expression 


Nn = N o 




cos 2 x (M» — 1) 

MLcos 2 x—1 


(XV-3-36) 


Here N 0 is the normal force at zero sweep, calculated from the 
control-surface area S c by the expression 


N o — Qxi^o {cn^qSc , 


(XV-3-37) 
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where is the velocity head calculated from M b ; 6 0 is the con¬ 
trol deflection angle in the direction of the oncoming flow (6 0 = 
= 6 cos x); (c“) 0 is the derivative of the normal-force coeffi- 

cient with respect to attack angle and is equal to (c. T ) 0 = 

= 4(M 2 - l)" 1 /*. N 

As we see from Formula (XV-3-36), which is applicable for 
cos x > 1) sweep results in an increase in normal-force effec¬ 
tiveness of the control. As cos x 1» the formula becomes 
invalid. The shock separates from the controls; this can be 
avoided by making certain that the pivot-axis position is super¬ 
sonic. 

Nonlinear Effects 


Influence of slots. One factor disturbing linearity of con¬ 
trol aerodynamic characteristics as functions of deflection angle 



Figure XV-3-8. In¬ 
fluence of Slots on 
Distribution of Nor¬ 
mal Force (Without 
Consideration of Vis¬ 
cosity). 1) no slots 
(g/s m = 0); 2) slot 

dimension g/s m = 0.0025. 



Figure XV-3-9- Influence 
of Slots at Large Control 
Deflection. 


is formation of slots between the 
controls and the body or around 
the pivot axis. These slots tend 
to reduce the pressure drop at the 
root chord (Fig. XV-3-8) and, con¬ 
sequently, normal force. Under 
real viscous-flow conditions, the 
boundary layer may be thought of 
as covering small slots, so that 
their detrimental effects are not 
manifested in practice and linear¬ 
ity is not disturbed. 


Effectiveness drops off and nonlinearity appears when the 
slots are longer and their shape changes when the moving controls 
are given large deflections (Fig. XV-3-9)- In this case, the 


4 

B 


i 
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change in aerodynamic characteristics and departure from linearity 
are explained by redistribution of pressure on the body owing to 
the influence of the wing. Compression of the flow on the lower 
surface of the cantilever increases the pressure on the body and, 
as a result, gives rise to a force couple. 

Influence of large control-surface deflection angles and 
profile thickness. These factors may change aerodynamic char¬ 
acteristics from those of the linear theory. Unfortunately, no 
nonlinear theory has been developed for wings of small and medium 
aspect ratio. 

If the controls have large enough aspect ratios, shock-and- 
expansion-flow theory can be used to evaluate the higher-order 
effects of attack angle on aerodynamic characteristics. The non¬ 
linear effect can also be taken into account comparatively simply 
with the Busemann second-order-approximation theory, which is 
useful, for example, in evaluating the influence of the thickness 
of wing-trailing-edge control surfaces (Fig. XV-3-10). In this 
theory, the pressure coefficients on the profile surface are ex¬ 
pressed by Formulas (V-2-16) and (V-2-17). The normal-force coef¬ 
ficient of the control can be calculated by integration with these 
formulas. For a symmetrical control-surface profile form, the 
normal-force coefficient referred to the chord is 

c.v - l (pi - Pro) dx = 2c t 6 - 2 ^ 2 rr; r ; ,bse) • ( xv - 3- 3 8) 


where x is the distance from the forward end of the root chord 
ro 

to the axis of rotation of the control. 



Figure XV-3-10. Control with Symmetrical 

Profile (x is the distance to the axis 
ro 

of rotation; s max and are the maximum 

thicknesses of the wing and control, re¬ 
spectively ) . 
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Figure XV-3-11. Boundary-Layer Sep¬ 
aration on Trailing-Edge Control. 

I) control; II) boundary layer; 1) 
transition point; 2) separation 
point; 3) sticking point; a) 
pressure without consideration 
of viscosity; b) pressure with 
consideration of separation. 

by the expression 


The nomenclature 
of the other geometrical 
parameters is given in 
Fig. XV-3-10. The coef¬ 
ficients Cj and c 2 are 
found from Formula (V-2-7). 
The first term in (XV-3-38) 
defines the normal force 

(c. T ) of a zero-thick- 
N s= o 

ness lifting surface, 
while the second gives 
the correction for the 
thickness effect. Thus, 
although the linear ef¬ 
fect is preserved with re¬ 
spect to control rotation 
angle, there is still a 
deviation from linear 
theory owing to the influ¬ 
ence of thickness. The 
decrease in control nor¬ 
mal force is determined 


C,v 

Fa* )<=n 


= 1 


c 2 5 msi *bse 

c, b — i r . 


(XV-3-39) 


If the trailing edge is not blunted, s, = 0 in this for¬ 
mula. se 



Figure XV-3-12. Lift 
and Drag of Delta 
Wing. 


Effect of flow separation. 

Boundary-layer separation, which usually 
begins near the rotation axis of the 
control surface, results in redistribu¬ 
tion of pressure (Fig. XV-3-11) and, as 
a consequence, a certain change in the 
aerodynamic characteristics. 

Maximum lift. Around the attack 
angle at which c max is reached, lift 

shows a substantial deviation from 
linearity as a function of attack angle. 
In most practical cases, the nonlinear 
relation for lift is obtained experi¬ 
mentally. Figure XV-3-12 shows typical 
curves of the aerodynamic coefficients 
for an isolated delta wing at large an¬ 
gles of_attack, including a lift-coef¬ 
ficient curve. 
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If such a wing were mounted on a body as an all-moving con¬ 
trol, its maximum lift would be determined by the sum of the con¬ 
trol deflection angle and the body attack angle, which would be 
smaller than the critical attack angle in Pig. XV-3-12. This is 
explained by the secondary influence of the body on the wing. 

Slots could also influence the critical attack angle. Studies 
made for isolated wings in the range from 1.6 to 2.3 resulted 
in the observation that for wings with aspect ratios greater than 
1.4 and various planforms — delta, rectangular, swept, trapezoidal 
— the maximum values of the lift coefficient are approximately the 
same at 1.05 ± 0.05. Here the critical attack angles were near 
40° in all cases. This result may prove useful in study of the 
large-attack-angle aerodynamic characteristics on various combi¬ 
nations that include lifting elements of the shape indicated 
above. 


Hinge Moment of All-Moving Wings 

The hinge moment of a control with respect to its rotation 
axis is calculated by the following procedure. 

1. The control's normal-force coefficients (c^) (for attack 
angle) and (c^)g (for deflection angle) are determined with con¬ 
sideration of interference with the body. 


2. The wing center of pressure coordinate x is found for 

C • p Oi 

a 7 0 and zero control deflection. To do so, the center of pres¬ 
sure coordinate of the isolated wing is determined first and then 
corrected for interference and thickness effects. Interference 
has little influence on center of pressure position. Calculations 
indicate that for delta wings, the maximum center of pressure 
shift is 2 % of root chord. The change in the center of pressure 
coordinate due to the thickness effect is also small and can be 
taken into account with Busemann's second-approximation theory. 

For a profile that is symmetrical about the vertical axis, the 
center of pressure shift is determined from the formula 


Az cp =-^-, (XV-3-40) 

y C X 

where Ax = Ax /b 

c.p c.p MAC 

The coefficients m z and c^ for the profile are determined by 
the formulas 


m. c, (sj — sj f ~ r-.a (s t + sj; 


(XV-3-41) 
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, IB -v 

c .v -2c t a -]- .yr, (.?! — s- u ), 


(XV-3-42) 


where s, and s are the maximum thicknesses of the bottom and 
1 u 

top of the profile, respectively, referred to the chord b^^. 

The distance to the center of pressure from the forward 
point of the root chord, calculated with consideration of thick¬ 
ness and referred to b t , will be 


*c.p ( x c.p\ f'MAC 

a °- p b t r 


(XV-3-43) 


where (x /b .) is the relative center of pressure coordinate 
c.p rt'wg 

of the isolated thin wing. 

For a delta wing, this quantity may be assumed equal to 2/3. 
Research indicates that the thickness correction is no more than 
3-4$ of root chord. 

3. The correction to the center of pressure coordinate of 

the isolated thin wing to allow for the thickness of the control 
and interference when it is deflected is calculated, and the dis¬ 
tance to the center of pressure, x c is found for a = 0. The 

interference coefficient is small; for example, it is no more than 
1% of root chord for triangular control surfaces. 

4. The hinge moment is found as the sum of the moments pro¬ 
duced by the attack and control-deflection angles: 




6 MAC 


{<'*>• [-£— + &).]} ■ <XV-3-44) 


where x is the distance from the forward point of the root 
ro 

chord to the control-surface axle. The hinge moment coefficient 
in Formula (XV-3-44) is referred to mean aerodynamic chord. 

The method set forth above is applicable for controls of any 
planform, but the interference data used in it, which are taken 
from slender-body aerodynamic theory, give more satisfactory re¬ 
sults for the delta form and are less accurate for rectangular 
wings. In determining the reciprocal influence of a body and a 
deflected rectangular control on lift and center of pressure 
position, it is better to use data from the linearized theory, ac¬ 
cording to which the correction for the center of pressure shift, 
at the deflection of the control, is approximately twice that 
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according to slender-body theory. 


Example. Calculate the hinge-moment coefficient for M ra = 

= 2, a = 0.1, 6 = 0.2 for a fully deflected triangular control 
surface with the dimensions indicated in Fig. XV-3-13- The con¬ 
trol profile is symmetrical and biconvex with the thickness 


ratio s„ 


max 


= s /b , 
max rt 


= 0.05. 


First we find the normal-force coefficients for the values 
of the angles a and 6: 


(^ -V ) a (ivXvgJ Fa') 6 ( c a 1 wb* 


Since the wing has a supersonic leading edge. 


( c A’)wg = (4w = 4 (Mi -1)" 1 /2 = 2.3J. 


For the value r = r/s = 0.25, we find the interference 
s m 5 

coefficients K = 1.21 and k = 0.94 in Table XV-3-1. Now we 
wg wg 

use Formula (XV-3-43) to determine the center of pressure coordi¬ 
nate with consideration of thickness, remembering that in this 
formula 


^^c.p 


2 g 2 _*rnax __ / ^ *47 

3 c i ^mac ^ 


0.05 = 0 . 042 . 


Assuming that b MAC / b rt = 2/3 and setting x c p / b rt = 2/3, we 
find after substitution into (XV-3-^3) 


■ " c - ' p ■ --.-l- —0.042 — -• 0.007 — 0.028 0.039. 

bn -i •> 

This figure must be improved with a view to the influence of 
attack angle, using the formula 


( *c.p a \ 

( 1 c.p a \ 


a \ b rt /wg 

\ bn / 

wg(b) 


(XV-3-45) 


in which the first term defines the center of pressure coordinate 
of the isolated wing and the second represents the combination 
with the body. 


From Table XV-1-1, we find for r =0 and r =0.25 the 

s s 
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Figure XV-3-13. Moving 
Control in Calculation 
Example. 


respective values (x c _ po /b rt ) wg = 

= 0.667 and (x c . po /b rt ) W£ ( b ) = 

= 0.648. Consequently,Ax = 

, c ■ p cx 

= 0.019 and the relative center of 
pressure coordinate with considera¬ 
tion of thickness is (x q >pa /b rt ) wg = 

= 0.639 - 0.019 = 0.620. The center 
of pressure shift on deflection of 
the control is 


a^c. p .6~= -RR) • (XV-3-46 ) 

\ v rt /wg \ b rt / wgfb) 


where the first term defines the 
center of pressure coordinate of the 
isolated wing and the second that of 
the wing in combination with the 
body. 


0.05 


0.025 


From Table XV-3-1, we find 

(x ~/b ,) = 0.667 and 

c.po rt wg 

(x r/b , ) /. \ — 0.667 for r = 0 

v c.pA' rt'wg(b) s 

and r = 0.25, respectively. Con- 
s 

sequently, Ax q ^ = 0 and according 

to our data the relative control-deflected center of pressure 

coordinate is (x /b .)- = 0.639 - 0 = 0.639. After substitution 

c .p ru 0 

into (XV-3-44), we find the hinge-moment coefficient 


m h — 


(2/3) b r 


2.31 £i.21-0.1 (y— 0.62o) + 0.94-0.2 0.639)] = 


= 0.038. 


Example of aerodynamic-characteristic calculation for a body- 
wing-tail combination. Experimental data. 

By way of example. Table XV-3-2 shows the results of a cal¬ 
culation of the over-all = 2 aerodynamic characteristics of 
the plane body-wing-tail combination diagrammed in Fig. XV-2-13. 
The characteristic geometrical dimensions used were the length 
x^ of the combination and the area of the two wing cantilevers 

not counting the area occupied by the body. All linear geometri¬ 
cal parameters are dimensionless and are referred to the radius 
of the body cylindrical section, which is taken as the unit (r = 

= r m j_ d = 1). The distance from the nose to the center of rota¬ 
tion is, according to Fig. XV-2-13, x ro = 9-35. 
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TABLE XV-3-2. EXAMPLE OP CALCULATION OF AERODYNAMIC CHAR- / 65 k 
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Table XV-3-1 
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ACTERISTICS FOR BODY-WING-TAIL COMBINATION (Fig 


XV-2-13) 


/655 


wing 


14 

15 

a'k . 

is 

2a'r 

(2)(13) 

,<2>(3) 

(0) 

6.92 

o.8e 


16 


(H)[i+ TI \ r ]t'4-(9 )] 


10.9 


17 


By 

hypothesis 


9.35 


18.7 


Body-tail 


_ 





17' 

18 

19 

20 

21 

*b 

T 

*m 


*rt 


t lie 


By hypothesis 


3.22 


2.22 


[By hypo¬ 
thesis 


1C.3 


Body 


Interference of body-wing combination i 


32 

33 

34 

35 

36 

37 

38 

38' 

39 

40 

4 1 

Stl 

S wg 

*"mid 

x mid 

®mid 

"I 

^Wg 



ft wg 

ft. 

b 

(*c.p 

V b rt / wg(b) 

(27) 

(12) 


By hypothesis 

Table 
XV-3-1 ! 

from (10) 

Table 

XV-i-i 

from (10) 

Fig. XV-l-8b 
from 1 5),( 1 1) 

, CC r 

and CtCy = 4 

Table 1 
XV-3-1 
from( 1 0) 

Table 

XV-3-1 

from( 1 0) 

Table 

XV-1-1 

from (10) 

0,308 

1 

5.67 

3.14 

8.82 

1 . IS 

0.28 

0.23 

0.94 

0.22 

0.65 


wing combination 


Interference of body-tail combination 


48 

49 

50 

51 

52 

53 

54 

55 

( X c,p Ct^b 

x ro ~ <*c.p a*b 

('--M 

\*,n ~ r /wg 

<c“) wg 

K u 


*.i 

*b 

(8)+ (47) (6) 

(17) -(4 8) 

Fig. XV-2-8 

from (14) 
and \ = 0 

Chap. II | 
(theory) 
(4/57.3)/(2)j 

Table 

XV-3-1 

from(25) 

Fig. 

XV-1-8. a 
from (30), 
(2 8) and 

a’c“ — 4 

Table 

XV-3-1 

from(25) 

Table 

XV-3-1 

from(25) 

10,4 

-1.05 

0.678 

0.0404 

1.26 

0.130 

0.940 

0.330 


tail combination 

I 61 


,Y ro ( ,T c.p 6^tl 


( 17 ) — ( 59 ) 

— 8.40 


62 

63 

64 j 

65 

( X C.P 

V b rt / b(tl) 

^ v c.p a^b 

X ro <*c.p a^b 

fu (c«, 
s (c .vti 

wg 

Fig. XV-1 -9a 
from (30)' 

(28) + (62) (21) 

(17)-(63) 

< 32 > 57.3(2) 

0.G70 

| ' *7-8 

-8. 40 

0.0124 


895 




7656 


Aerodynamic characteristics of isolated body (curvilinear 
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0,229 

0 

0.229 

5 

4.9 

0 

0,402 

0.229 

0 

0.631 

10 

4.9 

0 

0.804 

0.229 

0 

1.03 

15 

4.9 j 

D 

1.20 

0.229 

0 

1.4 3 


Normal force of complete combination with wing*s{ 


91 

92 

93 

94 

95 

96 


»h 

■ T 'wg 


*tl 

if a 
mn 

^av ^e^wg 

- 
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nose section) 


Aerodynamic characteristics 


70 

71 

72 

73 

( *c.p >b 

*ro ~ (*c.p >b 

(<r * ) b.wg.tl 

f'.V^wg.b 

from 

(69) and (34) 

(17) -(70) 

[(37) + (38') + (68)] (51) + [(52) + (53)] (65) 

[(39) + (40)] (51) 

’ 

2.87 

6.48 

0.0804 

0.0468 

wing vortices 

• 1 

Distance of wing vortex from tail 

76 

77 

78 


cm?) h 

' 2'wg.b 


V -*rn /1! 


[(39) (46)+ (40) (49)]-^ 


[(54) (61)+ (55) (64)]{(50) [1 - (10)] + (10)} 


Moment and C.P of complete combination without consideration of wing vortices 


< m ?>b.wg.tl « < m Pwg.b < m z>tl.b <*e>tl 


(75) (79) 


(76) (60) 


-0.00265 


(77) (81) (86) + (87) + (88) (89)/(85) 

0 —0.00235 —0.0105 

0- —0.0310 —0.04.92 


vortex effect 

97 

^wg® 4~ 

"t* *wg ^Vwg 


Moment andJC.P of complete combination 


98 j 

99 

100 j 

iOi 

102 

Formula 





(XV-3-14) 

<C A- > (b.tl}v 

r .V 

(ln z\b.tl)v 

m * 1 

< X ro - *c. Pi >/* b 
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.formal force of complete combination with consideration of 


91 

92 

93 . 

94 

95 

96 


1,560 

7.12 

t<92> 1X0) <8I)(W»| M 3(19) 

Fig. XV-2-9 
from (93), (78) 
and(25) 

. (37) (79) 

09) (SO) 


a = 0” 

0 

o> 

-r 

1! 

*0 

-P.0413 

—2.16 

0 

4. 60 


a 5® 

6 = 4.9° 

0.151 

—2.02 

5.SO 

4.60 


a = 10° 

A «= 4.9° 

0.344 

-1.71 

11.6 

4.60 


8 

II 

0 

e =4.9* 

0.536 

-1.44 

17.4 

4.60 



Resultant values o f s tatic stability 



103 


<C “ ) a=(Vwg = 0 

body 

(68) (51) = 0.0069 


body-wing 

[(37) + (38') -f (68)] (51) = 0.0631 

— 

body-tail without body nose 

[(52) + (53)) (65)= 0.0172 

body-wing-tail 

/Qft\ * rl = — 2.20 

(72)+ { 97 J (37) (#4) = 0.0726 

— 

remark 

from Fig. XV-2-9 for 1/ D = 0, z^/S^ s= 1,152 and r s = 0.31 
we find itl = "2.2, 


Note. The column numbers from which the working data are taken 


Wherever possible, experimental data or the results of 
supersonic linearized theory given in Chapters II and III were 
used in determining the coefficients (°^) W g> ^ c N^tl and ^ c N^b* 

so that the calculations were more accurate than in the case of 
slender-body theory. 

In Table XV-3-2, columns 1-36 contain the initial geometry 
of the combination and the auxiliary parameters calculated with 
consideration of the given M^,. Columns 37-51 and 52-65 present 
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wing vortices , 


Moment and C.P of comp] 
with consideration of w 

ete combination 
ng vortices 

97 

1 98 

99 

J f’O 

101 

1 U 2 

(95)+ (90) 

(94) (97) (51) (05) [(1 9) — (1 8)] 57,3 

(85)+(98) 

(93)(61) 

(89) + (1 00) 

M'M) 

271 (28) (5 9) [(4) - (3)](32) 

(17') 

( 99 ) 

4. 60 

—0.0303 

0.1987 

0.0136 

-f-0.0112 

O.f‘565 

10.4 

-0.0636 

0.5674 

0.0286 

-0.0024 

-0. Of-4 2 

16.2 

-0.0840 

0.9460 

0.0378 

—0.0218 

-C.0230 

22.0 

—0.0965 

1.3340 

0.0434 

-0. 0452 

—0.0338 


derivatives and their components 

104 


(m“), 


z >a = («„) = 0 

v e'wg 


(103)(71) 


= 0 . 002 * 


( 17 ') 

[(37) (4 5) (38') (49) + 

+ (68) (7D]-^fy= 0.0021 

[(52)+(53» (65)=0.0172 


(15) + [(1 03) - (72)) - 0.00223 


105 




N’a = = 0 


(73) = 0.04C4 


[(62) (01) + (53) (G 


= - 0.00775 


1 (17') 


106 


<"Va = (6 e ) wg =0 


(76)= - 0.00048 


(73) +[(103) - (72)) 
= 0.04 05 


(39) 

(37) 


(76) -i- [(1 04) — (75)) |f|y 
= 0.00236 


are indicated in the parentheses. 


the results of calculation of the interference characteristics 
for the body-wing and body-tail combinations, respectively. 

Here, columns 38 and 38 ' give the coefficients k^ as calculated 

by slender-body aerodynamic theory and the linearized theory, re¬ 
spectively. The subsequent calculations use the k, = 0.23 ob¬ 
tained from linearized theory. 

Columns 66-71 present data on the flow around the isolated 
curvilinear nose section, while columns 72-102 contain the over- 
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fwg 

X 

e 

is.wg 

„ ! 

*1 | 

| 

*■ 5 

r 

r mld 

r 

0.388 

1.49 

60.0 

0.0 

O.OSi 

0.15* 

0.388 

0.83 

60.0 

0.0 

0.981 

0.158 

0.499 

1.60 

0.0 

0.0 

0.861' 

0.139 

j 

1 

1 


07,09 0.90 


0.0 1 0.0 


0.861 i 0.139 



0.501 

1.66 



1.000 

0.350 


2.14 



1.000 



2.84 

0.0 


1.000 


B 

1.73 

0.0 



0.333 

0.148 

2.98 

26.6 

0.500 

0.986 

0.486 
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No. 

Diagram of combination 


Rc.lO-o 

*e 

r mid 

x ro j 

X 

e J 

x wg 

*7 1 

i 

a'?.; 

is. wg ■ 

1 

*i 1 

i 

,j tp i 

i , __ ! 

rt 

r 

mid 

i 1. 

« 

m. 

i 

19a 


□ 



1.40 

1.51 

31.8 

_ 

0.389 

1.13 ! 

i 

o.o ; 

1.0 ! 

1.0' 

; 0.216 




— .— _ . 






1 


i 

i 


\ 

b 


□ 



1.90 

1.51 

31.8 

— 

j 0.389 

| 1.87 l 

l 

DJI 1 

i ! 

i.o ; 

I 

1.0 

| 0.216 


Aerodynamic characteristics 


1 — b (a -/- 0, 6 0) 









Theory 


I 

i 


Experiment 


No. 

*b.i 

*b 

^ wg 

normal force 

center of pressure ; 

I 

[ 

normal force • 

center of 

.pressure 





(CC'cJJ) 

A 'wg 

(a ' c Nlb { 

' a C iV^b.wg' 

' t e lb 

/ Xc -p 

' X e )b(wg > 

/ x c.p a\ 

\ ,T e / wg(b) 

(“k 1 

' x e /b.wg j 


<* V A>b.wg! 

i 

C—) 

' x e 7b.wg 

la 

0.08 

0.2-1 

1.11 

3.47 

0.27 

5.05 

0.229 

0.480 

0.485 

0.47 1 

— 1 

4.70 

0.47 

b 

0.07 

0.24 

1.14 

2.83 

0.19 

4.10 

0.229 

0.478 

0.485 

0.47 j 

— 

3.94 

0.47 

c 

0.00 

0,21 

1.14 

2.02 

0.12 

2.90 

0,229 

0.474 

0.485 

0.47 J 

— 

3.08 

0. u 

2a 

0.11 

0.23 

1.16 

4,00 

0.44 

6.01 

0,190 

i 0.075 

0.036 

0.60 

0.43 

j 5.69 

\ 0.60 

b 

0.17 

0.23 

1.16 

4,00 

0.68 

0.24 

0.190 

0.710 

0.636 

0.59 

o'. 00 

| 7.09 

0.60 

3a 

0.15 

10,20 

1.21 

3.10 

0.48 

4.80 

0,207 

0.960 

0.969 

0.89 

_ 

4.91 

0.90 

b 

0.25 

1 0,14 

1.21 

4.00 

1.00 

0.40 

0.207 

0.909 

0.069 

0.84 

— 

7.26 

0,85 

4a 

0,14 

0.35 

1.20 

1.97 

0.28 

3.34 

0.102 

0.452 

(0.428) 

0.40 

— 

3.36 

1 0.40 

b 

0.12 

0.35 

1.20 

1.13 

0.16 

1.80 

0.102 

0,441 

(0.428) 

0.40 


2.18 

1 

0.40 

c 

0.13 

0.35 

1.20 

2.69 

0.34 

4.50 

0.102 

0.006 

(0.477) 

0.47 

__ 

1 4.40 

! 0.43 

d 

0.15 

0.35 

1.20 

3.71 

0.55 

0.31 

, 0.102 

0.632 

! (0.477) 

1 0.47 

1 

( ““ 

! 

; 

j 0.43 

5 

0.05 

0,22 

] 1.13 

2.51 

I 0.13 

| 3.51 

1 - 

| 0-505 

| 0.541 

! - 

1 - 

] 3.64 

1 0,52 
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Theory 


1 


Experiment 

No. 

K U 

*b 


normal force 


center of pressure 

I 

normal force j 

1 

center of . 

•pressure 





<*'««>* g 


C^b.wg 

V x /b 
e 

/- r c.pta\ 

V x e J b.wg 

( X C.P IX\ 

\ X e / W g(b) 

(fa) ] 

' * e 'b.wg | 

«rc“) b 

( “' C .V>b.wgj 

(fa) 

\ x Q l b.wg 

6 

0.14 

0.15 

1.09 

4.13 

0.60 

5.30 

0.100 

0.322 • 

0.319 

0.31 

— 

5.8i ; 

0.32 

7 

0.14 

0.15 

1.09 

4,12 

0.58 

5.27 

0.100 

0.290 

0.338 

0.33 

— 

4.83 

0.32 

8a 

0.14 

0.15 

1.09 

4.IS 

0.58 

5.27 

0.100 

0.316 

0.334 

0.33 

_ 

4.83 

0.32 ■ 

b 

0.14 

0.15 

1.09 

4.12 

0.58 

5.27 

0.100 

0.341 

0.325 

0.32 

— 

4.83 

0.32 

9a 

0.05 

0.23 

1.13 

1.76 

0.09 

2.48 

0.217 

0.548 

0.592 

0.57 

_ 

2.40 

0.56 

b 

0.04 

0.21 

1.13 

1.22 

0.05 

1.68 

0.217 

0.584 

0.631 

0.60 

. — 

1.53 

0.59 

10a 

0.05 

0.19 

1.11 

1.84 

0.09 

2.48 

0.217 

0.566 

0.558 

0.54 


2.38 

0.50 

b 

0.04 

0.19 

1.11 

1.31 

0-05 

1.74 

0.217 

0.578 

0.539 

0.52 


1.76 

0.53 


2 — b 


11a 

0.27 , 

0.52 

j 1.30 

2.79 

0.76 

5.84 

0.207 

0.646 

0.568 

0.51 

1 0.80 ! 

4.71 | 

0.49 

b 

0.32 

0.44 

1.30 

, 3.07 

0.98 

6.32 

0.207 

0.657 

0.566 

0.50 

1.05 ! 

5.66 

0.50 ' 

c 

0.39 

0.38 

1.30 

3.30 

1.29 j 

6.84 

0.207 

0.679 

0.568 

0.49 

1.34 

6.72 

0.51 ' 

12 

0.24 | 

0.25 [ 

1.28 

2.84 • | 

0.68 | 

5.02 

0.083 

0.992 | 

0.920 | 

0.78 j 

0.68 

5.18 j 

1.1.80 

13 

1.38 j 

0.561 

1.44 

3.49 

4.83 

11.81 

0.090 

0.213 

0.175 | 

0.13 

4.98 

11,05 j 

0.13 

14a 

0.16 

0.29 

1.21 

3.56 

0.57 

5.91 

0.090 

0.742 

0.688 

0.62 

0.59 

6.10 

0.62' 

b 

0.24 | 

0.27 J 

1,21 

3.78 

0.89 

6.48 

0.090 

0.766 

0.691 

0.60 

1,09 

i 7 ’ 15 

0.61 

15a 

0.71 

0.31 

1.4’1 

2.62 

1.87 

6.38 

0.165 

0.956 

0.919 

0.69 

2.15 : 

6.12 

! 0.68 

b 

0.78 

0.16 

1.41 

3.12 

2.42 

7.32 

0.165 

0.960 

0.949 

0.67 

2.91 

7.78 

0.64 

16a 

2.33 

0.97 1 

1.56 

1.13 

2.63 

5.48 

0,190 

0.675 

0.636 

0.42 

2.56 

0.30 

j 0.44 

b 

2.44 

0.94 

1.56 

1.67 

4.08 

8.25 

0.190 

0.710 

0.636 

0.42 

O.o8 

10.02 

| 0.41 


Note. Values of a'c^ are given in radians. ( ) Experimental values used in theo¬ 

retical calculations. 
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3 —b (a=£0, 6 = 0) 






Theory j 

j Experiment 

No. 

*b.i 

*b 

^Wg 

i • normal force | 

center of pressure 

l normal force 

center of pressure 

' iV'wg 

i 

b 

|<“' c /v> 1 

b.wg 

(* c - p ■) 





C c '~ ) 





V *e ) b 

\ x e / 
b(wg) 

\ x e / 
jwg(b) 

V J b. wg 

C,V> wg(b) 

^ x e y wg(b) 

17 

0.29 

0.07 

1.19 

3.61 

1.06 

5.61 

0.19 

0.954 

0.954 

0,78 

5.61 

1 

0,75 

18 

0.10 

0.31 

I 

1,18 

2.83 

0.27 

4.48 

0.21 . 

0,548 

1 

0.457 

0.45 

4.60 

0.45 

19a 

0.06 

0.31 

1.18 

2.23 

0.13 

3.48 

. : 

0.21 

0.525 

0,460 

0.43 

3.59 

0.45 

b 

0.08 

0.31 

1.18 

2,93 

0,22 

4,58 

0.21 

0.545 

0.475 

0.45 

4.54 

0.47 


3—c (a = 0, 6=£ 0) 





Theory [ 

Experiment 

No. 

k . 

lb 

normal force 

center of pressure 

normal force j 

center of pressure 

b 

"wg 

(°' C N>.wg(bj 

< a ' C wW.bl 

/ X c.p «\ 

\ * e /b(wg) 

( X c-P,i\ 

\ x / wg(b) 
e 

* 1 

/ 

V JC /Iwg.b 
e 

*“' c ^lwg(b) 

( “' c Ar>i wg .b 

/ x c.p,5\ 

' x e 'wg(b) 

' *e 'wg.b 

17 

0,25 

0.98 

3.53 

4.43 

0.954 

0.953 

0.96 

— 

3.03 

_ 

.0.98 

18 

0.24 

0,94 

2.67 

3.34 

0.548 

0.467 

0,47 

2.58 

1 

3.26 : 

0,450 

0.48 

19a 

0.24 

0.94 

2.10 

, 2.63 

0.525 

0.457 

0,44 

2.25 

2.75 

0.458 

0.46 

b 

0.24 

0,94 

2.76 

3.46 

. 0.545 

0.475 

0.46 

2,96 

3.52 

0.467 

0.48 
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9 00 







mid 


x. 








0.89 

0.0 

32.6 

0.525 

9.00 

wing 

tail 

1.25 

; 

. 

9.2 

. 

32.6 

0.525 

9.00 

wing 

tail 

1.90 

1,51 

31.8 

00 

O 

iO 

o 

0.392 

wing 

tail 

1.93 

0.33 

21.9 

0.522 

0.839 

wing 


1.93 


0.33 


wing 

tail 
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JCwgfa’e 

or'' 

*tl/*e 

•max 

b 


o 

*1 

x-J* 

^rt. 

r 

r mid 

r ■ 

■ 

0.22G 


1 .05 

60.00 

0.000 

1 

1.000 

0.467 

0.597 


1.05 

60.00 

O.GOO 

i ,ooo 

0,226 

0.226 


1.73 

60.00 

0.000 

J 

1.000!0.467 

0.597 


1.73 i 60.00 

i 

i 

0.000 

1.000 

0.226 

0.389 

0-03 

1.87 

0.00 

1.000 

j 

• 1.000 

0.216 

0.809 

! 

0.02 

0.78 

0.00 

1.000 11.000 

! 

j 

I 

I 

0.405 

■ 

0.486 

1 

; 1.69 

1 

m 


0.465 

0.869 

0.049 

2.03 

,60.00 

■ 0.305 

. 1.000 

0.465 
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1-b. Aerodynamic Characteristics 


' I J 1 , 


Theory 

. . 1 

Experiment 

! 

’ i 

1 

normal force 


center of pressure 

, , center of 

! normal force 


pressure 


o' 

Z 

XJ 

'< 

* 

* 

00 

* 

xj 

'< 

X1 

'< 

bfi 

0 

vk 

0 

XI 

vk 

0 

. 1 

«>; 

U 

E 

O 

£ 

XJ 

*1.0 

oh 

H 1 

s 

Ml 

* 

C, £> 

O « 

_ 

12) 

«l 

a 

J H 
h 1 

ST 

a xj 
o * 

£ 

a xj 
o H 

* B 

Q> 1 

• 

o y. 

E 

0 

*i xj 

0 !h 

if 

s, 

E 

0 

E 

u 

h" xj 

1 

0.17 

0.23 

1.16 

0.12 

1.27 

4.00 

4.00 

0.68 

7.99 

7.20 

0.154 

0.558 j 0.500 

0.951 

0.951 

0.575 

0.535 

— 

7.74 

0.550 

2a! 0.08 

0.24 

1.14 

0.24 

1.14 

3.47 

3.48 

0,27 

6.45 

5.56 

0.229 

0.480 

0.485 

0.915 

0.918 

0.557!0.521 

— 

5.20 

U.505 

b 

0.07 

0.24 

1.14 

0.24 

1.14 

2.83 

2.83 

0.19 

4.70 

4.21 

0.229 

0.478 

0.485 

0.915 

0.918 

0.565 

0.525 

— 

4.25 

0.193 

c 

0.06 

0.24 

1.14 

0.24 

1.14 

2.02 

2.02 

0.12 

3.60 

3.17 

0.229 

0.474 

0.485 

0.912 

0.918 

0.559 

0.510 

~ 

3.11 

0.483 

3a 

0.96 

0.74 

1.42 

0.32 

1.19 

1.32 

1.32 

0.14 

2,51 

2.06 

0.104 

0.257 

0.261 

0.683 

0.701 

0.602 

0.581 

— 

1.97 

0.583 

b 

0.89 

0.02 

1.42 

0.27 

1.19 

2.34 

2.34 

0.23 

4.17 

3.40 

0.104 

0.281 

0.267 

0.714 

0.719 

0.627 

0.C07 

— 

3.3S 

0.603 

4 

0.08 

0.31 

1.18 

0.62 

1.36 

2.93 

1.50 

0.22 

5.74 

5.19 

0.182 

0.547 

0.475 

0.931 

0.804 

0.559 j 0,508 

— 

5.00 

0.4S5 

5 

(0.82) 

0.63 

1.41 

0.26 

1.41 

2.94 

3.12 

2.01 

12.77 

8.70 

(0.165) 

0.640 

0.574 

0.956 

0.948 i 0.635 

0.48S 

2.41 

8.39 


G 

(0.82)j 

0.63 

1.41 

0.(16 

1.29 | 

2.94 

3.64 

2.01 

12.87 

11.73 

(0.118) 

0.655 

0.591 

0.982 

0.973 

0.647 

0.616 

2.41 

11.15 

11.599 

' 

(0.82)| 

0.63 

1.41 

0.14 

1.34 | 

2.94 

3.67 

1.99 

13.81 

10.31 

(0.118) 10.655 

0,591 

0.964 

0.959 

0.662 

0.561 

2.39 

10.72 

0.555 

8 

(1.15) | 0.69 

1.46 

0.54 

1.31 | 

2.94 

1.94 

0.49 

4.98 

4.26 

(0.118) 

0.431 

0.361 

0.868 

0.830 j 0.666 j 0.025 

0.59 

13.901 

10.5951 

9 

(3.48) j 

0.70 I 1.54| 

0.54 

1.31 

3.91 

1.94 

0.49 

4.54 

4.16 

(0.118) 

0.505 

0.410 

0.868 

0.830 

0.718 

0.705 

0.59 

3.77 

0. 

10 

(1.55) j 

0.54 | 

1.43 

0.54 

1.31 | 

3.91 

1.94 

0.49 

4.92 

4.16 

(0.118) 

0.492 

0.432 

0.868 

0.830 

0.698 

0.675 

0.59 

3.82 

0. G()3 

“I 

(0.87) | 0.44 | 

1.36 

0.54 

1.31 j 

3.91 

1.94 

0.49 

5.39 

4.26 

(0.118) 

0.482 

0.431 

0.868 1 0.830 

0.672 

0.629 

0.59 

4.00 

[0.604] 

12 | 

(0.48) | 0.53 | 

1.30 1 0.53 j 

1.30 | 

3.62 | 

3.62 j 

1.51 

14.97) 9.78 

(0.162) J 0.450 1 0.390 | 0.953 | 0.914 1 0.609 1 0.446 

1.72 

9.09 

[0.4S6] 


*Values without consideration of wing vortices. 

( ) Experimental values used in calculation. 

[ ] Experimental values nonlinear around a = 0. 

The subscript cm pertains to the combination as a whole. 

The coordinateTx /x, ) is measured from the nose of the body. 

c • p 0 c m 


all aerodynamic characteristics of the body-wing-tall combina¬ 
tion. Some of these characteristics are given without considera¬ 
tion of wing vortices, but the final results (columns 78-102) In¬ 
corporate the Interference correction governed by wing-tail inter' 
action. Lastly, the over-all values of the static derivatives 

< c “)a=(« e ) wg = 0 ' < m ?)a=(6p wg =o- (4)a=(8 e ) wg =o and ('n5>a=<« e > W g“ 0 and their components 

for the isolated body (curvilinear nose section) and the body¬ 
wing and body-tail combinations (without the body nose section) 
are calculated. We see from the results that the wing section is 
the dominant factor in generating normal force for the combina¬ 
tion, while the tail section dominates in the generation of mo¬ 
ment . 


Calculations similar to those in Table XV-3-2 were carried 
out for other combinations. Table XV-3-3 presents the results 
of these calculations for body-wing combinations and Table XV-3-4 
for body-wing-tail combinations. For comparison, these tables 
indicate the experimental characteristics obtained for various 
and Re = V^b^^/v ^ b MAC as the mean aerodynamic chord of the 

isolated wing) ([75], 1307). For some combinations, the body 

radius was variable at the wing or tail attachment. In these 

tables, s /b is the maximum profile thickness referred to the 
max 

chord. 

The theoretical and experimental figures are compared for 

the a-derivatives of the normal-force coefficients (at a = 0) 

and for the center of pressure coefficients (x /x, ), of the 

^ c.p b b.wg 

combinations, since comparisons for the individual components of 
the combinations were impossible owing to the shortage of appro¬ 
priate experimental data. The satisfactory agreement of the 
over-all theoretical and experimental results confirms indirectly 
that the distribution of the interference components of normal 
force between the body and the wing has been calculated correctly. 
However, this problem requires further investigation. 

Some difficulty was encountered in determining the slopes of 
the moment curves during reduction of the experimental data ([75], 
1307), since a nonlinearity, although a small one, was observed 
around a = 0. It was assumed that linearity exists for a = ±2° 
and the average slope on this segment was taken. 

The moment characteristics were found to be so nonlinear for 
certain wing-body-tail combinations that it was impossible to de¬ 
termine the center of pressure position accurately at a = 0; the 
corresponding center of pressure coordinates are not shown in 
Tables XV-3-3 and XV-3-4 for these cases. 

It was also difficult to determine the inclination angles 
of the normal-force curves for the isolated bodies in some cases 
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owing to the very small 
sizes of these angles and 
the unreliability of avail¬ 
able experimental data. The 
error in determination of 
the inclinations does not 
exceed 10%. 


Body-wing combination. 

Comparison with the experi¬ 
mental data indicates that 
the calculated slopes of the 
normal-force curves for the 
body-wing combinations dif¬ 
fered from the experimental 
values ([75], 1307) by as 
much as 10%, and that they 
averaged larger than the ex¬ 
perimental slopes for the 
combination with the part of 
the body behind the wing. 

The most reliable data 
are those calculated for the 
normal forces of bodies with delta wings. Figure XV-3-14 indicates 
the accuracy of the method of determining the slopes of the body-wing 
normal-force curves as functions of M^. Although the trend of 
variation of the calculated parameters was predicted correctly, 
there are differences in magnitude; for example, the calculated 
values are smaller than the experimental ones in the transonic 
range. 

The inclinations of the normal-force curves for isolated 
wings were calculated by the linear theory, which, for example, 
for rectangular wings, gives better agreement with experiment in 
the neighborhood of = 1 if a certain conventional parameter 
^wg ( 5 max /&)V 3 < 1 - However, the theoretical and experimental slopes 
of the normal-force curves do not agree well for all four com¬ 
bination forms represented in Fig. XV-3-14. Analysis of the data 
in this figure indicates that the behavior of the normal-force 
curve with in the neighborhood of = 1 is qualitatively the 
same for the combination as a whole as for an isolated small- 
aspect-ratio wing. 

Study of the effect of wing setting angle on normal force 
indicates that the theoretical and experimental a'cjS values of 

the body-wing combination agree well when the c“ are determined 

experimentally for the isolated wings. 

For comparison. Table XV-3-2 presents experimental data on 
the centers of pressure, whose dimensionless coordinates are 



Figure XV-3-14. Variation of De¬ 
rivative c“ (a = 0) of Body- 

Wing Combination as a Function 
of Mqo: - : calculated; 

CW); o( 5 ); O(J): 0 ( 0 - experimental 

data. 
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determined by the formula 



(XV-3-47; 


where and are the experi¬ 
mental moment and normal-force 

coefficients: x is the distance 
J ro 

from the nose to the center of 
rotation; and x^ is the length 

of the combination. 


Figure XV-3-15* Change in 
Center of Pressure Coordi¬ 
nate of Body-Wing Combina¬ 
tion as a Function of M m 
for a 0. -) calcu¬ 

lated; a<j): G(-); D(S):c-(n' 
experimental data. 


The comparison shows that 
when a theory that does not con¬ 
sider the effect of the body 
behind the wing is used, the 
theoretical and experimental data 
show better agreement. As in the 
case of lift, the influence of 
the part of the body behind the 
wing on the center of pressure 
coordinate may be strong. 


Analysis of the pressure centers indicates that their cal¬ 
culated coordinates, reckoned from the nose, will be larger than 
the experimental coordinates. Here the center of pressure lies 
closer to the stern for rectangular wings than for delta wings. 

For the trapezoidal wing form, the error of calculation of the 
center of pressure coordinate will be of intermediate magnitude. 
According to experimental data ([75]* 1307), the error in deter¬ 
mination of the center of pressure coordinate is 0.026x b in the 

presence of a rectangular wing, O.OOSx^ in the presence of a delta 

wing, and 0.017x b for a trapezoidal wing. A comparison of the 

theoretical and experimental centers of pressure for subsonic and 
supersonic velocities is made in Fig. XV-3-15, which presents 
data for four body-wing combinations. Our attention is drawn to 
the small change in the center of pressure coordinate with un¬ 

til transonic speeds are reached. The experimental and theoreti¬ 
cal values found for (Ax /x, ). with 6 / 0, a = 0 appear in 

C • p D 0 6 

Table XV-3-2. 

Body-wing-tai1 combination. It has been established that 
the interaction between the tail and the wing may affect the over¬ 
all aerodynamic characteristics by roughly 30-40$. Correction for /674 
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the type of interference by the method set forth above yields the 
over-all characteristics accurate to within ±10$. 



Figure XV-3-16. Variation of De¬ 
rivative c^ as a -*• 0 as a Func¬ 
tion of M m for Body-Wing-Tail 

Combination. -) calculation; 

o {-') experiment. 



Figure XV-3-17. Variation of Cen¬ 
ter of Pressure Position as Func¬ 
tion of as a -*■ 0 for Body- 

Tail Combination. -) theory; 

0 ( 0 ; o(*) experiment. 

dicates that nonlinear effects are 
combination. 


Figure XV-3-16 shows 
the variation of the deriva¬ 
tive c^ as a -*■ 0 for two 

body-wing-tail combinations 
as a function of M^. We see 
that a theory that takes 
account of interference be¬ 
tween the tail and the wing 
agrees with experiment for 
practically the entire range 
of M from subsonic to super- 
sonic, including the tran¬ 
sonic region. 

According to theory and 
experiment ([75], 1307), the 
influence of interference be¬ 
tween the tail and wing on 
the combination's center of 
pressure position is usually 
stronger at supersonic than 
at subsonic speeds. The errors 
in the theoretical calcula¬ 
tions amount to about 0.02x, . 

b 

The influence of Mach number 
and attack angle on the rela¬ 
tive center of pressure coor¬ 
dinate as a -»- 0 is shown in 
Fig. XV-3-17 for two body¬ 
wing-tail combinations at 
sub- and supersonic speeds. 

For the combination with the 
trapezoidal wing, the theo¬ 
retical data do not agree as 
well with experimental results 
as they do for a combination 
with a delta wing. This in¬ 
substantial for the trapezoidal 


When the wing is rotated through a positive angle 6 , an 

additional upward normal force is created, but the resultant wing 
vortices give rise to an opposed tail normal force. The result 
is a substantial pitching moment that tends to shift the center 
of pressure forward. This is confirmed by theoretical and ex¬ 
perimental data ([75], 1307) in Table XV-3-2. Figure XV-3-18 pre¬ 
sents similar data for two combinations with different wing forms. 


1 
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In the attack-angle range 
studied, we observe good 
agreement between theory 
and experiment for the 
rectangular-wing combina¬ 
tion and less satisfactory 
agreement for the model 
with the delta wing; this 
is explained by the inade¬ 
quacy of the single-wing- 
vortex scheme adopted for 
this model. 

§XV-4. DAMPING MOMENT OF 
VEHICLE DUE TO MO¬ 
TION OF FUEL AND 
COMBUSTION PRODUCTS 


Figure XV-3-18. Influence of Wing 
Rotation Angle of Body-Wing-Tail 
Combination on Center of Pressure 
Position. -) calculation; ex¬ 

periment : 


M. 


,= l,9;C-<a c ) wg -0° 


‘ IVwg - ** 
□ -<««>* 


M CXJ = 2.0;O^-(« s ) wg =-0° 
= 4.9° 


tion 


As a result of rota- 
of the vehicle about 


centrifugal forces are negligibly small 
Coriolis forces. For the vehicle whose 
XV-4-1, the lateral 


force R and the damping moment 
z 

by rotation about the center of mass (oy-axis) can 
by the respective formulas 


its center of mass, the 
moving fuel (or fuel-com¬ 
bustion products) create 
centrifugal and Coriolis 
forces, and this gives 
rise to a damping moment. 
Research has shown that 
by comparison with the 
scheme is shown in Fig. 

M__ j produced 


y d 

be determined 


V, [.»■„ - ( ci --i'o)] ; 

m vA (t 1,1 1 i|J " i 'Oj 

! " ~;y (-h : “>“« ! ,)]} > 


(XV-4-1) 

(XV-4-2) 


where m. is the mass 


x 


-i» 


■ 0 } 


J a 5 


'i > 


of 

z„ 


XV-4-1. 


fuel consumed by the powerplant per second; 
are the coordinates identified in Fig. 


Formulas (XV-4-1) and (XV-4-2) should be applied for uniform 
rotation (fi = const). These formulas were derived on the assump- 

y 

tion that rotation of the vehicle about the ox- and oz-axes has 

no effect on the damping moment M . and that the fuel or fuel- 

<y '- J - 

combustion products move in the direction of the powerplant thrust 
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Figure XV-4-1. Diagram Illustrating Calcu¬ 
lation of Damping Moment Due to Motion of 
Fuel or Combustion Products Relative to 
Vehicle. 


vector. The combustion process for which the calculation is made 
corresponds to that of solid-fuel grains having central channels 
and burning from both ends. 

§XV-5. DESIGN OF ROLLERONS 

The design of rollerons (Fig. 11-3-4') consists in determin¬ 
ing the control-surface geometry, disk dimensions and its angular 
velocity that will ensure the required longitudinal angular velo¬ 
city of the vehicle, ^ X1 , at an acceptable rolleron deflection 

angle <5^, which must be less than critical. The calculation may 

involve solution of the inverse problem, i.e., calculation of 6^ 

and for specified rolleron parameters and vehicle aerodynamic 

A *■ 

characteristics. These calculations can be accomplished by solv¬ 
ing the following equation system, which describes the disturbed 
rolling motion of a vehicle fitted with rollerons: 


J 


*iY : 


J 


Mx . 

; ‘ 11.vi d r Md 

r r 

M/h, 


(XV-5-1) 

(XV-5-2) 


where J and J , are the respective moments of inertia of the 
xi rzi ^ 

vehicle about the Xj-axis and the rolleron about the z 1 -axis; 
y and are the roll and rolleron-rotation angles, respectively; 

M is the rolling moment created by the rollerons; M . is the 

X * X. CJ. 

roll damping moment; M. is the disturbing rolling moment; M is 

U. o 

the gyroscopic moment; M^ is the rolleron hinge moment. 

Equation (XV-5-1) describes the rotary motion of the ve¬ 
hicle about the Xj-axis, and (XV-5-2) the rotation of the rolleron 
about its axis without consideration of its weight and bearing 
friction. In these equations, the moments are replaced by the 
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expressions 



i/,, n<i. .S' r vvV 

^x.d- '"'v' '^.v; 

•14 

,1Ah —■ <1 . S T ^MACr^h 1 


(XV-5-3) 

(XV-5-4) 

(XV-5-5) 
(XV-5-6) 


where n is the number of rollerons; is the plan area of a roll- 

eron; r is the distance from the x.-axis to the rolleron center 
r 6 1 

of pressure: c is the static derivative of the rolleron lift 

y w x 

coefficient with respect to its rotation angle; m x is the rota¬ 
tional derivative of the roll damping moment coefficient with re¬ 
spect to the dimensionless roll angular velocity 


2V\ 




v); 


J is the moment of inertia of the rolleron disk, in rotation 

r y x 

at angular velocity ., with respect to the yi-axis (Fig. 11-3-4*); 

y ^ (5 

b MAC r is the mean aerodynamic chord of the rolleron; m h is the 

static derivative of the rolleron hinge moment coefficient with 
respect to its turn angle. 

The velocity heads cl and are calculated for the disturbed 
flow in front of the rollerons and for the free stream, respec¬ 
tively. The disturbing moment M. is assigned as a time function 
M d (t). 

After this substitution, our equation system becomes 


where 


V+.if f-M,m (XV-5-7) 

8 r ] D8 r -\- E y- 0, (XV-5-8) 


A =--- 

foc-W 2 " 1 ** . 

B 

' 

ro 

>! 

“ 1 

! 

E 

— it i’o 

J r:l ;/1 ’ 

D 


Jx 1 ’ 

'.'AW 1 " 1 * 

J r ; 


(XV-5-9) 
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In first approximation, the values of A, B, E, and D can be 
found from calculated data on the translational trajectory of 
the vehicle center of mass without considering roll. Solution 
of Eqs. (XV-5-7) and (XV-5-8) is simplified substantially if we 
assume y = 0, which is possible for many vehicle classes. For 
this case. 


4 W ) '- r “7“ Ud(t); (XV-5-10) 

v ■ Q xl - [A u d (t) - /,'6 r ] . (XV-5-11) 


We assume the parameters A, B, E, and D to be independent 
of time and equal to their average values on a certain length 
of the trajectory, and that the moment = const. In this case, 

we obtain the solution of (XV-5-10) in the following form 

i% (\«in(/.v | <i)-j <»*£/). (XV-5-12) 


where 


A- - I) y />'; /■' ■■■ — I'. (•/*!■ I Wd)" 1 " const. 


The constants of integration C and tj> are determined from the 
initial data for 6^ and 5^. 

For steady rotation of the rolleron (6 = 0) 

<S r ' '• (XV-5-13) 


The roll angular velocity y = ft is calculated directly 
from (XV-5-11). X 

Example. Calculate and y = ft from the following data: 
M ot = 1.8(V oo = 5^0 m/s); q<x5 = 1.3-10 4 kg/m 2 ; 

■J’ wg " 0.1 S7 m 2 ; l ul.'.s .v; <>,,, •= 201>0 b-i ; — 0.19; 

J T yl - 0.2- 10' 3 kgf-s 2 -m; j x\ - - 0 .‘U-l kgf-s2-m; 

J t -i 0.IS-IQ" 2 kgf-s 2 -m; _lf d =10 kgf-m. 


Four rectangular rollerons (n = 4) are placed on the trailing 
edges of a cruciform tail behind a wing, and have the dimensions 
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5 r ~ O.OljS m; l r “0.064 m; r r --0.13 


S T =6 r l T =4.35.10-3 m 2 . 


Let us assume that the velocity head forward of the rolleron 
q = O.SSq^ and, consequently, M 2 * O .85 Without considera¬ 

tion of the rolleron tip effect, the derivative 


V-M 2-1 yhSMTSolii 


= 3.02. 


Prom the formula 


m«r = 
h U b T 


where h is the distance from the rolleron center of pressure to 
the axis of rotation and is equal to b / 2 , we determine 

m h = —yc®= —1.51. 


We then calculate 


. 1.3-10 , -0.1R7"0.'i8*-0.19 

' ~ 2-550-0.025' '>-3.93; 

„ 4 . 13 - 101 - 0 . 85 - 5 . 35 - 10 - 3 . 0 . 15 - 3.02 

D “-0:025-- 

0 2-10-3 

^” 6:18.10-3 2090= 2320; 

O 1 .3-10«>0.» 5; L.15.10;i». 0.068.l.5| = ^ m 


0.18-10-3 


From Formula (XV-5-13), we determine 


. 2320-10 2320.3580 \-i 

6r O.025'.y.y3 \- Vm - 3153 —) “ “- 0 - 110 rad ( - fi - 660 )' 


and find from (XV-5-11) 


V --—XI 


( o>25- / 3.03-204 
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§XV-6. FRONTAL DRAG 
Drag at Zero Lift 

The total drag of a vehicle is determined by the sum of the 
drags of its individual elements, calculated with consideration 
of interference. At subsonic and moderate supersonic speeds 
(M b < 5), the total drag can be resolved into a drag that does 
not depend on lift and is equal to the drag of the vehicle at 
c =0 and an induced drag that does depend on lift. The drag 

y 

at Cy = 0 can be written 

X 0 = X b + X wg +X tl -J-AX b(wg) -|-AX^j) -r AA' wg ( b ) A-V t)(b) A.X tl{wg j, (XV-6-1) 


where the first three terms represent the drags of the isolated 
body, wings, and tail, while the sum of the remaining terms yields 
a correction for interference. In each term, the subscript in 
parentheses indicates the design element as a result of interfer¬ 
ence with which the additional body, wing, or tail drag appears. 
For example, AX^ ^ ^ represents the additional body drag due to 


interference with the wing, 
ference with the tail, and so forth 


AXb(ti) the body drag due to inter- 


Drag can be determined in the first approximation without 
considerating interference, as the sum of the drags of the body, 
wing, and tail in isolation: 


X 0 = X b -j-X wg +X tl . 


(XV-6-2) 


Isolating from each component the drag due to vacuum in the 
wake of the body, we write 


Xo = X b 4“ Xwg-j- Xti + X 


b.wke 


i y j y 

r* ■**“wg«wke i v tl. v 


(XV-6-3) 


where the first three quantities represent the drags due to pres¬ 
sure and friction for the body, wing, and tail, and the second 
three the corresponding wake-drag components. 

Body. The total drag of the body is determined with con¬ 
sideration of its shape, which may differ in the general case 
from that of a solid of revolution. If this difference is small, 
the body is regarded as a solid of revolution whose radius is 
distributed along the longitudinal x-axis in accordance with the 
law 
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r (x) = ]/ 


(XV-6-4) 


where S(x) is the cross-sectional area of the assigned body shape. 

Study shows that the lift and moment characteristics of such 
a solid of revolution remain the same as for the assigned body 
shape. The drag difference is found to be more substantial and 
must be taken into account. The shape of the body may deviate 
from the solid of revolution owing to various types of "super¬ 
structures", e.g., fairings, antenna installations, etc. 

The aerodynamic drag of the body depends on the positions 
of superstructures. Research has shown that drag is lowest 

when the superstructures are centered on the body. If they are 
shifted forward, drag rises owing to the increased pressure on 
the nose section, and when they are shifted aft it increases 
because of flow detachment and increased vacuum behind the base. 

Wings and tail. To calculate the drag of the isolated 
wings and tail, they can be regarded in their simplest form as 
the combined cantilevers. The corresponding wing (tail) has 
the same area but a shorter span. At the same time, the iso¬ 
lated wing can be formed from cantilevers that project outside 
the body and fictitious sections inside the body. The span of 
this wing remains the same, but its area is increased. The 
value of X w g (or X tl ) taken into account by Formula (XV-6-2) is 

equal to the wing (tail) drag less the drag on the fictitious 
central part of the area occupied by the body. In either case, 
determination of the drag is approximate. It must be improved 
experimentally or by a more rigorous theoretical calculation. 
Remembering that the vertical and horizontal cantilevers of the 
tail need not be the same, it is advisable to make separate drag 
calculations, determining the components X , and X, ,. Accord- 

ingly, (XV-6-2) can be written 


I 0 A b ' A we A v 


(XV-6-5) 


Denoting the characteristic area of the entire vehicle by 
S, we obtain an expression for the over-all frontal-drag coeffi¬ 
cient : 


<~X0 “ ' Av b - 


" Ay x 




t C;V V 


(XV-6-6) 
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where S .S , S . , and S, , are the respective areas of the 
mid wg v. t ’ h.t 

body midships section, the wing plan area, and the areas of the 
vertical and horizontal tail cantilevers. 

The values of S , S , , and S, , are found without consider- 
wg* v.t* h.t 

ation of the in-body areas of the wing and tail, and c , , c , 

XU X wg 

c „ ,, and c , . are the drag coefficients of the body, wing, 

and vertical and horizontal tail cantilevers, calculated from the 
respective characteristic parameters S mid s wg » s v t’ and S h f 

Without consideration of interference with the body, the 
wing drag coefficient is 


; = Wl. (l—#-) * 


(XV-6-7) 


where S' is the wing area counting the part inside the body; AS 
wg 

is the wing area inside the body; (c^ W g)j_ s I s the drag coeffi¬ 
cient of the isolated wing with consideration of the area inside 
the body. 

The effect of interference on drag can be taken into account 
by introducing a correction into (XV-6-7) in the form 

Cx„ e -(c xwe ) lm , (XV-6-8 ) 


where k. , is an interference coefficient that varies over a broad 
mt 

range depending on the position of the wing on the body and the 
way in which they are joined, as well as on wing shape and aspect 
ratio. When wings with small sweep and aspect ratio (X > 2) are 


wg 

properly attached to the body, k^ ^ differs little from one, 


In 


the presence of positive interference, which reduces drag, > ] 

The drags of the horizontal and vertical tails at c = 0 are 
calculated in the same way as wing drag. 


Total drag. Experimental studies indicate that the effect 
of interference on total vehicle drag is usually small and can be 
taken into account by applying a resultant correcting interfer¬ 
ence coefficient k^ to the drag X 0 . Accordingly, the total drag 


X 


t 


X.k , 
0 r 


(XV-6-9) 
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Depending on conditions (flight speed, vehicle design, etc.), 
the coefficient may be larger or smaller than unity; in most 

of the cases that are of practical interest, it differs little 
from one. 

Approximate calculation of total drag at c = 0. In prac- 

*y 

tical cases, it may be assumed for calculation of total drag that 
friction drag is independent of interference. Then it is neces¬ 
sary to consider only the change in pressure drag that results 
from reciprocal effects between the wings and body. This change 
is negligibly small if the wings are mounted on a cylindrical 
body surface. 

When the wings are on a tapering or expanding section of the 
body, it is advisable to take interference drag into account. 
X wg(b) can be ^ ounci ln approximation by assuming that the canti¬ 
levers are situated in the pressure field of the isolated body, 
and X b ( W g) can be determined on the assumption that the body is 

in the pressure field of the isolated wing, which is calculated 
by supersonic wing theory. 

Practical interest also attaches to calculation of drag with 
consideration of interference by the equivalent-body meth od [51]. 
This method is based on the following rule: the drag of a body¬ 
wing combination is equal to the drag of an isolated body with 
the same cross-sectional-area distribution as the body-wing com¬ 
bination. This isolated body is known as the equivalent body . 

The above rule is known in aerodynamics as the rule of areas. 

Construction of the equivalent body is the crucial point in 
this method. For this purpose, the body-wing combination is cut 
by transverse planes perpendicular to the longitudinal axis and 
the area is measured in a chosen section through the combination. 
This area is regarded as that of the equivalent body, whose ex¬ 
ternal form differs from that of the original body in that, it be¬ 
comes convex beginning at the section passing through the wing 
leading edges. If the wing trailing edges lie forward of the 
body's base section, the equivalent body will be the same as the 
original on the stern section behind the wings. 

If the equivalent body is known, the drag of the body-wing 
combination can be determined by two methods. First, we can use 
Formula (IV-4-30). The expressions for the second derivatives 
S"(x) and S"(e) in the integrands of these formulas are deter¬ 
mined for the equivalent body. Secondly, if the experimentally 
determined drag of the equivalent body is known, it can be used 
to determine the drag of the given body-wing combination. In 
this case, it is necessary to proceed as follows. A curve of 

Ac a = f(M ), where Ac e = c e - c e n is equal to the difference 

X 00 X X X u 
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between the drag c® at a given M and the constant drag c e at 
subsonic speed, is constructed from the experimental data. As¬ 
suming further that the drag c° Q is known for the given body¬ 
wing combination, we can calculate its total drag with considera¬ 
tion of interference: c c = c c = Ac e . 

x x 0 x 

The above method is applicable in the supersonic speed range 
only for very slender configurations that lie near the axis of 
the Mach cone and, consequently, have swept small-aspect-ratio 
wings. The method can also be used for unswept wings if M ra £ 1. 




Figure XV-6-1. Construc¬ 
tion of Optimum Shape of 
Body-Wing Combination. Top: 
solid of revolution with 
minimum drag; bottom: cor¬ 
responding optimum shape 
of body-wing combination. 
The areas of sections I-I 
and II-II are equal. 



% 






V 



Figure XV-6-2. Drag of 
Vehicle Constructed by 
"Area Rule": 1) minimum- 
drag body; 2) body-wing 
combination designed by 
"area rule"; 3) same com¬ 
bination with "area rule" 
not observed. 


Experimental studies have 
shown that the area rule can be 
used to obtain a vehicle layout 

that will deliver minimum drag in the transonic speed range. In 
accordance with this rule, the vehicle should be designed in such 
a way that the areas of its cross sections perpendicular to the 
flow will vary along the vehicle's axis in the same way as for 
the minimum-drag solid of revolution (Fig. XV-6-1). 

Figure XV-6-2 shows an experimental curve of the drag coef¬ 
ficient as a function of at c y = 0; it shows that the body¬ 
wing combination designed by the area rule has lower drag than 
the combination constructed without consideration of this rule. 


!:S 

"1 
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The equivalent-body method can produce satisfactory results 
for the transonic range and, consequently, is limited for a 
given combination to a certain maximum > 1. 

Supersonic area rule [51]. If M^ exceeds the limiting M m 

and the equivalent-body method cannot be used, the supersonic 
area rule can be applied for the drag calculation. When this 
rule is used, we determine the areas of cross sections cut 
through the given combination by planes that are not perpendicu¬ 
lar to the longitudinal axis (as in the equivalent-body method), 
‘but are inclined and tangent to the Mach cone (Fig. XV-6-3) with 
the equation 


x «' (z sin y -j- y cos y) — x 0 . 


(XV-6-10) 


The area S(x 0 ,y) that this plane cuts off the body-wing com¬ 
bination is a function of the meridional angle y and the coordi¬ 
nate x 0 of the origin of the Mach cone. (Fig. XV-6-3). The pro¬ 
jection of this area onto the plane normal to the x-axis can be 
calculated from S(x 0 ,y): 


S n (x a , y) - sin y.S’ (x„, y), ( XV-6-11) 


where sin y = 1/M^. 



Figure XV-6-3. Supersonic "Area 
Rule": 1) body; 2) wings; 3) 
Mach cone with angle y = arc 
sin (1/M w ); 4) secant plane in¬ 
clined at angle y ; 5) sec¬ 
tional area determined by 
supersonic "area rule." 


Formula (IV-4-30) can /683 
be used to calculate drag 
after substituting S"(x,y). 

For ? V.xed angle y, these 
formu'is will yield c® = 

= dc /dy for the given com- 

bination, which is equal to 
the equivalent-body drag 
coefficient. To obtain the 
drag coefficient c of the 

entire combination, the drags 
of the equivalent bodies are 
averaged over the angle y: 


e * = irl c * d ‘ f ' (XV-6-12) 
0 
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Drag at c j- 0 

o 

The total drag X of the vehicle for c y ^ 0 can be repre¬ 
sented as the sum of the drag X 0 at zero lift, the Induced drag 

X. of the wings and tail, and the drag AX , which includes cer- 
x ot 

tain unaccounted drags (increase in drag due to pressure on the 

body at a f 0, drag increase due to flow separation on the wing, 

tail, and body, etc.)* Thus, 


X~X. + X, + LX.. (XV-6-13) 


According to this formula, the expression for the total drag 
coefficient will be written 


c x — c x q I- c x i A c xai 


(XV-6-13') 


where the induced drag coefficient c x ^ can be regarded as the sum 

of the induced drags of the wing (c . and tail (c . ), , , which 

xi wg xi n.u 

are respectively equal to 


(h\i)wg— ( c .vi) 


we 6 m id 


(^A'i)h.t ~ (Avi)h.t 


(XV-6-14) 


Here, S and S, , are the areas of the isolated wing and tail, 
wg h. t 

including the areas occupied by the body. The coefficient Ac 

xot 

in (XV-6-13') is calculated by the formula Ac = AX /q S .and 

the force AX^ can be regarded as the sum of three terms. The 

first is the added body drag at the appearance of an angle of 
attack, and the second and third terms are respectively equal to 
the unaccounted wing or tail drag. Thus, the over-all drag 
coefficient is 


Cx —AvO i‘(^*.vi)wg 




(XV-6-15) 


At subsonic speeds, the induced drag coefficients of the 
wing and tail can be calculated by the respective formulas 


( c xi)v. 


_ . 

-"I (X e f ) w g 


( C xi) h.t 


1 d-ef^h.t ’ 


(XV-6-16) 
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where the lift coefficients are found for the isolated wings and 

tail from the actual apans of the cantilevers. Interference has 

been taken into account by introducing the empirical coefficients 

(X „) and (X _). , . which are effective aspect ratios calculated 

ef wg ef h.t* ^ 

by the formulas 


(Xef ) v 






ef 'h.t 




iS’ 



(xv-6-17) 


where X and X, , are the aspect ratios of the isolated wings and 

il • 1/ 

tail and (S.) and (S. ), , are the wing and tail areas inside 

1 wg 1 h.t a 

the body. 



Figure XV-6-4. Drag 
Correction for Large 
Angles of Attack. 


Tail induced drag is not calculated 
in practice, and its value for the en¬ 
tire vehicle is set equal to c . = 

H xx 

= (c .) . The lift coefficient from 

xi wg 

which c . is calculated may be that of 
xi J 

the vehicle as a whole, i.e., it may be 

assumed that (c ) = c . Then the over- 

y wg y 

all drag coefficient will be 

<•, r * 0 dc, at (xv-6-18) 

a/. e f 


where X „ = (X „) 

ef ef wg 


The correction Ac xa can be determined experimentally. Figure 
XV-6-4 shows experimental data [23] for Ac Xa as a function of the 
ratio Cy/Cy max » It may be assumed in using the diagram that 
0 ^/ 0 ^ max is practically the same for the vehicle as for the wing. 


Formula (XV-6-18) gives the frontal drag coefficient as a 
function of lift coefficient. In graphical form, this dependence 
is a polar of the vehicle; a family of these curves can be con¬ 
structed by assigning various M^. 


In those cases of supersonic speed in which there are no 
suction forces, the coefficients of the wing and tail drags that 
depend on lift will be 


(Cxi )wg wg®wg» ( c *i)h.t 


( c y) h.t GCh.t 


(XV-6-19) 
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or 


(Cxi) 


wg 


( c pw! 

(^)wg S 


(Avi)h.t 


( C i)h.t 

(^)h.t 


(XV-6-19') 


Suction forces that appear on subsonic leading edges lower 
induced drag. In practice, however, it is not possible to pro¬ 
duce suction forces on thin wings. Accordingly, Formulas 
(XV-6-19) can also be used for subsonic leading edges on swept 
wings. 

The attack angles a and a, , include the body attack 

wg h.t 

angle a and the wing and tail setting angles 6 and 6. .. The 

Wg IJ. * X/ 

values of (c ) and (c ), , are determined with consideration 

y wg y'h.t 

of interference with the body; in addition, the coefficient 
(Cy)h t must be calculated with consideration of the wing ef¬ 
fect . 


The quantity & c xa can be assumed equal to the added body 

drag on the appearance of an attack angle. At small angles of 
attack, it is calculated by the formula 


A ha ~ r '.C u b 


(XV-6-20) 


in which the lift (or normal-force) coefficient can be calculated 
considering the interference with the wing and tail. The follow¬ 
ing method of calculating total drag can be used as an alterna¬ 
tive. The attack-angle component of the drag coefficient for the 
entire vehicle is assumed equal to 


r.ti <’u ( r >- '■'-«) or c xi 


<: 


2 

•I 


'X. 

y 


(XV-6-21) 


The subject here is an unsymmetrical vehicle layout in which lift 
is zero at a certain body angle of attack a = a Q . For small a, the 
lift coefficient c can be assumed equal to its value for the 

y 

wing with a certain approximation. To improve the accuracy of 
the calculations, it is advisable to calculate the coefficient 

c with consideration of the body and tail effects. Applying 
«y 

(XV-6-21), we can write the equation for the polar curve in the 
form 



(XV-6-22) 
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where c° corresponds to zero lift. 

A family of polar curves is shown 
in Fig. XV-6-5 by way of illustration. 
Use of small-aspect-ratio swept wings 
makes it possible to lower c° in the 

X / 

range of = 1-3. However, this is 
detrimental to the lifting properties 
of the vehicle, i.e., c a becomes smaller 

y 

and the total drag of the vehicle in¬ 
creases as a result. For large c , 

y 

the c x ^ of a vehicle with small-aspect- 

ratio swept wings increases to such a 
degree that their advantage — the 
smaller c“ — is lost, since total drag 

X 

increases. 

This recommendation for calculation of polar curves for the 
vehicle applies when the total drag can be resolved into c 0 and the 

X 

lift-dependent drag. Such resolution is impossible for large M m > 
> 5j and it is necessary to find the drag coefficient separately 
for each attack angle, using the recommendations given above for 
wings and bodies. 

Lift/Drag Ratio 



Figure XV-6-5. Polars 
of Vehicle. 


The lift/drag ratio is 



Substituting Expiession (XV-6-13*) for c in this formula 

X 

and disregarding Ac , we obtain 

X ot 


K 



(XV-6-23) 


where A = I/CttA^) 


for s'ubsonic and A = 



for supersonic 


speeds. 


An important characteristic uf a vehicle is its maximum lift/ 
drag ratio. At subsonic' speeds, it is 



(XV-6-24) 
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The optimum lift coefficient, which corresponds to this 
value, is 


7 optm ~ 


(XV-6-25) 


At supersonic speeds. 


A 11 : ."1 \ 



(XV-6-26) 


f »i optm 



(XV-6-27) 



Figure XV-6-6. Polar 
Curves of Vehicles. 



Figure XV-6-7. Variation 
of Drag for Two Aircraft 
Types. 1) subsonic air¬ 
plane; 2) supersonic air¬ 
plane . 


Use of swept wings and wings 
of small aspect ratio lowers c 

since c° and c a diminish with di- 

x y 

minishing aspect ratio and increas¬ 
ing sweep angle. Figure XV-6-6 
shows the manner in which c^ Q-^pm 

varies with wing sweep. 

The aerodynamic layout of a 
vehicle must provide for increased 
lift/drag ratios. The first step 
toward this objective is to choose 
thin enough profiles with small 
curvatures, so that drag will be 
low. As regards planform, the 
delta wing is optimal from the 
standpoint of increasing lift/drag 
ratio. Secondly, we can vary the 
sweep angle and aspect ratio of 
the wing. A lower c^ can be ob¬ 
tained by increasing the angle x 
in the range corresponding to 
a subsonic leading edge and by re¬ 
ducing the aspect ratio. The x 
of modern aircraft range up to 70 ° 
[23], and their aspect ratios X 

W 

range downward from 2. It must be 
remembered, however, that increas¬ 
ing sweep and reducing aspect ratio 
are detrimental to the lifting 
properties of the wing, i.e., they 
lower c a . In aerodynamic design 
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work, it is necessary to determine 
the optimum aspect ratio and sweep 
at which the largest lift/drag 
ratio will be obtained. This con¬ 
clusion pertains basically to tran¬ 
sonic M m . For larger > 3 the 
wing planform has practically no 
influence on lift/drag ratio, and 
profile thickness is the deciding 
factor. 


Figure XV-6-8. Maximum 
Vehicle Lift/Drag Ratios. 


ratio. The body shape chosen 
minimum drag at the given M m 
this optimum. 


Thirdly and lastly, the shape 
of the body must be chosen properly 
and matched to the wing and tail in 
order to obtain maximum lift/drag 
is that of the isolated body with 
or, at least, one>that approaches 


In raying out all elements of the vehicle, and the wing and 
body in particular, an effort must be made to obtain positive 
interference, which lowers drag. Figure XV-6-7 shows that the 
aerodynamic layout of the modern supersonic airplane (quite thin 
swept wing of small aspect ratio) can lower drag substantially, 
especially under the conditions of transonic flights, and this 
also raises the lift/drag ratio. Irrespective of layout, however, 
the maximum lift/drag ratio K is always considerably smaller 

ITlclX 

at supersonic speeds than in the subsonic range (Fig. XV-6-8). 


Vehicles whose wings have small sweep angles and large 
aspect ratios have the largest lift/drag ratios at subsonic 
speeds. As flight speed approaches that of sound, their lift/drag 
ratios drop off sharply. Those of vehicles with trapezoidal and 
delta wings vary much less as functions of M^. Here the delta 
wing with small thickness ratio on a "tailless" vehicle offers a 
certain increase in lift/drag ratio owing to its strong sweep and 
small aspect ratio. 
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Chapter XVI 
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AERODYNAMICS OF CONTROLS 

§XVI-1. FORCES CREATED BY AERODYNAMIC CONTROLS 
Spoilers 


Let us examine certain results of wind-tunnel tests on 
spoilers mounted on the end of a flat plate ([ 76 ], 1962, Nos. 
4-5). 



Figure XVI-1-1 presents 
data for the dimensionless coef¬ 
ficient Ac^, which is equal to 

the ratio of the normal force 
AN created by the spoiler to qh 
(q_ Is the velocity head and h is 
the height of the spoiler). 

Figure XVI-1-2 gives experi¬ 
mental data for Ac^/Ac^,, where 

Ac„ = AR/qh (AR is the axial force 
K 

created by the spoiler). The 

coefficients Ac., and Ac D were 
N R 

calculated for a spoiler 1 cm 
wide and therefore having an 
area equal to h. 


Figure XVI-1-1. Coefficient 
AC^ of Normal Force Created 

by Terminal Spoiler as a 
Function of M x and Spoiler 
Dimensions: 


These data indicate that the 
force exerted by a spoiler de¬ 
pends on its length l and height 

s 

h and the M x forward of the 
spoiler. 
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Experiments have shown ([ 76 ], 
1962, No. 4-5) that Ac^ and Ac^ in¬ 
crease with increasing positive 
attack angles and, conversely, 
that ACj^ decreases to some degree 

with increasing negative attack 
angles. High-speed motion pic¬ 
tures made during these experi¬ 
ments as the spoiler was deployed 
at a speed of 7 mm in 5*10 * s at 
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M x = 2.21 made it possible to establish that the flow pattern 
around the spoiler corresponds to the flow pattern in steady 
flow at any point in time. The compression shocks vanished in 
2*10 -4 s after the spoiler was retracted into the plate. This 
provides a basis for use of the steady-state hypothesis in cal¬ 
culations for vibrating spoilers. For such spoilers, normal 
force is determined by the formula 


AN Ac s qkl t k. 


(XVI-1-1) 


where k = (t x - t 2 )/(t 1 + t 2 ) is the so-called coefficient of 
command; t x is the time for which the spoiler is in the up posi¬ 
tion; t 2 is the time for which the spoiler is in the down posi¬ 
tion. 




Figure XVI-1-3. Diagram for 
Spoiler Calculation. 


Data from the experiments 
indicate that the presence of 
plates set parallel to the 
flow and preventing flow of 
air across the lateral edges 
of the spoiler increases Ac^ 

([76], 1962, No. 4-5). 


At supersonic velocities 
of the flow past the spoiler, 
spoiler height should be set 
equal to h > 5<$, where 6 is 
the thickness of the boundary layer ahead of the spoiler (Fig. 
XVI-1-3). The following procedure can be recommended for calcula¬ 
tion of spoiler effectiveness. 

1. The pressure coefficient in the separation zone behind 
the compression shock and ahead of the spoiler is calculated 
from the M x of the flow in front of the spoiler and the Re deter¬ 
mined for the distance from the wing leading edge to the spoiler. 
For a laminar boundary layer. 


Figure XVI-1-2. Ratio of 
Coefficients of Normal and 
Longitudinal Forces Created 
by Terminal Spoiler as a 
Function of M x and Spoiler 
Dimensions: 


Symbol 


▲ 

V 

▼ 


h, mm 


with side plates_ 
without side plates 
with side plates 
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(XVI-1-2) 



P 2 = 


1.09 

He '/ 4 = ' 


and for a turbulent layer 


I‘z 


'.'.o', 

II .-" 1 ( M ; - l ) 1 - 4 


(XVI-1-3) 


Figure XVI-1--4. Diagram of Wake- 
Pressure Coefficient Behind a 
Plate as a Function of of the 
Flow Past a Spoiler and the Spoiler 
Deployment Height h in mm. 


2. Assuming that the 
boundary of the stagnation 
zone is straight and passes 
through the apex of the 
spoiler, we determine 
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A c.v lhi h-rlV 


(XVI-1-4) 


To calculate the axial force set up by the spoiler, we can 
refer to the diagram in Fig. XVI-1-4, which presents the results 
of an experimental study of the wake-pressure coefficients P wke 

behind a spoiler as a function of Mj and spoiler height h for a 
case in which there were no lateral plates. Knowing the pressure 
coefficient behind the spoiler, we can calculate the coefficient 
of the longitudinal force that it creates: 

Ac n q - or " P2 — /W 

Example. Determine the normal and axial forces crated by a 
terminal spoiler situated at a distance x = 0.140 m from the wing 
leading edge and in a stream of air moving at M x = 1.83. The 
spoiler height h = 8 mm and its length SL = 100 mm. The flight 

o 

is being made at sea level (trajectory altitude H ~ 0). 

The data are used to find the flight speed Vj = M t a = 1.83 * 
x 3-40 = 622 m/s and Re = VjX/v = 622 • 0.140/1.46 • 10“ 5 = 6*10 6 . 
Assuming the flow conditions in the boundary layer ahead of the 
spoiler to be turbulent, we find the pressure coefficient in the 
stagnation zone: 


P 2 = 


2 . 0 '. 


2.04 


lie"' 1 (Mj —1) 


1/4 ' 


(0- iU 6 ) 0 ’ 


(1.832-d'M 


-0.346. 


The pressure ratio 
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PziPi “ 1 -i- A-M|? 2 /2 = i 1.40-1.83 ^0.316/2--= 1.81. 

The shock inclination angle 

0. — arcsin \ / (p 2 !Pr i r ^>. 1(1 S) M|] = 

= arcsin |,/(i.Sl r 0.167),l(T+ 0.167) i.83 2 ]== 4 5,5 3 , 

where 6 - ^=4 -- - 0.167. 

k - 1 1.4 -r l 

We then calculate the rotation angle of the flow behind the 
compression shock: 

l S (°s—Ps) — &p-t!pi 1) (6 -i- P 2 /P 1)- 1 tg 0 S = 

=■ (0.167-1.81 -f 1) (0.167-;-1.81)-i tg 15.5’ = 0.669; 
tgp s = 0.2065. 

The normal-force coefficient 

A Cy . tg p s = - 0.346/0.2065 =- 1.67. 


Consequently, the normal force 


A.V ..= Ac.v hi. ■--- 1.07 -:- <25 '° 2 ^ 8- 10-3-0.1 = 32.4 kg f (3)8 n,. 

it 4> 


From the diagram in Fig. XVI-1-4, we find P wice = -0.3 for 

M x = 1.83 and h = 8 mm. Remembering that p, = 0.346, we deter¬ 
mine the coefficient Ac^ = 0.346 + 0.3 = 0.646 and the force 

AR = Ac p q£ h = 12.5 kg (123 N). 

It S 

Increasing Lift of Aerodynamic Controls by Blowing Ga s into 
Boundary Layer 

By blowing a certain amount of gas into the boundary layer, 
we can shift the separation point toward the trailing edge of the 
control and thereby increase the controlling force ([70], 1965, No 
5). 


Determination of the required amount of injection gas in¬ 
volves calculation of the gas jet momentum coefficient, which is 
calculated from the expression 
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Figure XVI-1-5- Diagram 
of Velocity Distribution 
at Surface of Aerodynamic 
Control when Gas is In¬ 
jected into Boundary 
Layer. V(y) is the flow- 
velocity diagram in a 
section perpendicular 
to the control surface 
and V(x 2 ) is the velo¬ 
city variation over the 
length of the control. 


jjV v= ' 9 \o b ’ 


(XVI-1-5) 


where 


and V. 
J 


are the mass den¬ 


sity and average velocity of the 
gas in the jet respectively; A is 
the width of the slot; b_ is the 
chord of the control surface. 


The parameter A6** is the 
increment of boundary-layer mo¬ 
mentum thickness in the absence 
of injection on the segment from 
the separation point S to point K 
on the control's trailing edge 
(Fig. XVI-1-5). This parameter 
is calculated by the formula 


0.037 / V 6K \~ 3 

b ~ 1U-U.* V v x ) A 

x[I(*) ,J "(T)r. (XVI-1-6, 

x s 


where x s — x s ;b; x K --x K jb\ Re = V 0C ,.:&/v J0 ; V^ is the velocity of inviscid 
nonseparating flow; V gK is the velocity at point K. 

If an aerodynamic control is placed along a wing trailing 

edge, the average velocity on the control should be taken in the 

formulas instead of V ot . By way of example, let us determine the 

coefficient of momentum of the gas jet for a case in which the 

flow velocity along an aileron varies linearly from a certain 

value V._, to V = V rc /2, so that the average velocity is 
o b o n o o 


Re 


Fav (F« 1 F, a -)/ 2= (3/2) Fax- 

The average velocity in the jet is V. = 2V = 

3. v 

10 5 . For these data, (XVI-1-6) gives 



f/lV., x>.s no.a 


A 6*" U.0n!H>7 

L 1 1-.sk i J 

((21.5 — 1)0.8 

~b~~ '1U'0.2 " ^ 

'a- v ,;,i f 


' l 'Mil lU- ) 



3V 6K , and 


0.U03b3. 
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The corresponding value of the momentum coefficient is 


o or Aft* 

c ■■■ 2.6o — 

b 


(- 


2 . :].■). <u>or>s 


'•C '•) 


u.u.v.S. 


§XVI-2. CALCULATION OP FORCES DEVELOPED BY GASDYNAMIC CONTROLS 

Calculation of Thrust of Gasdynamic Controls with Consideration 
of Losses in Ai r Intakes 

The thrust developed when air is taken from the atmosphere 
and fuel-combustion products are expelled through a nozzle can 
be calculated by the formula 


P 




(ll'a — kco) i- (Pa — Pc) A’ a 


JQ 

dt * 


(XVI-2-1) 


where P is the thrust; G^ is the per-second flow rate, by weight, 
of fuel combustion products; G is the per-second flow rate, by 

3. 

weight, of the air taken from the atmosphere; is the velocity 
of the vehicle’s center of mass; w is the velocity of outflow of 

3. 

fuel-combustion products through the nozzle; p is the pressure in 

3. 

the jet at the nozzle exit section; S is the exit-section area 

3. 

of the nozzle; Q is the momentum of the air and fuel-combustion 
products with respect to the vehicle. 

The derivative dQ/dt is known as the variational force. 

For rocket engines, which do not use atmospheric air. For¬ 
mula (XVI-2-1) becomes simpler: 

P == — W a - 1- (/n - Pc) Sa-^ T (XVI - 2 - 2) 


When air is taken in, frontal drag is increased by the added 
air-intake drag AX ., which results from the fact that the pres- 

3.1 

sure p x and air velocity Wj in the entry section of the air in¬ 
take differ from the corresponding values in the undisturbed free 
stream, p and w = V . This additional drag is 

5 ^ 00 oo oo 


A,Y ai - S t ( Pl - P c) - - j- (K„ ■- w (XVI - 2 - 3) 
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Relation (XVI-2-1) defines thrust as it is affected by a 
stationary atmosphere. However, the presence of air intakes, 
nozzle assemblies, and the jets of fuel-combustion products 
issuing from them changes the pattern of air flow around the 
vehicle. In determining the aerodynamic coefficients, therefore, 
it is necessary to consider the influence of a compression shock 
in front of the air intake, forces on the exposed surfaces of 
the air intakes and nozzles, interference between the air intakes 
and the wing or body of the vehicle, and, finally, the influence 
of the jets on the flow of air at the surface of the vehicle. 

The frontal drag coefficient of the body nose section of a 
vehicle or engine pods housing air intakes is determined by the 
relation 


C.v 


(Cx nos)rp .1 I" (ACjc 


(XVI-2-4) 


where <c .S,) is the air flowrate coefficient, which is equal 

to the ratio of the actual per-second air flow to the maximum 

possible flow [21]: (c ), is the frontal drag coefficient 

^ 5 x nos 4>= i 

of the nose section at d> = 1: Ac . is the coefficient of the 

T 5 x ai 

air-intake drag increment: c . is the coefficient of the air- 
° s. ax 

intake suction force; S x is the entry-section area of the air in¬ 
take. 




Figure XVI-2-1. Diagram for 
Determination of Frontal Drag 
Coefficient of Parabolic Ve¬ 
hicle Nose Section with Throat 
at cf>= 1 U 

liv/o 

). 


n 


nos 


nos 

= d 1 /d 


= x /d . .; 
nos mid 5 


mid' 


Figure XVI-2-2. Diagram for 
Determination of Frontal 
Drag Coefficient of Conical 
Vehicle Nose Section with 
Throat at ()> = 1. 
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Figure XVI-2-3. Diagram 
for Determination of Suc¬ 
tion-Force Coefficient 
of Air Intake. 



Figure XVI-2-4. Diagram 
for Determination of Co¬ 
efficient of Added Air- 
Intake Drag. 


Air intakes without central 

body. With <j> = 1 and supersonic 

velocities, the coefficient 

c = (c ), and can be 

x nos x nos <f>=i 

determined from the curves presented in Figs. XVI-2-1 and XVI-2-2. 


For <f> < 1 and subsonic speeds, we may assume c a 

nob 

as (c ), , provided that the outer surface is well enough 

x nos <}>=i ^ 

rounded at the air-intake entry section. This is because the 
suction force is quite large and equal to the added drag force 
of the air intake. With <p <1 and supersonic speeds, calculation 
of the nose-section drag becomes more complicated, since a de¬ 
tached compression shock forms ahead of the nose. However, 

(c x nos )((,= ! can 136 approximately from the same Figs. XVI-2- 

and XVI-2-2, and c . can be determined from the diagram shown 

in Fig. XVI-2-3 [21], which is valid for air intakes that have 
rounded leading edges when the rim of the nose section is curvi¬ 
linear. ' Otherwise, c . will be much smaller than would follow 

from the diagram. The value of the coefficient Ac . is deter- 

Xal 

mined from the diagram of Fig. XVI-2-4. 

Example. Find the frontal drag coefficient of a parabolic 
vehicle nose section whose air intake has no central body, using 
the following data: 


M.NJ 2; a tX > "2'|0 m/s; p x « 0.125 kg-s/m'; 

6 a - ; I'll kg/s; <!„ HV>6 m; <7 mid — 0.SO m; ?. nos =3. 
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We determine 


'W d -0 .jG.- 0.5U = 0.70; J mld --nrf^ id /4 = 

-a-0.S 2 /i- -0.503 6', -=.-id2/-i = .-i.0.56*/4 = 0.2-46 .« 2 ; 

Vm*,— 1/^ os = V2 2 iM/3= 0.577; = M»Ooo = 2-340 = GS0 m/s. 


We find from the diagram of Fig. XVI-2-1 


from which 


^■nos (^x nos)q>—i — 0.22, 

(c x nos)<p=i = 0.22/3 2 = 0.024. 


The coefficient 

<P = <V(p'o3lto'S' 1 ) = 1.4 4/(0.123-9.81 -6S0 -0.2-46) =0.70. 

From the diagram of Fig. XVI-2-3, we find c . = 0.06, 

S • cx-L 

while Fig. XVI-2-4 gives Ac . = 0.38. 

Xal 

According to these data, 

f *no! = ( c x nos)(p=l + (Ac.x. ai ~ c a.ai ) — i— = 0.024 -J- (0.38 — 0.06) ■"Qgjjjj" —0.18. 


Air intakes with central body. Use of such air intakes is 

advantageous at speeds corresponding to > (1.8-2.0). Below 

we present data for double-shock air intakes. The air flow 

through such an intake can be calculated from the relationships 

for conical flows. The results of such calculations are given 

in Fig. XVI-2-5 in the form of curves of the maximum flowrate 

coefficient $ as a function of M, the central-body cone angle 

0 , and the projection angle g . of the body with respect to 
c prj 

the air-intake leading edge (Fig. XVI-2-6). The coefficient 


g.mn (XVI-2-5) 

pmsKwA’i ’ 


where G is the maximum possible per-second flowrate with 

cl ITlclX 

consideration of deflection of air filaments by the shock system 
in front of the air intake and S x = Ttdj/4. 
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Various positions of the compression shocks are possible, 
as indicated in Pig. XVI-2-6, depending on <j> and $. It must be 
remembered here that air intakes are designed for a definite 
Moo = M deslgn (case a in Fig. XVI-2-6). 


As varies in flight, it is necessary to adjust the air- 
intake parameters, since otherwise <j> will be smaller than 1 and 
an additional drag Ac . will appear (cases c and d) or high 

total-pressure losses will be incurred behind the shock system 
(case b). In case d, which occurs with small "throat"areas (sec¬ 
tional areas at the narrowest point of the intake-air passage), /695 
operation of the intake may become unstable owing to periodic 


displacements of compression shocks 


a) b) 



along its central body. This 
phenomenon, which is known 
as surging , results from 
separation of the flow 
from the central body be¬ 
hind the compression 
shock and from flow pulsa¬ 
tion, and causes vibration 
of the engine, flameout, 
or perhaps even engine 
damage. Unstable engine 
operation may occur in the 
case M eo > M dggn (case b) 

or when the throat area 
is too large. If the air- 
intake passage expands too 
abruptly, flow separates 
from the walls, vortices 
form, and the flow pul¬ 
sates. Since these pulsa¬ 
tions are at higher fre¬ 
quency than in the case 
of surging, they produce / 69 S 
a "tickling" sensation. 

This operating condition 
is also unacceptable. 


Figure XVI-2-5. Diagram for Deter¬ 
mination of Ideal Air Flowrate Coef¬ 
ficient for the Following Central 
Body Cone Angles: a) 3 c = 15°; b) 


20 c 


If the air intake is 
in an air flow at a sub¬ 
stantial angle of attack a 
(or at large angle of slip 
30°. B ,), a complex flow pat- 

5 _L 

tern that is difficult to 

calculate forms at Its en- 

In this case, engine performance deteriorates 

and Ac . rises sharply. This imposes limits on the angles a and 
xa.i 


e c - 


c) 


e c = 


25°; d) 


e c = 


try (Fig. XVI-2-7) 


3 


si ; 


complicates the control system, and increases its weight. 


9^2 


I 



Figure XVI-2-6. Various Types of Compression Shocks in 
Front of Air Intake with Conical Central Body. a) de¬ 
sign condition $ = <{> = 1; nondesign conditions: b) 

$ = <j) = i j c) <J> = $ > 1; d) (j> < $ <_ 1. 



Figure XVI-2-7. Diagram 
of Flow Around Air Intake 
at Large Angle of Attack. 
1) oblique compression 
shocks; 2) central body; 
3) casing; 4) closed 
shocks in throat; 5) 
curvilinear compression 
shocks. 


3 


Knowing the parameters 3 , 
and M , and having determined 


prj 

$ from Fig. XVI-2-5, we can use 
the data of Fig. XVI-2-8 [21] to 
find Ac„__. . The dashed lines in 


xai 


this figure indicate the minimum 
possible Ac . when <(> = $. The 

Xal 


coefficient 


(c ). in Formula 
v xnos <p=o 


(XVI-2-4) is determined, as in the 

preceding case, from the curves of 

Figs. XVI-2-1 and XVI-2-2, and 

the coefficient c . can be dis- 

s . ax 

regarded in first approximation, 
since the air-intake leading 
edges for > 1.8-2.0 are sharp 
and their rims are, as a rule, 
rectilinear. 


Side air intakes with conical 
central bodies, e.g., semicircular 
types, are synthesized in much the 
same way. For side air intakes with the same initial data as 
circular ones, the values of the coefficient <j> and the pressure 
recovery factor are found to be 3-6$ smaller, but on the other 
hand lateral air intakes do not increase the vehicle's frontal- 
drag coefficient as much as do circular intakes. 


Calculations for multiple-shock, annular, and other air- 
intake types are given in the specialized literature. 

Example. For the data of the preceding example, find the 
frontal-drag coefficient of a parabolic vehicle nose section 


I 
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Figure XVI-2-8. Diagrams for Determining 
Coefficient of Added Drag of Air Intake 
with Conical Central Bodies with the Fol¬ 
lowing Angles: a) @ c = 15°; b) g c = 20°; 

c) e c = 25°; d) 6 c = 30°. 


having an air intake with a central body (double-shock diffuser) 
with the parameters g . = 32°,$ c = 20°. 

From the diagram (Fig. XVl-2-5b), we find $ = 0.75; then ac¬ 
cording to Formula (XVI-2-5), G = 0.75*0.125*9•8l*680*0.246 = 

cl UlclX 

= 154 kg/s. From the diagram (Fig. XVI-2-8b), we find Ac . = 

= 0.175. Then we refer to the diagram (Fig. XVI-2-1) to deter¬ 
mine (c ), = 0.024 as in the previous example. We set 

x nos <j>=o 

c . = 0 and thus find from Formula (XVI-2-4) 
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c x nos 


0.024 + (0.175 — 0) 


0.246 

0.003 


= 0 . 11 . 


Influence of air intake on vehicle lift. This effect is 
felt owing to the change in the direction of the air stream at 
the entry into the air-intake passage at angles of attack a 7 0. 
The lift coefficient will be changed by an amount 


Ac v al = 0.035(fa. 


(XVI-2-6) 


where a is the attack angle in degrees; <j> is the flowrate coef¬ 
ficient of the air passing through the intake. 

In the process of vehicle design, the presence of air in¬ 
takes calls for close coordination of the aerodynamic research 
with powerplant design in view of the reciprocal effects. 

Fixed an d Movable Control Engines 

When fixed multiple-start control engines (usually rocket 
engines) are used for flight control, calculation of the forces 
that they develop reduces to determination of the thrust forces 
from Relation (XVI-2-1). If the engine burn time is short, the 
variational component of thrust will be substantial during pres¬ 
sure buildup and decay and it will not be possible to disregard 
it. 


If the sustainer or special pivoting vernier engines are de¬ 
flected to control flight, the controlling forces that they set 
up are calculated by determining the projections of the thrust 
onto the direction of interest. For example, rotation of a sus¬ 
tainer engine with thrust P through an angle 6p creates a con¬ 
trolling force 


P ut ■ Pi>in8 p , 


(XVI-2-7) 


directed along the normal to the original position of the engine 
longitudinal axis and acting in the plane of the turn angle. 

The loss of thrust from rotation of the sustainer engine is 
small, since the projection of the thrust onto the original direc¬ 
tion of the engine's longitudinal axis (this direction usually 
coincides with the vehicle longitudinal axis) will be 


P xl --P cosfip. (XVI-2-8) 
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In first approximation for small turn angles, therefore, it is 
assumed that the thrust does not change (P z P), and that the 

controlling force varies linearly as a function of turn angle, 
i.e., P ~ P6p. 

The line of action of the controlling force P passes 

«y 

through the engine pivot axis, and this makes it easy to find 
its point of application and calculate the moment about the 
vehicle's center of mass. 

Pivoting Nozzles 


When the entire nozzle is pivoted, including the part up¬ 
stream of the critical cross section (Fig. XVI-2-9), no diffi- 




Figure XVI-2-9. Diagrams of Pivot¬ 
ing Nozzles, a) pivot axis in plane 
perpendicular to vehicle axis; b) 
pivot axis in plane perpendicular 
to line forming an angle 6p with 
the vehicle axis. 


culty is encountered in 
calculating the control¬ 
ling forces, since it 
can be assumed with suf¬ 
ficient accuracy that the 
entire thrust force vec¬ 
tor rotates. Hence Rela¬ 
tionships (XVI-2-7) and 
(XVI-2-8) also remain 
valid for this case. /699 

The application point of 
the controlling force 
can also be found by 
assuming that its line of 
action passes across the 
nozzle pivot axis. The 
thrust loss that results 
from rotation of the noz¬ 
zle may be larger than in 
the case of engine pivot¬ 
ing, since there are no 
gap losses in the latter 



case. 


Calculation of the controlling 
forces becomes much more compli¬ 
cated if only a certain section 
of the supersonic part of the 
nozzle is pivoted (sectional noz¬ 
zle, Fig. XVI-2-10). This is be¬ 
cause it is necessary to provide 
certain clearances between the 
rotating 2 and fixed 1 parts of 
the nozzle for rotation about axis 
4. This results in local flow 

separation from the nozzle walls and in the formation of a com¬ 
pression shock at the beginning of the movable part of the nozzle 


Figure XVI-2-10. Diagram of 
Flow in Supersonic Nozzle 
with Pivoted Section. 
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even in the absence of a turn angle (Sp = 0). The flow pattern 

changes when part of the nozzle is rotated: the intensity of com¬ 
pression shock 3 increases in front of the pivoting section that 
has moved down onto the flow, and decreases at the diametrally 
opposite position, so that a spatial expansion wave may appear at 
that point at certain pivot angles. 

The controlling forces developed by a sectional nozzle can 
be calculated in approximation on the basis of certain experi¬ 
mental data. The controlling force 


Y P = 


: A e f’P (/pS'p5 p 


(XVI-2-9) 


where c^p is the derivative of the controlling force with respect 
to nozzle pivot angle; q p is the velocity head of the fuel-com¬ 
bustion products at the center of the pivoting nozzle section; 

= DA 


cr 


p is the longitudinal-section area of the sectional noz¬ 


zle; D c ^ is the inside diameter at the center of the rotating 
section; is the length of the pivoting nozzle section; <5p is 
the turn angle of the nozzle in radians; is a coefficient of 
agreement with experiment. 

If M is determined in the center section of the pivoting 
part of the nozzle and c^ p is expressed by 


,6 -_ 4 _(l_‘- ) 

'yp -1/M- -1 V Li] M- — 1 I 


(XVI-2-10) 


where X = D /£ , then K ~ 1.24. The application point of force 

JL ST Q 

Yp is assumed to be at the center of the pivoting nozzle section. 

In first approximation, the force Yp can be assumed to be directed 

normal to the axis of symmetry of the rotating nozzle section 
drawn in the plane of rotation. 

The thrust loss in control by rotating the supersonic nozzle 
section is composed of the losses at Sp = 0 and the losses caused 

by turning the nozzle section through an angle Sp ^ 0. As a rule, 

experimentation produces reliable data on these losses. 

Relationships (XVI-2-9) and (XVI-2-10) enable us to specify 
the length necessary for the supersonic part of the nozzle in 
order to set up the desired maximum force Yp. For this purpose. 
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experimental data are used as a basis for choosing the maximum 
rotation angle 6 P that ensures an approximately linear Y P (6 P ) 

relationship for 0 < 6 p < S p max , 6 p max ~ 15°. Then, by assign¬ 
ing a series of values to £ p , the center of the rotating section 

is determined for the complete selected nozzle and all parameters 
are found for it . (D , q p , M, A, S p ). This enables us to find 

the corresponding values of Y p /6 p from Formulas (XVI-2-9) and 

(XVI-2-10). Plotting a diagram of Y p /S p against £ p , we find the 

required £ p from the ratio Y p max /6 p max - 

Example. Determine the controlling force set up by rotating 
the supersonic section of a nozzle through an angle 6 p = 5°• The 

gas variables are as follows in the center section of the pivoting 
part of the nozzle: M = 2.43; P = 0.0822 kg*s 2 /m 4 ; V = 1637 m/s. 
The dimensions of the pivoting nozzle section: £ p = 0.0331 m; 

D = 0.057 m. From these data we find 
cr 


, (1 -°' r ’ 7 720- 

l p ' 0.0331' 1- 2 "’ 


'" p 'l-Ma-i ( l 211/Alii-i) ' 1/2.43*-i' ( ! 2-1.722 1/2.43*-1) ~’ 1 ’ 57, 
pr* O.OS22-1C37 2 


'1 P~ 


= 1.1-105, kK/m 2. 


Sp= jD cr /p--0.0:331-0.057 = 0.001S87 m2. 


Setting the coefficient K g = 1.24, we calculate +-he control¬ 
ling force: 


i ' P = X;^ P 7pS-p6p-1.2'..1.57.1.M05.0.001SS7x^3-=35.2 kg. 


Rotary Mouthpieces 


If a mouthpiece is to develop its controlling force at the 
smallest possible deflection angles S p (to prevent the formation 

of "dead" zones), its internal surface must be profiled to con¬ 
form to the shape of the jet issuing from the nozzle. However, 
the need to rotate the nozzle requires that a certain space be 
left open between the nozzle exit section and the mouthpiece, 
and this will change the shape of the jet and exert a certain 
influence on flow through the nouthpiece. On emerging from the 
nozzle, the flow expands and is accelerated, and then, striking 
the surface of the mouthpiece, it is decelerated. This produces 
a curvilinear detached compression shock. Then the flow expands 
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in the mouthpiece behind this shock. The flow pattern inside a 
rotary mouthpiece is highly similar to that inside a nozzle with 
a pivoting supersonic section. 

A number of assumptions can be adopted to simplify determina¬ 
tion of the controlling force developed by the mouthpiece. Chief 
among these is solution of the corresponding plane problem (in the 
plane of the mouthpiece rotation angle) instead of the spatial 
problem of gas flow in the mouthpiece. Straight oblique shock 
waves are substituted for the curvilinear compression shocks. The 
positions of possible points of separation of the flow from the 
nozzle walls can be determined from the relationships of separat- 
ing-flow theory. This method will be outlined below as it is ap¬ 
plied to calculate forces set up by a deflector. The applica¬ 
bility of this method in the synthesis of rotary mouthpieces or 
pivoting supersonic nozzle sections requires experimental confir¬ 
mation . 

One important point must be borne in mind in making calcula¬ 
tions by this approximate method. For the supersonic part of the 
mouthpiece, the pressure on its walls will be variable over its 
length even if the compression shock is straight. This is be¬ 
cause the flow expands. It would therefore be more correct to 
consider the pressure on the mouthpiece wall in an arbitrary 
cross section equal to the pressure behind the compression shock 
at the corresponding point of this section. 
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Figure XVI-2-11. Controlling Force Yp of Rotary 

Cylindrical Mouthpiece (a) as Function of Rota¬ 
tion Angle 6p (b) and Mouthpiece Length & m p C (c). 

1) nozzle; 2) mouthpiece; 3) position of mouth¬ 
piece after rotation through angle 6p. 

Interest attaches to experimental data for cylindrical mouth¬ 
pieces ([74], 1958, No. 565 ). The shape of the mouthpiece and 
the curves of controlling force as a function of rotation angle. 
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mouthpiece length, and engine-chamber pressure are given in Pig. 
XVI-2-11. For the rotary-mouthpiece design studied, the hinge 
moment reached 1.5^ kg*cm per 1 kg (1.54 N*cm per 1 N) of lateral 
controlling force, while it is 0.92 kg*cm/kg for a central gas 
vane. The thrust losses are insignificant and depend little on 
the design of the mouthpiece entry section. It may be expected 
that the erosion stability of the mouthpiece will depend strongly 
on design shape. 

The experiments indicate that the optimum length of a cylin¬ 
drical mouthpiece is about 1.5 times its diameter. 

Deflectors 


Two cases are possible in controlling-force calculations. 

If the deflector rotation angle 6p is small, so that its sur¬ 
face forms an angle 0 d = 6p + 0 nz smaller than the critical angle 

(0 is the nozzle angle. Fig. XVI-2-12a) with the direction of 
n z 

the gas flow out of the nozzle, then a nearly straight .compression 
shock will form in front of the deflector. Knowing the flow pararm 
eters in the nozzle in front of the deflection in its plane of 
symmetry passing through the nozzle axis perpendicular to the de¬ 
flector rotation axis (M x , p x , k 2 ), we can find the shock angle 
0 g for any <S p (provided that 6 d is smaller than critical) from 

the relationships for the oblique compression shock. Assuming 
further that the pressure is distributed over the surface in the 
same way as behind a oblique compression shock AA' (for example, 
the pressure in the cross section passing through point K is 
equal to the pressure p 2 behind the shock at point N of the same 
cross section), we determine the controlling force: 


Yp= § § (Pi — Poo) dS, 

(S) 


(XVI-2-11) 


where S is the area of the projection of the deflector surface 
washed by the flow from the nozzle onto the plane passing through 
the nozzle axis and the deflector pivot axis. 

If the angle 0 d exceeds a certain critical size, the bound¬ 
ary layer separates at the point of its interaction with the com¬ 
pression shock. The pressure rise at the separation point is 
transmitted upstream along the subsonic part of the boundary layer. 
This shifts the separation point into the interior of the nozzle. 
The flow pattern will be the same as in Fig. XVI-2-12a. The flow 
separates from point A on the inner surface of the nozzle and, 
passing across the compression shock AA*, is rotated through an 
angle 0 . This flow then attaches to the deflector surface at 

S 1 
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point B, at which the second compression shock BB' is formed. A 
stagnant zone ("fluid wedge") lies below line AB. Pressure P 3 _ 
will act on the deflector surface behind the attached compression 
shock with angle 0 g2 at point B. 




Figure XVI-2-12. Diagram of Flow at 
Small and Large Deflector Rotation 
Angles (a); M AB on Line AB as a 

Function of M 2 (b). 


Assuming shocks AA' 
and BB' and line AB to be 
straight, assuming fur¬ 
ther that the stagnation 
pressure p 0 on line AB is 
equal to the pressure p 3 
behind shock BB', and ap¬ 
plying (XVI-1-2) or 
(XVI—2-3) for separating 
flows and the relation¬ 
ships of compression-shock 
theory, we can find the 
positions of point A and 
B and calculate the pres¬ 
sures p 2 and p 3 . 

The procedure of the 
calculation is as follows. 
We assign a position to 
point A. For and Re ls 
we find the pressure coef¬ 
ficient p 2 behind the 
shock from Formula 
(XVI-1-2) if the boundary 
layer is laminar or from 
(XVI-1-3) if it is turbu¬ 
lent, and then use the 
formula p 2 = Pl (1 + fc,M;/? 2 /2) 

the absolute pres- 
Using the rela- 
M 2 , and e sl 

to the 
s i 

B on the deflector 
behind this point are deter- 

for the compression shocks, 
and 3 and calculate the 

S 2 


to find 
sure p 2 . 

tionships of compression-shock theory, we find 3 g x 

from Mj and p 2 . Then line AB is drawn at an angle 3 

nozzle generatrix and the position of point 
surface and the flow rotation 3„, 

mined. Using the same relationships 
we find 0 


s 2 


and p 3 from the known M 2 


stagnation pressure on line AB: 


Po -- Pz (1 + 

which is compared with p 3 . In this formula, is the Mach num¬ 

ber on line AB, which is found from M 2 with the aid of a diagram 

951 
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(Fig. XVI-2-12b) constructed from the data of ([79], 1957, No. 5). 
The positions of points A and B and the pressure values p 2 and p 3 
will be assumed correct if it is found that p Q = p . 

All calculations are to be made in the deflector symmetry 
plane passing perpendicular to its pivot axis. Assuming that 
the pressure is the same on the surfaces of the nozzle and de¬ 
flector in the cross sections (perpendicular to the nozzle axis) 
and equals the pressure behind compression shock AA* (or BB* ) in 
the same sections, we can determine the controlling force and 
thrust loss: 


Y P ^ (p, — p 2 , C11 ) <IS { -!- ^ (p 2 — pY) <1S, § § (p :t -p>) (IS,, 

(S|) («2) (S.l) 

SP ^ ^ (Pi — Pz, cp) dS lx -\- ^ ^ (Pz Px)d& 2 x ~r ^ ^ (l'3 P-x) dS : )*, 


(Six) 


(S 2 x) 


(S'3v) 


(XVI-2-12) 


where S 3 and S 2 are the projections of the nozzle and deflector 
surfaces, on which the variable pressure p 2 acts; S 3 is the pro¬ 
jection of the deflector surface with the variable pressure p 3 
(projection onto the plane passing through the nozzle axis and 
the deflector rotation axis): S . S , and S are the projec- 

tions of the above surfaces onto the plane perpendicular to the 
nozzle axis; p 2 av is the average pressure on nozzle section AD 

provided that flow does not separate. 

It is assumed in determining S x , S 2 , and S 3 , as well as S , 

1 X 

S , and S , that they are limited by conical compression shocks 

2 X 3 X 

with rectilinear generatrices AA’ and BB' and with axes of sym¬ 
metry on the nozzle and deflector walls, respectively. 

Line AB may not strike the deflector wall at certain deflec¬ 
tor rotation angles. Then the position of the flow separation 
point must be determined for a line AB passing across the edge of 
the deflector. By assigning a series of separation points and 
determining the direction of the AB lines, we can find the deflec¬ 
tor rotation angle corresponding to each separation point. 

The methods described above do not take account of a certain 
decrease in controlling force and increase in thrust loss that 
are associated with the presence between the nozzle and the de¬ 
flector of the clearances necessary for reliable operation. 

Gas Vanes 

To simplify the calculations to be set forth below, let us 
adopt the following assumptions. 
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1. The flow of fuel combustion products in the powerplant Is 
assumed uniform at the exit from the nozzle. 

2. The influence of the slot between the control surface and 
the nozzle walls, the boundary layer at the nozzle walls, and the 
profile and planform of the vane on vane lift is taken into ac¬ 
count indirectly through an empirical coefficient K v< 

3. The vane leading edges are supersonic. 

The lift and drag of the vanes are determined by the formulas 


n - 


A' v 



(XVI-2-13) 

(XVI-2-14) 


where q = 0.5p„w 2 is 
^v a a 

tion; S v is the vane 

the static derivative 
vane rotation angle; 
vane s. 


the velocity head in the nozzle exit sec- 

area; 6 is the vane rotation angle: c y „ is 
5 v y v 

of vane lift coefficient with respect to 

c is the frontal drag coefficient of the 
xv & 
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The derivative 




(XVI-2-15) 


where M is the Mach number in the 

3. 

nozzle exit section. 


, I" approximation for 

M > 2.5, we can assume that K ~ 
a. v 

~ 0.7. The following semiempirical 

relationship, which is applicable for wings of small aspect ratio 

with nearly rectangular planform, is recommended for determination 

of c x v* 


J’l.) 
"V >. e -o:s) 


_ He 2 

Vm?.- 


j ^ (I 1 \ 

' c * /v + \ 2 >-•) ' (xvi-2-16) 


c x v 8 


where X = X tM 2 - - 1; X » l /b is the vane aspect ratio; 

e v a * v v mn. v 

is the span of a vane; b is the mean chord of a vane; B = 

’ mn. v 


1 


v 

2K 


1 
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is a coefficient taking profile shape into account (see Table 

V-2-2); c is the relative thickness of a vane; c _ is the- fric- 

XI V 

tion drag coefficient of the vanes (see §VI-1). 

Formulas (XVI-2-15) and (XVI-2-16) are valid for nonseparat¬ 
ing flow around the vanes (6 >6 ), which is the case for 

6 < 15°. 

v 

The values of the coefficient K and those of c and c r 

v x vo x vo 

in (XVI-2-16) must be improved experimentally for specific vane 
and nozzle designs. In addition the vanes may suffer burn dam¬ 
age owing to the high temperature of the flow around their sur¬ 
faces. This may result in a substantial change in Y and X dur¬ 
ing operation of the gas vanes. 

The frontal drag of the vanes is taken into account by a 
reduction in the actual thrust. The calculations work with an 
effective thrust 


P e = P-X v . (XVI-2-17) 

It may be assumed in first approximation that Y v and X^ are 
applied at the center of gravity of the vane surface. 

Example. Determine'X and Y^ for the control surfaces whose 

dimensions are indicated in Fig. XVI-2-13. The variables of the 
gas in the powerplant combustion chamber are as follows: p 0 = 

= 40 kg/cm 2 (392 N/cm 2 ), T 0 = 2500°K, k = 1.33, R = 30.0 
kg*m/kg*deg (30 Nm/N*deg). 

In accordance with the drawing of the nozzle, we find: 


for the nozzle exit section area and 


,s* 


n (3.0-1 0-2)2 

4 4 


= 1.02-10-3 M 2 


for the nozzle critical section area. 

We determine the relative flowrate 


7 


,y» 


~Sa 


1.02-10-s 

.1.22-10 a 


0.316. 
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Referring to the gasdynamic-function tables for k ■ 1.33 [8] /705 

or to the corresponding formulas for one-dimensional steady-state 
isentropic flow of an ideal compressible fluid (111-3-4), we find 


m 0 2.mi; K 


1.9.3; 


0/i72; 


f0. in:!; 
f’o 


P.i 

Po 


0.0187; f a 0.187. 


We determine the density of the gas in the combustion cham¬ 
ber from the equation of state: 


Co - 


h<i u 


10-10* __ 
9.81-30.2500 


-O.r.ii 




(5.33 kg/m3). 


We calculate the temperature, pressure, and density in the 
nozzle exit section: 


r„ r 0 (y" ) 2500.0.172 1181'' K; 


Ca-Co(-^) 

r, ° (S’) 


./)(.)• 10'-0.0i87r 1.918.10' kg/m* (19.1.101 U/m*)! 
. 0..oil.0.103 -0.0.-,Go Icg..2/ m 4 (0.549 kg/m3). . 


We calculate the thrust developed by the powerplant in a 
vacuum: 

P m *x**S aPo U -3.22.1O-9.40.1(M.0.487 « 027 kg (G150 n>. 

The thrust at sea level (for the standard atmosphere) is 
P= Vis--027 — 1.033-10*.3.22.10~ 3 - 501 k* (5830 n). 

The critical speed of sound 


]/ — ]/ k X JtT o j^=y^l.33.9.S1.30.2500j-^|—j«916 «/. 


The velocity of the gases in the nozzle exit section 


u' a — X a a* ~ 1.93*916 = 1768 m/s. 


\ 

i 
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The velocity head in the nozzle exit section 


9a 


Pa“-a 

2 


0.056-1768 2 
2 


= 8.76-10* 


kg/m 2 (86.0-10* N/m 2 ). 


The aspect ratio of the vane (see drawing of vane) is 



mn.v 



We calculate X : 

e 

X e = X v , = 11/2.GO 2 —1 = 2.40. 


Setting the Re on the surface of the vane equal to 10 7 and 
assuming that_the flow is turbulent * we find that at 6 * 10° 

(0.174 rad), c = 0.12, and B = 5.33, (XVI-2-16) gives 


- ft 0 3 ) 5.33-0.12 , _ 2-0.07 4 _^ 

C * v “ V 2.40 , 0.3/ 1/2.CO 2 —1 ' l i ■ 0.12-2.CO 2 (10 7 ) 0 - 2 + 

4 (0.174) 2 - 1 ) =2.83-10~ 2 : 0.15.10-*-’ 4.01-10-* = 7.28-10"* 

1/2.60 2 — 1 V 2 1/2.60 2 — 1 / 


According to (XVI-2-15), 


c 


« _ 

II v" " 


4-0.7 

l/Ooi-'i 


1.16. 


The plan area of two vane cantilevers is 


S v — 26 mn-v / v 2-2.2-10 _2 .2.2-10“ 2 — 9.68-10'* m 2 . 

The values of X v and Y v at = 10° will be 

-V v| = 7„V, v r S.76- tO*-!!.6S-10~*-7.28- 10 _ *=i 6.2 kg (60.8 N). 
y v ~ <laS 8.76-10*-0.68-10'* -1.16-0.174 -- 17.2 kg 1(169 n). 

The effective thrust (counting only one pair of vanes) is 

P e *- P— X v t-.-59'i — 6 = 588 kg 1(5760 N). 
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Control by Gas__Injection into Supersonic Section of' Nozzle 

Gases and liquids are usually injected into the supersonic 
section of a nozzle through round holes placed around the perimeter 

of a certain nozzle sec¬ 
tion. Injection is 
against the flow, at 
about a 30° angle to the 
normal to the nozzle inner 
wall. The interaction of 
the injected stream with 
the expanding axisymmet- 
ric flow produces a 
highly complex flow pat¬ 
tern inside the nozzle 
([70], 1965, No. 1). 

The nucleus of the 
injected gas, which ex¬ 
pands relatively weakly 
downstream, is found 
directly downstream of 
the injection orifice. Outside the nucleus, immediately after 
emerging from the injection orifice, the jet experiences consider¬ 
able expansion and is acted upon by the main flow to form a rota¬ 
tional flow that deflects toward the nozzle walls; the pressure 
reaches its largest values at these points on the wall. The flow 
of injected gas is also displaced in the vortical zone. At the 
boundary between the vortical zone and the injection-gas nucleus 
on the wall of the nozzle, the pressure drops off sharply and 
boundary-layer separation results. 

The injected-gas nucleus and the vortical zone are surrounded 
by the flow passing through the A-shaped compression shock that 
forms in front of the injected stream. In Pig. XVI-2-14, we see 
the front 1 of this shock in the meridional plane passing through 
the injection orifice 3 . The shock front is crossed at nearly 
circular lines 2 by planes perpendicular to the nozzle axis. 

In Investigation of the magnitude, direction, and point of 
application of the controlling force that results from injection 
of gas into the supersonic section of a nozzle, one of the basic 
problems is to determine the configuration of the compression 
shock that forms in front of the injected-gas nucleus. This can 
be done in first approximation with the formula 


! ' a t (XVI-2-18) 


where R is the front radius of the A-shaped compression shock 





Figure XVI-2-14. Diagram Showing 
Position of Compression-Shock 
Front. 
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(not counting the front branch), measured from the x-axis (the 
x-axis runs parallel to the nozzle axis in the meridional plane 
passed through the center of the injection orifice); here the 
origin of the x-axis is placed directly in front of this orifice 
(Pig. XVI-2-147; k is the ratio of heat capacities for the gas 
flowing through the nozzle; J and X are constants that depend on 
k (for k = 1.4, J = 0.88, X = -1.989); M is the Mach number of 

the gas flow in the nozzle immediately ahead of the orifice in 
the absence of injection and corresponds to the velocity w & 
at this point; 


n, (^.v, 

m n w A ) 


i/2 


is the characteristic radius; r\ 1 = 1 ± (w 1 cos is a cor¬ 

rection factor that-takes account of the deflection angle 3 n of 

the injection-port axis from the normal to the nozzle axis (the 
"+" is taken when the gas is injected against the nozzle flow); 
w^ is the velocity of the injected gas in the injection-orifice 

exit section; w„ is the gas velocity in the nozzle exit section 
without consideration of injection; S A and w A are the cross-sec¬ 
tional area of the nozzle and the gas velocity directly ahead of 
the injection orifice (without considering injection); m n and nr 

are the per-second mass flowrates of gas through the nozzle and 
the injection orifice; n 2 = 1 ± Ah/(w A w & ) is a coefficient that 

takes account of the influence of vaporization and chemical reac¬ 
tion of the injected fluid on the position of the compression 
shock; ±Ah is the energy liberated (+) or absorbed (-) by a unit 
mass of the injected fluid during its vaporization or chemical 
reaction. Studies have shown ([70], 1965, No. 2), that Formula 
(XVI-2-18) gives satisfactory agreement with experiment for in¬ 
jection of either gas or liquid into the supersonic part of the 
nozzle. 

Since the pressure increases behind the shock, we can as¬ 
sume that the lateral force arising from the pressure redistri¬ 
bution over the inner nozzle wall on gas injection reaches its 
maximum value when the compression-shock front in the nozzle exit 
section falls at a point of intersection of the nozzle inner sur¬ 
face and the meridional plane perpendicular to the plane passing 
through the nozzle axis and the injection orifice (points C x and 
C 2 in Fig. XVT-2-14). The corresponding optimum compression- 
shock radius in the nozzle exit section is 


■[(*)’+(-W 


(XVI-2-19) 
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where is the cross-sectional diameter of the nozzle immediately 
in front of the injection orifice. 

By using (XVI-2-18) and (XVI-2-19), we can either find the 
injection rate that guarantees maximum lateral force for a given 
position of the injection orifice or find the injection-orifice 
position for a given flowrate that produces the same force. 

The lateral controlling force forms as a result of the pres¬ 
sure rise on the surface of the nozzle in the zone of flow separa¬ 
tion between the legs of 'the X-shaped shock (and behind the com¬ 
pression shock) and as a result of the pressure drop behind the 
injection orifice. However, (XVI-2-18) does not consider the 
influence of the high-pressure zone between the legs of the X- 
shaped shock (this zone increases the resultant force) and the 
zone of reduced pressure behind the injection orifice (this zone 
lowers the resultant force), but this is to some extent justified 
by the offsetting directions of these factors. 

To construct the separation zone and determine the influence 

of pressure p . behind the front leg of the X-shaped shock, we 
2 , A 

can use Formula (XVI-1-2) or (XVI-1-3) for separating flows and 
the formulas for the equivalent-barrier height h and the length 
l of the separation zone in the nozzle meridional plane passing 
through the center of the injection orifice (Fig. XVI-2-15). 

The equivalent-barrier height is 


h 



_) (XVI-2-20 ) 

.. /’f. mn ~] ! 

h , (An 1) ,-J) 


where and p^ are the Mach number and pressure in the injected 
jet at the exit section of the injection orifice; k n is the heat- 
capacity ratio of the injected gas; is the exit-section area 
of the injection orifice; p z av = j(p ± + 2p 2 ^). 

If an incompressible fluid is injected. Formula (XVI-2-20) 
should be replaced by 

h 0.3 ».„«•„ (XVI-2-21) 

‘h iP2, >.—P i) ’ 

where d^ is the exit-section diameter of the injection orifice 
([69], 1966, No. 1). 
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The length of the separation zone, 
i.e., the distance along the nozzle wall 
from the separation point to the edge of 
the injection orifice, is 


l— h [clgp s + tg(Pnz-rPi)]i (XVI-2-22) 


Figure XVI-2-15* 
Diagram Illustrating 
Determination of 
Pressure and Dimen¬ 
sions of Separation 
Zone in Front of 
Injection Orifice 
in Nozzle. 


where g is the flow deflection angle be 
s 

hind the forward leg of the A-shaped 

shock; 3 is the inclination angle of 
n z 

the nozzle wall to its axis. 

The problem is solved by trial and 
error. Assigning a position to the 
separation point (and, consequently, a 
length 1 ), we find the pressure p 2 ^ 


from (XVT-1-2) or (XVI-1-3) and use the formulas of compression- 
shock theory to find the angle g . Then we determine the height 

h by Formula (XVI-2-20). This enables us to find the length l of 
the separation zone by Formula (XVI-2-22) and compare it with 
that originally assigned. An effort should be made to have these 
figures agree. 


The lateral boundaries of the separation zones are the lines 
of intersection of the nozzle inner surface with the conical sur¬ 
face generated by the straight line of the forward leg of the 
A-shaped shock, and its axis of symmetry is the tangent to the 
nozzle surface at the separation point. 


The lateral force behind the compression shock can be found 
by assuming that the pressure on the nozzle wall in any cross 
section will be the same as that behind the compression shock: 



§ § {Pz— p)dS^-\~\m l ir l -\-{pi — p 2 , i)Si], (XVI-2-23) 

(•*32) 


where the factor 0.95 takes account of the decrease in Yp due to 

the zone of underpressure behind the injection orifice; p 2 av is 

the average separation-zone pressure for nonseparating flow; S x 
and S 2 are the projections of the separation-zone area and the 
surface area of the nozzle behind the compression shock onto a 
plane parallel to the nozzle axis and perpendicular to the meri¬ 
dional section passing through the injection-orifice axis; p 2 and 
g_ are the pressures behind the shock and in front of the shock 
in the nozzle cross section under consideration; the second term 
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is the thrust developed by the injected-gas jet. 
Throttling Individual Nozzles 


Multiple-nozzle systems can be used to create controlling 
forces by throttling individual nozzles (by closing off the 




Figure XVI-2 16. Nomenclature 
of Parameters of ith_ Nozzle in 
a Nozzle Cluster. 


the corresponding direction. 


critical cross sections partly 
or even completely). For this 
purpose, a central body ("slug") 
is mounted in the critical 
cross section of the nozzle 
and displaced along the nozzle 
axis to regulate its critical- 
section area and, consequently, 
the thrust produced by this 
nozzle. By throttling one or 
more of a group of nozzles 
positioned unsymmetrically 
around the longitudinal axis 
of a vehicle, we can produce 
a moment about this axis that 
tends to turn the vehicle in 


Let a nozzle cluster consist of n nozzles, each of which 
creates a thrust P 1 and is located on a circle of radius r^ at 

an angle 0^ to the vehicle longitudinal axis. Then on D^-percent 

throttling of each ith nozzle, we obtain the following moments 
about the y t and Zj-axes: 


A!/ u 10' 2 ^ DiPfi cos 0; sin {y u n); (XVI-2-24) 

1 i=l 

SM Zl - 10~ 2 J] DiPin cos 0, sin (z^n), (XVI-2-25 ) 


where (y u r t ) and (r,. r,) are the angles between the corresponding axes 
and z 1 and the radius ^ (Fig. XVI-2-16). 

Relationships (XVI-2-24) and (XVI-2-25) assume that when all 

nozzles are fully opened AM = AM = 0, and that the axis of 

y i z i 

any ith_ nozzle lies in a plane passing through the vehicle longi¬ 
tudinal axis x 1 . 

If all nozzles have equal P^ = P, r^ = r, 9 i = 0, we can 
write instead of (XVI-2-24) and (XVI-2-25) 
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(XVI-2-26) 


A.l/ y = 10--/V cos 0 V Dj sin /*); 

• 1 

A.l/., - 10' 2 /V cos 0 V Di sill (;„ r,). 


(XVI-2-27) 


Nozzles positioned in this way can be used to control a ve¬ 
hicle in pitch and yaw. For roll control, it is necessary to 
place some of the nozzles with their axes forming a certain an¬ 
gle with the vehicle meridional plane or to provide special con¬ 
trols . 

Determination of Controlling Efforts Created by Gasdynamic /710 

Control's in Nozzle ’Assemblies' with 'a' Central' Body 

A nozzle with a central body performs well in a broad range 
of atmospheric pressures. If we consider the ratio of the mea- 



Figure XVI-2-17. Clus¬ 
tered Nozzle Assembly. L 

max 

is the maximum length of 
the central body. 



Figure XVI-2-18. Ratio of 
Lateral Thrust Component 
to Axial Force P as a 

Function of Central-Body 

Rotation Angle. -) 

theory; --) experiment. 


sured thrust to the thrust obtained by calculation for isentropic 
expansion to atmospheric pressure, we find, for example, for a 
powerplant-chamber pressure of 35 kg/cm 2 (3^3 N/em 2 ), and S /S* = 

= 16, that this ratio will vary from 0.95 at sea level to 0.98 at 
H = 20 km for a nozzle with a central body, and from 0.80 to 0.98 
under the same conditions for an ordinary nozzle. 

The central-body nozzle has an unquestionable advantage in 
its smaller base area S, , which, other conditions the same, 

lowers the frontal drag coefficient of the vehicle. The central- 
body nozzle arrangement may be either annular or multiple (Fig. 
XVI-2-17). Here the central body can be made very short without 
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Figure XVI-2-19. Ratio of 
Lateral Thrust Component 

to Axial Force P as a Func¬ 
tion of Length of Stubby 
Central Body at 12.5# Throt¬ 
tling of One of the Nozzles. 


central body have been reported. 


any substantial loss of thrust. 
Experiments have shown that 
reducing its length by 75# has 
practically no effect on thrust, 
while the thrust loss amounts 
to about 3# when the central 
body is absent altogether. 

Note should be taken of a sub¬ 
stantial thrust decrease that 
occurs when the distance between 
the exit sections of the noz¬ 
zles in the clustered variant 
is increased. An effort should 
therefore be made to keep this 
distance as near zero as pos¬ 
sible or to give the central 
body a special profile. At¬ 
tempts to create controlling 
forces by rotating the central 
body, throttling individual 
nozzles (or rotating them), and 
injecting gas through orifices 
in the lateral surface of the 


Experiments have shown that it is necessary to turn the cen- /711 
tral body through large angles 6 in order to create large enough 
controlling forces Y 1 (Fig. XVI-2-18), and that when individual 

nozzles are throttled, it is necessary to reckon with the influ¬ 
ence of central-body length (Fig. XVI-2-19). An elongated cen¬ 
tral body retunes asymmetrical flows behind the nozzles to nearly 
perfect uniformity. This is why the controlling force changes 
direction when long central bodies are used. 

The data in Figs. XVI-2-18 and XVI-2-19 were obtained from 
an experiment with a multinozzle installation having the follow¬ 
ing characteristics: 


0 = 23 c 


n = 24; 


m 


16; 


5* = 3.72 cm' 



A literature report states that control by injection of gas 
from the lateral surface of the central body is just as effective 
as in ordinary expanding nozzles ([70], 1964, No. 7). 

It may prove helpful in calculations to use the following 
relation between the characteristics of the multinozzle version,, 
which has been obtained on the assumption that the nozzle exit 
sections are in contact: 


963 



I 



(XVI-2-28) 


§XVI-3. CALCULATION OF FORCES SET UP BY COMBINED CONTROLS 

Controls with Fixed Slot Nozzle on Trailing Edge of Plate 

Let us examine experimental data ([ 76 ], 1962, No. 4-5) that 
can be used to calculate forces for interaction of a jet Issuing 
from a slot nozzle on the trailing edge of a plate_perpendicular 
to its surface and the undisturbed air stream washing this plate. 
The outflow velocity of the jet was sonic in the experiments; the 
Re calculated from the distance from the leading edge of the plate 
to the slot varied from 1.4*10 6 to 1.2*10 7 and had no marked in¬ 
fluence on the results; the slot length & = 48 mm. The gas jet 

o 

was air at standard temperature. 

Figures XVI-3-1 and XVI-3-2 show values of the gain K & as a 

function of the free-airstream M and the ratio of the jet stagna¬ 
tion pressure p Qi to the static pressure p^ in the oncoming flow 

and as a function of slot width 1 and the presence of lateral 

s 

plates that prevent spillage of the airflow across the lateral 
edges of the jet [sic]. 

The gain K & is the ratio of the total force acting in the 

direction of the normal to the plate to the thrust P max that 

could be obtained using a gas flow in a Laval nozzle operating 
under design conditions , i.e.. 


where AN is the change in the' force normal to the plate in front 
of the slot nozzle; P is the thrust developed by the gas flow in 
the slot nozzle. 

Having determined K & and knowing the parameters of the slot 
nozzle and k, P o1 j and p^, we can calculate the force set up by 
the control device under consideration: 


where 


j Vp Ag /*maxi 


Anax " * 


y^i(TTT) w [(*-a* : ']- 


(XVI-3-1) 

(XVI-3-2) 
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U = 0.90-0.99 is the flowrate coefficient; S is the critical 
sectional area of the slot. s 


a) 



Figure XVI-3-1. Curves of Gain 
K as a Function of Pressure 

a. 

Ratio p Ql /p oo and Mj . a) with¬ 
out side plates; b) with side 
plates at slot nozzle. Slot 
nozzle width 1 mm, length 48 
mm. 


Side plates 


a) 


jlj - \y 


k 

\ 


— 

"** 

a 

21 

¥= : 

•JT--- 

. 





0 1-L--I-L._I 

to zo 3.0 M, 


b) 



Figure XVI-3-2. Curves 

of Gain K as Function 
a 

of Mi and Pressure Ratio 
Po^/p^. a) without side 

plates; b) with side 
plates at slot nozzle. 
Nozzle dimensions: width 
1 mm, length 48 mm. The 
solid lines are curves 
of the ratio of the nor¬ 
mal-force coefficient to 
the axial force created 
by a spoiler (see Fig. 


no 

yes 

o 

• 

A 

A 

V 

▼ 

n 

■ 

> 

— 


2.80 
2.21 
1.83 
1.57 
i .83* 


XVI-1-2) . 


♦Slot nozzle width 0.33 ram. 


Analysis of the diagrams 
in Figs. XVI-3-1 and XVI-3-2 
Indicates that it is neces¬ 
sary to reduce the stagnation 

pressure p^ in the jet and the slot width b g and to place the 

plates along the sides of the slot parallel to the air flow in 
order to increase the gain at a given M and air-stream pressure 
p^. Here the smaller p . and b_ lower P and make it difficult 

U-L o ITlcLX 
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to obtain the desired Y p . In fact, it is evident from (XVI-3-1) 

and (XVI-3-2) that Y p can be increased only through S g , by using /713 

a long slot. However, it may be found that the surface of the 
vehicle will not accomodate a long slot anywhere. 



Figure XVI-3-3. Variation 
of Air Parameters in Stag¬ 
nation Zone and Coeffi¬ 
cient of Displacement 
Velocity as Function of 
for a Turbulent Bound¬ 
ary Layer. 


The response speed of this 
type of control is evaluated from 
experimental data. For the specif¬ 
ic case of a gas line 3 m long, ex¬ 
perimental studies indicated that 
the time from the admission of the 
gas to the appearance of Y p was of 

the order of 0.01 s. 

The force AN can be calculated 
approximately with the aid of the 
following relationships ([69], 1966, 
No. 1): 


AN - (p 2 — p x )Ax, 


H- ft „ 




At 


Poi^a 


A'/mM-J *V (A‘c — l)/2 A'ds 
L 


= 1 + 1.27M* 2 Re }/ 1 (- 7 —^ 7 ) 14 > 


(XVI-3-3) 

(XVI-3-4) 

(XVI-3-5) 


a) 



b) 
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Figure XVI-3-^- Comparison of Experimental and 
Calculated Data for Laminar (a) and Turbulent 
(b) Boundary Layers. is the maximum thrust 

for outflow from the slot into a vacuum. 
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where Re = V 2 (L - Ax)/v, Re^ = V^L/v; k dg = 8.37/Re 0 * 5 is the 

coefficient of displacement velocity at the boundary of the stag¬ 
nation zone; Ax is the length of the stagnation zone from the 
point of flow separation to the beginning of the jet; L is the 
distance from the orifice leading edge to the beginning of the 
jet; p 2 , V 2 , and M 2 are the pressure, velocity, and Mach number 
in the stagnation zone, and can be determined from the condi¬ 
tions of isentropic compression of the air. 

Formula (XVI-3-5) is empirical and was obtained for = 4 
for the case of a laminar boundary layer. If the boundary layer 
is turbulent, we can use the diagrams in Fig. XVI-3-3 instead 
of Formula (XVI-3-5) to determine k^ g , M 2 , and p 2 /p a> ‘ The re¬ 
sults of comparison of the calculated and experimental data for 
= 4 appear in Fig. XVI-3-4 ([69], 1966, No. 1). Certain 
Supplementary data indicate that the proposed relationships 
should not be used when > 5 and p_. <30 simultaneously. 

Example. Determine the lateral controlling force for out¬ 
flow of gas through a slot in a plate for the following data: 


*v>3'" 1 m/s; = ! kg/cm*; 

\\v - 1-!>• 10~ 5 m 2 /s; p oi -.-3 5.2 kg/cm 2 ; A- n = 1.4; 

M u = 1; L 0.17 m. 

The width of the slot d n = 10 _3 m, and its length is 10 mm. The 
Reynolds number corresponding to these data is 


lie/., V.xV./'V — (>22-0.17/ldo* 10~ 5 — 7.29- 10 s . 


Let us consider the case in which a laminar boundary layer 
is formed on the plate. Assigning Ax = 0.149 m, we find 


P 2 
Px 


= 1 I.27M; 




1 L-Hx) 


■-1 -|-1.27-1.83 3 / 2 (7.29-lO^r 1/4 ( 0 g ¥ J ,/ ' 


= 1 . 1 . 


Consequently, 


P2 = i-lpoo — l«i kg/cm 2 . 


From compression-shock theory, knowing = 1.83 and the 
pressure behind the shock p 2 = 1.1 kg/cm 2 , we°°find 


I 
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Mg =1.77 and T 7 2 = 601 m/s. r. 


The Reynolds number 


Rc 


V 2 (L-Ax) 601 (0.17-0.149) 2 

Voo 1.45* 10"® 


We then determine 


and find 


Prom this 


k da 8.37/Re 0 -® = 8.37/(8.7• 105)0 .5 = 8.97• 10~ 3 


1+1.4 

iA . X ( X +i±=± ati-t.*) .34.2 

Af_ = _ 1 --- - - -= 0.148-10 3 . 

rfn 1.4-1.1-1.77* V(1.4-l)/2-8.97-10-® 


Ax — 0.148- 10 3 -dn -0.148-10 3 -10 -3 = 0.148 -h. 


This value differs little from the assigned Ax = 0.149 m, 
so that no further approximations are necessary. From the re¬ 
sulting data, we determine the unknown lateral force 


A.V ■= (p 2 — p x ) Ax 10* - (1.1 — 1) 0.148 ■ 10* = 1.18 kg. 


We now consider the case of a fully turbulent boundary layer. 
From the diagram of Fig. XVI-3-3, we find for = 1.83 


fr d , =-.0.007; M 2 = 1 -5; Pz/p«,= 1-75. 

We then calculate Ax/d n = 17-3 and find: 


Ax =, (Az/V/n) d n —17.3-10" 3 = 1.73-10-* m. 

The lateral force corresponding to these data is 


A A’-. (p 2 -- p<x.) AzlO* — (1.75 —1.0) 1.73-10 2-102 = 1.3 kg. 
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Controls with Rotating Slot Nozzle on Wi ns Trailing; Edge at Sub¬ 
sonic Speeds 

When a vehicle leaves a stationary launcher, it is moving at 
low speed, and this means that the controlling forces developed 
by aerodynamic controls are also small. Combined controls with 
a slotted nozzle on the wing trailing edge — a simple jet flap 
(Pig. XVI3-5a) — are used to increase the control forces. Some 
versions may use plain flaps with gas blown either over the upper 
surface (Pig. XVI-3-5b) or simultaneously over the upper and lower 
surfaces (Fig. XVI-3-5c). 




Figure XVI-3-5. Types 
of Combined Controls, 
a) simple jet flap; b) 
flap with gas blown 
over its upper surface; 
c) flap with gas blown 
over both surfaces. 


Let us examine experi¬ 
mental data that can be used 
to calculate the above var¬ 
ieties of the combined con¬ 
trol for wings with aspect 
ratios X wg >10. 


a 


1. Wing attack angle 
= 0. The diagram of Pig. 



Figure XVI-3-6. Curves of Coef¬ 
ficients of Frontal Drag (Ac ), 

X 

Thrust (Ac p ) and Lift (Ac ) of 

*y 

Wing for Various Values of the 

Cp and 


Jet Momentum Coefficient 
Jet Rotation Angle 6. 


n 


XVI-3-6 presents curves of 
the coefficients of frontal 
drag Ac and thrust Ac p = 

= Cp - Ac x of the wing and 

the increment in the wing lift coefficient Ac y owing to action of 

the gas jet on the air stream. These characteristics are given 
as functions of the jet momentum coefficient Cp = mwa/qcoSwg, where 
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m is the mass flow rate of gas through the nozzle, w o is the velo- 

- CL 

city at the exit from the nozzle, is the velocity head of the 
oncoming undisturbed flow, and s is the area of the wing in plan 

W g, 

and as functions of jet rotation angle S n ([70], 1964, No. 1). 

This diagram enables us, for example, to establish that the 
desired increase in wing lift coefficient can be obtained at the 
minimum values of Ac and c D . 




Figure XVI-3-8. Curves of Wing 
Frontal Drag Coefficient (Ac x ) 

as Function of c p and a for 

6 = 55°. 

n 


:. .. \ The shape of the Ac = 

I _ ! i Tv. * = const lines indicates that 

Cp ' Cx this requirement can be met 

0 - by selecting the necessary 

Figure XVI 3 7. Curves o c x , points where the Ac = const 

C y’ and ^ G P ” C x )as Functions lines begin to turn up. The 

of c p and Wing Attack Angle a geometrical locus of these 

F 0 points forms line D of operat- 

at °n " ” ‘ ing modes. Below these lines, 

thrust is fully recovered and 
the entire reaction force 

created by outflow of gas through the nozzle is converted into 

wing thrust regardless of the angle <5 , while Ac remains con- 

n x 

stant. Outside of this zone, Ac x increases, since the profile 
drag of the wing begins to increase. 

2. Wing attack angle a f 0. The cuaracteristics of combined 
controls can be improved by "varying the wing attack angle a. 
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With increasing a, the c and c of an ordinary wing increase, 

y x 

although the increase in c x is comparatively small at small a. 
For wings with slotted nozzle, an increase in a with = const 
further increases c , since the vertical component of reaction 

y 

force increases. Here Ac x remains unchanged over a broad range 
of a. It is evident from this that to obtain the desired Ac^ 
for a / 0, we can reduce c p , which ultimately results in a Ac x 
smaller than in the case of a = 0. 


At large attack angles, however, we observe a sharp increase 

in c (a) and flow detachment occurs. All this results in a sub- 
x 

stantial increase in Ac and loss of effectiveness of the combined 

X 

control device. 


Figure XVI-3-7 shows curves of c , c and c p - c as func- 

x y ir X 

tions of Cp and a for 6 n = 55°. 

In this case, the line of operating modes will be the geo¬ 
metric locus of all points on the c = const lines at which the 

tangents to these lines are parallel to the line of total thrust 
recovery. 

Figure XVI-3-8 shows the variation of wing frontal drag 
coefficient as a result of mounting a control at various angles of 
attack and coefficient c p for 6^ = 55°. 

The following relationships apply in the range of total 
thrust recovery: 


c r (r,siiH6 n ;-r 2 M!.-/.); (XVI-3-6) 

Ac, (XVI-3-7) 

where C 1S C 2 and K are experimentally obtained coefficients. 

For a simple jet flap, we may set C, = 0.55, C 2 = 7*7, K = 

= 3.65 + 0.35c p (or, approximately, K = A). 

For gas-washed flaps, K = 5.3 at a =0, and the Cj/K ratios 
are 0.0270 (flow over the top only) and 0.0225 (flow over both 
sides ). 

Example. Determine the parameters of a simple jet flap that 
provides a wing lift coefficient Ac^ = 3.0. 
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TABLE XVI-3-1. CALCULATION OP JET-FLAP PARAMETERS FOR 
a = 0 


Point 

Ac v 

C P 

Ac * 

ACp 

A 

3.0 

0.80 

0.29 

0.51 

B 

3.0 

0.67 

0.38 

0.29 

C 

3.0 

1.20 

0.29 

0.91 


55° 

71° 


44° 


a V A c * 

A<y( c pSln6 n j 

10.3 

4.58 

7.9 

4.74 

10.3 

3.64 


TABLE XVI-3-2. CALCULATION OF JET-FLAP PARAMETERS FOR 
a I 0 and 6 n = 55° 


Point 

c v 

1 

C P 

c * 

ACp 

n 

c fc 

v * 

c v Hc p sin fijjj) 

a 


A 

3.0 

0.50 

0.296 

0.204 

55* 

l 

10.1 

1 

6.73 

8 

0.28 

B 

3.0 

0.42 

0.350 

0.07 

55° 

8.57 

7.S8 

10 

0.29 

C 

3.0 

0,80 

0.312 

0.488 

55° 

9.61 

4.58 

0 

0.29 


In the a = 0 ease, we take a point A at the intersection of 
the operating-mode line in Fig. XVI-3-6 with the Ac^ = 3 line and 

determine from its coordinates Ac x =0.29, Ac p = 0.51, c p = 0.8, 

<5 n ^ 55° • For comparison, we find the analogous parameters for 

points B and C, which also endow the wing with Ac =3. The 
corresponding data are given in Table XVI-3-1. ^ 

We see from Table XVI-3-1 that the operating mode correspond¬ 
ing to point A will be most economical, since Ac rises sharply 

X 

and the wing thrust Ac p drops under the conditions corresponding 

to point B; the third point C corresponds, firstly, to a high gas 
flowrate (c p = 1.2 as against c p = 0.8 at point A), and hence a 

heavier control, and, secondly, to smaller values of the gain 
4c y /(c p sin « n >. 

For a f 1 0 and an assigned angle 6 n = 55°, we determine the 

parameters at points A, B, and C from the diagram of Fig. XVI-3-7 
for ACy = 3, and use Fig. XVI-3-8 to find Ac x . All of the result 

ing data are listed in Table XVI-3-2. 
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We see from Table XVI-3-2 that the operating mode correspond¬ 
ing to A, which lies on the line of operating modes, will be most 
economical. 

Comparison of the data of Tables XVI-3-1 and XVI-3-2 Indi¬ 
cates that If we set the wing at an angle of attack a = 8°, we can 
obtain the same lift c = 3 with a substantially lower gas flow 

(Cp = 0.5 as compared to Cp = 0.8 for a = 0), and, consequently, 

with a lighter control device. The increase in the frontal drag 
coefficient Ac x due to mounting the control on the wing at a = 8° 

is found to be smaller than for a = 0 (Ac = 0.28 and Ac = 0.29, 

X X 

respectively). Note should also be taken of the larger gains for 
a ^ 0. 

Controls__in the Form_of a Fixed _Slo t_ Nozzle on a Cylindrical Body 
Surface at Supersonic Speeds 

Only empirical relationships that do not take account of 
Reynolds number for the air stream interacting with the jets 

issuing from orifices or 
slots on the body stern 
section are available for 
design of controls of 
this type. Figure XVI-3-9 
shows the influence of 
Re on gain for various 
ratios of jet stagnation 
pressure to free-air- 
stream pressure, p 0l /p 1 . 

These data were obtained 
from wind-tunnel tests 
in which cold air was 
blown through a slit 
0.38 mm wide perpendicu¬ 
lar to the surface. The 
slot was at a distance 
of 6.35 mm from the base 
and ran parallel to the 
base section between two 
stabilizers of an "X" con¬ 
figuration. The stabilizers prevented spreading of the flow in¬ 
teracting with the jet and increased controlling force. The velo¬ 
city of outflow from the slot was sonic. Figure XVI-3-9 indicates 
a substantial influence of Re on gain at = 6 ([70], 1965* No.3) 

Figure XVI-3-10 shows values of the gain for Re =6*10 6 and 
various attack angles and, consequently, various M x of the air 
flow in front of the slot. These data were obtained for various 
values of p 0 ./pj for the conditions indicated above. The high 



Figure XVI-3-9. Gain as a Function 
of Ratio of Stagnation Pressure in 
Jet to Static Pressure in Airstream 

for Various Re and M : = 6.-) 

extrapolation. 
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K a 




Figure XVI-3-10. Influence of Figure XVI-3-11. Gain 

Attack Angle on Gain (Re = as a Function of M x and 

= V oo x b / v oo = 6, 10 6 ; Boundary p^/Pj. 

Layer Turbulent). 


values of K & for small Po^/Pi and large confirm that combined 
controls can be just as effective as aerodynamic controls. 

Tentative determinations of gain can be made by referring to 
Fig. XVI-3-11, which presents experimental data from a number of 
published papers. 

Knowing K , we can find the thrust developed by a slot noz- 

cl 

zle for a given controlling force and calculate the necessary 
parameters (slot dimensions, gas flowrate, etc.) 

According to experimental data ([76], 1962, No. 4-5), the 
shape and dimensions of the slot have no substantial influence 
on K , although a trend to increasing K is noted as slot width 

cl a. 

is reduced. 

SXVI-4. DETERMINATION OF HINGE MOMENTS OF GASDYNAMIC AND COMBINED 
CONTROLS 

In the general case, the hinge moment M^ can be expressed 
as follows: 

i\T h ~ (u=0) 1 V h , 

where M, , s is the hinge moment when the control is stationary; 

, h { 03- o ) 

M^ is the hinge moment due to damping. 

In turn. 
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(co--0) 


M h.i '^h.e ; M h.in < 


where ^ is the hinge moment determined for the conditions of 

gas flow through the nozzle in the absence of misalignment and 
manufacturing errors and with an ideally formed entry into the 
nozzle; M, is the hinge moment that arises from the geometri 

and gasdynamic eccentricity of the thrust; is the hinge 

moment caused by asymmetry of the nozzle entry. 

The damping hinge moment appears when the control is rotated 
at an angular velocity w. The principal component of the moment 
is caused by Coriolis forces. should be calculated by Formula 

(XV-4-2), with the appropriate values of the coordinates for the 
gas inlet and outlet of the rotating part of the control. 

Certain factors must be borne in mind in determining for 

the various controls. Firstly, = 0 for all controls that have 

no rotating parts, e.g., for fixed control engines, controls with 
gas or liquid injection into the supersonic part of a nozzle, and 
all combination-type controls (except for those shown in Fig.- 
XVI-3-5, b and c_). Secondly, it has been found that as a rule, 

^ = 0 for rotary engines and nozzles. The only exceptions are 

nonaxisymmetric nozzle designs, such as those having oblique exit 
sections. 


Theoretical determination of the parameters of certain con¬ 
trols involves calculation of spatial gas flows inside the nozzle 
when they sweep control elements. Since this is a highly complex 
calculation, a number of simplifications are adopted. As in cal¬ 
culation of the controlling forces, two-dimensional flows in the 
plane of rotation of the control are often examined. 


When the supersonic section of a nozzle rotates, M. . = 

n • i 

= Y p & , where l is the distance from the rotation axis to 
the application point of the lateral controlling force Yp. It 
can be assumed in first approximation that the force Yp is ap¬ 
plied at the center of the rotating nozzle section. 

M. . is calculated similarly for a deflector, but in this 
case it is necessary to determine l by direct determination of 
the point of application of Y p from known values and application 
points of its components. 
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For rotary mouthpieces. 


i/h.i — i p .r c .g SXi/c.g i 


where Y p is the lateral controlling force, AX is the change in 

the axial thrust component due to the rotary mouthpiece; x and 

c.g 


y are the center-of-gravity coordinates of the projections of 
c.g 

the surface the pressure on which produces the lateral controlling 
force onto planes passing through the nozzle axis and perpendicu¬ 


lar to this axis, respectively. 
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Chapter XVII 
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NONSTATIONARY CHARACTERISTICS OF THEiVEHICLE 


§XVII-1. DETERMINATION OF STABILITY DERIVATIVES FROM SLENDER-BODY 
AERODYNAMIC THEORY 

Working formulas [51]. The stability derivatives of vehicles 
formed by combining very slender bodies and small-aspect-ratio 
tail fins can be calculated for moderate supersonic speeds by 
Formulas (IV-6-ll)-(rV-6-45)• The coefficients A^ and that 

appear in these formulas depend on the cross-sectional shape of 
the vehicle and on the manner in which this cross section varies 


lengthwise. 



Figure XVII-1-1. Combination of 
Body with Wings, a) Body and 
plane wing; b) body and cruci¬ 
form wing; c) body and six fins; 
d) body and symmetrical hori¬ 
zontal and unsymmetrical verti¬ 
cal tails; e) body and symmetri¬ 
cal tangent horizontal and un¬ 
symmetrical vertical tails; f) 
elliptical body with symmetri¬ 
cal horizontal and unsymmetri¬ 
cal vertical tails. 


A definite attached-mass 
coefficient X^ corresponds to 

each cross-sectional shape. 
Analyzing the stability-deriva¬ 
tive expressions (IV-6-11)- 
(IV-6-45) we note that only 
the stability derivative m^x 

(roll damping coefficient) 
depends on X 3 , and that all 
other derivatives are indepen¬ 
dent of it. 

Let us examine the most 
commonly encountered cross- 
sectional shape, that of a 
combination of a slender solid 
of revolution of radius r with 
a cruciform wing that has canti¬ 
levers of equal size S in the 
vertical and horizontal planes 
(Fig. XVII-l-lb). The attached- 
mass coefficients are 

X,i = X 23 ~ rtpooS 2 (1 — r] -(- /■’); 

X 12 ~=X 13 -X s , 3 = 0, (XVII-1-1) 


where r = r/s. 
s 
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For the simpler combination of a body and a plane horizontal 
wing (Fig. XVII-l-la), the corresponding coefficients can be ob¬ 
tained from (XVII-1-1) in the form 


Xii = *p X 22 = JtpcS 2 (1 — rl + rj); X t2 > 13 = X 23 = 0. (XVII-1-2) 


We present the attached-mass coefficients for certain other 
cross-sectional shapes. For a circular-section body with three 
or more fins (in Fig. XVII-l-lc the number of fins n = 6) of the 
same span s_, 

a i •■{- r’ 1 \ 4/ n 
—2 ) 

Xj2 Xj3 ”” X23 == 0j 




(XVII-l-3) 


where n is the number of fins. 

If a circular-cross-section body is fitted with fins in the 
midwing configuration and the fin in the upper half-plane has a 
span t, and that in the lower half-plane has a span t 2 (Fig. 
XVII-l-ld), then 

{ 7 ; (1 + r \) + 1\ (1 - 1 - rl ) - 2 (1 + r ;) 2 + 

-r 2 [(1 rlr\) (1 + 1\) (1 + r*r*) (1 + ~t\) J ,/2 } ; (XVII-1-4 ) 

X 22 = .tpcjS 2 (1 — r; -{- r\)\ X 12 —X 23 =-0, (XVII-1-5) 


where r, — r/t^, r z = rlt 2 -, r s = rjs; t l = t,/s\ t 2 = t 2 /s. 

The coefficient X 13 is determined from [51]. For a circular- 
section body with tangential horizontal fins and vertical fins 
with span t x in the upper half-plane and t 2 in the lower (Fig. 
XVII-l-le)j the attached-mass coefficients are written 


>-n = 2.-rp ra c 


u 


ic 2 sin X cos 2 y 
3 (X + sin X) 


. „ X 
sm-j 


3X cos 2 y 
X + sin X 


■ 

+ 2 (r 2 — c 2 )| ; (XVII-1-6) 


— 2rcp a 


r 2 

2 


4c 2 sin X cos 2 y- ^ 3X cos 2 y 1 j 

__ cln2__. I I • 

3 (X -f- sin X) L 2 X + sinXjj’ 

>•12 = >-23 = 0* 


(XVII- 1 - 7 ) 

(XVII-1-8) 
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The following auxiliary relationships should be used in applying 
the formulas for A lx and X 22 : 


r s = ± {arcsh tg \) 1/2 + ‘S Y + ( y) * ‘S 2 y] 


X-ll/2. 'V 


?„-i-sin X 


- »( 


life r 1 
arctg 
.2 


arctg 
s : n i 


sin >. 
h/c 

- 1 


sin >. \ -1 _ 

— cos X ) ’ 


//e + cos X 
2 


h 


' H* 7)- 


(XVII-1-9) 


The attached-mass coefficients for a combination consisting 
of an elliptical-section body and tail fins (Fig. XVII-l-lf) have 
the form 


X„ n» x (/ i c--li 1 -2ab~b 2 y, (XVII-1-10) 

(«*.:.&*) ; 2«b Z (a~.-b)-2<ibs(s’--a'--\ (XVII-1-11) 

X 12 - ?- 13 0. (XVII-1-12) 

In these formulas, we have used the nomenclature 

i’ 2 )' 12 . c h±h. ] 

* ’ [(XVII-1-13) 

t 1>2 -Muz | 


Formula (IV-6-47) is used to determine the values of A^ k , in¬ 
cluding A^ k , from the known attached-mass coefficients for the 
given combination sectional shape. Then the coefficients B^ k , 

Cik and are calculated by Formula (IV-6-46). In this for¬ 
mula, the lower limit of the integral is equal to the distance 
from the combination center of gravity to the trailing edge of 
the tail, and the upper limit is the distance to the cross sec¬ 
tion of the body at the cantilever leading edges. 

To obtain the over-all stability derivative, it is neces¬ 
sary to add to the derivative calculated by the above method for 
the body-tail combination the derivative for the remaining for¬ 
ward part of the body. 


k 


-k‘ 


it- 


as — h (.*2 ' a 2 - 

r~b 

n 2 . 


o> 


IT|. 


I 

% 

I 
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§XVII-2. DAMPING COEFFICIENTS 


Roll damping coe 

at angles of attack. 



Figure XVII-2-1. 
Coefficient Used to 
Calculate Stability 
Derivatives with 
Consideration of 
Interference. 1) 
Body and plane 
wing; 2) body and 
cruciform wing. 


fficient. In the most general case of motion 
the roll-damping coefficient of a given com¬ 
bination is calculated by (IV-6-27) for 
Uy - 

m x . The quantity A 33 , which depends on 

the attached-mass coefficient X 33 deter¬ 
mined from the base-section parameters, 
appears in this formula. For one of the 
most common body-cruciform-tail combi¬ 
nations, the coefficient X 33 can be 
found with the diagram in Fig. XVII-2-1, 
where we have a curve of the ratio 

in whose 


A 3 3/( A 3 3 )-p = 0 — 


^3 3^^33^ji=0 * 


denominator the quantity (A,.) _ = 

O O X 1 — 0 


- CX, S ) = 2p t 


s /ir for the pure cruci¬ 


form tail appears. The same Fig. 
XVII-2-1 shows the curye for a body-and- 
plane-tail combination, which corre¬ 
sponds to the formula 


m3 : 


tipcat 4 


{[(l+>1) s arctg-—]* + 


+ 2 r s (1 - rl) (ri - Or! -j- 1) arctg ~ - 

r s 

-3t 2 r2-rr, 5 (l-rl) 2 l} . (XVII-2-1) 


We note that the coefficients X 33 are quite close together 
for the two combinations. Consequently, Formula (XVII-2-1) can 
also be used with a certain approximation for a combination of 
the body with a cruciform tail. 

The damping coefficient can also be calculated by a simpli¬ 
fied method based on the assumption that there are no forms of 
motion other than the roll, i.e.,a= g , = 0. In this case, 

S _L 

therefore, w = <d =0 and 
* z y 


(XVII-2-2) 


For cruciform and plane combinations, A 33 can be found with 
the diagram of Fig. XVII-2-1. Here it is more convenient to go 
from Formula (XVII-2-2) to the expression 
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Figure XVII-2-2. Damp¬ 
ing Parameter in Roll 
as a Function of Num¬ 
ber of Cantilevers n. 



Figure XVII-2-3. Motion of Body- 
Wing-Tail Combination Along Cir¬ 
cular Trajectory (Q is the 

Angular Velocity). 


K*)r -0 


_* 1*3 _^ 

(■ ( ;«)r- 0 


(XVII-2-3) 


where (m ) is the damping coefficient of the "pure" tail, 
x r— o 

i.e., when the body radius r = 0. 


The damping coefficient can be found with (XVII-2-3) and 
Fig. XVII-2-1 as a function of body radius for cases in which 
the number of cantilevers n = 2 and 4. Cases in which the number 
of cantilevers is arbitrary may also be of practical interest. 


Analysis of the stability derivatives as functions of the 
number of cantilevers becomes simpler in the extreme case in 
which the radius r -* 0. Studies have shown that this dependence 
can be represented graphically in the form of a curve (Fig. 
XVII-2-2) reflecting the variation of the quantity 


( m® — 

{ x )n — (^33)n _ _ (XVII-2-4) 

("h' X )"= 2 ( /, 33)n=2 

The denominator in this expression represents the parameters 
for a two-cantilever tail (n = 2), while the numerator gives the 
corresponding parameters for the multicantilever tail. The curve 
in Fig. XVII-2-2 can also be used for approximate evaluation of 
the influence of the number of cantilevers on the damping coeffi¬ 
cient when the body radius is nonzero but sufficiently small. 

Longitudinal damping. Let us consider methods of calculat¬ 
ing the longitudinal-damping coefficients on the assumption that 
the vehicle is moving in the longitudinal plane without slip or 
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roll. The particular longitudinal-damping characteristics ob¬ 
tained by this calculation are helpful in evaluating vehicle 
dynamic properties. 

Dam ping gov erned by ang ular velocity Let us assume that 

the vehicle is moving along a circular trajectory (Pig. XVII-2-3). 

For investigation of longitudinal damping, this motion can be /725 

replaced by rotation of the vehicle about its center of gravity 
at a certain angular velocity ft , which we shall henceforth as- 

sume constant. As a result of the rotation, the tail will acquire 
an additional attack angle of Aa = tl^ 00 * where x Q ^ ^ is 

the distance from the combination center of gravity to the tail 
center of pressure. A change in attack angle will produce an 
increment of tail normal force 

Ac w „ -i—° zT ;; p - tl ■; (XVII-2-5) 

\ ill ) tl q<x, ’ 


where the derivative (Sc^/Sa)^! is found from the local M in front 

of the tail (q = '.tkW 2 p is the velocity head calculated for this 
M). 



Figure XVII-2- i l. Motion of Body- 
Wing-Tail Combination with Con¬ 
stant & = g/V^. 


The normal-force incre¬ 
ment enables us to calculate 
the rotary derivatives 
for the normal-force coeffi¬ 
cients and the tail damping 
moment: 




q r c.p.tl 
loo l 


(XVII-2-6) 


( m z z )a 


/ '7CjV 1 

\ JL_ j 

f * c.p.tl I ^ 

l Oa j 

‘ tl q 0 o 

l / ) 


OJz 



(XVII-2-7) 


We find the wing derivatives in the same way: 


X C.p.wg 


«•)..= -2 (-£?•)., Pr=-)’ 


(XVII-2-8) 
(XVII-2-9) 
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It is assumed in these formulas that the velocity head in 
front of the wing is equal to the free-stream velocity head. The 
over-all effect of the wing and tail on longitudinal damping can 
be expressed as the sum of the corresponding derivatives. 

By analyzing the components of the over-all derivative, we 
can evaluate the parts played by the wing and tail in damping. 

The total damping characteristic for body-wing-tail combinations 
can be obtained with consideration of the isolated-body deriva¬ 
tive . 


Damping governed b y derivative a. To investigate the damp¬ 
ing governed by time variation of the attack angle, we shall use 
the diagram in Pig. XVII-2-4. The motion under study is char¬ 
acterized by the values ft =0 and a 7 0 = const in the absence 

z 

of rotation but in the presence of displacement (free fall) in 
the direction of the normal to the trajectory with constant ac¬ 
celeration. 

Damping arises as a result of the added moments that appear 

as a result of time variation of the tail and wing attack angles. 

Let Aa be the change in wing attack angle. Then the change in 
wg 

the attack angle of the horizontal tail due to wing downwash is 


V<u C,'a^' (XVII-2-10) 


To find Aa for a given a, we can use the principle of down- 

W 

wash lag, according to which the downwash angle at the tail lags 
behind the wing attack angle by the amount of time taken by the 
wake in covering the distance from the wing to the tail, which is 
equal to t = x /V^. Substituting this time into the expression 

Aa w = -at, we obtain the change in wing attack angle Aa = 

= -ax c /V oo . Thus, the attack-angle change for the horizontal tail 

is = (° tx c /V 00 ) (de/da , where x q is the distance from the 

wing center of area to the tail center of area. 

A change in tail attack angle by Aa^-^ results in the appear¬ 
ance of an added normal force 




MM 

\ i>a 

/ tl fjoo cv? 

) 


(XVII-2-11) 


which, if known. 


can be used to 


find the stability derivatives: 
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(XVII-2-13) 


Yaw damping. The tec 

ing can be used to calcula 
in yawing motion provided that all other forms of motion are ab¬ 
sent. Using this method, we can obtain the following values for 
the stability derivatives: 


(] 1 c.p.tl 


K». “*(*)„■£ Ft 2 -)* i 

, r k „ 9 ( ,)c * \ 9 da 

( “ V "Psl /U 7=o 7P s i 
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r C ^C.p.tl 
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(XVII-2-15) 

(XVII-2-16) 

(XVII-2-17) 


where x is the distance between the wing and tail centers of 
c 

area; da/d3 is the change in the sidewash angle corresponding 

S -L 

to a change in slip angle and is calculated in much the same way 
as the change in downwash angle with attack angle. 

§XVII-3. ANALYSIS OF STABILITY DERIVATIVES FOR FINNED BODY 

Resolution of given combination into individual elements 
[51]. The method of calculation set forth above, which is based 
on use of the attached-mass coefficients, enables us to calculate 
the over-all values of the stability derivatives. At the same 
time, practical interest attaches to estimating the contribution 
of one or another tail element to the total stability-derivative 
value as a result of interference with the body and mutual inter¬ 
ference. In particular, it is important to establish how the 
body stability derivative changes when vertical and horizontal 
cantilevers are attached to it. 

Nor does this method enable us to take account of interfer¬ 
ence between the tail and wing as it affects the stability de¬ 
rivatives. Finally, it is not possible in calculating the over¬ 
all characteristics to establish the dependence of these deriva¬ 
tives on M^. The method set forth below for stability-derivative 
analysis eliminates these shortcomings. Its prime advantage is 
that it enables us to analyze the individual components of which 
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[-4—o]= 

BHDV- B = 


-o--o]+ --o-]+ 

BH - B + BHD - BH + BHDV - BHD 


Figure XVII-3-1- Diagram Showing Breakdown 
of Body-Tail Combination into Elements. 


the over-all stability derivative is made up. 

For convenience in the interference analysis, it is helpful 
to break the tail up into individual elements with a view to the 
known aerodynamic characteristics of each such element. In other 
words, the tail is conventionally represented as the sum of its 
individual elements, while the over-all aerodynamic characteris¬ 
tics are presented as sums of the corresponding element aerody¬ 
namic characteristics corrected for interference. We shall use 
the following nomenclature: B for the isolated body; H for the 
isolated horizontal tail; D for an Isolated dorsal tail; V for 
an isolated ventral tail; TL for the tail. 

With these designations, a body-tail combination will be de¬ 
noted by BHDV, the tail by BHDV-B, and so forth. By way of il¬ 
lustration, Fig. XVII-3-1 shows the dismemberment of a body-tail 
combination with unlike dorsal and ventral cantilevers. The 
first term on the right indicates the effect of adding a hori¬ 
zontal tail on the force or moment, and the second and third 
terms indicate that of the dorsal and ventral cantilevers, re¬ 
spectively. We note that the combination can be broken up in 
ways other than that indicated in Fig. XVII-3-1. 

Static stability derivatives. By way of illustrating the 
method set forth here, let us examine the determination of the 
stability derivative of the tail lateral force coefficient with 
respect to slip angle, considering only interference between the 
body and the tail. According to Fig. XVII-3-1, the tail lateral 
force is 


Zti, — Zb 


'TL ~ Z.BHDV— Zb 

Zbh— z 


(Zbh Z b ) -■ ■ (Zbhd Z bh ) ; (Z BHDV Z BHD ) __ 




Zb -i 


•bhd' 


Z r 


' BHDV 

z v 


■z. 


(XVII-3-1) 


The interference forces are referred to the forces for the 
isolated elements, with the isolated body regarded as a sharp 
solid of revolution with a base cross sectional area equal to 
the body area at the tail. The lateral force of the isolated 
dorsal or ventral cantilever is assumed equal to half the lateral 
force of a tail composed of a pair of identical cantilevers. 
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The differences between the forces in the right member of 
(XVII-3-1), which are referred to the forces for the isolated ele¬ 
ments, represent the interference coefficients 


\ (XVII-3-2) 


The values of the attached-mass coefficients A lx were given 
earlier for a variety of configurations. Converting in (XVII-3-1) 
from forces to coefficients and calculating the derivative with 
respect to 3 , we find a formula for the static derivative of 

S X 

lateral force with respect to slip angle : 


A IB 

'/■BH-Zb 

(^ii)bh” (^ii)b 

S'B 

(*h)b 

A ID 

^BHD~ ~ Z 

BH (^h)bHD (AiOgH-. 

' ” ' ’ 

A' iv - 

^BHDV 

^BHD (Au)bHDV 


(A]l)v 


(^)tl - A’ib(c?)b + A'id (c z p )d-!- A' 1v (c?)v (XVII-3-3 ) 


The static derivative of the yawing moment for the tail is 

("4i -= - J ^ ( c *) tl . (XVII - 3 - 4 ) 


where x is the distance between the center of moments and the 
c. m 

point of application of the tail lateral force. 

A peculiarity of Formulas (XVII-3-3) and (XVII-3-4) is that 

they can also be used for not particularly slender combinations. 

In this case, the derivatives c$ for the isolated elements are 
5 z 

calculated by linearized theory, i.e., with consideration of M^, 
and the interference coefficients K , which do not depend on M , 
are found from slender-body theory. 


The calculation given above corresponds to the condition 
a = 0. If the attack angle is nonzero, terms proportional to a 
and reflecting the interaction between the attack and slip angles 


appear in the expressions 


D ft 

for c p and m p 
z y 


for the general case. 


6 ft 

The relationships given for c p and m p do not consider the 

effect of interference of the tail with a wing. In the presence 
of a wing, this effect can be taken into account by the methods 
set forth earlier. 
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Roll damping. According to Pig. XVII-3-lj the roll stabil¬ 
ity derivative for a finned body is 


( m ’x X )n, — ( m ” r )BHDV— — [( M /)bH 

-I- [(“i'Wd - '!' [( m **)BHDV — ( W * X )bHd1- 


(XVII-3-5) 


This expression can also be written 


('«"*)tl = A' 3h (m r ' x ) H -j- K 3 D (m’ x ) d + A' 3V {' n I x ) v i 


(XVII-3-6) 


where the K 3 are interference coefficients as follows: 



(LjIbh ‘ (X.tOb 

A 3H 


rr 

(An) BHD" "(X.w)bh 

A 3D 

' (^-33)d ’ 


(Li;) BHDV (X.-,3) bhd 

A 3V 

( J -33) V 
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The values of the attached-mass coefficients X 33 , on which 
the K 3 depend, are listed in Fig. XVII-2-1. 

ID,. 

The results obtained for m x pertain to the a = 0 case. For 

a 7 0, they can be improved by considering wing and body vortices. 
Here the vortex system is replaced by a single vortex trailing 
from the wing and having coordinates determined by the method set 
forth above. Although the vortex has a tendency to rotate as a 
result of banking the wing, we can disregard this rotation and 
consider the displacement of only the tail relative to the vortex. 
Thus, the influence of the vortex will be examined on the assump¬ 
tion that this effect is determined at any point in time by the 
position of the tail with respect to the vortex. The results of 
the calculation can be improved by considering a certain average 
vortex position. The vortex formed by the body keeps a fixed 
position that depends only on attack angle. To simplify the cal¬ 
culations, it can be assumed that the vortices from the body and 
wing do not interact. 

Example of stability-derivative calculation. Let us calcu¬ 
late the stability derivatives for the cruciform tail of the ve¬ 
hicle diagrammed in Fig. XV-2-13 for = 2. 
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g g 

The derivatives (c p ) mT , (rn p ) mT . In calculating the deriva- 
———-- z iL j y iij w 

tives, we shall proceed from Formulas (XVII-3-3) and (XVII-3-4) 

and determine the interference coefficients from Expressions 

(XVII-3-2), using the data of Table XV-1-1. The values of the 

attached-mass coefficients are as follows: 


(^•h)e 


(^■u)b = (in)BH — .^p^r 1 ; 


P-1i)bhDV — -Ip.-cS 2 (l--^2—i—5*”) ’ 

(^h)d = (iil)v — -9- --tpca (s — r)-. 


After substituting the r and s_ values given in Fig. XV-2-13, 
we obtain 


(2;:)b — P-u)bh —0.31Grrpco; (2(i)bhd— l.oO.ipoet 
(^•jObhdv = 3-tp.x,; (iji)D — (in)v ~ 0.7S2np co . 

Introducing these values into (XVII-3-2), we find 


A‘ 1b ---- 0; K m - 1.002; K 1V = 1.832. 


To use Formula (XVII-3-3), it is necessary to know the values 
8 8 

of (c p ) D and (c p )y, which can be determined by assuming that they 

are equal to -0.5 (c^)jj (it will be recalled that the dorsal and 

ventral cantilevers of the tail are identical). Referring the 
coefficients to the wing plan area S wg , we find 


(q?) D - (<-'?) v = 


(.\iL-i) ,/l ‘- s 'wg 


«= -0.350. 


After the appropriate substitutions into Eq. (XVII-3-3), we 
obtain 


(dn X L - 1.002 (- 0.350) j-1.882 ( -0.850) 


0.571 0.052 rrr — 1.223. 


We may conclude from these figures that addition of the ven¬ 
tral cantilever to the other three increases the tail lateral 
force by about lk%. 
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Q 

We determine the static derivative (m^) TL from Formula 

(XVII-3-4), in which we assume x to be equal to the distance 

’ c. m 


between the centers of area of the wing and tail cantilevers. 

According to Fig. XV-2-13, x = 4.74. The characteristic di- 

c • m 


mension £ is equal to the wing mean aerodynamic chord £ = 

= (2/3)b = 1.50. After substitution of the numerical values 

Ft; 

for (c^)m T , x and £ into (XVII-3-4), we obtain 
z d. ±j c • m 




1.223 


- 3 . 87 . 


8 8 

The values of (c p ) mT and (rn p ) mT are found without considera- 

z'TL y TL 

tion of wing and body interference, i.e., without consideration 
of the vortices formed by a slipping body and wing. 

w 

The derivative m . It is convenient to use Figs. XVII-2-1 

and XVII-2-2 to calculate this derivative. The diagram in Fig. 
XVTI-2-2 enables us to evaluate tail effectiveness in the absence 
of the body when the number of cantilevers differs from two. It 
follows from the resulting data that the rolling moment increases 
by a factor of 1.625 for the case under consideration (n = 4). 

The diagram in Fig. XVII-2-1 establishes the influence of 
the body on the same moment as a function of the parameter r/s. 

In our example, r/s = 0.31, so that the diagram indicates a 2% 
rolling-moment increase on addition of the body to the pair of 
horizontal cantilevers. Accordingly, we have for a four-canti¬ 
lever tail 


«*)tl - 1 . 025 - 1.02 («“*)«, 

Cd x 

where (m )„ is the rolling moment of the isolated horizontal 

X n 

tail with the span including part of the body. 

Linearized theory can be used to determine m x for an iso¬ 
lated horizontal tail composed of a pair of cantilevers: 


K*)h= —355— —3 


I L 

3 J/mL 


- 0 . 192 . 


find 


Counting the area inside the body and the new wingspan, we 
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«'■)»--0.192lff (fci)-= -0.080 


Thus, the wing moment due to the tail is 


(/ra“*) T i, ■--= 1.625-1.02 (-0.080)= —0.133. 


The derivatives (c'V) TL , (m^) TL , {c«) rv , {m 7 f) T L . We shall calculate 

CO 2 

( C N )ip L Formula (XVII-2-6), in which we set q - q^, Using 

the values found for (c“) TL = -(c^) TL = -1.223 and x c p tl = 4.74, 
we obtain 

(#)tl - 2 . 1 . 223 - 1 .^= 7 . 75 . 

Assuming that the center of moment coincides with the center 
of gravity, we find from (XVII-2-7): 

«;)«. * • - 2-1.223 (£g)V * -24.5. 

The derivatives thus found are referred to ^^mac/ 2 ^ - To 

• • 

calculate the other two derivatives (c^) TL and (m^”) TL , we shall 

use Formulas (XVII-2-12) and (XVII-2-13), in which the derivative 
de/da, determined from the condition: 

llH ; 1 -(£)h' 

appears. 

We found earlier that the effectiveness coefficient n„ = 0.73, 

so that (de/da) H = 0.27. Remembering that the distance between 

the area centers and the tail * c = 4.74 and assuming 

that M is the same in front of the tail as in the free stream, we 
find after substituting these values into (XVII-2-12) 

(4)tl=2-1.223.0.27 ^ = 2.08. 

Applying (XVII-2-13), we get 


/731 
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(nz“) tl — -2-2.08 


4.74 
1.50 


-G.59. 


§XVII-4. THE MAGNUS EFFECT 

Pitched tail fins. A finned body can be made to rotate about 
its longitudinal axis of symmetry by mounting the tailplanes at a 



Figure XVII-4-1. Diagram of Flow Around 
Body with Pitched Tail Fins. 


certain angle 6 to this axis (Fig. XVII-4-1). The rotation 

produces an additional yawing moment AM^ owing to the action of 

Magnus forces on the pitched tail. For a body with a cruciform 
tail in the absence of slip, this moment is 


'tl / 2 

A.l f v = 2(/,v6tl« ^ c^/i TL , (z) z ch, (XVII-4-1) 

/tl ' 2 

where b TL (z) is the tail chord at a distance z_ from the body axis; /732 
d,^ is the diameter of the body at the point of tail attachment; 

& TL is the tail span. 

The relation between the angle <5 TL and the vehicle's angular 
velocity Q is determined from the expression 


'tl ' 2 

('tl ^ ?'TL (~) - d 
‘'tl ' 2 


'TL / 2 

? (XVII-4-2) 

»} ' co 

( 'tl / 2 
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Figure XVII-4-2. Influence 
of Flow Detachment on Pres¬ 
sure in Flow Around a Flat 
Plate. 1) Re b = 0.5‘10 6 ; 

2) Re b = 0.7-10 6 ; 3) Re fe = 

= 0.9 * 10 6 ; it) Re b = 1.3-10 6 . 


For example, for a rectangular 

tail 


L s TL , ( + 1) . (XVII-4-3) 


where X TL = & TL /d TL is the tail 
aspect ratio. 

During rotation of a four- 
bladed tail with a 90° angle be¬ 
tween the blades, the Magnus- 
force yawing moment will vary as 
a function of the turn angle y 
measured from the horizontal plane 
in accordance with the expression 


A My « A (3/,) Vl -0 (sin Vi +cosy,), (XVII-4-4 ) 


where A(M ) = 

j 11 


is the yawing moment corresponding to y l 


0. 


In motion with slip (3 , ? 0) at zero angle of attack, a 

S -L 

secondary pitching moment appears owing to rotation about the 
longitudinal axis; it can be calculated by a formula analogous 
to (XVII-4-1). 


Influence of flow Reparation. The boundary layer may sepa¬ 
rate from a thin tail (s < 0.05) in flow at small Mach and Rey¬ 
nolds numbers. The critical attack angle, at which separation 
occurs, depends on Re = V^b^/v and can be determined from Fig. 

XVII-4-2 for a thin plate with a laminar boundary layer. Boundary- 
layer detachment causes a pressure increase and the appearance of 
an additional moment. 


The pressures P lft and P rght 

levers can be determined from Fig. 
angles are 


on the left and right canti- 
XVII-4-2 when their attack 


&ut 


-j- 6i 


n x z 


^rght 



(XVII-4-5) 
(XVII-4-6) 


where z_ is the distance from the axis to the cantilever center of 
gravity. 
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The pitching moment that results from the difference between /733 
the pressures on the left and right cantilevers is 

AM, =; ( ) ^TL^iTL , ( XVII - 4 - 7 ) 

V poo Poo / 


where is the distance from the vehicle center of gravity to 

the center of gravity of the tail area. 

The vehicle's moment characteristics depend on the interfer¬ 
ence of the tail with the body. However, studies have shown that 
the moment from the interference is small and that in approximate 
calculations, the total Magnus-force moment can be determined from 
the value for the isolated pitched tail. 

Example. Determine the tail setting angle 6^.^ necessary to 

impart an angular velocity of & x = 5 s -1 to a finned body and the 

Magnus-force yawing moment AM at a = 5°. 

«y 

The vehicle flies at a speed V M = 640.8 m/s (M^ = 2) at an 
altitude H = 5 km. The diameter of the body at the tail attach¬ 
ment is d tl = 0.25 m, the aspect ratio of the rectangular tail is 

= 3, and its chord b^^ = d^. We find from (XVII-4-3) 

(- 3 TT + 1 ) “°; 00211 < 0 ° 7 ' 16 '>- 

According to (XVII-4-1), the moment 


AMy = -i- ?oo5 tl d 3 ti c%a (X*1 -1). 


Since 


= 4 (M Is — 1) 1/2 ; q<n = 1.54-10 1 kg/cm 2 . 


we have 




1.5-M 01-0,00211.0.25® 


5 3 2 — 1 

57.3 1 / 4 —1 


= 0.204 


kghm. 


We calculate the pitching moment due to boundary-layer separa¬ 
tion from the stabilizer cantilevers for the conditions 

n x = 5 *■*; a = 2.5°; 6 tl =l°; 2 = 0.25 m, V"co = 200 m/m; 
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Rci, = 1.3-100(6 = 6 mn = 0.25 m; ;/^10.7 km); 


tail area S,, = 0.0625 m 2 ; distance between centers of gravity of 

u -L 

vehicle and tail x,., = 0.35 m; atmospheric pressure p = 0.56 
kg/cm 2 . lt;1 

We find from Formulas (XVII-4-5) and (XVII-4-6) 

“2.5+1—~^5~57.3“3.14° ; 

=2.5-1+^- 57.3=1.86*. 

We determine P^t/P*, = 0.47, P lft /P«> = °- 68 from P1 S‘ 
XVII-4-2 and calculate the moment from (XVII-4-7): 

A.V. = (0.'i7 — 0 .C 8 ) 0.0l’>25-0.56• 10*-0.33 == — 25.7 kg-m. 
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APPENDIX No. 1 7734 

TABLE VIII-1-1. GASDYNAMIC FUNCTIONS OF AIR IN AXISYMMETRIC FLOW AROUND CONE 

(k = 1.4).* 
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M m =5 


S 



Pc 

0 


£ 



Pc 

0 


10 

20 

30 

40 

10 

20 

30 

40 


V 
v X 

2.1394 

1.9189 

1.5892 

1.1813 


V x 

2.1900 

1.0345 

1.9133 

1.2580 

o 

V r 

0.3772 

0.9984 

0.9175 

0.9913 


V r 

0.2791 

0.9079 

0,8291) 

0.9092 


P 

0.3298 

0.7940 

1.4990 

2.3737 


P 

0.3095 

0.7910 

1.4501 

2.3123 


P 

1.8023 

3.0370 

3.9858 

4.5878 


P 

1.7223 

2.9502 

3.9040 

4.5027 


Vx 

2.1430 

1.0250 

1.5989 

1.1952 


V x 

2.1072 

1.9095 

1.0909 

1.2825 

n t 

V r 

0.3570 

0.9818 

0.9014 

0.9751 


V r 

0.2470 

0.5803 

0.8038 

0,8825 


P 

0.3290 

0.7931 

1.4970 

2.3719 


p 

0.2991 

0.7437 

1.4290 

2.2711 


P 

1.7993 

3.0344 

3.9831 

4.5850 


P 

1.9985 

2.8985 

3.8400 

4.4151 


Vx 

2.1495 

1.9310 

1.0078 

1.2085 


v x 

2.1757 

1.9792 

1.0790 

1.3091 

0.2 

V r 

0.3387 

0,9059 

0.8801 

0.9598 


V T 

0.2100 

0.5523 

0.7779 

0.8599 

P 

0.3299 

0.7903 

1.4937 

2.3657 

1.0 

P 

0.2779 

0.7172 

1.3881 

2.2218 


P 

1.7911 

3.0268 

3.975G 

4.5798 


P 

1.5946 

2.8240 

3.7734 

4.3701 


V x 

2.1533 

1.9428 

1.9257 

1.2341 







0.4 

v r 

0.3090 

0.0301 

0.8571 

0.9318 







p 

0.3198 

0.7802 

1.4789 

2.3443 








p 

1.7932 

2.9991 

3.9475 

4.5472 


w s 

0.2796 

0.4951 

0.7100 

1.0S11 
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TABLE VIII-1-1 (Cont'd.) 


/736 


Mq-j = 7 


5 


*c° 

l 



Pc 

a 


I 

j 10 

j 20 

j 30 

' 40 


10 

20 

30 

| 40 


^ r ' 

V X 

2.2120 

2.0177 

1.6765 

1.2542 


V* 

2.2561 

2.0446 

1.7216 

1.3224 

n 

V’r 

0.3003 

0.7344 

0.9080 

1.0524 

0.6 

V r 

0.3231 

0.6046 

0.8940 

0.9763 


P 

0.2605 

0.7683 

1.5316 

2.4774 

p 

0.2566 

0.7463 

1.4955 

2.4221 


P 

2.3092 

3.8706 

4.7600 

5.2245 


p 

2.2294 

3.7911 

4.6796 

5.1411 


V x 

2.2445 

2.0223 

1.0813 

1.2663 


V x 

2.2610 

2.0536 

1.7364 

1.3440 

0.1 

Ur 

0.3S18 

0.7219 

0.9546 

1.0383 

0.8 

V r 

0.3011 

0.6427 

0.8713 

0.9544 

P 

0.2601 

0.7676 

1.5304 

2.4754 

p 

0,2475 

0.7303 

1.4695 

2.3842 


P 

. 2.3065 

3.8682 

4,7576 

5.2218 


p 

2.1725 

3.7328 

4.6214 

5.0S34 


V x 

2.2468 

2.0268 

•1.6919 

1.2780 


v* 

2.2GG4 

2.0631 

1.7515 

1.3653 

0.2 

y r 

0.3691 

0.7099 

0.9418 

1.0248 

1.0 

V r 

0.2778 

0.6206 

0.8189 

0.9333 

p 

0.2G79 

0.7656 

1.5271 

2.4703 . 

p 

0.2355 

0.7099 

1.4370 

2.3381 


p 

2.2990 

3.8610 

4.7503 

5.2130 


p 

2.0968 

3.6580 

4.5480 

5.0130 


v x 

2.2514 

2.0357 

1.7068 

1.3006 







0.4 

v r 

0.3454 

0.6868 

0.9173 

0.9996 


W x 

0.2408 




p 

0.2634 

0.7581 

1.5149 

2.4512 


0.4354 

0.6854 

1.0372 


p 

2.2715 

3.8339 

4.7228 

5.1852 








TABLE VIII-2-1. GASDYNAMIC FUNCTIONS OF AIR IN FLOW AROUND CONE AT ATTACK ANGLE 
(k = 1.4) 


Moo — 2 ' Po=15°_«=*5* 


l 


] 0° 

l 


0° 

0 

45 

90 

135 

180 

0 

45 

00 

135 

ISO 


Vx 

1.3786 

1.3927 

1.4279 

1.4649 

1.4825 


V x 

1.3950 

1.4084 

1,4419 

1.4705 

1,4908 


V T 

0.3694 

0.3732 

0.3826 

0.3925 

0.3972 


V r 

0.3120 

0.3188 

0.3369 

0.3586 

0.3689 

0 

Vo 

0.0000 

0.1352 

0.2029 

0.1513 

0.0000 

0.1 

Vo 

0.0000 

0.1220 

0.1808 

0.1328 

0.0000 


P 

0.8674 

0.8223 

0.7309 

0.6675 

0.6504 


P 

0.8627 

0.8207 

0.7337 

0.6687 

0.6480 


P 

1.5322 

1.4749 

1,3558 

1.2707 

1.2494 

i 

P 

1.5262 

1.4732 j 

1.3606 j 

1.2741 

1.2469 



VO 

vo 

00 


TABLE VIII-2-1 (Cont'd.) 


/7 37 


Mqq = 2_ g c = 15*_• a = 5* 


s 


O' 

5 



0 

45 

SO 

135 

180 

0 

45 

90 

135 

180 


v x 

1,4093 

1.4221 

1.4537 

1.4857 

1.4989 


V x 

1.4800 

1.4897 

1.5136 

1.5377 

1.5481 


v r 

0.2670 

0.2763 

0.3014 

0.3312 

0.3452 


V r 

0.1017 

0.1211 

0.1706 

0.2216 

0.2477 

0.2 

Vo 

0.0000 

0,1126 

0.1054 

0.1205 

0.0000 

0.8 

Vo 

0.0000 

0.0900 

0.1303 

0,0942 

0.0000 


p 

0.8520 

0.8127 

0.7299 

0.0054 

0.6441 


p 

0.7485 

0.7214 

0.6611 

0.0087 

0.5S8S 


p 

1.5126 

1.4629 

1.3558 

1.2097 

1.2407 


p 

1.3790 

1.3437 

1.2634 

1.1915 

1,1636 


V x 

1.4344 

1,4460 

1.4744 

1.5029 

1.5147 


V x 

1.5067 

1.5159 

1.5388 

1.5629 

1.5746 


v r 

0.1988 

0.2123 

0.2478 

0.2885 

0.3071 


v r 

0.0551 

0,0768 

0.1308 

0.1880 

0.2108 

0.4 

Vo 

0.0000 

0.1005 

0.1464 

0.1059 

0.0000 

1.0 

Vo 

0.0000 

0.0885 

0.1279 

0.0927 

0,0000 


p 

0.8223 

0.7877 

0.7130 

0.6517 

0.6301 


p 

0.6996 

0.6757 

0.6214 

0,5722 

0.5513 


p 

1.4749 

; 1.4307 

: 1.3334 

1.2510 

1.2214 


p 

1..3140 

1.2823 

1.2087 

1.1400 

1.1103 


V x 

1.4572 

1.4678 

1.4937 

1.5196 

1.5305 









v r 

0.1467 

i 0.1634 

0.2067 

0.2551 

0.2763 








0.6 

Vo 

0.0000 

' 0,0938 

0.1360 

0.0982 

0.0000 









p 

0.7876 

0.7509 

0.6897 

0.0327 

0.6119 


W x 

0.6081 

0.6251 

0.6725 

0.7315 

0.7625 


p 

1.4301 

1.3906 

1.3022 

1.2249 

1.1900 

!' 








Moo = 2 P c = 15 * o=10* 


’ 

l 


O " 

l 



0 

45 

90 

135 

180 . 

0 . 

15 

90 

135 

180 


Vx 

1.3113 

1.3370 

1.4041 

1.4791 

1.5180 



1.3444 

1.3682 

1.4292 

1.4934 

1.51S5 


v r 

0.3514 

0.3583 

0.3762 

0.3963 

0.4067 


V r 

0.2391 

0.2553 

0.3022 

0,3671 

0.4067 

0 

Vo 

0.0000 

0.2503 

0.4025 

0.3218 

0.0000 

0.2 

Vo 

0.0000 

0.2123 

0.3270 

0.2483 

0,0000 


p 

1.0153 

0.9039 

0.6914 

0,5852 

0.5821 


P 

0.9968 

0.9034 

0.7203 

0.6066 

0.5813 


p 

1.7097 

1.5735 

1.2993 

1.1534 

1.1542 


P 

1,6874 

1.5668 

1.3204 

1.1678 

1.1531 


V x 

1.3289 

1.3537 

1.4185 

1.4887 

1.5164 


V x 

1.3717 

1.3933 

1.4478 

1.5041 

1.5265 


v r 

0.2890 

0-3006 

0.3342 

0.3814 

0.4124 


V r 

0.1624 

0.1867 

0.2547 

0.3417 

0.38S9 

0.1 

Vo 

0.0000 

0.22&5 

0.3594 

0.2775 

0.0000 

0,4 

Vo 

0.0000 

0-1915 

0.2893 

0.2161 

0.0000 


p 

1.0097 

0.9082 

0.7120 

0.6003 

0.5822 


P 

0.9608 

0.8806 

0.7191 

0.6068 

0.5753 


p 

1.7029 

1.5708 

1.3026 

1.1440 

1.1544 


P 

1.6436 

1.5423 

1,3304 

1.1814 

1.1446 
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TABLE VIII-2-1 (Cont'd.) 


/7 3 8 


Men =° - _ p c = 15* a - 10“ 


£ 

\ . 

0“ 

£ 


6° 

0 

45 

90 

t3C> 

180 

0 

fro 

9 r> 

1 05 

18A 


V* 

1.3003 

1.4157 

1,4018 

1.5161 

1.5374 


Vx 

1.4472 . 

1.4631 

1.3058 

\ . 

1,57.48 


V, 

0.1031 

0.1311 

0.2185 

0.3192 

0.3700 


v r 

0.0021 

0.0145 

0.1516 

0.2657 

0.3204 

o.e 

r« 

0.0000 

0.1799 

0.2083 

0,1994 

0-0000 

1.0 

Vo 

0.0000 

0,1712 

0.2516 

0.1873 

0.0000 


p 

0.9185 

0.8491 

0.7058 

0,5983 

0.5646 


p 

0.8161 

0.7641 

0,6500 

0.5500 

0.5178 


p 

1.591f> 

1.5051 

1.3189 

1.1744 

1.1293 


p 

1.4627 

1.3975 

1.2178 

1.1083 

1.0617 


v x 

1.4-201 

1.4378 

1.4822 

1.5302 

1.5512 









v r 

0.0522 

0.0890 

0.1808 

0.2972 

0.3501 








0.8 


0.0000 

0.1737 

0.256(5 

0.1902 

0.0000 


w x 

0.5630 

0.5909 

0.6755 

0.8037 

0.8795 


p 

0.8715 

0.8118 

0.0849 

0.5832 

0.5487 









p 

1.5330 

1.4587 

1.2040 

1.1552 

1.1065 









M^=2_ • P c =20° _ _ a = 5“ 


5 


0° 

£ 


0“ 

a 

45 

90 

135 

180 

0 

45 

30 

105 | 

iso 


Vx 

1.2541 

1.2703 

1.3108 

1.3535 

1.3787 


V x 

1.3187 

1.3636 

1.3970 

1.4333 i 

1.1171 


V r 

0.4565 

0.4623 

0.4771 

0.4926 

0.5018 


V r 

0.2198 

0.2650 

0.3033 

0.3112 ! 

0.3622 

0 

Vo 

0.0000 

0.1217 

0.1820 

0.1360 

0.0000 

0.6 

Vo 

0,0000 

0.0928 

0.1316 

0.0976 j 

O.OIII 10 


P 

1.0615 

1.0087 

0.8972 

0.8112 

0.7839 


P 

0.9759 

0.9353 

0.8442 

11.7631 

0.7331 


P 

1.7613 

1.6982 

1.5620 

1.4534 

1.4262 


P 

1.6586 

1.6108 

1.5005 

1.3988 

1.3596 


V x 

1.2729 

1.2894 

1.3304 

1.3732 

1.3912 


V x 

1.3766 

i.3896 

1.1221 

1.4560 

1.17o1 


V r 

0.4072 

0.4152 

0.4359 

0.4589 

0.4694 


v r 

0.2015 

0.3219 

0,2618 

0.3007 

0.3390 

0.1 

Vo 

0.0000 

0.1138 

0.1688 

0.1250 

0.0000 

0.8 

Vo 

0.0000 

0.0893 

0.1287 

0.11930 

O.i >1IOO 


p 

1.0572 

1.0066 

0.8982 

0.8110 

0.7815 


P 

O.9307 

0.8936 

(1.8(193 

0.7335 

0,7o3u 


p 

1.7561 

1.6970 

1.5074 

1.4600 

1.4231 


P 

1.6033 

1,5593 

1,4560 

1.3581 

1.3195 ' 


V* 

1.2899 

1.3058 

1.3454 

1.3861 

1.4030 


V x 

1.4073 

1.4197 

1.4511 

1.4851 

1.5003 


V r 

0.3605 

0.3763 

0.4014 

0.4295 

0.4423 


V r 

0.1600 

0.1792 

0.2256 

0.3731 

0-3919 

0.2 

Vo 

0.0000 

0.1075 

0.1584 

0.1165 

0.0000 

1.0 

Vo 

0.0000 

0.0872 

0.1253 

0.0902 

0.0000 


P 

1.0466- 

0.9981 

0.8931 

0.8061 

0.7756 


P 

0.8763 

0.8426 

0.7645 

0.6904 

0.6609 


P 

1.7436 

1.6870 

1.5615 

1.4540 

1.4155 


P 

1.5358 

1.4952 

1.3980 

1.3019 

1.2625 


V x ■ 

1.3205 

1.3354 

1.3721 

1.4097 

1.4253 









V r 

0.3016 

0.3143 

0.3468 

0.3824 

0.3983 








0,4 

' Vo 

0.0000 

0.0985 

0.1438 

0.1048 

0.0000 


W x 

0.7260 

0.7402 

0.7788 

0.8248 

0.8166 


P 

1.0152 

0.9709 

0.8727 

0.7882 

0.7573 









P 

1.7060 

1.6540 

1.5363 

1,4310 

1.3915 
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TABLE VIII-2-1 (Cont'd.) 


/73 9 


_Mro = 2_ _ P c = 20° a =10° 


1 


0” 

5 



0 

45 

90 

l :t5 

180 

0 

45 

90 

18ft ! 

ISO 



1.1705 

1.2009 

1,2857 

1.3731 

1.1201 


v x 

1.2780 

1.3011 

1.3705 

Mill 

l. 1709 


Vr 

0.4282 

0,4393 

0.4080 

0.4999 

0.5192 


Vr 

0.2025 

0.2322 

0.3080 

o,3!) ill 

ii. 1353 

0 

Vo 

0.0000 

0.2293 

0.3G2G 

0.2805 

0.0000 

0.6 

Vo 

0.0000 

0.1795 

0.2000 

0.1985 

O.t" ii ii'i 


P 

1.2318 

1.1081 

0.8594 

0.7085 

0.0828 


P 

1.1310 

1.0413 

0.S337 

0.7010 

0.0510 


p 

1.9501 

1.8053 

1.5053 

1.3114 

1.2931 


P 

1.8350 

1.7350 

1.5107 

1,3177 

1.2507 


v x 

1.1908 

1.2275 

1.3073 

1.3952 

1-4323 


v x 

1.3073 

1.3314 

1.3932 

1.4011 

1.49iil 


V r 

0.3750 

0.3900 

0.4301 

0.4791 

0.5011 


V r 

0.1531 

0.1877 

0.117 »3 

0,3f>7l> 

0.41O1 

0.1 

Vo 

0.0000 

0.2153 

0.3319 

0.2599 

0.0000 

0.8 

Vo 

0.0000 

0.1737 

0.2519 

0.1881 

0.00> in 


P 

1.2297 

1.1109 

0.8735 

0.7178 

0.6818 

I 

P 

1.0811 

1.0014 

0.8272 

0.0801 

0.0291 


P 

1,9443 

1.8(10 

1.5311 

1.3371 

1.2918 

1 

1 

P 

1.7738 

1.0812 

1.1777 

1.2.892 

1.2 IDS 


V x 

1.2130 

1.2151 

1.3222 

1.4051 

1.4391 

1 

V x 

1.3384 

1.3004 

1.4183 

1.4805 

1,5189 


Vr 

0.3307 

0.3191 

0.3982 

0.4582 

0.4890 


V r 

0.1059 

0.1151 

0.2100 

0.3373 

0.3781 

0.2 

Vo 

0.0000 

0.2043 

0.3139 

0.2403 

0.0000 

1 1.0 

Vo 

0.0000 

0.1700 

0.2177 

0.1821 

0.0000 


P 

1.2172 

1.1052 

0.8783 

0.7208 

0.0788 

1 

P 

1.0205 

; 0.9199 

0.7917 

0.0182 

0.5930 


P 

1.9302 

1.8052 

1.5391 

1.3424 

1.2878 

; 

P 

1.7018 

1 1.6222 

1.4323 

1.2153 

1.1093 


V x 

1.2479 

1.2701 

1.3470 

1.4232 

1.4542 

j 








V r 

0.2395 

0.2839 

0.3480 

0.4230 

0.4009 

! 







0.4 

Vo 

0.0000 

0.1890 

0.2818 

0.2143 

0.0000 

i 








P 

1.1801 

1.0800 

0.8720 

0.7157 

0,0080 


w x 

0.6927 

0.7170 

0.7890 

0.SS91 

0.9117 


P 

1.8880 

1.77GG 

1.5330 

1.3303 

1.2731 









Mco=2 P c = 3*'° a = S>“ 


i 




0° 





0° 

0 

4 5 

90 

195 

180 

l 

0 

45 

00 

18ft 

1 So 


Vx 

0.9499 

0.9089 

1.0100 

1.0052 

1.11.30 


v x 

0.9752 

0.9909 

1.0511 

1.1082 

1. J3JS 


Vr 

0,5181 

. 0.5591 

0.5800 

0.0150 

0.012(1 


V r 

0.5001 

0,52011 

0.5501 

0.5937 

0.0100 

<> 

Vo 

O.OHOO 

l). 10(14 

0.1507 

0.1153 

O.OOl 10 

0.1 

Vo 

0.0000 

0.10 Ui 

0. 1538 

0.1131 

O.lHHM 


P 

1.5330 

1.4072 

1.3229 

1.2012 

1.1580 


P 

1.5282 

! , il> W > 

1.3220 

1.1991 

1.1517 


P 

2.2371 

2.1080 

2.0135 

1.8791 

1.8012 


P 

2.2321 

2.1093 

2.0281 

1.9053 

1.8005 


i,rL\-_^3£&iaZ!_ r . 





TOOT 


TABLE VIII-2-1 (Cont'd.) 


/740 


Moo ^ 0 C => 30* cc = 6* 


t 


0- 

, 


0* 

0 

45 

90 

i:i5 

180 

0 

45 

90 

1 35 ' 

180 

■ 

Vx 

0.9083 

1.0196 

1.0725 

1.1275 

1.1509 


V* 

1.1126 

•1.1307 

1.1760 ! 

1,2238 

1.2444 


V, 

0.4711 

0.48GG 

0.5252 

0.5655 

0.5828 


v r 

0.3313 

0.3521 

0.4023 

0.4524 

0.4731 

0.2 

V* 

0.0000 

0.1021 

0,1498 

0.1102 

0.0000 

0.8 

Vo 

0.0000 

0,0927 

1.1334 , 

0.0962 

0.0000 


P 

1.5159 

1.4536 

1.3145 

1.1920 

1.1466 


p 

1.3773 

1.3205 

1.2077 

1.0945 

1.0494 


P 

2.2193 

2.1590 

2.0216 

1.8978 

1.8511 


p 

2,0723 

2.0235 

1.9051 

1.7865 

1.7376 


V, 

1.0397 

1.0600 

1.1100 

1.1618 

1.1837 


v x 

1.1482 

1.1653 

1.2087 

1.2558 

1.2706 


v r . 

0.4143 

0.4319 

0.4753 

0.5200 

0.5390 


V T 

0.2971 

0.3191 

0.3717 

0.4231 

0.4440 

0.4 

V« 

0.0000 

0.0979 

0.1427 

0.1043 

0,0000 

1.0 

Vo 

0.0000 

0.0912 

0.1305 

0.0935 

0.0000 


p 

1.4783 

1.4200 

1.2874 

1.1672 

1.1212 

. 

P 

1,3173 

1.2702 

1.1579 

1.0479 

1.0*730 


p 

2.1798 

2.1238 

1.9931 

1.8700 

1.8218 


P 

2.0075 

1.9618 

1.8490 

1.7320 

1.6823 


V S 

1.0772 

1.09G3 

1.1438 

1.1933 

1,2143 









v r 

0.3093 

0.3880 

0.4358 

0.4830 

0.5037 








0.6 

V# 

0.0000 

0.0949 

0.1374 

0.0997 

0.0000 









p 

1.4310 

1.3765 

1.2508 

1.1339 

1.0883 


w x 

1,0893 

1.0995 

1.1248 

1,1504 

1.1603 


p 

2.1297 

2.0774 

1.9530 

1.8321 

1,7834 









Mco— 3 0 c =i 5 * a »= 5 ° 


5 


0 • 

i 



0 

45 

90 

135 

180 

0 

45 

90 

135 

180 


V x 

1.7049 

1,7182 

1.7522 

1.7891 

1.8145 


V* 

1.7238 

1.7379 

1.7734 

1.8108 

1.8266 


V r 

0.4568 

0.4604 

0.4695 

0.4794 

0.4862 


V T 

0.3904 

0.3970 

0.4142 

0.4347 

0.4448 

0 

Vo 

0.0000 

0.1295 

0.1992 

0.1540 

0.0000 

0.2 

Vo 

0.0000 

0.1207 

0.1822 

0.1379 

0.0000 


P 

0.8213 

0,7577 

0.6263 

0.5301 

0.5024 


P 

0.8129 

0.7533 

0.6277 

0,5300 

0.4985 


P 

1.9929 

1.8815 

1.6422 

1.4578 

1.4232 


P 

1,9783 

1.8781 

1.6578 

1.4761 

1.4152 


Vx 

1.7146 

1.7289 

1.7651 

1.8040 

1.8206 


Vx 

1.7410 

1.7545 

1.7884 

1.8237 

1.8384 


Vr - 

0.4216 

0.4268 

0.4404 

0.4505 

0.4643 


V r 

0.3363 

0.3456 

0.3G95 

0.3971 

0.4105 

0.1 

v* 

0.0000 

0.1250 

0.1903 

0.1456 

0.0000 

0.4 

Vo 

0.0000 

0.1138 

0.1692 

0.1260 

0.0000 


P 

0.8190 

0.7574 

0.6288 

0,5314 

0.5014 


P 

0.7929 

0.7372 

0.6181 

0.5216 

0,4887 


P 

1.9889 

1,8847 

1.6583 

1.4781 

1.4210 


P 

1.9434 

1.8502 

1.6411 

1.4599 

1.3952 




1002 


TABLE VIII-2-1 (Cont'd.) 


/m 


Mg, = 3 =15° ot = 5° 





l 


tf° 



0 

45 

90 

135 

180 


0 

45 

90 

135 

ISO 


Vx 

1.7576 

1.7704 

1.8027 

1.8364 

1.8507 


v x 

1.7933 

1.8049 

1.8347 

1.8682 

1.8833 


V r 

0.2893 

0.3012 

0.3311 

0.3641 

0.3795 


Vr 

0.2010 

0.2177 

0.2571 

0.2953 

0.3106 

0.6 

v* 

0.0000 

0.1089 

0.1599 

0.1177 

0.0000 

• 1.0 

Vo 

0.0000 

0.1036 

0.1490 

0.1081 

0.0000 


P 

0.7651 

0.7138 

0.6016 

0.5070 

0.4744 


p 

0.6891 

0.6459 

0.5481 

0.4394 

0.4231 


P 

1.8951 

1.8085 . 

0.6103 

1.4321 

1.3659 


p 

1.7581 

1.6842 

1.5074 

1.3337 

1.2631 


v x 

1.7745 

1.7867 

1.8175 

1.8503 

1.8644 









Vr 

0.2456 

0.2600 

0.2952 

0.3322 

0.3487 








0.8 

Vo 

0.0000 

0.1056 

0.1533 

0.1119 

0.0000 


w x 

0.4384 

0,4476 

0.4735 

0.5067 

0.5237 


P 

0.7315 

0.6840 

0.5790 

0.4882 

0.4550 









P 

1.8347 

1.7545 

1.5674 

1.3928 

1.3259' 










Moo = 3 



Pc = 

15° 



cc 

= 10° 





0 ° 



fl° 

S 


0 

45 

90 

135 

180 

5 

X, 

0 

45 

90 

1.15 

ISO 


v x 

1.6315 

1.6558 

1.7205 

1.7970 

1.8522 


V x 

1.0870 

1.7105 

1.7710 

1.8390 

1.8672 


V r 

0.4371 

0,4437 

0.4610 

0.4815 

0.4903 


V T 

0.2576 

0,2821 

0.3453 

0.4179 

0.4575 

0 

Vo 

0.0000 

0.2308 

0,3919 

0.3338 

0.0000 

0.6 

Vo 

0.0000 

0.2077 

0.3139 

0.2427 

0.0000 


P 

1.0437 

0.8882 

0.5900 

0.4200 

0.4059 


p 

0.9703 

0.8574 

0.617S 

0.4432 

0.3946 


P 

2.3214 

2.0087 

1.5445 

1.2128 

1.2230 


p 

2.2132 

2.0.337 

0.6345 

1.3008 

1.1988 


Vx 

1.0410 

1.0076 

1.7303 

1.8174 

1.8530 


V x 

1.7016 

1.7265 

1.7830 

1.8485 

1.8771 


V r 

0.4001 

0.4098 

0.4365 

0.4716 

0.4937 


V r 

0.2102 

0.2407 

0.3168 

0.3974 

0.4376 

0.1 

Vo 

0,0000 

0.2297 

0.3724 

0.3103 

0.0000 

0.8 

Vo 

0.0000 

0.2039 

0.3012 

0.22S6 

0.0000 


P 

1.O410 

0.8919 

0.0043 

0.4315 

0.4057 


p 

0.9352 

0.8281 

0.6075 

0.4359 

0,3830 


P 

2.3171 

2.0831 

1.5931 

1.2081 

1.2228 


p 

2.1403 

1.9835 

1.6170 

1.2857 

1.1735 


Vx 

1,6513 

1.6772 

1.7450 

1.8226 

1.8546 


v x 

1.7236 

1.7435 

1.7960 

1.8615 

1,8950 


Vr 

0.3009 

0.3790 

0.4142 

0.4596 

0.4880 


v r 

0.1031 

0.1999 

0.2SS5 

0.3726 

0.4063 

0.2 

Vo 

0.0000 

0.2235 

0.3565 

0.2914 

0.0000 

1.0 

Vo 

0.0000 

0.2022 

0.2926 

0.2185 

0,0000 


P 

1.0337 

0.8910 

0.61.34 

0.4380 

0.4051 


p 

0.8852 

0.7907 

0.5898 

0.4204 

0.3595 


P 

2.3055 

2.0844 

1.0105 

1.2875 

1.2214 


p 

2.0038 

1.9221 

1.5816 

1.2531 

1.1215 


Vx 

1.0095 

1.6945 

1.7588 

1.8307 

1.8598 









Vr ■ 

0.3087 

0.3272 

0.3707 

0.4379 

0.4744 








0.4 

Vo 

0.0000 

0.2140 

0.3317 

0.2620 

0.0000 


W x 

0.4176 

0.4323 

0.4789 

0.5526 



P 

1.0096 

0.8789 

0.6206 

0.4446 

0.4016 









P 

2.2070 

, 2.0678 

1.0367 

1.3028 

1.2139 











1003 


TABLE VIII-2-1 (Cont'd.) 


/7it2 


M a , = 3 f) c ™ 20“ ' a ---5° 


i 


ft" 



0® 

0 

45 

1)0 

U5 

180 

0 

45 

90 

I.'i5 

180 


v x 

1.0730 

1.0880 

1.0203 

1.0009 

1.7076 


p* 

1.6370 

1.6037 

1.0903 

1.7390 

1.7077 


V T 

0.0727 

0.5782 

0.0919 

0.6067 

0.6210 


V r 

0.4198 

0.4321 

0,4620 

0.4923 

0.5002 

0 

Vo 

0.0000 

0.1132 

0.1716 

0.1309 

0,0000 

0.6 

Vo 

0.0000 

0.1086 

0.1080 

0,1162 

O.OOiiO 


p 

1.0808 

1.0044 

0.8417 

0.7117 

0.6686 


p 

1.0206 

0.9040 

0,8078 

0.6796 

0.6322 


p 

2.3673 

2.2466 

1.9801 

1.7500 

1.7347 


p 

2.2724 

2.1787 

1.9080 

1.7490 

1.6668 


Vx 

1.0800 

1.6027 

1.6176 

1.6906 

1.7164 


V x 

1.6070 

1.0730 

1,7136 

1.7060 

1.7703 


v r 

0.0422 

0.0400 

0.0683 

0.5887 

0.0978 


l'r 

0.3779 

0.3922 

0.4261 

0.4089 

0.4721 

0.1 

V« 

0.0000 

0.1137 

0.1712 

0.1300 

0.0000 

0.8 


0.0000 

0.1071 

0.1040 

0.1120 

O.OikiO 


p 

1.0780 

1.0036 

0.8427 

0.7118 

0.6672 


P 

0.9821 

0.9201 

0.7807 

0.0003 

0.6(177 


p 

2.3637 

2.2544 

2.0111 

1.8041 

1.7321 


P 

2.2108 

2.1230 

1.9122 

1.7040 

1.62U2 


Vx 

1.5001) 

1.6137 

1, G 5 S 1 

1.7049 

1.7249 


V x 

1.6797 

1.6919 

1.7337 

1.7769 

1.7965 


Vr 

0.0143 

0.0227 

0,0438 

0.0065 

0,0767 


. V r 

0.3360 

0.3022 

0.3897 

0.4231 

0.4306 

0.2 

v « 

0.0000 

0.1129 

0,1688 

0.1272 

0.0000 

1.0 

Vo 

0.0000 

0.1061 

0,1010 

0 .,1086 

O.uOOo 


p 

1.0723 

0.9089 

0,8404 

0.7092 

0.6630 


P 

0.9344 

0.8770 

0.7403 

0.6220 

0.0738 


p 

2.3540 

2.2484 

2,0101 

1.8010 

1.72.02 


P 

2.1336 

2.0518 

1,8505 

1.64.32 

1.5003 


Vx 

1.6168 

1.6341 

1,6772 

1.7222 

1,7413 









V 

0 4P/.4 

( M 7 /iS 

0 0004 

0.5272 

0,0391 








0.4 

¥ r 

r <> 

o!oooo 

0.1106 

0,1033 

0.1213 

oiouoo 









P 

1.0510 

0.9811 

0,8280 

0.6977 

0.6508 


Wx 

0.5457 

0.5027 

0.0716 

0.0911 

0.6048 


p 

2.3206 

2.2211 

1,9918 

1.7815 

1.7016 










>100=3 



f*c = 

20® 



a 

= 10® 




N. 

0° 



D* 

£ 


0 

45 

90 

135 

180 

l 


0 

4 5 

80 

135 

180 


V x 

1.4872 

1.5155 

1.5893 

1.6748 

1.75 G 6 


V x 

1.4993 

1.5322 

1,6176 

1.7167 

1.7 G 22 


V T 

. 0.5413 

0.5516 

0.5785 

0.6096 

0.6394 


V, 

0.5088 

0.5230 

0.5005 

0.6026 

0.6246 

0 

Vi) 

0.0000 

0.2128 

0.3428 

0.2842 

0,0000 

0.1 

Vo 

0.0000 

0.2130 

0.3371 

0.2762 

0.0000 



1.3423 

1.1617 

0.8069 

0.5745 

0.5255 


p 

1.3396 

1.1640 

0.8163 

0.0807 

0.5248 


p 

2.6884 

2.4247 

1.8690 

1.4662 

1.4683 


p 

2.6843 

2.4449 

1.9329 

1.5537 

1.4669 




1004 


TABLE VIII-2-1 (Cont'd.) 


7743 


M co = 3_'_3^=20° a = 10° 


i 


0° 

i 


0• 

0 

45 

00 

135 

ISO 

0 

4 5 

90 

135 

180 


v x 

1.5111 

1,5442 

1.0295 

1.7259 

1.7077 


v x 

1.5703 

1.6055 

1.6804 

1.7007 

1.8004 


V r 

0.4791 

0.4957 

0.5380 

0.5862 

0.0111 


v r ' 

0.3320 

0.3037 

0.4375 

0.5008 

0.5357 

0.2 

v« 

0.(XI00 

0.2121 

0.3310 

0.2083 

0.0000 

| 0.8 

Vo 

0.0000 

0.2081 

0.3040 

0.2275 

0.0000 


P 

1.3322 

1.1018 

0.8218 

0.5842 

0.5228 

• 

p 

1.2242 

1.0887 

0.8021 

0.5003 

0.4859 


P 

2.0742 

2.4407 

1.9534 

1.5082 

1.4028 


p 

2.5170 

2.3173 

1.9410 

1.5424 

1.3SS4 


P* 

1.5333 

1.5050 

1.6484 

1.7400 

1.7792 


Px- 

1.5992 

1.0202 

i. G%r> 

1.7820 

1.8270 


V r 

0.4250 

0.4470 

0.5000 

0.5571 

0.5858 


V, 

0.2883 

0,3245 

0.40S7 

0.4800 

0.5032 

0.4 

V’O 

I). 0000 

0.2102 

0.3208 

0.2523 

0.0000 

1.0 

Vo 

O.IXXX) 

0.2083 

0.2984 

0.2182 

0.0000 


P 

1.3007 

1.1474 

0.8238 

0.5847 

0.5153 


p 

1.1685 

1.0401 

0.7802 


0.4580 


P 

2.0370 

2.4305 

1.9082 

1.5746 

1.4478 


p 

2.4348 

2.2834 

1.905S 

1.5053 

1.3310 


P* 

1.5540 

1.5850 

1.0647 

1.7531 

1.7917 









v r 

0.3770 

0.4037 

0.4073 

0.5314 

0.5614 








0.0 

V« 

0.0000 

0.2088 

0.3115 

0.2387 

0.0000 









p 

1.2700 

1.1225 

0.8100 

0.5784 

0.5033 


W x 

0.5322 

0.5444 

0.5813 

0.6328 

0.6008 


p 

2.5837 

2.3962 

1.9621 

1.5647 

1.4237 







' 


Mea°3_ 3 C = 30” a = 5“ 


5 



£ 



0 

45 

90 

135 

180 

0 

•15 

99 

135 

ISO 


V x . 

1.2480 

1.2047 

1.3004 

1.3502 

1.4272 


V x 

1.2780 

1.3027 

1.3027 

1.4258 

1.4529 


Pr 

0.7206 

0.7302 

0.7543 

0.7795 

0.8240 


V r 

0.0097 

0.6854 

0.7239 

0.7040 

0.7810 

0 

Vo 

0.0000 

0.0950 

0.1398 

0.1028 

0.0000 

0.2 

Vo 

0.0000 

0.1053 

0.1519 

0.1147 

O. 0 OO 0 


P 

1.7089 

1.6121 

1.3980 

1.2148 

1.1479 


1> 

1.0989 

1.6045 

1.3940 

1.2095 

1.1408 


P 

3.0491 

2.9248 

2.0424 

2.3895 

2.4447 


P 

3.0301 

2.9380 

2.7143 

2.5119 

2.4353 


P* 

1.2636 

1.2870 

1.3475 

1.4121 

1.4402 


V x 

1.3073 

1.3310 

1.3898 

1.4500 

1.4705 


Pr 

0.G942 

0.7088 

0.7454 

0,7844 

0.8014 


Vr ' 

0.0250 

0.6428 

0.0847 

0.7272 

0.7150 

0.1 

Vo 

0.0000 

0.1020 

0.1501 

0.1112 

0. OIK 10 

0.4 

Vo 

0.0IXX) 

0.1091 

0.1594 

0.1172 

o.oixm 


P 

1.70G3 

1.0100 

1.3983 

1.2138 

1.1402 


p 

1.6730 

1.5819 

1.3704 

1.1928 

1.1231 


P 

3.0458 

2.9442 

2.7142 

2.5151 

2.4434 


P 

3.0032 

2.9114 

2 . GG55 

2.4900 

2.4o80 




1005 


TABLE VIII-2-1 (Cont'd.) 


/m 


Mco — 3 _ fl c ® 30* a--6° 


6 


0 

43 

00 

105 

181) 

« 


0 ! 

45 ] 

90 | 

135 j 

18<’ 


V* 

1.3351 

1.3580 

1.4149 

1.4741 

1.4995 


Vx 

1.3908 

1.4118 

1,4651 1 

1.5213 . 

1,5467 


v r 

0.5860 

0.6048 

0.6197 

0,6945 

0.7129 


V r 

0.5141 

0.5358 



0,6534 

0.6 

t'o 

O.tXlOO 

0.1112 

0.1613 

0,1176 

o.oooo | 

1.0 

Vo 

o.oooo 

0.1138 

0.1625 : 

0.1164 : 

O.f/K.O 


P 

1.6352 

1,5479 

1.3490 

1.1677 

1.0977 j 


P 

1.5302 

1.4521 

1.2639 ' 

1.0950 • 

1.0254 


P 

2.95-17 

2.8083 

2.6600 

2.4539 

2.3691 


P 

2.8178 

2.7423 

2.5501 ] 

2.3154 

2.2566 



1.3C26 

1.3846 

1.4397 

1.4975 

1.5224 1 





I 

1 



v r 

0.5494 

0.5690 

0.6175 

0.6641 

0.6831 








0.8 

Vo 

0.0000 

0.1127 

0.1621 

0.1172 

0.0000 


W x 

0.8254 

0.8293 

0.8380 

0.8467 

0.8498 


P 

1.5876 

1.5047 

1.3132 

1.1352 

1.0650 









P 

2.8929 

2.8119 

2-6118 

2.4060 

2.3196 










Mo, = 3 



II 

Co 

o 

o 



a 

= iC” 



0° 



0” 

l 

\ 

0 

-45 

00 

135 

180 

6 


0 

45 

90 

135 

180 


v« 

1.1392 

1.1724 

1.2580 

1.3535 

1.4973 



1.2333 

1.2760 

1.3865 

1.5069 

1.5597 


v. 

0.6577 

0.6769 

0.7263 

0.7814 

0.8644 


v r 

0.5125 

0.5508 

0.6125 

0.732.3 

0.7700 

0 

v* 

0.0000 

0.1872 

0.2882 

0.2221 

0.0000 

0.6 

Vo 

0.0000 

0.2149 

0.3175 

0.2400 

0.0000 


p 

2,0196 

1.8014 

1.3517 

1.0156 

0,9154 


p 

1.9330 

1.7457 

1.3388 

0.9906 

0.8772 


p 

3.3111 

3.0515 

2.4856 

2.0204 

2.1282 


p 

3.2091 

3.0393 

2.6297 

2.2247 

2.0041 


V’x 

1.1560 

1.2003 

1.3152 

1,4469 

1.5090 


V x 

1.2630 

1.3041 

1.4092 

1.5270 

1.5800 


v r 

0.0294 

0.6569 

0.7276 

0.8075 

0.8446 


v r 

0.4729 

0.515O 

0.6140 

0.7071 

0.7443 

O.i 

Vo 

0.0600 

0.1965 

0.2989 

0.2329 

0.0000 

0.8 

Vo 

o.oooo 

0.2193 

0.3194 

0.2370 

o.oooo 


P 

2.0165 

1.8023 

1.3573 

1.0181 

0.9139 


p 

1.8771 

1.7027 

1.3158 

0.9761 

0.85)9 


P 

3.3075 

3.0858 

2.6022 

2.2259 

2.1257 


p 

3.1425 

2.9901 

2.6055 

2.1953 

2.0216 


V, 

1.1721 

1.2175 

1.3334 

1.4622 

1.5198 


v x 

1.2933 

1.3.317 

1.4315 

1,5476 

1.6024 


v r 

0.6030 

0.6332 

0.7091 

0.7909 

0.8273 


v r 

0.4350 

0.4809 

0.5872 

0.6828 

0.7179 

0.2 

V# 

0.0000 

0.2021 

0.3063 

0.2389 

0.0000 

■ 1.0 

Vo 

0.0000 

0.2230 

0.3203 

0.2334 

0.0000 


p 

2,0078 

1.7983 

1.3592 

1.0180 

0.9100 


p 

1.8102 

1.6498 

1.2853 

0.9492 

0.8191 


p 

3.2974 

3.0887 

2.6247 

2.2405 

2.1191 


p ' 

3.0621 

2.9269 

2.5682 

2.1541 

j 1.9658 


v x 

1.2032 

1.2482 

1.3621 

1.4860 

1.5400 









V r 

0.5553 

0.5898 

0,6739 

0.7598 

0,7971 








0.4 

v« 

0,0000 

0,2096 

0.3139 

0.2416 

0.0000 


Wx 

0.8257 

0.8343 

0.8559 

0.8753 

0.8802 


p 

1,9774 

1.7783 

1.3539 

1.0109 

0.8966 









p 

3.2616 

3.0736 

2.6385 

2.2416 

2.0969 
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1 


TABLE VIII-2-1 (Cont'd. 


) 





Moo = 5 



Pc = 

15' 



a 

= 5® 





I 



0° 

% 


0 

45 

90 

135 

180 

& 


0 

4 5 

90 

135 

180 


v x 

1.9796 

1.9905 

2.0186 

2.0501 

2.0929 


v* 

2.0104 

2.0247 

2.0607 

2.0993 

2.1161 


V r 

0.5304 

0.5333 

0.5409 

0.5493 

0.5608 


V r 

0.4252 

0.4346 

0.4561 

0.-'i7l>2 

0.48 »3 

0 

Vo 

0.0000 • 

0.1070 

0.1663 

0.1316 

0.0000 

0.6 

Vo 

0.0000 

0.1202 

0.1763 

0.1316 

0.0000 


p 

0.7716 

0.6884 

0.5168 

0.3873 

0.3476 


p 

0.7389 

0.6619 

0.5069 

0.3768 

0.3316 


p 

3.0009 

2.7663 

2.2538 

1.8342 

1.8645 


p 

2.9095 

2.7426 

2.3431 

1.9551 

1.8026 


v x 

1.9849 

1.9995 

2.0369 

2.0783 

2.0969 


V x 

2.0208 

2.0346 

2.0693 

2.1074 

’ 2.1215 


V r 

0.5111 

0.5157 

0.5273 

0.5401 

0.5461 


V r 

0.3933 

0.4049 

0.4311 

0.4529 

- 0.4605 

0.1 

Vo 

0.0000 

0.1123 

0.1722 

0.1355 

0.0000 

0.8 

Vo 

0.0000 

0.1217 

0.1757 

0.1285 

' 0,0000 


, P 

i 0.7705 

0.6885 

0.5182 

0.3880 

0.3471 


P 

0.7159 

0. f» tt>3 

0.4951 

0 . 

. 0.3199 


1 P 

2.9979 

2.7907 

- 2.3505 

1.9810 

1.8623 


P 

2.8447 

2.6901 

2.30S5 

1.9179 

1.7569 


: v * 

1.9900 

2.0049 

- 2.0-125 

2.0831 

2.1008 


V* 

2.0320 

2.0450 

, 2.0785 

j 2.1166 

, 2.1347 


l V r 

0.4927 

0.4982 

| 0.5117 

0.5260 

0.5326 

1 

V r 

0.3607 

0.3748 

0.4056 

1 0.42S2 

0.4335 

0.2 

1 Vo 

0.0000 

0,1150 

1 0.1748 

0.1363 

0.0000 

1.0 

I'a 

0.0000 

0.1231 

0.1749 

0.1255 

i 0.0000 


P 

0.7674 

0.6867 

! 0.5183 

0.3876 

0.3456 


p 

0.6868 

0.6221 

0.4789 

0.351S 

; 0.3033 


1 P 

2.9894 

2.7967 

| 2.3621 

1.9864 

1.8565 


p 

2.7616 

2.6199 

2.2575 

1.86-10 

1 1.6913 


! 

2.0002 

2.0150 

2.0520 

2.0914 

2.1083 









: V r 

0.4580 

0.4653 

0.4828 

0.5001 

0.5078 








0.4 

Vo 

0.0000 

0.1181 

' 0.1764 

0.1345 

0.0000 







1 


p 

1 0.7561 

0.6785 

0.5147 

0.3839 

0.3401 


w x 

0.3520 

0.3561 

0.3676 

0.3821 

0.3S93 


p 

2.9579 

2.7787 

2.3622 

j 1.9786 

1.8353 









Mqc = 5 -P c = 15'’ a =10- 


l 


O' j 

5 


0° 

0 

45 

00 

135 

180 

0 

4 5 

90 

135 

ISO 


V x 

1.8001 

1.9197 

1.9751 

2.0439 

2.1279 


V* 

1.9048 

1.9312 

2.0004 

2.0853 

2.1297 


Vr 

0.5089 

0.5144 

0.5292 

0.5477 

0.5702 


Vr 

0.4882 

0,1970 

0.5203 

0.5177 

0.5639 

0 

Vo 

o.oooo 

0.2011 

0.3346 

0.3070 

O.OO(K) 

0.1 

Vo 

0.0000 

0.2083 

0.3356 

0.2977 

0.0O00 


P 

•1.0700 

0.8668 

0.4897 

0.2623 

0.2296 


P 

1.0687 

0.8691 

0.4976 

0.2082 

0.229> 


P 

3.5095 

3.0193 

2.0079 

1.2855 

1.4016 


P 

3.5003 

3.0757 

2.1582 

1.4800 

1.4008 





1007 


TABLE VIII-2-1 (Cont’d.) 


n m 




= 5 



Pc = 

15° 



a 10° 







T>° 





1 ()" 

i 


0 

45 

90 

i:t5 

iso' 

1 5 


o 

j 45 


135 

ihU 


v x 

1.9104 

1.0377 

2.0OS2 

2.0910 

2.(312 


Vx 

1.9430 

1.0680 

’ 2.0318 

2.1070 

2.14.71 


V r 

0,4082 

0.4704 

0.5084 

0.5308 

0.5587 


V r 

0.3587 

0.3865 

0.4527 

0.5047 

0.5201 

0.2 

Vo 

O.IK'HH) 

0.2135 

0.3.382 

0.2018 

O.OOUO 

0.8 

Vo 

0.0000 

0.2352 

0.3400 

0.2606 

0.7/10 


p 

1.0048 

0.8700 

0.5044 

0.2732 

0.2200 


p 

0.0084 

0.8302 

0.5241 

0.2803 

0.2172 


p 

3.4072 

3.0031 

2.2154 

1.5308 

1.3988 


p 

3.3401 

3.0618 

2.3661 

1.6354 

1.3409 


v x 

1.0214 

1.9488 

2.0184 

2.0087 

2.1347 


V x , 

1.9561 

1.9700 

2.0374 

2.1106 

2.1546 


V r 

0.4303 

0.4464 

0.4871 

0.5259 

0.5478 


Vr 

0.3228 

0.3574 

0.4378 

0.4056 

0.4072 

0.4 

V* 

0,0000 

0.2218 

0.3405 

0.2813 

O.UO(K) 

1.0 

Vo 

O.OO(X) 

0.2413 

0.3407 

0.2493 

0.7 )OU 


p 

1.0505 

0.8659 

0.5146 

0.2811 

0.2270 


p 

0.9608 

0.8168 

0.5241 

0.2906 

0.2052 


p 

3.4636 

3.1037 

2.2003 

1.5866 

1.3003 


p 

3.2496 

3.0130 

2.3SU1 

1.6437 

1.2934 


V x 

1.0325 

1.9590 

2.0257 

2.1032 

2.1391 









\r 

o m\ 

O 41 SR 

O 40R8 

0 jyi/|5 

o r*3f»3 








0.6 

V# 

0.0000 

0^2288 

0* 34 H 

02724 

oloOOO 









p 

1.0282 

0.8554 

0.6210 

0.2863 

0.2234 


W x 

0.3460 

0.3530 

0.3763 

0.4140 

0.4363 


p 

3.4109 

3.0020 

2.3374 

1.6177 

1.3743 










Moo =5 



Pc = 

20° 



a = 5° 




\ 

*■> 

* 


0* 

l 


0 

45 

90 

i 35 

180 


0 

45 

90 

135 

180 


7 , 

1.8389 

1.8510 

1.8SI0 

1.0158 

1.9830 


Vx 

1.8522 

1.8714 

1.0108 

1.0714 

1.01138 


v r 

0.0603 

0.0737 

0.6850 

0.6973 

0.7217 


V r 

0.6338 

0.6421 

0.6625 

0.6837 

0.6028 

0 

V® 

0.0000 

0.0035 

0.1414 

0.1073 

o.oono 

0.2 

Vo 

O.UOOl) 

0.1090 

0.1624 

0.1233 

0.0000 


p 

1.0968 

0.9955 

0.7800 

0.6060 

0.54 GO 


p 

1.0020 

0.0028 

0.7708 

0.6049 

0.5442 


p 

3.5371 

3,3006 

2.7729 

2.3155 

2.4749 


p 

3.5262 

3.3516 

2.9523 

2.5056 

2.4659 


Vx 

1.8456 

1.8645 

1.0125 

1.9650 

1.0885 


Vx 

1.8052 

1.8845 

1.9323 

1.9825 

2.0040 


V T 

0.6512 

0.6587 

0.6775 

0.G077 

0.7067 


V r 

0.6004 

0.6104 

0.6341 

0.6574 

0.0071 

0.1 

Vo 

0.0000 

0.1034 

0.1548 

0.1178 

0.0000 

0.4 

Vo 

0.0000 

0.1163 

0.1714 

0.1283 

0.0000 


p 

1.0955 

0.9951 

0.7807 

0.6061 

0.5402 


p 

1.0789 

0.9825 

0.7738 

0.5980 

0.5369 


p 

3.5343 

3.3508 

2.9393 

2.5898 

2.4725 


p 

3.4959 

3.3346 

2.9523 

2.5862 

2.4422 
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TABLE VIII-2-1 (Cont'd.) /jjyj 


Mpo = 5_P e =- 20° ct = 5° 


( 


°° 1 



1ft 0 

ft 

45 

90 

135 

180 

0 

45 

90 

135 

180 


Vx 

1.878.3 

1.8971 

1.9438 

1.9930 

2.0142 


V x 

1.9058 

1.9232 

1.9069 

2,0148 

2.0364 


Vr 

0.5686 

0,5803 

0.007(1 

0.0329 

0.0430 | 


■ V r 

0.5001 

0.5217 

0,5505 

0.5851 

0.5943 

0.G 

Vo 

0.0000 

0.1214 

0.1708 

0.1304 

0.0000 

1.0' 

V* . 

0.0000 

0.1280 

0.1830 

0.1310 

O.OOtXI 


P 

1.0584 

0.9057 

0.7027 

0.5888 

0.5257 


p 

0.9901 

0.9131 

0.7258 

0.5560 

0.4908 


P 

3.4483 

3.2986 

2.9317 

2.5595 

2.4058 


P 

3.3020 

3.1755 

2.8413 

2.4G19 

2.2900 


Vx 

1.8917 

1.9099 

1,9552 

2.0030 

2.0248 









v r 

0.5375 

0.5511 

0.5820 

0.0092 

0.0192 








0.8 

>'# 

0.0000 

0.1254 

0.1804 

0.1311 

0.0000 


11'* 

0.4590 

0.4616 

0.4084 

0.4756 

0.4786 


P 

1.0302 

0.9427 

0.7408 

0.5747 

0.5106 









P 

3.3841 

3.2458 

2.8947 

2.5185 

2.3503 










M„ = 5. 



K- 

20° 



a 

-= 10° 








*• 

l 


0 

4 5 

90 

135 

(8ft 

& 


1) 

45 

90 

105 

IBrt 


V x 

1.7432 

1.7072 

1.8310 

1.9079 

2.0317 


Vx 

1.7800 

1.8220 

1.9109 

2.0105 

2.0558 


V r 

0.0345 

0.6432 

0.6664 

0.G944 

0.7395 


V r 

0.5236 

0.5490 

0.0087 

0.0601 

0.0798 

0 

Vo 

0.0000 

0.1831 

0.2945 

0.2479 

0.0000 

0.6 

Vo 

0.01X10 

0.2330 

0.3442 

0.2671 

0.0000 


P 

1.4452 

1,2064 

0.7439 

0.4350 

0.3021 


P 

1.3968 

1.1868 

0.7023 

0.4451 

0.3490 


P 

3.9538 

3.4754 

2.4004 

1.6789 

1.9125 


P 

3.8589 

3.5741 

2.8697 

2.1464 

1.S629 


V x 

1.7505 

1.7850 

1.8748 

1.9817 

2.0302 


Vx 

1.8016 

1.8352 

1.9202 

2.0178 

2.0645 


V r 

0.0148 

0,6289 

0.6650 

0.7000 

0.7274 


V r 

0.4888 

0.5193 

0.5895 

0.6448 

0.6611 

0.1 

Vo 

0.0000 

0.1969 

0.30GG 

0,2530 

0.0000 

0.8 

Vo 

0.0000 

0.2431 

0.3518 

0.2644 

O.lXHX) 


P 

1.4437 

1.2081 

0.7494 

0.4389 

5.3016 


P 

1.3017 

1.1656 

0.7011 

0.4434 

0.3392 


P 

3.9509 

3.5559 

2.6932 

2.0308 

1.9107 


P 

3.7894 

3.5429 

2.8933 

2.1507 

1.8253 


v x 

1.7577 

1.7930 

1.8855 

1.9909 

2.0402 


l''* 

1.8173 

1.8487 

1.9288 

2.0248 

2.0751 


V r 

0.5957 

0.6120 

0.6531 

0.0965 

0.7169 


V r 

0.4537 

0.4898 

0.5714 

0.6305 

0.6394 

0.2 

Vo 

0.0000 

0.20G5 

0,3181 

0.2617 

0.0000 

1.0 

Vo 

0.0000 

0.2520 

0.3577 

0.2603 

0,0000 


P 

1.4393 

1.2077 

0.7540 

0.4415 

0.3604 


P 

1.3172 

1.1372 

0,7565 

0.4396 

0.3249 


P 

3.9424 

3.5748 

2.7530 

2.0808 

1.9059 


P 

3.7005 

3.4929 

2.9014 

2.1441 

1.7700 


v x 

1.7721 

1.8084 

1.8999 

2.0021 

2.0479 









V r 

0.5590 

0.5797 

0.0298 

0.0771 

0.0980 








0./, 

Vo 

0.0000 

0.2213 

0.3337 

0.2073 

O.lXHX) 


Wx 

0,4571 

0.4624 

0.4782 

0.4983 

0.5055 


P 

1.4228 

1.2009 

0,7000 

0,4440 

0.3559 









P 

3.9101 

3.5801 

2.8208 

2,1273 

1.8892 
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TABLE VIII-2-1 (Cont'd.) 


/748 


= 5 |» = 30* a = 5’ 


■ 

{ 


0" 




ft 

43 

90 

135 

180 

0 

h fj 

on 

w> 

180 


Vx 

t .48,11 

1.4908 

1.5315 

1.5680 

1.0806 


V* 

1.5436 

1.5696 

1.6339 

1.7003 

1.7281 


V T 

0.8503 

0.8042 

0.8842 

0.9053 

0.9703 


v r 

0.7584 

0.7784 

0.8260 

0.8732 

0.8928 

0 

V* 

0.0000 

0.0805 

0.1172 

0.0844 

0.0000 

0.6 

V 0 

0.0000 

0.1249 

0,1809 

0.1319 

0.0000 


p 

1.8898 

1.7012 

1.4770 

1.2320 

1.1429 


p 

1.8360 

1.7160 

1.4453 

1.2020 

1.1098 


p 

4.3129 

4.1011 

3.6177 

3.1783 

3.5809 


p 

4.2248 

4.1212 

3.8684 

3.6127 

3.5065 


v* 

1.4934 

1.5196 

1.5860 

1.6577 

1.6892 


Vx 

1.5637 

1.5889 

1.0513 

1.7161 

1.7437 


v r 

0.8387 

0.8545 

0.8943 

0.9369 

0.9555 


V r 

0.7287 

0.7501 

0.8008 

0.8501 

0.8702 

O.i 

v* 

0.0000 

0.0959 

0.1397 

0.1025 

0.01X10 

0.8 

V# 

0.0000 

0.1315 

0.1892 

0.1369 

0.0000 


p 

1.8882 

1.7602 

1.4774 

1.2320 

1.1418 


p 

1.7976 

1.6825 

1.4198 

1.1794 

1.0869 


p 

4.3101 

4.1751 

3.8802 

3.6478 

3.5783 


p 

4.1615 

4.0678 

3.8283 

3.5685 

3.4548 


v x 

1.5035 

1.5303 

1.5909 

1.6672 

1.6975 


Vx 

1.5844 

1.6086 

1.6688 

1.7321 

1.7594 


V r 

0.8217 

0.8385 

0.8800 

0.9233 

0.9418 


V r 

0.6993 

0.7223 

0.7762 

0.8274 

0.8478 

0.2 

V<> 

0.0000 

0.1046 

0.1527 

0.1120 

0.0000 

1.0 

V* 

0.0000 

0.1368 

0.1956 

0.1104 

o.ooi X) 


p 

1.8833 

1.7564 

1.4750 

1.2294 

1.1386 


p 

1.7497 

1.6404 

1.3875 

1.1510 

1.0584 


p 

4.3021 

4.1759 

3.8932 

3.6534 

3.5713 


p 

4.0820 

3.9980 

3.7725 

3.5102 

3.3898 


V* 

1.5236 

1.5503 

1.6161 

1.6843 

1.7132 









y„ 

0.789'> 

0.807fi 

(L8523 

0.8074 

0.0184 








0.4 

Vo 

0.0000 

0.1165 

0.1096 

0.1240 

0.0000 









p 

1.8648 

1.7409 

1.4638 

1.2188 

1.1271 


w x 

0.7192 

0.7197 

0.7200 

0.7184 

0.7170 


p 

4.2720 

4.1581 

3.8917 

3.6422 

3.5456 









"M ro = 5 ■ g o = 30“ a= 10* 


t 


0" 

l 


0° 

0 

4 5 

00 

135 

180 

0 

45 

Oft 

1.15 

18ft 


V* 

1.3628 

1.3916 

1.4070 

1.5523 

1.7569 


V x 

1.3741 

1.4224 

1.5476 

1.1503!) 

1.7618 


v r 

0.7868 

0.8034 

0.8470 

0.8962 

1.0143 


v r 

0.7675 

0.7969 

0.8726 

(1.9594 

1,0008 

0 

Vo 

0.0000 

0.1648 

0.2508 

0.1858 

0.0000 

0.1 

Vo 

O.(XKX) 

0.1870 

0.2789 

0.2127 

0.01X10 


p 

2.3023 

2.0125 

1.4173 

0.9701 

0.8333 


P 

2.3003 

2.0132 

1.4208 

0.9715 

0.8.124 


p 

4.5738 

4.1546 

3.2342 

2.4070 

3.0955 


P 

4.5709 

4.2627 

3.5965 

3.1384 

3.0931 
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TABLE VIII-2-1 (Cont'd.) 


/749 


£ 


0.2 


0.4 


0.6 


= 30° 




0° 

0 

45 

90 

135 

180 

V x 

1.3852 

1.4355 

1.5635 

1.7068 

1.7720 

Vr 

0.7487 

0.7810 

0.8619 

0.9494 

0.9888 

Vo 

0.0000 

0.2019 

0.3012 

0.2328 

0.0000 

P 

2.2944 

2.0110 

1.4230 

0.9717 

0.8300 

P 

4.5625 

4.2813 

3.6600 

3.1900 

3.0867 

V* 

1.4077 

1.4585 

1.5864 

1.7250 

1.7854 

V r 

0.7127 

0.7493 

0.8383 

0,9283 

0.9672 

V<> 

0.0000 

0.2241 

0.3323 

0,2557 

0.0000 

P 

2.2719 

1.9983 

1.4228 

0.9689 

0.8216 

P 

4.5304 

4.2900 

3.7302 

3.2328 

3.0643 

V x 

1.4301 

1.4798 

1.6048 

1.7398 

1.7983 

Vr 

0.6783 

0.7189 

0.8153 

0.9083 

0.9474 

Vo 

0.0000 

0.2412 

0.3544 

0.2687 

0.0000 

P 

2.2364 

1.9754 

1.4170 

0.9620 

0.8090 

P 

4.4799 

4.2746 

3.7654 

3.2433 

3.0308 


a = 1 O' 



0° 


0 

| 45 

90 

| 135 



V x 

1.4528 

1.5006 

1. Gli 12 

1.7532 

1.8111 

0.8 

v r 

0.6450 

0.6895 

0.7934 

0.8897 

0.9286 

Vo 

0.0000 

0.2554 

0.3714 

0.2768 

0.0000 


p 

2,1890 

1-9428 

1.4059 

0.9514 

0.7926 


p 

4.4118 

4.2399 

3.7787 

3.2354 

2.9S67 


V* 

1.4763 

1.5213 

1.6365 

1.7659 

1.8245 

1.0 

V r 

0.6120 

0.6606 

0.7724 

0.8720 

0.9096 

Vo 

0.0000 

0.2675 

0.3849 

0.2819 

0.0000 


p 

2.1296 

1.9006 

1.3897 

0.9373 

0.7719 


p 

4.3259 

4.1870 

3.7747 

3.2136 

2.9306 


0.7256 

0.7280 

0.7323 

0.7301 

0.7242 


1 _P c ° 15“ _ cc - 5° 


£ 


0° 

£ 


0° 

0 

45 

uo 

135 

180 

0 

45 

\U) 

135 

Uft 


V x 

2.0796 

2.0889 

2.1131 

2.1400 

2.1953 


v x 

2.0871 

2.1023 

2.1 IDS 

2,1826 

2.2011 


V r 

0.5572 

0.5597 

0.5662 

0.5730 

0.5882 


V r 

0.5296 

0,5350 

0.5182 

0.5615 

0.5674 

0 

Vo 

0.OOIKI 

0.0925 

0.14.80 

0.1118 

0.01100 

0.2 

Vo 

0.0000 

0.1092 

0.1615 

0.1280 

0,0000 


P 

0.7506 

0.6586 

0.4695 

0.3267 

0.282.3 


P 

0.7478 

0.6576 

0.4708 

0.3270 

0,2810 


P 

3.8496 

3.5003 

2.7533 

2.1202 

2.3085 


P 

3.8391 

3.5913 

3.0250 

2.5295 

2.3603 


Vx 

2.0833 

2.0982 

2.1361 

2.1787 

2.1983 


v x 

2.0947 

2.1100 

2.1482 

2.ISS8 

2.2065 


Vr 

0.5433 

0.5178 

0.5593 

0.5717 

0.5771 


v r 

0.5032 

0,510.3 

0.5271 

0.5425 

0.5188 

0.1 

Vo 

0.0000 

0.1029 

0.1560 

0.1220 

0.0000 

0.4 

Vo 

0.0000 

0.1180 

0.1751 

0.1.338 

0,0000 


P 

0.7499 

0.6587 

0.4705 

0.3272 

0.2820 


P 

0.7396 

0.6522 

0.1691 

0.3250 

0.2771 


P 

3.8469 

3.5835 

2.9949 

2.5107 

2.3663 


P 

3.8091 

3.5846 

3.0495 

2.53G i 

2.3386 
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TABLE VIII-2-1 (Cont f d.) 


/750 


M-., = 7 








i 


0 

45 

00 

135 

180 

t 


(} 

45 

oft 

185 

(80 


v x 

2.1023 

2.1173 

2.1546 

2.1945 

2.2119 


V x 

2.1185 

2.1322 

2.1670 

2.2058 

2.2240 


V r 

0.4773 

0.4«lU) 

0.5073 

0.5248 

0.5312 


V r 

0.4201 

0.4399 

0.4697 

0.4904 

0.4945 

0.6 

Vo 

0.0000 

0.1243 

0.1820 

0.1.301 

0.0000 

1.0 

Vo 

O.IXJOO 

0.1341 

0.1905 

0.1308 

0.0000 


p 

0.7200 

0.0427 

0.4048 

0.3209 

0.2717 


p 

0.6800 

0.0115 

0.4481 

0.3063 

0.25.36 


p 

3.7610 

3.5370 

3.0489 

2.5228 

2.3047 


p 

3.0100 

3.4401 

2.9946 

2.4499 

2.1939 



2.1102 

2.12-46 

2,1608 

2.2000 

2.2170 









VI 

0.4320 

0.4034 

0.4884 

0.5077 

0.5135 








0.8. 

V'o 

0.0000 

0.1297 

0.1808 

0.1309 

0.0000 


Wx 

0.3272 

0.3293 

0.3353 

0.3422 

0.3450 


p 

0.7088 

0.0292 

0.4578 

0.3147 

0.2040 









p 

3.0932 

3.5110 

3.0302 

2.4940 

2.2578 










• M„ = 7 



P c = 

15° 



a = 10° 





\r 

! 8 


0° 

1 

N \ 

0 

4 5 

00 

135 

180 

x,. 

0 

4 5 

00 

135 

ISO 


VI 

1.9938 

2.0142 

2.0044 

2.1285 

2.2283 


v'* 

2.0216 

2.0490 

2.1191 

2.1986 

2.2376 


v T 

0.5348 

0.5.397 

0.55.32 

0.5703 

0.5971 


Pr 

0.4440 

0.4051 

0.5162 

O..Vm6 

(1,5602 

0 

v0 

0.0000 

0.1810 

(1.3008 

0.2S08 

0.00(H) 

0.6 

V'o 

o.oooo 

0.2.370 

0.3489 

0.2779 

0.0(01 


p 

1.0798 

0.8544 

0.4426 

0.1974 

0,1500 


P 

1.0471 

0.8494 

0.4728 

0.2184 

0.1518 


p 

4.3G()6 

3.6941 

2.3094 

1.2971 

1.0110 


P 

4.2717 

3.8957 

2.9513 

1.9568 

1.5801 



2.0000 

2.0207 

2.0959 • 

2.1809 

2.2302 


V x 

2.0308 

2.0573 

2.1233 

2.200.3 

2.2415 



i 0.5191 

0.5278 

0.5504 

0.5703 

, 0.590.3 


V r 

0.4145 

0.4410 

0.5059 

. 0,5517 

1). 5.Vi9 

0.1 

V« 

0.0000 

0.1947 

0.3081 

0.2709 

0.(010 

0.8 

Vo 

0.0000 

0.2500 

0.3594 

0,27.34 

O.O(KH) 


p 

1.0788 

0.8504 

0.4482 

0.2010 

0.1558 


p 

1.0225 

0.2388 

0.4810 

0.2251 

0.1180 


p 

4.3038 

3.8072 

2.5978 

1.0G92 

1.0102 


p 

4.1999 

3.8892 

3.0424 

2.0200 

1.5520 


V X 

2.0043 

2,0322 

2.1038 

2.1880 

2.2317 


V x 

2.0404 

2.0050 

2.1204 

2,2009 

2.247.3 


V’r 

0.5037 

■ 0.5147 

0.5427 

0.5712 

0.5852 


v T 

0.3843 

0.4182 

0.4971 

0,5501 

0.5.391 

0.2 

Vt 

0.0000 

0.2052 

0.3189 

0.2760 

0.0000 

1.0 

Vo 

0.0000 

0.2620 

0.3082 

0.2075 

o.oooo 


p 

1.0700 

0.8573 

■ 0.4536 

0.2047 

0.1554 


p 

0.9908 

0.8234 

0.4883 

0.2321 

0.1413 


p 

4.3550 

3.8424 

2.6978 

1.7656 

1.0074 


p 

4.1065 

3.8626 

3.1200 

2,0783 

1.5016 


V x 

2.0129 

2.0414 

2.1131 

2.1954 

2.2345 









v r 

0.4730 

0.4893 

0.5284 

0.5621 

0.5759 








0.4 

V'l} 

0.0000 

0.2224 

0.3358 

0.2797 

0.0000 


w x 

0.32G1 

0.3305 

0.3449 

0.3679 

0.3776 


p 

1.0049 

0.8556 

0.4637 

0.2117 

0.1541 

1 








1 p 

; 4.3236 

; 3.8818 

, 2.8413 

1.8796 

. 1.5973 
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TABLE VIII-2-1 (Cont'd.) 


/751 


Moo =7 Pc = 20 ° a =5" 


£ 


| 

£ 



0 

45 

90 

135 | 

180 

0 

45 j 

90 

135 

180 


v x 

1.0345 

1.9451 

1.9722 

2.0020 

2.0838 . 



1.9650 

1.9852 

1 

2.0339 

2.0819 

2.1067 

* 

V r 

0.7041 

0.7080 

0.7178 

0.7287 

0.7585 ' 


v r 

0.6235 

0.6354 

0.0631 

0.6889 

0.6992 

0 

V# 

0.0000 

0.0826 

0.1235 

0.0913 , 

0.0000 . 

0.6 1 

■ ^0 

0.0000 

0,1263 

0.1830 

0.1355 

0.0000 


p 

1.1020 

0.9901 

0.7524 

0.5008 

0.4956 ■ 


p 

1.0717 

0,9677 

0.7411 

0.5493 

0.4806 


p 

4.3785 

4.0561 

3.3339 

2.7026 

3.2050 i 


P 

4.2920 

4.1324 

3.7328 

3.3137 

3.1355 


Vx 

1.9397 

1.9592 

2.0087 

2.0033 

2.0879 


V* 

1.9703 

1.9953 

2.0425 

2,0925 

2.1142 


V r 

0.0901 

0.6978 

0.7171 

0.7380 

0.7473 1 


V r 

0.5976 

0.6114 

0.0429 

0.G708 

0.6813 

0.1 

Vo 

0.0000 

0.0909 

0.1434 

0.1078 

0.0000 

0.8 

v« 

0.0000 

0.1334 

0.1921 

0.1399 

0.0000 


P 

1.1011 

0.9899 

0.7529 

0.5609 

0.4951 


P 

1.0491 

0.9496 

0.7300 

0.5397 

0.4700 


P 

4.3759 

4.1612 

3.0848 

3.3074 

3.2027 


P 

4,2272 

4.0851 

3.7095 

3.2803 

3.0856 


v x 

1.9448 

1.9648 

2.0148 

2,0084 

2.0918 


V r 

1.9875 

2.0057 

2.0513 

2.1004 

9 1991 


Vr 

0.6704 

0.0849 

0.7059 

0.7276 

0.7369 


V r 

0.5714 

0.5872 

0.6228 

0.6527 

0.6629 

0.2 

V# 

0.0000 

0.1055 

0.1558 

0.1175 

0.0000 

1.0 

v* 

0.0000 

0.1394 

0.1988 

0.1429 

0.0000 


p 

1.0985 

0.9882 

0.7525 

0.5001 

0.4937 


P 

1,0202 

0.9261 

0.7152 

0.5271 

0.4503 


p 

4.3083 

4.1088 

3.7148 

3.3258 

3.1962 


P 

4,1437 

4.0191 

3.6685 

3.2313 

3.0210 


V x 

1.9551 

1.9752 

2.0249 

2.0770 

2.0992 









V. 

0.0490 

0.0598 

0.0840 

0.7077 

0.7176 








0.4 

Vq 

0.0000 

0.1175 

0.1723 

0.1288 

0.0000 









P 

1.0882 

0.9800 

0.7486 

0.5562 

0.4886 


w x 

0.4349 

0.4301 

0.4380 

0.4103 

0.4403 


P 

4.3391 

4.1612 

3.7370 

3.3307 

3.1724 









Moo =7 p c = 20° a = 10“ 


£ 



£ 



0 

45 

90 

135 

180 

0 

-45 

90 

135 

180 


v x 

1.8348 

1.8566 

1.9154 

1.9877 

2.1327 


Vx 

1.8406 

1.8760 

1.9676 

2-0774 

2,1363 


V r 

0.6678 

0.6758 

0.0972 

0.7235 

0.7763 


V r 

0.6521 

0,6663 

0.7029 

0.7152 

0,7660 

0 

Vi> 

O.tXjOO 

0.1676 

0.2084 

0.2223 

0.0000 

0.1 

v« 

0.0000 

0.1873 

0.2800 

0.28(18 

0,0000 


P 

1.4853 

1.2211 

0.712! 

0.3750 

0.2927 


P 

1.48-12 

1.2225 

0.7103 

0.3771 

0.2923 


P 

4.7533 

4.1325 

2.8114 

1.7783 

2.4138 


P 

4.7506 

4.2780 

3.2315 

2.445S 

2.4117 
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TABLE VIII-2-1 (Cont'd.) 


7752 


M w = 7 _it e = 2'i»_ a — 10» 


s 


0° 

l 



0 

45 

90 

135 

1K0 

0 

15 

90 

135 

180 


r x 

1. 8-405 

1.8835 

1.9780 

2.0808 

2.1394 



1.8828 

i'gi85 

2.0079 

2.1089 

2, I.Tm 


T' r 

0.030.') 

0.0531 

0.0940 

0.7383 

0.7.484 


- v. 

0.5450 

0.5703 

0.0407 

0,7009 

0.7105 

0.2 

>’<7 

o.oooo 

0.2010 

0.3053 

0.2409 

O.IHXIO 

0.8 

Vo 

0.01X10 

0.2580 

0.3720 

0.2810 

0.0000 


P 

1.4807 

1.2225 

0.7202 

0.3791 

0.2915 


p 

1,4148 

1.1921 

0.7303 

0.3873 

0.2775 


P 

4.7427 

4.3128 

3.3300 

2.5473 

2.4005 


p 

4.5911 

4.3453 

3.0522 

2.7583 

2.3237 


T\- 

1.87)83 

■1.8901 

1.9913 

2.0971 

2.1451 


Vx 

1.8900 

1.9224 

2.0141 

2.1130 

2.1031 


V r 

0.0058 

0.G209 

. 0.0774 

0.7241 

0.7438 


V r 

0.5150 

0.5513 

0.0332 

0.0919 

0.7018 

0.4 

1# 

0.0000 

0.2240 

0.3330 

0.2(557 

0.0000 

1.0 

Vo 

0.0000 

0.2720 

0.3872 

0.2835 

0.0000 


, /> 

1 1.4072 

1.2181 

0.7270 

0.3820 

0.2884 


; v 

1.3757 

1.1702 

0.7388 

0.3889 

0.2689 


P 

. 4.7117 

| 4.3485 

■ 3.4750 

2.0544 

2.3885 


p 

4.5001 

4.3128 

3.7138 

2.7892 

2.2721 


V x 

1.8704 

| 1.9070 

2.0005 

i 2.1038 

2.1507 









V 

0 5757 

0 (>U 14 

o i>014 

o 71 in 

0 7302 


i 






0 6 

1 r 

Fa 

0.0000 

i 0.2422 

' 0.3552 

: 0.2757 

0.0000 









P 

1.4452 

' 1.2080 

! 0.7323 

1 0.3852 

0.2838 


I Vx 

0.4308 

0.4398 

0.4482 

0.4561 

0.4545 


i p 

i 4.CG12 

' 4.3575 

l 

. 3.5740- 

1 2.7165 

2.3613 

1 








• M*. = 7 P c = 30°__0=5° 


£ 


•0° 




0 

45 

90 

1.15 

180 

0 

45 

90 

135 

iso 


Vx 

1,5662 

1,5787 

1.0102 

1.0434 

1.7710 


V x 

1.5830 

1.0113 

1.6806 

1.7537 

1.7851 


V r 

0.9043 

0.9115 

0.9290 

0.9488 

1.0228 


V r 

0.8748 

0.8922 

0.9354 

0.9804 

0.9997 

0 

Vo 

0.1X100 

0,0741 

0.1068 

0.0757 

0.0001) 

0.2 

Vo 

0.0000 

0.1037 

0.1500 

0.1106 

0,11000 


p 

1.9009 

1.8194 

1.5075 

1.2384 

1.1399 


P 

1.9553 

1.8154 

1.5055 

1.2359 

1.1365 


p 

5.0293 

4.7673 

4.1681 

3.0220 

4.3957 


P 

5.0191 

4.8938 

4.6202 

4.4336 

4.3863 


V x 

1.5749 

1.6021 

1.0710 

1.7450 

1.7785 


V x 

1.0008 

1.0280 

1.0971 

1.7679 

1.7978 


V r 

0.8894 

0.9058 

0.9470 

0.9914 

1.0109 


V r 

0.8406 

0.8057 

0.9121 

0.9591 

0.9789 

0.1 

Vo 

0,0000 

0.0928 

0.1342 

0.0977 

0.0000 

0.4 

Vo 

0.0000 

0.1188 

0,1726 

0.1266 

0.0000 


P' 

1.9595 

1.8186 

1.5074 

1.2380 

1,1390 


P 

1.9394 

1.8023 

1.4966 

1.2275 

1.1274 


P 

5.0267 

4.8887 

4.6023 

4.4201 

4.3932 


P 

4.9898 

4.8821 

4.6389 

4.4319 

4.3610 


L 
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TABLE VIII-2-1 (Cont'd.) 


7753 


Mqu “ 7 a = 5° 


4 


0° 

1 


- 


0° 



0 

45 

9D 

135 

180 

0 

4 5 

90 | 

135 | 

180 


V x 

1.0180 

1.0152 

1.7122 

1.7811 

1.8101 


V x 

.1.0535 

1.0788 

1.7110 

1.8070 

1.8319 


V r 

0.8191 

0.8101 

0.8895 

0.9388 

0.9593 


V r 

0.7005 

0.7902 

0.8102 

0.9001 

0.9219 

O.li 

Vo 

0.0000 

0.1299 

0,1880 

0.1371 

0.0000 

1.0 

Vo 

0,0000 

0.1101 

0.2092 

0,1501 

o.u mo 


P 

1.9110 

1,7809 

1.1811 

1.2110 

1.11.82 


P 

1.8.302 

1.7112 

1.43.31 

1.1725 

1.0713 


P 

1.9120 

1.8190 

1.0200 

1.1088 

1.3219 


l> 

1.7988 

1.7318 

4.5451 

•1.3151 

4,2050 


Vx 

1.0355 

1.0019 

1.7209 

1.7910 

1.8221 









V r 

0.7929 

0.8150 

0.8077 

0.9193 

0.9105 








0.8 

Vo 

().(KK)0 

0,1387 

0.1998 

0.1117 

0.0000 


W x 

0.0919 

0.091,3 

0.0888 

0.0812 

0,0811 


P 

1.8790 

1.7515 

1.1002 

1.1950 

1.091(1 









P 

1.8791 

1.7991 

1.5911 

1.3095 

1.2700 










M„ = 7 



. A- 

30° 



a 

« ill U 








0° 

6 


0 

45 

DO ‘ 

135 

18(1 

* 


0 

45 

on 

135 

isn 


v x 

1,1113 

1.1082 

1.5391 

1.0198 

1.8508 


• 

1.5003 

1.5521 

1.0830 

1.8232 

1.8830 


v r 

0.8321 

0.8177 

0.8880 

0.9352 

1.0080 


Vr 

0,7301 

0.7778 

0.8772 

0.9739 

1.0153 

0 

Vo 

0.0000 

0.1550 

0.2.337 

0.1008 

0,0000 

0.0 

Vo 

0,0000 

0.2508 

0.3075 

0.2787 

0.0000 


p 

2.1130 

2.0913 

1.1397 

0.9191 

0.7990 


. p 

2,35 / i0 

2,0030 

1.1130 

0.9118 

0.7801 


p 

5.2301 

1.7203 

3.0103 

2.0853 

3.9035 


!> 

5.1388 

1.9137 

1.1057 

1.0074 

3.8382 


v x 

1.1510 

1.5009 

1.030.3 

1.7825 

1.8570 


V x 

1.5205 

1.5708 

1.0972 

1.8310 

1.8928 


V r 

0.8155 

0.8158 

0.9238 

1.0112 

1.0579 


V r 

0.7050 

0.7513 

0.8583 

0.9585 

1,0003 

0.1 

Vo 

0.0000 

0.1823 

0.2081 

0,2000 

0.0000 

0.8 

Vo 

0.0000 

0.209.3 

0.3917 

0.2927 

O.oooo 


P 

2.1118 

2.0950 

1,1127 

0.9501 

0.7983 


P 

2.3108 

2.0351 

1.1373 

0.9382 

0.7078 


P 

5.2277 

1.8917 

1.1788 

3.7890 

3.9012 


P 

5.0701 

1.9201 

1.5131 

1.0240 

3.7910 


V x 

1.1008 

1.5128 

1.0155 

1.7910 

1.8027 


V* 

1.5111 

1.5891 

1.7102 

1.8140 

1.9028 


v r 

0.7991 

0.8321 

0.9159 

1.0009 

1.0183 


Vr 

0.0751 

0.7219 

0.8400 

0.9111 

0.9855 

0.2 

Vo 

0.0090 

0.2008 

0,2903 

0.2205 

0.0000 

1.0 

Vo 

0,0000 

0.285! 

0.1118 

0.3028 

0,0(100 


P 

2.1007 

2.0931 

1,1118 

0.9501 

0.7901 


P 

2,2553 

1,9982 

1.1272 

0.9293 

0.7522 


(> 

5.2197 

1.9211 

1.2755 

3.8780 

3.8910 


P 

1.9831 

4.8771 

4.5100 

1,0230 

3.7380 


Vx 

1.1801 

1.5331 

1.0000 

1.8107 

1.8731 









V r 

0.7071 

0.8019 

0,8907 

0.9902 

1.0311 








o.i 

Vo 

0.0000 

0.2288 

0.3371 

0.2585 

0,0000 


IV x 

0.7002 

0,7008 

0.0997 

0.0903 

0.0809 


P 

' 2.3807 

2.0820 

1.1102 

0.9190 

0.7900 









P 

5.1888 

1.9159 

1.3920 

3.9001 

3.8719 
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TABLE VIII-2-2 

(k = 1.4) 


AERODYNAMIC COEFFICIENTS OF CONE IN BODY COORDINATE SYSTEM 


1231 



K 

a 

M.V j, 


Pc 

A 


3 1 

•' 1 

5 1 

7 II 

2 

» 1 

c/tp 

10° 

(V' 

0.10115 

0.0875 

0.0718 

0.0(198 

m z n 

20° 

10" 

0.1919 

0.1951 



2 :w 

0.1010 

0.0870 

0.0757 

0.0710 



15" 


0.2910 



;>" 

— 

0.0881 

0.0785 

0,0710 








7 :«>' 

— 

— 

0.0831 

0.0805 

c «p 

30° 

0° 

0.(1152 

0.(1118 

0.5750 

<\\> 


IP 

0 

0 

0 

0 

• 


5° 

0.0135 ' 

0.5712 



2"3i»’ 

0.0802 

O.OSOI 

0.0811 

0.0827 



10° 

_ 

0.5719 




r— 

0.1025 

0.1015 

0.1058 



15° 

_ 

0.5089 



7°;!u' 

— 

— 

0,2508 

0.250(1 



20° 

— 


— m :jf 


0° 

0 

0 

0 

0 

C N p 


0° 

0 

0 



2'3lV 

0.0535 

0.0531 

0.0513 

0.0551 


2 r 3<r 

0.0011 




r>° 

— 

0.1083 

0.10117 

0.11011 



5" 

0.1220 

0.1201 



7°3o’ 

— 

— 

0.1(172 

0.11170 



10° 

r— 

0.2187 

CRp 

15° 


0.2021 

0.1732 

0.1512 

0.1178 



15" 

— 

0.3018 



r.° 

0.2015 

0.1752 

0.1581 

0.1519 



20" 


— 



10° 

0.2015 

0.1811 

0.1098 

0.1(118 

— m 2P 


0" 

0 

0 



0° 

0 

■ 0 

0 

o 



2" 30' 

0.0108 

— 


.r 

0.1525- 

0.1550 

0,158(1 

0.1(107 



5° 

0.0813 

0.(1810 



10° 

0.3003 

0.3112 

0,3103 

0.3175 



1(1° 

i:>° 


0, l(i.»8 

0.2*32 

— m.p 


l) 1 '. 

0 

0 

0 

0 



20" 

_ 

_ 



5° 

0.1017 

0,10.33 

0.1057 

0.1071 





j 



lir 

0.2002 

0.2005 

0.2108 

0,2117 

n ltp 

10° 

0° 

2 n :\o r 


0,9390 

0.9378 

«Kj) 

20° 

0° 

0.3250 

0.2813 

0.2005 

0.2532 



5° 

._ 

_ | 



rr 

0.3253 

0.2802 

0.2032 

0.2557 



10" 

_ 




lir 

0.3211 

0.2019 

0.2718 

0,2015 








15" 

— 

0.3015 

0.2875 

0.28111 

: c \p 


0° 

2°:k>' 

0 

0 

0.0*99 

‘Xp 


0" 

0 

0 

0 

0 



5" 

_ 

_ 



• .V 

0.1135 

0.1171 

0,1512 

0.1531 



10" 

_ 

_ 



1(1° 

0.2878 

0.2931 

0,2985 

0.3011 








15= 

— 

0.1371 

0.1385 

0.139(1 

— m zp 


0 

5° 

0 

0 

m tp 


0° 

0 

0 

0 

0 



10° 

_ 




5° 

0.095G 

0.0981 

0.1008 

0.1021 







0,1990 1 

0.2009 

0,2923 1 

0.2930 

0.5125 1 

i 

0.5335 

0.5119 

0.5325 

0.5391 

0.5301 

0.5381 

0.5281 

0.5398 

O.5304 

0 

0 

0.1291 

0.1309 

0.2519 

j 0.2572 

0.3723 

1 0.375(1 

0.1773 

j 0.1803 

0 

0 

(1.08(13 

0.0871 

o. 1099 

! 0.1715 

(1.2182 

! 0.2501 

0.3182 

j 0.3202 

0.8923 

1 0.8809 

0.8871 

I 0.8755 

0.8718 

1 0.8599 

0 

! 0 

0.1011 

0.1021 

0.1997 

0.2011 

0 

0 

0.0970 

0.01181 

0.1332 

0.1311 
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TABLE IX-2-1. GASDYNAMIC FUNCTIONS IN AXISYMMETRIC FLOW OF CHEMICALLY REACTIVE /755 

AIR AROUND SOLID OF REVOLUTION BUILT UP FROM CONICAL ELEMENTS 




TABLE IX-2-1 (Cont'd.) 


/756 



Semi apex angles: nose cone 0 C =4O V , main com. 0 C = = 15 1 






o 


co 


TABLE IX-2-2. COMPARISON OF GASDYNAMIC FUNCTIONS 
CONSIDERATION OF CHEMICAL REACTIONS 


CALCULATED WITH AND WITHOUT 


/75 7 


Semi apex angles: nose conet,S c =40*, main conefi c ~o' (cylinder); Mi=20i 



\ 






\ 

X 

£ 

\. 

with consideration of chemical reactions 

£ 

\. 

with consideration -of chemical reactions 


\ 

1.0 

1.160 

2.040 

10.60 


\ 

1,0 

1.160 

2,040 

10.60 


' F x 

1.377 

1.510 

2,132 

2.133 


V x 

1.418 

1.431 

1.893 

2.371 

0 

V r 

1.15G 

1.056 

0 

0 

0.8 

V r 

1.109 

1.100 

0.017 

0.194 


P 

2.524 

— 

0.057 

0.056 • 

P 

2.482 

2.389 

0.541 

0.001 


P 

10,757 

7,752 

0.443 

0.433 


P 

10.012 

10.281 

3.172 

1.314 


v x 

1.388 

1.478 

2.119 

2.138 


V x 

1.428 

1.433 

2.040 

2.3S3 

0.2 

V r 

1.143 

1.080 

0.040 

0.072 

1.0 

Vr 

1.098 

1.097 

0.826 

0.304 

P 

2.521 

1.940 

0.009 

0.054 

P 

2.460 

2.448 

0.971 

0.135 


P 

10.747 

8.091 

0.519 

0.430 


P 

10.534 

10.433 

7.820 

4.225 


V x 

1.398 

1.454 

2.043 

2.159 







0.4 

V r 

1.131 

1.093 

0.287 

0,113 







P 

P 

2.513 

10,719 

1.408 

2.135 

9.392 

1.439 

0.160 

1.083 

1.952 

0.052 

0.417 

2.317 


W 

0.917 

1.002 

1.632 

3.730 









0.6 

V r 

1.120 

1,099 

0.470 

0.132 


W x 

0.917 




P 

2.500 

2.294 

0,319 

0.043 


0.913 

0.478 

0.168 


P 

10.674 

9.919 

1.951 

0.532 








\ 


X 



\ 

.r 

£ 

\ 

without consideration of chemical reactions (k = 1.4) ^ 

\ 

without consideration of chemical reactions (k = 1.4) 


\ 

1.0 

1.16 

2,040 

10,60 


\ 

1.0 

1.16 

2.040 

in .60 


Vx 

1.320 

1.480 

2.207 

2.239 


F* 

1.349 

1.440 

2.180 

2.230 

0 

V r 

1.115 

1.035 

0 

0 

0.2 

Vr 

1,091 

1.043 

0.090 

0.008 

P 

2.591 

1.805 

0.091 

0.050 

P 

2.585 

2.til 

0.125 

0.050 


P 

0.005 

4.790 

0.000 

0.399 


P 

6.055 

5.2-10 

0.705 

0.399 
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TABLE IX-2-2 (Cont'd.) 


/758 


Semiapex angles: nose cone /3 C = 40*, main cone/3 c =0* (cylinder); M„ = 20 


l 

\ 

X 

i 

\ 

X 

without consideration of chemical reactions (k = 1.4) 

without consideration of chemical reactions (k = 1.4) 

1.0 

1.16 

2.040 

10. CO 

1.0 

1,1# 

2,040 

10,00 


V x 

1,369 

1.426 

2.053 

2.242 


V x 

1.426 

1.426 

1.967 

2.372 

n a 

Vr 

1.069 

1,041 

0.390 

0.111 


V r 

1,009 

1.009 

0.848 

0,333 


P 

2.508 

2.280 

0.310 

0.057 


P 

2.465 

2.465 

1.148 

0.101 


P 

0.027 

5,536 

1.316 

0.408 


P 

5.854 

5.854 

5.694 

4.353 


v x 

1.388 

1.410 

1.940 

2.309 







A A 

Vr 

1 .>048 

1.034 

0.571 

0.137 








P 

2.542 

2.395 

■ 0.533 

0.055 


w 

0.999 

1.157 

1.801 

4.159 


P 

5.983 

5.733 

1.956 

0.577 








Vx 

1.407 

1.416 

1,905 

2.357 







0.8 

V r 

1.028 

1.024 

0,706 

0.212 







P 

2.508 

2.460 

0.775 

0.072 

| 

Vfx 

0.999 

0.999 

0.551 

0.185 


P 

5.925 

5.845 

2.888 

1.233 








TABLE IX-2-3• GASDYNAMIC FUNCTIONS OF AIR IN AXISYMMETRIC FLOW AROUND SOLID OF 
REVOLUTION (M ffl = 20, a = 5°) 


x ==1.2 | 

* = 1.4 


\ 1 




0° 

l 


0 

45 

00 

135 

180 

£ 


0 ! 

45 

90 | 

135 

180 


v x 

\ 

1.047 

1.077 

1.156 i 

j 

1.247 

1.290 


l 

Vx 

1.309 ! 

1.342 

1.430 

1.531 

1.576 


Vr 

0.984 

1.012 

1.086 

1.172 

1.212 


Vr 

0.840 

0.862 , 

0.918 

0.983 

1.012 

0 

V» 

0.000 

0.039 

0.054 

0.038 

0.000 

0 

v# 

0.000 

0.041 

0.057 

0.039 

0.000 


P 

3.095 

2.937 

2.575 

2.237 

2.101 


P 

1.705 - 

1.578 

1.291 

1.018 

0.907 


P 

9.990 

9.681 

9.061 

8.688 

8-676 


P 

5.951 

5.652 

5.018 

4.5.35 

1 

4.393 
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TABLE IX-2-3 (Cont'd.) 


/759 


*= 1.2 


•v= 1.4 


u 4 


0° 

5 


0° 

0 

45 

9Q 

135 

180 

0 

45 

90 

135 

180 


Vx 

1.011 

1.070 

1.150 

1.212 

1.280 


V x 

1.270 

1.302 

1.384 

1.472 

1.510 


I’r 

0.081 

1.012 

1.091 

1.177 

1.214 


V’ r 

0.861 

0.888 

0.957 

1.031 

1.064 

0.1 

v* 

0.000 

0.008 

0.099 

0,073 

0.000 

0.1 

V# 

0.000 

0.069 

0.101 

0.074 

0.000 


P 

3.155 

3.001 

2.618 

2.318 

2.186 


p 

1.913 

1.790 

1.512 

1.246 

1.140 


P 

10,159 

9.889 

9.317 

9,001 

8.964 


p 

6.575 

6.321 

5.787 

5.385 

5.278 



1.012 

1.071 

1.153 

1.236 

1.272 


V* 

1.242 

1.273 

1.350 

1.432 

1,468 


V T 

0.977 

1.010 

1.092 

1.179 

1.216 


v r 

0.872 

0.903 

0.979 

1.038 

1.093 

0.2 

Vo 

0.000 

0.081 

0.123 

0.091 

0.000 

0.2 

Vq 

0.000 

0.085 

0.121 

0.092 

■ 0,000 


p 

3.210 

3.059 

2.711 

2.390 

2.261 


P 

2.085 

1.900 

1.692 

1.428 

1.321 

1 

p 

10.313 

10,060 

9.571 

2.257 

9.217 


P 

7.0S6 

6.861 

6.389 

6.033 

5,947 

i 

Vx 

1.010 

1.070 

1.116 

1.224 

1,257 


V x 

1.192 

1.219 

1.288 

1.362 

' 1.391 


Vr 

0.900 

1.002 

1.090 

1,179 

1.217 


v r 

0.883 

0.919 

1.000 

1.094 

' 1,131 

0,5 

Vo 

0.000 

0.117 

0.170 

0.124 

0.000 

0.5 

Vo 

0.000 

0.117 

0.170 

0.124 

• 0,000 


p 

3.315 

3,203 

2,876 

2.565 

2.440 


p 

2.486 

2.374 

2.109 

1.846 

i 1.737 


p 

10.087 

10.191 

10.114 

9.858 

9.817 

■I 

p 

8.256 

8.096 

7.730 

7.487 

1 '7.421 


y* 

1.012 

1.071 

l! 1.144 

1.219 

1.250 


V* 

1.202 

1.221 

1.274 

1.336 

! 1.364 


V r 

0.951 

0.989 

! 1.082 

; 1.175 

1.214 


V r 

0.910 

0.944 

1.028 

1.113 

1.152 

0.8 


0.000 

0.111 

0.202 

t 0.116 

0.000 

0.8 

' v* 

0.000 

0.139 

0.200 

0.145 

0.000 


P 

3.159 

3.322 

3,000 

2.689 

2.563 


p 

2.789 

2.682 

2.423 

1 2.159 

! 2.047 


P 

10.990 

1 10.810 

. 10.519 

■ 10.281 

10.228 


p 

9.347 

9.210 

8.915 

8.67S 

8.618 



1.079 

1.102 

1,16.3 

• 1.230 

1.259 


Vx 

1.297 

1.309 

1.345 

1.393 

; 1.416 


V r 

0.909 

1.003 

1.089 

l 1.178 

1.216 


Vr 

; 0.989 

| 1.020 

1 1.097 

1.179 

■ 1.214 

1.0 

Vo 

0.000 

0.153 

0.220 

0.158 

0.000 

1.0 

Vo 

1 0.000 

0.149 

i 0.215 

0.156 

| 0.000 


P 

3.526 

3.392 

3.070 

2.754 

2.625 


P 

3.001 

2.893 

2.629 

■ 2.359 

i 2.244 


P 

11.410 

11.249 

10.904 

10.633 

! 10.564 

! 


P 

10.835 

1 

i 

; 10.733 

10.569 

10.541 

10.547 

IV 

1.137 

1.135 

1.130 

1.421 

1.415 

1 V 

! 

1.045 

1.046 

1,615 

1.638 

1 

| 1.633 

1 

Wx 

1.110 

1.147 

1.159 

1.103 

1.161 

JI'x 

0.939 

0.954 

0.981 

1,003 

1.006 
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TABLE IX-2-3 (Cont'd.) 



/760 



*■= 1.8 




0 ° 

180 

5 



45 

00 

135 

is n 

1.92.'! 


v x 

1.844 

1.881 

1.971 

2.065 

2.108 

0.584 


V r 

0.099 

0.101 

0.106 

0.111 

0.113 

0.000 

0 

Va 

0.000 

0.049 

0.069 

0.048 

0.000 

0.212 


p 

0.234 

0.194 

0.117 

0.067 

0.052 

1.324 


P 

1.111 

0.984 

0.705 

0.465 

0.391 

1,779 


v x 

1.751 

1.784 

1.864 

1.944 

1.980 

0.792 


V r 

0.305 

0.324 

0.378 

0.438 

0.462 

0.000 

0.1 

Vo 

0.000 

0,069 

0.098 

0 .0G8 

0.000 

0.435 


P 

0.414 

0.366 

0.261 

0.180 

0.153 

2.415 


P 

1.773 

1.643 

1.368 

1.099 

0.999 

1.085 


V x 

1.007 

1.697 

1.772 

1,845 

1.878 

0.895 


V r 

i 0.438 

0.465 

0.533 

0.012 

0.643 

0.000 

0.2 

Vo 

1 0.000 

0.083 

0.118 

0.084 

0.000 

0.052 


p 

0.610 

0.556 

0.429 

0.323 

0.285 

3.304 


p 

| 2.457 

2.326 

2,041 

1.802 

1.096 

1.537 


Vx 

1.492 

1.516 

1.579 

1.646 

1.674 

1.019 


V r 

0.632 

0.669 

0.760 

0.852 

0.80U 

0.000 

0.5 

Vo 

: 0.000 

i 0.112 

0.161 

0.117 

0.000 

1.178 


P 

1 1.148 

1.091 

0.948 

0.799 

0.74D 

5.432 


P 

4.213 

; 4.124 

3.929 

- 3.780 

3.738 

1.507 


V x 

1.527 

1.533 

1.557 

1.596 

1.017 

1.094 


v T 

0.788 

0.822 

0.904 

0.987 

1.019 

0.000 

' 0.8 

Vo 

0.000 

0,130 

0.188 

0.137 

0.001) 

1.508 


P 

1.627 

1.566 

1.4)2 

1.254 

1.184 

7.381 


P 

6.386 

6.307 

6.166 

6.113 

6.051 

1.578 


V x 

1.676 

1,673 

1.673 

1.686 

1.699 

1.187 


V r 

0.929 

0.9G2 

1.040 

1.117 

1.148 

0.000 

1.0 

Vo 

0.000 

0.140 

0.205 

0.150 

0.000 

1,859 


P 

2.069 

2.002 

1.836 

1.658 

1.574 

10.287 


P 

10,504 

10.455 

10.252 

9.923 

9.737 

1.820 


w 

1 1.958 

1.966 

1.981 

1.986 

1.984 

0.869 

1 

Wx 

1 0.657 

0.676 

0.723 

0.764 

0.777 


i 
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TABLE IX-2-3 (Cont'd.) 


/76l 


x = 2.0 


* = 4.008 


5 

. 


l 


0« 

0 

45 

90 

135 

ISO 

0 1 

45 

90 | 

135 | 

180 • 


v* 

1.871 

1,907 

1.995 

2.089 

2.131 


V.v 

1.878 

1.904 : 

1.978 | 

2.071 

2.117 

j 

Y r 

0.000 

0.000 

0.000 

0.000 

0.000 


V r 

0.000 ! 

0.000 

0.000 

0.000 

0.000 

0 1 

v# 

0.000 

0.055 

0.077 

0.053 

0.000 

0 

Vo 

0.000 , 

0.108 

0.158 

o.iii ; 

0.000 


p 

0.187 

0.153 

0.089 ’ 

0.049 

0.037 


p 

0.174 

0.150 

0.099 

0.058 

0.045 


p 

0.928 

• 0.810 i 

0.561 

0.356 

0.289 | 


p 

0.875 

0.799 

0.609 

0.408 

0.33 S 


Vx 

1. S 55 

1.889 

1.909 

2.052 

2.090 ' 

] 

Vx 

1.879 

1.906 

1.9 S 0 

2,072 i 

2.118 


V T 

0.047 

0.060 

0.103 

0.146 

0.161 


Vr 

0.011 ’ 

0.013 ; 

0.012 

0.003 

0.006 

0.1 


0.000 

0.070 

0.098 

0.007 

0.000 

0.1 

Vo 

0.000 

0.122 

0.177 

0.12 S 

0.000 


P 

0.217 

0.185 

0.121 

0.077 

0.002 


p 

0.174 

0.150 

0.099 

0.059 

0.045 


P 

1,049 

0.948 

0.731 

0.527 

0.453 


p 

0.870 

0.801 

0.616 

0.407 

0.332 


Vx 

1,793 

1.824 

1.899 

1.970 

2,011 


Vx 

1.882 

1.908 

1.982 

2.076 

2.120 


V r 

0.201 

0.225 

0.294 

0.303 

0.387 


V r 

0.019 

0.021 

0.018 

0.003 

0.017 

0.2 

Vo 

0.000 

0.081 

0.114 

0,079 

0.000 

0.2 

Vo 

0.000 

0.123 

0.170 

0.124 ! 

0.090 


P 

(1.332 

0.294 

0,215 

0.152 

0.128 



0.172 

0.149 

0.098 

0.057 

0.014 


P 

t .470 

1.377 

1.172 

0.952 

(1.855 


p 

0.807 

0.8(11) 

0.012 

0.401 ! 

0.329 


Vx 

1.01.3 

1.1143 

1.709 

1.772 

1.801 


Vx 

1.898 

1.909 

1.911 

2.005 

2.038 


V r 

0.488 

0.524 

0.01.3 

0.708 

0.742 


Fr 

0.040 

0,077 

0.107 

0.251 

0.280 

0,5 

Vo 

0.000 

0,100 

0.153 

0.110 

0.000 

0.5 

Vo 

0.000 

0.110 

0.105 

0.117 

0.000 


p 

0.74 G 

0.701 

0.588 

0.484 

0.441 



0.173 

0.103 

0.144 

0.121 

0.110 


p 

2,903 

2.829 

2.054 

2.520 

2.442 


p 

0.903 

0. S 73 

0.840 

0.770 

0.735 


V * 

1.022 

1.62 G 

1.040 

1.080 

1.098 


Vx 

2.06 S 

2.000 

2.048 

2.046 

2.054 


Vr 

0. G 91 

0.72 G 

0.811 

0.890 

0.927 


V r 

0.300 

0.342 

0.445 

0.550 

0.589 

0.8 

Vo 

0,000 

0,124 

0.180 

0.131 

0.000 

0.8 

Vo 

0.000 

0.116 

0.107 

0.120 

0.000 


P 

1.201 

1.150 

1.042 

0.927 

0.874 


P 

0.331 

0.319 

0.292 

0.207 

0.252 


P 

4.952 

4.890 

4.798 

4.744 

4.005 


P 

2.250 

2.181 

2.033 

1.908 

1.815 


V » 

1.803 

1.79 G 

1.784 

1.787 

1.790 


Vx 

2.220 

2.208 

2.182 

2.159 

2,151 


Vr 

0.874 

0.909 

0.993 

1.073 

1.103 


V r 

0.501 

0.551 

0,007 

0.779 

0. S 21 

1.0 

Vo 

0,000 

0.137 

0.199 

0.146 

0.000 

1.0 

Vo 

0.000 

0.118 

0.173 

0.127 

0.000 


P 

1.748 

1. G 98 

1.507 

1.421 

1.347 


P 

0.059 

0.640 

0.008 

0.504 

0.539 


P 

10.11)5 

10,006 

9.719 

9.334 

9.118 


P 

0.046 

6.005 

6,485 

6.331 

0.252 

W 

1 2.081 

2,093 

2.117 

2.131 

2.133 

IF 

2.801 

2.918 

3.052 

3.177 

3.218 


W x 

| 0.572 

0.594 

0.045 

0.092 

0,700 

w x 

0.287 

0.309 

0.361 

0.423 

0.446 




TABLE IX-2--4. FUNCTION (x, «?) FOR DETERMINATION OF COOR¬ 
DINATE l BY FORMULA (IX-2-1) 


o- 


.V 

0 

4 5 

m> 

l:i5 

1 80 

1.5 

0.8 51) 

0.842 

0.820 

0.811 

0.800 

1.6 

O.Si'i 

0.872 

0.80 5 

0.870 

0.839 

1.8 

0.801) 

0.80(» 

0.7H1) 

0.790 

0.770 

2.0 

0.930 

0.029 

0.027 

0.925 

0.917 

2.5 

0.8.VJ 

0.8.">G 

0.8.70 

0.853 

0.837 


APPENDIX No. 2 

PARAMETERS OF AIR AT VARIOUS ALTITUDES (STANDARD ATMOSPHERE) 


Altitude 

Temper¬ 

ature 

*11 

I'll 

Speed of 
sound 

Kinematic 

viscosity 

Accelera¬ 
tion of 

Av. mol¬ 
ecular 

H, km 

Hi k 

>e 


n H’ 

m/s 

V H' 

m2/s 

free fall 
g H , 
m/s 2 

weight, 

1 a vi7 

0 

2SS.15 

l. 01X70 

1 

i i.0000 

340.28 

1.4607-10-* 

9.80665 

28.966 

0,5 i 

284.90 

9.4205-10-1 

9.5282-10- 1 

338.36 

1,5196 

9.80511 

28.966 

i 

281.05 

8.8701 

9.0751 

336.43 

1.5812 

9.80357 

28.966 

i. 5 

278.40 

8.3460 

8.6384 

33 4. 48 

1.6-461 

9.80203 

28.966 

2 

275,14 

7.8438 

8.2171 

332.52 

1.7146 

9.80049 

28.966 

2.5 

271.89 

7.3716 

7.8127 

330.55 

1.7866 

9,79896 

28.966 

3 

208.04 

6.9208 

7.4237 

328.56 

1.8624 

9.79742 

28.966 

4 

262.13 

6.0850 

6.6S91 

324.56 

2.0271 

9.79435 

28.966 

5 

255.63 

5.3338 

6.0125 

320.51 

2.2103 

9.79128 

28.966 

6 

219.13 

4.6595 

5.3895 

316.41 

2.4153 

9.78820 

28.966 

t 

212.63 

4.0560 

4.8171 

312.25 

2.6452 

9.78514 

28.966 

8 

236.14 

3.5182 

4,2931 

308.05 

2.9030 

9.78207 

28,966 

9 

229.64 

3.0388 

3.8132 

303.78 

3.1942 

9.77900 

28.966 

10 

223.15 

2.6144 

3.3761 

299.45 

3.5232 

9.77594 

28.966 

11 

216.66 

2.2393 

2.9784 

295.07 

3.8966 

9.77287 

28.966 

12 

216.66 

1.9137 

2.5453 

295.07 

4.5595 

9.76981 

28.966 

14 

216.66 

1.3979 

1.8593 

295.07 

6.2420 

9.76369 

28.966 

16 

2 H>, 06 

1.0213 

1.3584 

295.07 

8.5437 

9.75758 

28.966 

18 

210.66 1 

7.4630-10- 2 

9.9257-10-2 

295.07 

1.169-4-10-8 

9.75146 

28.966 

20 

216.66 

5.4546 

7.2547 

295.07 

1.5997 

9.74537 

28.966 

22 

210.66 

3.9875 

5.3033 

295.07 

2.1883 

9,73927 

28.966 

25 

216.06 

2.915§ 

3.8776 

295.07 

2.9929 

9,73318 

28.906 

25 

219.40 

2.134i 

2.8030 

296.93 

4.1842 

9.72710 

28.966 

28 

224.87 

1.5736 

2.0164 

300.61 

5.9370 

9.72102 

28.966 

30 

230.35 

1.1681 1 

1.4613 

304.25 

8.3565 

9.71494 

28.966 

Z2 

235.82 

8.7337-10" 3 

1.0676 

307.84 

1.1661-10-8 

9.70888 

28.966 

35 

211.28 

6.5820 

7.8608-IQ” 3 

311.38 

1.6135 

9.70282 

28.966 

30 

246.74 

4.9900 

5.8276 

314.89 

2.2165 

9.60676 

28.966 

38 

252,20 

3.8042 

4,3465 

318.36 

3.0248 ( 

9.69071 

28.966 

40 

257.66 

2.9199 

3.2656 

321.78 

4.U956 

9.68466 

28.966 

45 

271.28 

1.5436 

1.6397 

330.17 

8.4977 

9,66957 

28.966 

50 

274.00 

8.3475-10- 4 

8.7788-10-1 

331.82 

1.5997-10- 2 

9.65452 

28.966 

:jo 

270,56 

4.5166 

4.8105 

329.74 

2.8903 

9.03950 

28.966 

GO 

253.40 

2.3806 

2.7071 

319.11 

4.8749 

9.62452 

28.966 

03 

236.26 

1.2006 

1.4642 

308.13 

8.5151 

9.66957 

28.906 

70 

219.15 

5.7580-10-* 

7.5712-10-* 

296.76 

1,5475-10-i 

9.59406 

28.966 

80 

185.00 

1.0995 

1.7126 

272.66 

5.9202 

9.56494 

28.966 

90 

185.00 

1.8203-10' 6 

2.8.354-10-8 

272.60 

3.5759-10® 

9.53530 

28.906 

100 

209.22 

3.1987-1O' 7 

4.4075-10-’ 



9.50591 

28.962 
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(Cont'd.) 


Altitude 

H, km 

Temper¬ 

ature 

r'ii * 

■ *7/ 

P// 

0 

s 

Speed of 

sound 

«//• 

m/s 

Kinematic 

viscosity 

v w 

mV» 

Accelera¬ 
tion of 

free fall 

m/s2 

Av. mol¬ 
ecular 
weight, 
^av // 

120 

332.21 

2.5217-10-8 

1.0033-10- 8 



9.43288 

28.624 

110 

708.00 

7.2887-10-“ 

2.G748-10“ 9 ‘ 



9.38948 

28.314 

100 

1155.3 

3.7028 

9.0157-10- 1 ® 



9.33205 

27.950 

180 

1193 

2.2109 

5.0883 



9.27400 

27.476 

200 

1220.8 

1.3155 

2.9177 



9.21750 

27.000 

225 

1200.9 

7.4581.10-1® 

1.5104 



9.14702 

26.348 

250 

1302.8 

1.2900 

8.3835-10" 11 



9.07850 

25.577 

275 

1331.6 

2.5551 

1.7024 



9.01021 

21,672 

300 

1358.0 

1.5731 

2.7364 



8.91270 

23.731 

400 

1180 

5588-10“ 14 

0.7342 



8.680 

19.56 

500 

1576 

1566 

0.1806 



8.428 

18.28 

600 

1691 

5210-10 _ls 

0.5402-10- 1 * 



8.187 

17.52 

700 

1812 

2011 

0.1879-10-** 



7.957 

17.03 


Notes: 

1. The data in Appendix No. 2 up to the altitude 
H * 200 km are taken from GOST 4401-64. 

2. The data in the altitude range from 225 to 300 km 
correspond to recommendations cited in GOST 4401-64. 

3. The remaining data (up to H = 700 km) are taken 
from [17]. 

At H = 0, Pg * Pg ■ 25 N/m 2 * 760 mmHg = 10,332.3 

kg/m 2 ; p„ = p = 1.225 kg/m 3 ^ 0.12492 


APPENDIX No. 3 

TABLE FOR CONVERSION OF UNITS USED IN AERODYNAMICS TO MEAS¬ 
URE VARIOUS QUANTITIES FROM MKGFS SYSTEM TO INTERNATIONAL 
SYSTEM (SI), GOST 9867-61 


Designation 

Old Unit 
(MKGFS System) 

New Unit 
(SI) 

Fundamental Units 


Length 

1 m 

1 m 

Mass 

1 kg 

1 kg 

Time 

1 s 

1 s 

Thermodynamic Temperature 

1°K 

1°K 

Derived Units 


Velocity 

1 m/s 

1 m/s 

Acceleration 

1 m/s 2 

1 m/s 2 

Acceleration of gravity 

9.8 m/s 2 

9.8 m/s 2 

Force 

1 kgf 

9.807 N 
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Designation 


Pressure 

Dynamic viscosity 

Kinematic viscosity 

Work, energy 

Amount of heat 

Thermal equivalent of work 

Mechanical equivalent of heat 

Specific heat 

Entropy 

Enthalpy 

Specific heat flux 
Heat transfer coefficient 
Coefficient of thermal 
conductivity 

Emissive power of absolutely 
black body 
'Gas constant 

Coefficient of thermal dis- 
fusivity 


Old Unit 
(MKGPS System) 

1 kg/cm 2 
1 kg/s 2 

1 mVs 

1 kgf-m 
1 kcal 

1/427 kcal/kgf-m 
427 kgf-m/kcal 
1 kcal/kgf*deg 

1 kcal/kgf*deg 

1 kcal/kgf 
1 kcal/m 2 *h 
1 kcal/m 2 *h*deg 
1 kcal/m*h*deg 

4.8 8 

kcal/m 2 *h •deg 1 * 

1 kgf-m/kgf*deg 
1 m 2 /h 


New Unit 
(SI) 

9.807*10 4 N/m 2 

9.807 N-s/m 2 
1 m 2 /s 

9.807 J 
4.187*10 3 J 
1 J/N-m 
1 N-m/J 
4.187*10 3 
J/kg-deg 
4.187*10 3 
J/kg*deg 
4.187*10 3 J/kg 

1.163 W/m 2 

1.163 W/m 2 *deg 

1.163 W/m*deg 

5.68 J/m 2 , deg 4 

9.807 J/kg*deg 
2.778*10 - 4 m 2 /s 
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